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Abstract

We study the asymptotic behavior of solutions for the semilinear damped wave equation with variable
coefficients. We prove that if the damping is effective, and the nonlinearity and other lower order
terms can be regarded as perturbations, then the solution is approximated by the scaled Gaussian of
the corresponding linear parabolic problem. The proof is based on the scaling variables and energy
estimates.
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1. Introduction

We consider the Cauchy problem of the semilinear damped wave equation with lower order pertur-
bations

uge + b(t)ue = Agu+ c(t) - Vou+ d(t)u + N(u, Vyu,ug), t>0,2 € R, (1.1)
u(0, ) = eugp(x), u(0,z) = euq(x), reR"™, ’

where the coefficients b, ¢ and d are smooth, b satisfies
b(t) ~(1+1)77, —1<p<1, (1.2)

and ¢(t) - Vyu, d(t)u, N(u, V,u,u;) can be regarded as perturbations (the precise assumption will be
given in the next section). Also, € denotes a small parameter.

Our purpose is to give the asymptotic profile of global solutions to (1.1) with small initial data as
time tends to infinity. By the assumption (1.2), the damping is effective, and we can expect that the
asymptotic profile of solutions is given by the scaled Gaussian (see (2.7), (2.8) and (2.9)).

The existence of global solutions and the asymptotic behavior of solutions to damped wave equations
have been widely investigated for a long time. Matsumura [27] obtained decay estimates of solutions
to the linear damped wave equation

Ut — Au + up = 0, (13)

and applied them to nonlinear problems. After that, Yang and Milani [52] showed that the solution of
(1.3) has the so-called diffusion phenomena, that is, the asymptotic profile of solutions to (1.3) is given
by the Gaussian in the L*>-sense. Marcati and Nishihara [26] and Nishihara [31] gave more detailed
informations about the asymptotic behavior of solutions. They found that when n = 1,3, the solution
of (1.3) is asymptotically decomposed into the Gaussian and a solution of the wave equation (with an
exponentially decaying coefficient) in the LP—L? sense (see Hosono and Ogawa [12] and Narazaki [30]
forn =2 and n > 4).
For the nonlinear problem

{ Ut — Au +up = N(u)7 (14)

(u’ ut)(oa 3?) = E(U()v ul)(x>’
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there are many results about global existence and asymptotic behavior of solutions (see for example,
[13, 14, 17, 19, 20, 22, 32]). In particular, Todorova and Yordanov [41] and Zhang [53] proved that when
N(u) = |ul?, the critical exponent of (1.4) is given by p = 1 4 2/n. More precisely, they showed that,
for initial data satisfying (ug,u1) € HMY(R™) x L?(R"™) and having compact support, if p > 1 + 2/n,
then the global solution uniquely exists for small &; if p < 1+ 2/n and [, (uo + u1)(z)dz > 0, then
the local-in-time solution blows up in finite time for any € > 0. The number 1 + 2/n is the same
as the well-known Fujita exponent, which is the critical exponent of the semilinear heat equation
vy — Av = vP (see [7]), though the role of the critical exponent is different in the semilinear heat
equation and the semilinear damped wave equation. In fact, for the subcritical case 1 <p < 1+ 2/n,
the solution of the semilinear damped wave equation blows up in finite time under the positive mass
condition [, (uo + u1)(2)dz > 0, while all positive solutions blow up in finite time for the semilinear
heat equation.

Concerning the asymptotic behavior of the global solution, Hayashi, Kaikina and Naumkin [10]
proved that if N satisfies |N(u)| < Clu|P with p > 1+ 2/n, then the unique global solution exists for
suitably small data and the asymptotic profile of the solution is given by a constant multiple of the
Gaussian. However, they used the explicit formula of the fundamental solution of the linear problem
in the Fourier space, and hence, it seems to be difficult to apply their method to variable coefficient
cases.

Gallay and Raugel [8] considered the one-dimensional damped wave equation with variable principal
term and a constant damping

upr — (a(2)ug)e + up = N(u, g, ug).

They used scaling variables

x
V=i

and showed that if a(x) is positive and has the positive limits lim,_, 4. a(z) = ax, then the solution
can be asymptotically expanded in terms of the corresponding parabolic equation. Moreover, this
expansion can be determined up to the second order. Recently, Takeda [39, 40] and Kawakami and
Takeda [18] obtained the complete expansion for the linear and nonlinear damped wave equation with
constant coefficients.

The wave equation with variable coefficient damping

s = log(t + to), (1.5)

up — Au+ b(t,x)uy =0

has been also intensively studied. Yamazaki [50, 51] and Wirth [46, 47, 48, 49] considered time-
dependent damping b = b(t). Here we briefly explain their results by restricting the damping b to
b(t) = u(1 4 t)7P with 4 > 0 and 3 € R, although they discussed more general b(t): (i) when 8 > 1
(scattering), the solution scatters to a solution of the free wave equation; (i) when 8 = 1 (non-effective
weak dissipation), the behavior of solutions depends on the constant p, and the solution scatters with
some modification; (iii) when 8 € [—1,1) (effective), the asymptotic profile of the solution is given by
the scaled Gaussian; (iv) when 8 < —1 (overdamping), the solution tends to some asymptotic state,
which is nontrivial function for nontrivial data. Hence our assumption (1.2) is reasonable because the
asymptotic behavior of solutions to the linear problem completely changes when § < —1 or 5 > 1.

In the space-dependent damping case b = b(x) = (1 + |x|>)~*/2, Mochizuki [28] (see also [29)])
proved that if @ > 1, then the energy of solution does not decay to zero in general and solutions
with data satisfying certain condition scatter to free solutions. On the other hand, Todorova and
Yordanov [42] obtained energy decay of solutions when a € [0,1) and the decay rates agree with
those of the corresponding parabolic equation. Moreover, the author of this paper [45] proved that
the solution actually has the diffusion phenomena when « € [0,1). In the critical case @ = 1, that
is, b = p(1+ |z|?)~1/2, Tkehata, Todorova and Yordanov [16] obtained optimal decay estimates of the
energy of solutions and found that the decay rate depends on the constant u. However, the precise



asymptotic profile is still open. On the other hand, Radu, Todorova and Yordanov [37, 38] studied the
diffusion phenomena for solutions to the abstract damped wave equation

(LO} + 0, + Ayu=0

by the method of the diffusion approximation, where A is a nonnegative self-adjoint operator, and
L is a bounded positive self-adjoint operator. Recently, Nishiyama [36] studied the abstract damped
wave equation having the form (97 + M; + A)u = 0, where M is a bounded nonnegative self-adjoint
operator. Moreover, as an application, he also determined the asymptotic profile of solutions to the
damped wave equation with variable coefficients under a geometric control condition.

For the semilinear wave equation with space-dependent damping

uy — Au + b(x)uy = N(u),

Tkehata, Todorova and Yordanov [15] proved that when b(z) ~ (14 |z|)~* with o € [0,1) and N(u) =
|ulP, the critical exponent is p = 1+ 2/(n — a) (see also Nishihara [33] for the case N(u) = —|u[P~!u
and b(z) = (1 + |=|?)~*/? with a € [0,1)).
Recently, the asymptotic behavior of solutions to the semilinear wave equation with time-dependent
damping
utr — Au+ b(t)ur = N(u)

was also studied. When b(t) = (1 +¢)™? (-1 < 8 < 1) and N(u) = |ufP, Lin, Nishihara and
Zhai [25] determined the critical exponent as p = 1 4+ 2/n, provided that the initial data belong to
HYO(R™) x L?(R™) with compact support. D’Abbicco, Lucente and Reissig [5] (see also [4]) extended
this result to more general b(t) satisfying a monotonicity condition and a polynomial-like behavior.
Moreover, they relaxed the assumption on the data to exponentially decaying condition. They also
dealt with the initial data belong to the class (L'(R™) N HL9(R™)) x (LY(R™) N L2(R™)) when n < 4.
We also refer the reader to D’Abbicco [3] for the critical case 8 = 1. On the other hand, Nishihara
[34] studied the asymptotic profile of solutions in the case n = 1,b = (1 +t)7° (-1 < 8 < 1),
(up,u1) € HYO(R™) x L%(R™) with compact support and N(u) = —|u[P~tu (see also [35]). He proved
that the asymptotic profile is given by the scaled Gaussian. However, the asymptotic profile of solutions
in higher dimensional cases n > 2 remains open. Furthermore, even for the small data global existence,
there are no results for non exponentially decaying initial data when n > 5. Here we also refer the
reader to [21, 23, 24, 43, 44] for space and time dependent damping cases.

In this paper, we shall prove the existence of the global-in-time solution to the Cauchy problem
(1.1) with suitably small ¢ and determine the asymptotic profile. Our result extends that of [34] to
higher dimensional cases n > 2, more general damping b = b(t), non exponentially decaying initial
data and with lower order perturbations. Moreover, in the one-dimensional case, we can treat more
general nonlinear terms N = N (u, u,, us) including first order derivatives. For the proof, we basically
follow the method of Gallay and Raugel [8]. To extend their argument to variable damping cases, we
introduce new scaling variables

AT

s=log(B(t)+1), y=(B(t)+1) "z, B() :/0 b(7)

instead of (1.5). Then, we decompose the solution to the asymptotic profile and the remainder term,
and prove that remainder term decays to zero as time tends to infinity by using the energy method.
To estimate the energy of the remainder term, in [8], they used the primitive of the remainder term
F(s,y) = ffoo f(s,z)dz. However, this does not work in higher dimensional cases n > 2. To overcome
this difficulty, we employ the idea from Coulaud [2] in which asymptotic profiles for the second grade
fluids equation were studied in the three dimensional space. Namely, we shall use the fractional integral
of the form F(f) = |£|*”/2*5f(§) with 0 < § < 1, and apply the energy method to ' in the Fourier
side. Since the remainder term f satisfies f (0) =0, F makes sense and enables us to control the term
| £l L2 in energy estimates.



This paper is organized as follows. In the next section, we state the precise assumptions and our
main result. Section 3 is devoted to a proof of the main result. The proof of energy estimates is divided
into the one-dimensional case and the higher dimensional cases. After that, we will unify both cases
and complete the proof of our result except for the estimates of the error terms. These error estimates
will be given in Section 4.

We end up this section with some notations used in this paper. For a complex number (, we denote
by Re( its real part. The letter C indicates a generic positive constant, which may change from line
to line. In particular, we denote by C(x,...,*) constants depending on the quantities appearing in
parenthesis. We use the symbol f ~ g, which stands for C~!g < f < Cg with some C > 1. For
a function v = u(t,z) : [0,00) x R" — R, we write u; = %(t), Op,u = 86% (t=1,...,n), Vyu =
HOpyu, ..., 0y, u) and Au(t,z) = Y1 | 02 u(t, ). Furthermore, we sometimes use (z) := /1 + |z[2.

For a function f = f(z) : R® — R, we denote the Fourier transform of f by f= f(f), that is,

f&) = n) 2 | f@)e =,

R

Let LP(R") and H*™(R") be usual Lebesgue and weighted Sobolev spaces, respectively, equipped
with the norms defined by

1/p
s = ([ 15@lae) " < p <o), Flam = esssup s 10

e = D L+ )05 fllz (k € Zzo,m > 0).

la|<k
For an interval I and a Banach space X, we define C"(I;X) as the space of r-times continuously
differentiable mapping from I to X with respect to the topology in X.
2. Main result
Let us introduce our main result. First, we put the following assumptions:

Assumptions

(i) The initial data (ug,u1) belong to HV™(R") x H*™(R"), where m = 1 (n = 1) and m >
n/2+1 (n>2).

(ii) The coefficient of the damping term b(t) satisfies

CrHa+t) P <bt)y <CA+1)77, %(t)’ <C(1+t)7 (1) (2.1)
with some g € [—1,1).
(iii) The functions ¢(t) and d(t) satisfy
e <CA+8)77, [dt)] <C(A+1)7" (2.2)
with some v > (14 3)/2 and v > 1+ .
(iv)-(1) When n = 1, the nonlinearity N is of the form
k
N = ZNi(u,uz,ut)
i=1



for some k > 0 and each N; = N;(z) = N;(z1, 29, 23) satisfies

INi(2)] < Clzq[Pit|zg|Pi2|2g]Pi, pij >1or =0, pi>1, pio+ps<l,
(2.3)

2/3
pi1 + 21?2‘ +(3—-——— Dig > 3,
! 2 ( 1+ ﬂ) 3

where we note that when § = —1, the number —23/(1 + () is interpreted as an arbitrary large
number. Moreover, to ensure the existence of local-in-time solutions, we assume that, for any
R > 0, there exists a constant C(R) > 0 such that

[Ni(2) = Ni(w)| < C(R) [|z1 — wi[(1 + |22] + |wa| + |23] + |wa]) + |22 —wa| +[25 —ws]] (2.4)
for z;,w; € R (i = 1,2, 3) satisfying |z1], |wi| < R.

When n > 2, the nonlinearity N is of class C! and independent of V,u,u;, that is, N = N(u).
Moreover, N satisfies

[N (u)] < Clul?,
2 2.
2<p< 40 (n=2), 1+—<p<L2(n>3). (2:5)
Also, to ensure the existence of local-in-time solutions, we assume that
IN(u) = N(v)] < Clu—v|(Ju] + [v])P~. (2.6)

Remark 2.1. (i) By the above assumptions, as we will see later, we can regard the terms c(t) -V u,

(ii)

(iii)

(iv)

(v)

(vi)

d(t)u and N(u,Vzu,u) as perturbations.

We can treat the case where the coefficients b(t),
precisely, our result is also valid for b = b(t,x),
bo(t) + b1 (t, z) with by satisfying Assumption (ii),
and c(t,x),d(t,x) satisfying |c(t,x)] < C(1+1t)~
1+ 5).

A typical example satisfying the assumptions (2.3) and (2.4) is

c(t) and d(t) depend on both t and x. More
= c¢(t,z) and d = d(t,x) such that b(t x) =

(t, ) fulfilling |by (¢, 2)| < C(1+6)7" (u > f)
(v

by
Ty > L+ 8)/2), ld(ta)] < O+ (v >

N = |ulPu + |u|Tuy + |u|"u,
withp >2,qg>1andr > 1.

The assumption 14 2/n < p in (2.5) is sharp in the sense that, if N(u ) |u|p l<p<1+2/n

and the initial data satisfies [, (uo + bouy)(x)dz > 0 with b, = f exp(— fo 7)d7)dt, then the
local-in-time solution blows up in finite time (see [15, 22, 24, 41, 53]).

When n =1, we can also treat the principal term with variable coefficient (a(x)uy ). satisfying

;relﬂfga(m) >0, ‘LEIﬂ‘I:lOO a(z) =ax >0

instead of uy,. However, the argument is the same as in Gallay and Raugel [8] and hence, we
do not pursue here for simplicity.

There are no mutual implication relations between the assumptions on the damping b in ours and
Wirth [48], D’Abbicco, Lucente and Reissig [5].



To state our result, we put

and

G(t,x) = (4mt) "™/ exp (-%) .

We note that the assumption (2.1) implies that B(¢) is strictly increasing, and lim;_,., B(¢)

The main result of this paper is the following:

Theorem 2.1. Under the Assumptions (i)—(iv), there exists some g > 0 such that, for any e € (0, 0],

there exists a unique solution
u € C([0,00); HY™(R™)) N CH([0, 00); HO™(R™))

for the Cauchy problem (1.1). Moreover, there exists the limit

o = lim u(t, z) dx
t—o00 Rn

such that the solution u satisfies
lut,-) = a*G(B(1), )| r2 < Ce(B(t) + 1)7"* || (uo, w1) | sram x prom

fort > 1. Here X is defined by

. 1 m n
A= mln{§7§ - Za)‘OaAl} -1
with arbitrary small number n > 0, and Ao and A\ are defined by

1-8 7~ 1 v 1}
1+B81+8 27148 ’

Ao = min{

where we interpret 1/(1 4+ 8) as an arbitrary large number when § = —1, and
1 2p
S i i 2 7 - 13 ) = ]-7
( 2i_1§1,1.1}’k{p1+ P2+(3 1+6>p3 3} n
L=
2
E(p—l——), n > 2.
2 n

Here we interpret —20p;3/(1 4+ 8) as an arbitrary large number when p;3 # 0 and = —1.

(2.9)

Remark 2.2. [f N = ¢ =d = 0, namely there are no perturbation terms, and if 3 is close to 1 so that
min{1/2,m/2 —n/4,(1 - B)/A1+ )} = (1—-8)/(1+ ), then A= (1 — 5)/(1 + B) —n with arbitrary
small n > 0, and we expect that the gain of the decay rate (1—3)/(14 ) is optimal, in other words, the
second order approximation of u decays as (B(t) + 1)_"/4_(1_5)/(1"’6). The higher order asymptotic

expansion will be discussed in a forthcoming paper.



3. Proof of the main theorem

8.1. Scaling variables
We introduce the following scaling variables:

s=log(B(t)+1), y=(B({)+ 1)_1/2:10 (3.1)
and
u(s,y) = €™/ 2u(t(s), e/2y),  w(s,y) = b(t(s))e® D 2y, (1(s), e5/2y),

or equivalently,

u(t,x) = (B(t) + 1) u(log(B(t) + 1), (B(t) + 1)/ %a),

(3.2)
ue(t,z) = b(t)"HB(t) + 1) "2 tw(log(B(t) + 1), (B(t) + 1) 2z),
where we have used the notation ¢(s) = B~1(e® — 1). Then, the problem (1.1) is transformed as
Y n._ n
Us 5 Vv Qvfw, s >0,y € R",
S P (. _ " (3.3)
D) 2 (ws 5 V,w (2 + 1) w) +w=A7Apw+r(sy), s>0,yeR
v(0,y) = evo(y) = cuo(y), w(0,y) = ewo(y) = b(O)ur(y), yeR",
where
r(s,y) = ;@(t(s))w + e3/2¢(t(s)) - Vv + e*d(t(s))v
T b(t(s))2 dt v
+ e(+2)s/2 )y (e_"s/zv,e_("+1)s/2vyv,b(t(s))_le_(7"+2)s/2w) . (3.4)
3.2. Preliminary lemmas
First, we collect frequently used relations and estimates.
Lemma 3.1. We have
d db d 1 2 db
—b(t t b(t 5 — = — —(t s, .
) = TN, sy = gt e (35)

Proof. First, we note that the function o = B(t) is strictly increasing, and hence, the inverse ¢ =
B~Y(0) exists and

d dB, \ "

—B" —(t = .

oo = (G0) =

Combining this with s = log(B(t) + 1), we obtain
d d

Sb(e(s)) = b (B )
:@u»di Yt 1)
() 2
= ( (s))b(t(s))e”
This shows the first assertion of (3.5). Moreover7 we have
da 1 2 d 2 db s
TOEEE bR as ) = TiainE @ e
which shows the second assertion of (3.5). O



Next, the assumption (2.1) implies the following:
Lemma 3.2. Under the assumption (2.1), we have the following estimates.

(i) When g € (—1,1), we have

b(t(s)) ~ e—P5/A+D), b(:(;;)Z e~ (1=8)s/ (1), m %(t(s))‘ < Co=(=)s/(148),
(i) When 8 = —1, we have
MO ~ exp () iy ~ e (267 =), s | 9006D)] < Comp (26,

Proof. (i) When g € (—1,1), from (2.7) and (3.1) we compute as

t(s) t(s)
ffS=B(t(s))+1=/0 %Jrlw/o (1+7)Pdr + 1~ (1+1t(s))'*7.

Therefore, one has 1+ t(s) ~ /(15 and hence,
b(t(s)) ~ (1 8(s)) e 2/ 09),
By the assumption (2.1), the other estimates can be obtained in a similar way.

(ii) When 8 = —1, we have

t(s)
e’ = B(t(s)) + 1 ~/ (1+7)"tdr +1 =log(1 +t(s)) + 1,
0
and hence, b(t(s)) ~ 1 +t(s) ~ exp(e®) holds. We can prove the other estimates in the same way, and
the proof is omitted. O
We sometimes employ the Gagliardo-Nirenberg inequality:

Lemma 3.3 (Gagliardo-Nirenberg inequality). Let 1 <p < oo (n=1,2) and1 <p<n/(n—2) (n >
3). Then for any f € H"°(R™), we have

1£llzzr < CIVANZ 11727
where o =n(p—1)/(2p).

For the proof, see for example [6, 9].

8.8. Local existence of solutions

We prove the local existence of solutions for the equation (1.1) and the system (3.3), respectively.
To this end, putting U(t, x) = (x)™u, Up(z) = (x)™ug and Uy = (x)™u;, we change the problem (1.1)
to

{ U + b()Uy = AU + &ty x) - VU 4 d(t, 2)U + N(U,V,U,Uy), t>0,z€R", (3.6)

U(0,z) = eUp(x), U(0,2) = Uy (), z € R",

where ¢ = ¢ — 2m/(x) 22, d = d — ¢ - (m(z) " %z) — m{x) "4 (n(x)? — (m + 2)|z|?) and

N(U,V,U,Up) = (2)™N ({(x)"™U, (x) "™ V,U — m{z) "™ 22U, (x)""U) .



We further put & = *(U,U;) and Uy = *(Up, Uy). Then, the equation (3.6) is written as

U(O) :EZ/[O,

where

01 B 0

The operator A on HO(R™) x L?(R") with the domain D(A) = H>°(R") x HY0(R™) is m-dissipative
(see [1, Proposition 2.6.9]) with dense domain, and hence, A generates a contraction semigroup e on
HYO(R™) x L2(R") (see [1, Theorem 3.4.4]). Thus, we consider the integral form

t
U(t) = ee Uy + / AN (U(T)) dr (3.8)
0
of the equation (3.7) in C([0,T); HY°(R™) x L*(R™)).
First, we define the mild and strong solutions and the lifespan of solutions.

Definition 3.4. We say that u is a mild solution of the Cauchy problem (1.1) on the interval [0,T)
if u has the reqularity

u e C([0,T); H-™(R™)) n C*([0,T); H"™(R™)). (3.9)

and satisfies the integral equation (3.8) in C([0,T); HYO(R™) x L2(R™)). We also call u a strong
solution of the Cauchy problem (1.1) on the interval [0, T) if u has the regularity

u € C([0,T); H*™(R™)) N C([0,T); H™(R™)) N C*([0,T); H*™ (R™)) (3.10)

and satisfies the equation (1.1) in C([0,T); H*™(R™)). Moreover, we say that (v, w) defined by (3.2)
is a mild (resp. strong) solution of the Cauchy problem (3.3) on the interval [0,S) if u is a mild (resp.
strong) solution of (1.1) on the interval [0,¢(S)). We note that if (v,w) is a mild solution of (3.3) on
[0,5), then (v,w) has the regularity

(v,w) € C([0,5); H"™(R™) x H*™(R™)),
and if (v,w) is a strong solution of (3.3) on [0,S5), then (v, w) has the regularity
(v,w) € C([0,8); H*™(R") x H""™(R™)) n C*([0, S); H"™(R™) x H*™(R™)) (3.11)

and satisfies the system (3.3) in C([0,S); HV™(R™) x HO™(R™)).
We also define the lifespan of the mild solutions u and (v, w) by

T(e) = sup{T € (0, 00); there exists a unique mild solution u to (1.1)}

and
S(e) = sup{S € (0,00); there exists a unique mild solution (v,w) to (3.3)},

respectively.

Proposition 3.5. Under the assumptions (i)—(iv) in the previous section, there exists T > 0 depending
only on g||(uo, u1)|| gomx go.m (the size of the initial data) such that the Cauchy problem (1.1) admits
a unique mild solution u. Also, if (ug,u;) € H>™(R™) x HV™(R™) in addition to Assumption (i),
then the corresponding mild solution u becomes a strong solution of (1.1). Moreover, if the lifespan
T(e) is finite, then u satisfies limy_p(e) ||(w, we)(t)[| gr1om 5 grom = o0. Furthermore, for arbitrary fized
time Ty > 0, we can extend the solution to the interval [0,Ty) by taking e sufficiently small.



From this proposition, we easily have the following.

Proposition 3.6. Under the assumptions (i)-(iv) in the previous section, there exists S > 0 depending
only on l|(vo, wo)|| grmx go.m (the size of the initial data) such that the Cauchy problem (3.3) admits
a unique mild solution (v, w). Also, if (ug,u1) € H>™(R™) x HY™(R") in addition to Assumption (i),
then the corresponding mild solution (v,w) becomes a strong solution of (3.3). Moreover, if the lifespan
S(e) is finite, then (v,w) satisfies lims_, () ||(v,w)(s)||g1.m x gro.m = 00. Furthermore, for arbitrary
fized time Sy > 0, we can extend the solution to the interval [0, Sy by taking € sufficiently small.

Proof of Proposition 3.5. By using the assumption (iv), and the Sobolev inequality for n = 1, or the
Gagliardo-Nirenberg inequality for n > 2 (see Lemma 3.3), we can see that A/(U) is a locally Lipschitz
mapping on HL0(R™) x L2(R™). Therefore, by [1, Proposition 4.3.3], there exists a unique solution
UeC(0,T); HVO(R™) x L?(R™)) to the integral equation (3.8). This shows the existence of a unique
mild solution u to the Cauchy problem (1.1).

If (ug,u1) € H>™(R") x HV™(R™), then we have Uy € D(A), and hence, [1, Proposition 4.3.9]
implies that & € C([0,T); D(A)) N C*([0,T); HL°(R™) x L*(R™)) and U becomes the strong solution
of the equation (3.7), namely, U satisfies the equation (3.7) in C'([0,7); H*°(R") x L?(R")). Then, by
the definition of U, we conclude that u has the regularity in (3.10) and satisfies the equation (1.1) in
C([0,T); H>™(R™)). Moreover, employing [1, Theorem 4.3.4], we see that if the lifespan T'(¢) is finite,
then w satisfies limy_, 7oy | (w, we) () || grrm x go.m = 0.

Next, we prove that for any fixed T > 0, the solution u can be extended over the interval [0, 7o)
by taking e sufficiently small. To verify this, we reconsider the Cauchy problem (3.6) and its inhomo-
geneous linear version

{ Up + b(t)U; = AU + &(t,2) - VU +d(t,2)U + N(t,z), t> 0,2 € R,

U(0,2) = eUp(x), U(0,2) = eUy(x), z € R™. (3.12)

For N € L'(0,Ty; L*(R™)), the existence of a unique solution in the distribution sense is proved by
[11, Theorem 23.2.2]. We also recall the standard energy estimate (see [11, Lemma 23.2.1])

0<t<Typ

TO -

sup |[[(U, Up) ()| 10522 < C(To) <5||(UOaU1)||H1’°><L2 +/ IIN(f)lledt> : (3.13)
0

We again construct the solution U to (3.6) in

K = {U € C([0, To); H(R™)) N Cl([O,TO];L2(R"));O sup (U, U) (®)llroxze < ZC(TO)Ios} :
<t<Ty
where Iy := ||(Uo, Ur)||groxr2. For each V € K, we define the mapping by U = M(V), where
U is the solution to (3.12) with N = N(V,V,V,V;). Then, by using the Sobolev inequality or the
Gagliardo-Nirenberg inequality again with the estimate (3.13), we can see that

. supT ||(U, Ut)(t)HHlvOXL2 < C(To)IQE + C(TO)(2C(TO)]OE)pTO. (314)
<t<Typ

Thus, noting p > 1 and taking ¢ > 0 sufficiently small, we deduce that M maps K to itself. Further-
more, in the same manner, we easily obtain

sup [(UNU}) = (U2, U)[moxpr < C(To)(4C(To)loe)" ™ Ty sup [(VE V) — (V2 Vi) lanoxie,
0<t<Ty 0<t<Ty
where U7 = M(V;) (j = 1,2). Thus, noting p > 1 again and taking ¢ sufficiently small, we see that M
is a contraction mapping on K. Therefore, by the contraction mapping principle, we find a unique fixed
point U of the mapping M in the set K, and U satisfies the equation (3.6) in the distribution sense.
Also, the uniqueness of the solution in the distribution sense to (3.6) in the class C([0, Tp]; HY(R™))N
C([0, Tp]; L*(R™)) follows from (3.13). Since the mild solution U constructed before also satisfies the
equation (3.6) in the distribution sense, we have U(t) = U(t) for t € [0, min{T(¢),Ty}). However,
noting that the estimate (3.14) implies supy_;. 7, (U, U)(t)|| 1o 12 is finite, we have Ty < T'(¢) and
this completes the proof. O
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8.4. A priori estimate implies the global existence

In what follows, to justify the energy method, we tacitly assume that (ug,u;) € H?™(R") x
H1™(R™), and the solution (v,w) is in the class (3.11). Therefore, the following calculations make
sense. Once we obtain the desired asymptotic estimate (2.9) for such a data, we can easily have
the same estimate for general (ug,u;) € HV™(R™) x H%™(R™) by applying the usual approximation
argument.

Let (v, w) be the local-in-time solution to (3.3) on the interval [0, .5). By the local existence theorem,
it suffices to show an a priori estimate of solutions. The first goal of this section is the following a
priori estimate:

Proposition 3.7. Under the assumptions (i)-(iv) in the previous section, there exist constants s > 0,
e1 >0 and C\ > 0 such that the following holds: if € € (0,e1] and (v, w) is a mild solution of (1.1) on
some interval [0, S] with S > so, then (v, w) satisfies

e S
s lw(s)Fo.m < Cug®[[(vo, wo) [ Fra.m x grom- (3.15)

b((s))

Before proving the above proposition, we show that Propositions 3.6 and 3.7 imply the global
existence of solutions for small e.

lo(s) [Fr.m +

Proof of global existence part of Theorem 2.1. First, we note that Proposition 3.6 guarantees that there
exits e > 0 such that the mild solution (v,w) uniquely exists on the interval [0, so] for e € (0,e3],
where sq is the constant described in Proposition 3.7. In particular, we have S(g) > sg for € € (0, e3].
Let € := min{ey, 2}, where €; is the constant described in Proposition 3.7. Then, we have S(g) = oo
for e € (0, ). Indeed, suppose that S(e.) < oo for some e, € (0,¢0] and let (v, w) be the corresponding
mild solution of (3.3). Applying Proposition 3.7, we have the a priori estimate (3.15) with e = ,. On
the other hand, Proposition 3.6 also implies

lim ||(v, w)(8)|| gr.m x gro,m = 00.
s—S(ex)

However, it contradicts the a priori estimate (3.15). Thus, we have S(g) = oo for € € (0,¢¢]. O

3.5. Spectral decomposition

In the following, we prove the a priori estimate (3.15) in Proposition 3.7. At first, we decompose v
and w into the leading terms and the remainder terms, respectively.
Let a(s) be

a(s) = /n v(s,y)dy. (3.16)
Since v(s) € HV™(R™) for each s € [0,S) and m > n/2, a(s) is well-defined. We also put
po(y) = (4m) 7" exp ('%f) :
Then, it is easily verified that
/n po(y)dy =1 (3.17)
and

n
YV 00 — 2. (3.18)

Apg = —
®o 9 D)
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We also put

Yo(y) = Apo(y).

We decompose v, w as

U(S3 y) - O‘(S)QOO(y) + f(s7y)7

do (3.19)
w(s,y) = —-(s)poly) + als)vo(y) +9(s,y).
We shall prove that f, g can be regarded as remainder terms.
First, we note the following lemma.
Lemma 3.8. We have
d
CTZ(S) = /n w(s,y)dy, (3.20)
e d*a e da da
(8= ————(s) — — d 3.21
) = ) — 0t [ s (3.21)

where 1 is defined by (3.4).
Proof. Noting v € C1([0,9); H'™(R")), w € C([0,S); H>™(R")) and m > n/2, we immediately
obtain (3.20) from

da, | _ Y n B
E(s)—/nvs(s,y)dy—/n (2 Vv + 21}+w) dy—/nw(s,y)dy.

Next, by the regularity (3.11), we see that 92(s) € C*([0, S);R). Differentiating 22 (s) again and using
the second equation of (3.3), we have

e dPa e s

W@(S) = W/n ws(s,y)dy
= %b(:(j:))Q /n (% -Vyw + (g + 1) w) dy — /n wdy + - Ayvdy + /}Rn rdy

:@/nwdy—/nwdy—k/nrdy.

Thus, we finish the proof. O

Next, we consider the remainder term (f, g). Since f and g are defined by (3.19), and we assumed
that (v, w) has the regularity in (3.11), so is (f, g):

(f,9) € C([0, 8); H*™(R") x H'™(R™)) N C'([0,S); HV"™(R") x H*™(R")). (3.22)

Therefore, from the system (3.3) and the equation (3.18), we see that f and g satisfy the following
system:

fs_%'vyf_gf:ga S>aneRn7
e ? Y n n

f(ov y) = U(Oa y) - a(O)WO(y)7 ye an

9(0,y) = w(0,y) — &(0)po(y) — (0)¢o(y), y € R,



where h is given by

o) = e (2 @000+ a0) (3 Vil + (5 +1) o)
#rs) = ([ rny) ol (3:24)

Moreover, from (3.16), (3.17) and (3.20), it follows that

fody = [ glsm)dy=0. (3.25)

R"

We also notice that the condition (3.25) implies
/ h(s,y)dy = 0. (3.26)

We note that it suffices to show a priori estimates of f, g, @ and % for the proof of global existence
of solutions to the system (3.3). Therefore, hereafter, we consider the system (3.23) instead of (3.3).

3.6. Energy estimates for n =1

To obtain the decay estimates for f, g, we introduce

Y

F(s,y) :/_y f(s, 2)dz, G(s,y)z/ g(s,z)dz. (3.27)

— 00

From the following lemma and the condition (3.25), we see that F,G € C([0,S); L*(R)).

Lemma 3.9 (Hardy-type inequality). Let f = f(y) belong to H*'(R) and satisfy [, f(y)dy =0, and
let F(y) = [V f(2)dz. Then it holds that

/ Fy)dy <4 / V21 () dy. (3.28)
R R

Proof. First, we prove (3.28) when f € C3°(R). In this case [; f(y)dy = 0 leads to F' € C¢°(R).
Therefore, we apply the integration by parts and have

[ Fwrd=2 [ yruseir <z [ 2w [ oz

Thus, we obtain (3.28). For general f € H%!(R) satisfying Jg f(y)dy = 0, we can easily prove (3.28)
by appropriately approximations. O

Moreover, by the regularity assumption (3.22) on (f, g), we see that
(F,G) € O([0,5); H**(R) x H**(R)) N C*([0, 5); H**(R) x H'*(R)). (3.29)

Since f and g satisfy the equation (3.23), we can show that F' and G satisfy the following system:

FS—%Fy:G, s>0,y €R,
LS(G—QG —G>+G:F + H s>0,yeR (3.30)
b(t(S))2 s D) Yy yy 9 ) ) .

Y Y
FOw) = [ 0.4 GOy = [ g0.2)dz yeR
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where
H(s,y) = /y h(s, z)dz. (3.31)

We define the following energy.

—S

Eo(s) = /R (; (Fy2 + z)(:(s))2G2> + %FQ + WFG) dy,
B = | (% (fj T @f} e +2ﬁfg) dy,

EQ(S)ZAyQ[%(f5+b<f<_;> )* 2 (())2”]

By using Lemma 3.2, the following equivalents are valid for s > s; with sufficiently large s; > 0.
Eo(s) ~ /R <F5 - ﬁcﬂ + F2> dy,
Ei(s) ~ /R < I+ (:(;;)292 + f2) dy, (3.32)
Es(s) ~ /Ry2 [ff + b(:(;;)ng + fQ] dy.

Next, we prove the following energy identity.

Lemma 3.10. We have

< Fo(s) + 3 Bols) + Lo(s) = Rols), (3.33)

Lo(s) = /R (2Fy2 +G2> dy,
Ro(s) = gﬁ/R(?dy—W%(t(s))A(G2+2FG) dy+/R(F+G)de.

Moreover, we have

where

d%El(s) + %El(s) b Lu(s) = Ra(s), (3.34)
where
L) = [ (1 +%) du - / F2dy,
Ri(s) 3%/9 dy +2 /fg y— QZI;( (S))A(92+4fg)dy+4(2f+g) hdy.
Furthermore, we have

d 1

T Ea(s) + 3 Ea(s) + La(s) = Ra(s), (3.35)

where

L2(5)=/Ry2 <%f§+92) dy+2/Ryfy (f+9)dy,

3 e 1 db ) )
Ro(s) = RCOIE /y gdy — (t(s))ga(t(S))/Ry (2f+g)gdy+/Ry (f + g)hdy.
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Proof. The proofs of (3.34) and (3.35) are the almost same as that of (3.33), and we only prove (3.33).
We calculate the derivatives of each term of Fy(s). First, we have

js[l/FQdy] /Fde
:/RF(iFy—&-G)dy
:/ <(4F2) F2+FG>
:——/dey—i-/FGdy

Here we have used that $FF, € L'(R), which enables us to justify the integration by parts. By
Lemma 3.1, we also have

i Lt [ Fo) =i ) [ Fom = i [ P s |66+ Ry
= gt a1 [ Fow s [ o s [ (5 6) Gay
+b(te(:))2/ ( G, +G) A= /RFGdy#—/RFFyydy+/RFde
ST [ PO~ e gy (e [ Pedy
+@/}RG%@—AFGdy—AFjdy+AFde.
Adding up the above identities, we conclude that
d% UR (%F%%FG) dy] :—E/RFQdy—%@/RFGdy— i th /FGdy

e—s
— | G?d —/de /FHd ) 3.36
+b<t<s>>2/R v f Fodut | FHAy (3.36)

We also have

d 1
~ | FPdy| = | F,F,.d
ds[2/wy] /Ry
y 1
R

1
= —/Fjdy+/FyGydy
4 R R
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and
d[1 e° 9 _ 1 b 2, 1 e7® 9 e’ /
s [2 b(t(s»?/RG dy] GO o) [ ca 2b<t<s>>2/RG W Tt J, O
B 1 db 2, 1 et )
= TR dt“(s))/RGdy 2b<t<s>>2/RGdy
e ® Y 2
+ G—G+Gd—/Gd+/GFd+/GHd
b(t(s))Q/R (56 Y S S S T O
_ 24 e’ 2
OO 2dt / d b(t(s))Q/RG @
—/GQdy—/FyGyder/Gde.
R R R
Adding up the above two identities, one has
d |1 9 e’ 4
s {2 / <F i)z > dy]
Ly 1 e® / ) 1 db / ) / ) /
= dy + — G*dy — ———(t Gedy — G*dy + GHdy. 3.37
1B i L O e o0 [ P [ v [ @
From (3.36) and (3.37), we conclude that

d 1 1

This completes the proof. O

8.7. Energy estimates for n > 2

Next, we consider higher dimensional cases n > 2. In this case, we cannot use the primitives (3.27).
Therefore, instead of (3.27), we define

F(s,6) =[]0 f(5,6),  G(s,6) = [€]7*°4(s,€), H(s,€) = I€]7*"h(s,€),

where 0 < 0 < 1, and f(s &) denotes the Fourier transform of f(s,y) with respect to the space
variable. First, to ensure that F G and H make sense as L2-functions, instead of Lemma 3.9, we
prove the followmg lemma.

Lemma 3.11. Let m > n/2+1 and f(y) € HO™(R™) be a function satisfying f(0) = (2r)~"/2 Jon f(y)dy =

0. Let F(€) = [€|7"/270 f(&) with some 0 < § < 1. Then, there exists a constant C(n,m,d) > 0 such
that

[Fllzz < C(n,m, 6)||f| zrom (3.38)
holds.

Proof. By the Plancherel theorem, it suffices to show that ||F'||p2 < C|| || go.m. Using the definition of

16



F and the condition f(0) = 0 , we compute
/ B (€)Pde = / €29 f(€) [2de
n RVL
- / €72 f(6)[2de + / €29 (e e
[€1<1 |€]>1

1 d - 2
. —n—260 el
= [ e [ e

de+ [ e P
|€1>1
< Vel [l + 1 FIR
l€l<1
< C(n.6) (IVef I3 + I1F113:) -

Since m > n/2 + 1, we have
IVefllz= = llyfll= < Cllyfller < Clr,m) (1 +y)™ fllzz < Cln,m)| fllsroom.
Consequently, we obtain
181ze < C,8) (I9efllze + 1fl122) < Clnm, 8) 1 llgom,

which completes the proof. O

We also notice that, for any small > 0, the inequality

/ e = FPde+ / e
lel=vn=! lel<ymn=!

<n / €21 2de + =202 / €22 P
[€]>ym~1 |€l<ym™?

< / (€21 f2dE + 72292 / €| 2de (3.39)

holds. This is proved by noting that 2—n—24§ < 0 (here we assumed that n > 2). The above inequality
enables us to control || f||z2 by [[|¢]f]lz2 and |||€]F]|2. Moreover, the coefficient in front of ||[¢|f]| 2
can be taken arbitrarily small.

By applying the Fourier transform to (3.23), we obtain

L1 \ X
fs+§V5(§f)—gf=§7 8>07€€Rn7 (340)
e’ Y 1 R n A ) o ) |
i (0 556 @) = (5+1)9) +o=—kRF b a>neer
By noting that
1 R a A
_Vf'<5f):§'vff+gf,
we rewrite (3.40) as
ferng]E:ﬁ, s>0’£€Rn,
_d T o A o n
b(;fe(W(ger?Vfg_g)+9=—|§I2f+h, 5>0, € R™
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Making use of this, we calculate

Fs = |£|7n/27§fs
— el (5 Vel + )
_ |§|7n/275 <§ . Vg (|§|n/2+5ﬁv) + |£|n/2+5é>

and
e % e —nJ2—6 5
) b))
=l {b(:(;;)z (_g Vegt 9) —g=lePf + ﬁ}
= |§‘_n/2_6 l:b(:(;;)Q (—g Ve (|§|”/2+5é> ) | £|n/2+6é>
_|€|n/2+6é - |§|2+n/2+613‘ + |£|n/2+6g}

e ® 13 A 1/n A . PN
= S (—E-vfG— 5 (§+5—2) G) G P+ AL

Hence, F' and G satisfy the following system.

S

F—i—g VeF - (E+6)F:C¥, s> 0, € R,
_2 52 4
e N ~ N ~
—+46—2 = —|¢PF+H R™.
D)2 G, + V5G+ (2+ )G>+G lE|"F+ H, s>0,¢¢€

We consider the following energy.
£ote) = e [, (5 (FIRT + IOl + 1P+ G )
mo= [ (3 (‘W'Q*@gj) (40 (57 + s s) )

Ba(e) = [ e 5 (V0P + 5 sse? ) + 307 + s o]

By using Lemma 3.2 again, the following equivalents are valid for s > s; with sufficiently large s1

Ealo) ~ [ (1€PIFR+ i ))2|G|2 +IPP) de

B~ [ (Il g + 12 o (341
Rn ((D
o
Bals) ~ [ P IV 4 e+ 2
! b(t(s))?
Then, in a similar way to the case n = 1, we obtain the following energy identities
Lemma 3.12. We have

d

(3.42)

7o F0(s) + 3Bo(s) + Lo(s) = Ro(s),

18



where

/|€| Prag+ [ (6P

e” 1 db
Rolo) = S

Moreover, we have

%El(s) +8E1(s) + La(s) = Ri(s),

%1_ / IVy f|2dy+/ 2dy—<%+g> <g+1> Rnfzdy’
( )( )b(:(s;) fgdy+;(n+3+5)lj<_;;?/ﬂ£ngzdy
2d’f LG f+g)gdy+/ ((5+1) £ +g)nay.

where

Li(s) =

Furthermore, we have

LBy () + (5= m)Ex(s) + La() = Rals),

where 6 = m — n/2, n € (0, 5) is an arbitrary number,
1
La(s) = 3 [ PPy o)) [ WP+ [ Py

+2m |y|2"“2(y Ny )+ 9)dy,

Rals) = iy [ ol fady —
1 db
b(t(s))? dt

(t(s)) |y|2’”(2f+ggdy+ / |y|2mf+g>hdy.
Rn R™

[ 6 2 g_Wdt(t(s))Re/n (2F+G) éd§+Re/n (F+G) Hde.

(3.43)

(3.44)

Proof. The proofs of (3.43) and (3.44) are the almost same as that of (3.42), and we only prove (3.42).

First, we calculate

4L Rl = RN Y LAY
- [Z/WW df]—Re/Rn< Vel 2(2+5)F+G)Fd5
:—é/ |F2de +Re | FGde
5 Jon o

and

%{@Re /]R Fédg} :_Wzt Re/ Féde — Re/ PG e

@Re /n <F8G+FGS) de
2 db

:_7b(t(8))2%(t(s))f{e/nFGdg o

—S

+

75

b(t(s)
\G|2d§—Re/ PG de

n

R / PG de

_c

b(t(s))? Jrn

—/ |g|2|ﬁ|2d§+Re/ FH de.
R R~

+
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Adding up these identities, we see that

% [Re / <|F|2 + ﬁm}) dg}

v 2 db % ¢ e
=5 [P — g GeRe [ FGac— s e [ PG
e’ A ] )
+W/Rn \Glzdf—/w €2 F|? de + Re /]R FHd¢ (3.45)

We also have

d |1 21 12 _ 2f € ~ l/n AR
615{2/11@'5' B dg} 7Re/w|§| <2~V5F2(2+5)F+G>Fd§
_l _ 2| 2 2 ;A
~50=0) [ IePIPPae+Re [ JeRRGs
and

d[1 e oyl o1 b o 1o .
s |3 L 167 ] = s o [ 16 e g [ ierae

+ WRQ o GSG df
_ 1 dy acs taoa - [ ap

*/Rn G2 dé — Re /R \§|2Féd§+Re/n GH de.

Summing up the above identities, we have

a1 e’ A2
i (3 1974
1 o p2g, L db s A2
= 50=0) [ PP s - prass G [ 16R e
+%(1_5)I>(:(W/Rn |é|2d§—/w IGI? dé + Re /R G de. (3.46)
From (3.45) and (3.46), we conclude (3.42). O

3.8. Proof of Proposition 3.7

In either case when n = 1 or n > 2, we have proved energy identities of E;(s) with remainder
terms R; (j = 0,1,2). Hereafter, we unify the both cases and complete the proof of Proposition 3.7.
We define

1 e s da 2 9)s 9
Es(s) = GO <£(s)> + e % a(s)
and

E4(S) = C()E()(S) + ClEl(S) + EQ(S) + Eg(s),

where A > 0 is determined later, and Cy, C are positive constants such that 1 <« C; <« Cy. By
recalling the equivalences (3.32) and (3.41), the following equivalence is valid for s > s;:

e—S

Ba(o) ~ IO o + a9 + i () +ealP (aan)

To obtain the energy estimate of F4(s), we first notice the following lemma.
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Lemma 3.13. We have

d da, \?

where

1 et (da, \? 1 db da, \?
Ry(s) = 5(2A + 1)W (E(S)) - W@(W)‘)) (E(S))

d d
+ d—j(s) (/Rn r(&y)dy) + 26_2)‘5a(s)d—j(s). (3.48)
Then, we can also see the following energy estimate.
Lemma 3.14. We have
d
£E4(S) + 2)\E4(S) + L4(8) = R4(S), (349)

L4(8) = (% — 2)\) (CQEO(S) + C1E4 (S) + EQ(S)) + CQLQ(S) + C1L4 (S) + LQ(S) + (d—a(s)) R

Ly(s) = Co(6 — 20 Eo(s) 4+ C1(6 — 20) E1(s) + (6 — 1 — 2X) Ea(s)
+ CQL()(S) + ClLl(S) + LQ(S) + (%(8))

forn > 2, and
R4(S) 2 C()R()(S) +C1R; (S) + RQ(S) + Rg(s).

Here Ro,R1, Ry and Lo, Ly, Ly are defined in Lemmas 3.10 (n = 1) and 8.12 (n > 2), and Rj is
defined by (3.48).

Then, by the Schwarz inequality and the inequality (3.39), we obtain the following lower estimate

of Ly. Here we recall that 6 € (0,1) is an arbitrary number, 6 = m —n/2 and 1 > 0 is an arbitrary
small number.

Lemma 3.15. If0<A<1/4 (n=1), 0 <\ <min{3,2 — %} (n>2), then

Li(s) > € <f<s>||%p,m oo + () )

holds for s > sy.

Proof. Let A satisfy 0 < A <1/4 (n =1) and 0 < A < min{}, 2 — 2} (n > 2). We take the parameter
§ so that 2\ < § < 1. Then, recalling that § = m — n/2, we have 2\ < min{4,§}. We also note that
the equivalences (3.32) and (3.41) of Ey(s), E1(s), Ea(s) yield the positivity of the first three terms of
Ly(s) for s > s1. Therefore, it suffices to consider the terms Lo(s), L1(s) and La(s). When n = 1,

noting F, = f and applying the Schwarz inequality, we easily have

/fgdy:/F;dy
R R
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and
2 d <L 2720y + 8 2+ ¢%)d
yfy(f +g)dy| < y fydy+8 | (f°+g°)dy.
R 4 R R

Hence, taking C7 > 8 and Cj > 2C7, we obtain the desired estimate.
Next, when n > 2, we note that, for any small u > 0, we have

L P90+ g
RTL

SM/R IyIQ"LIVyfIQdy—FSu_l/R |y|2’”_2(f2+92)dy
and

pt / P2 (f2 + ¢*)dy = /l | P2 (f2 + ¢*)dy + p / ly[P"2(f% + ¢%)dy
R™ yl>p~t

ly|l<p=?

< u/ IyIQm(f2+92)dy+u’2m“/ (f*+9%)dy
ly|>p—1 ly

[<p—t

SM/R Iylzm(f2+92)dy+u‘2m“/ (f* +g%)dy.

n

We take u sufficiently small so that p < 1 and then Cy, Gy sufficiently large so that 2"+ <« C) <
Cy. Then, applying (3.39) to estimate the last term, we have the desired estimate. O

Finally, we put

Es(s) = Ey(s) + %a(S)2 + ﬁa((@)%@-

Then, we easily obtain

Lemma 3.16. There exists s > sy such that we have

Eu(o) ~ 1 4 g a0 o + a0 + 50 (00
2 2
Bu(o) 4 1o + (56)) ~ 17O + o) + (6 + (000

for s > s5.

Proof. By the Schwarz inequality, we have

(s)

‘ e s do e”s

—_ 7)) —af(s)? Nieis d—as :
b2 s )] = OO T g (ds( ’> ’

where 77 > 0 is a small number determined later. By the equivalence (3.47) of E4(s) and taking 7
sufficiently small, we control the second term of the right-hand side and have

_ e’ do 29
WW (g(@) < §E4(5)

for s > s1. On the other hand, by Lemma 3.2 and taking s, > s; sufficiently large, we estimate the
first term as

—S

b(t(s))?

a(s)? < <afs)?

C ()

1
4
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for s > s5. Combining them, we conclude that

Es(s) > 3Eals) + jo(s)

holds for s > s5. Then, using the lower bound (3.47) again, we have the lower bound

9 e ?® 9 9 e ? da 2
O + el +alo? + 5 (200)) < CBale

for s > s5. The upper bound of Es5(s) immediately follows from the equivalence (3.47) of E4(s) and
we have the first assertion. The second assertion is also directly proved from the first one

. U
By using (3.21), we also have

L e do N 2 da
ds ()" + b(t(s))? () ds () } )? <ds > b(t(s))? als )dt( () ds ()
(/ r(s,y dy)
=: Rs(s

Letting Rs(s) = R4(s) + Rs(s), we obtain

d

£E5(s) + 2)\E4(s) + La(s) = Rs(s). (3.50)
We give an estimate for the remainder term R5(s)
Lemma 3.17 (Estimate for the remainder terms). Let A, A1 be

. 1=-8 v 1 v

)\Omm{l—i—ﬁ’l—i—ﬁ 5155 1} (3.51)

(where we interpret 1/(1+ 8) as an arbitrary large number when § = —1) and

2f3
min Pz1+2pzz+(3——>pi3—3}7 n=1,
( { 1+5 (3.52)
o _)

n > 2

o3 l\DIr—l

(where we interpret —

20pis/(1 + B) as an arbitrary large number when p;3 # 0 and § = —1). Then,
there exists sg > so such that we have the following estimates

(i) When n =1, Ry4(s) and R5(s) satisfy

|Ra(s)| < 7La(s) + C(f)e” 2 Es(s) + C(qf)e~**** ZE5 PP (B (s)P + La(s)P)

i=1
k
|R5(s)| < fLa(s) + C(f)e " E5(s) + C(ij)e >N ZES PirtPiz (Bo(s)Pis 4 [4(s)Pi3)
i=1
k
+ C(ﬁ)e_)\ls Z E5(s)(pi1+1’iz+pz‘3+1)/2
=1

for s > sg, where > 0 is an arbitrary small number
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(ii) When n > 2, Ra(s) and Rs(s) satisfy

|[Ra(s)] < 1La(s) + C(7)e™ 220 E5(s) + C (e Es(s)?,
[R5 (s)| < 7iLa(s) + C()e " By(s) + C(if)e > Es(s)7 + C(ij)e " 5 () PHD/2

for s > sq, where i > 0 is an arbitrary small number.

We postpone the proof of this lemma until the next section, and now we completes the proofs of
Proposition 3.7 and Theorem 2.1. We first consider the case n > 2. Taking 77 = 1/2 in Lemma 3.17
and using (3.50) and Lemmas 3.15, 3.16, we have

4 By(s) < Cem 0% B5(s) + Ce=2M15 s ()7 4+ Ce= % s (5) @+ D12 (3.53)

ds
A(s) :=exp <C/ e o7 d7'> .

We note that e=C¢ /% < A(s) < 1 for s > s and A(sg) = 1. Multiplying (3.53) by A(s) and
integrating it over [s, s], we see that

for s > sg. Let

A(s)E5(s) < Es(so) + C/ |:A(T)e_2)\1TE5(T)p + A(T)e—/\lTES(T)(p—&-l)h dr

holds for s > sy. Putting
M(s):= sup FE5(7),

s0<T7<s

we further obtain

M(s) < CM(sp) + C(s0, Ao, M) (M(s)? + M(s) P+ 2) (3.54)
for s > sp. On the other hand, we easily estimate M (sg) as

M (s0) < C(s0) (I1(£(50), 9(50)) 7r1.m s prom + (50)* + cu(s0)?)
< C(s0)[|(v(s0)s w(80)) |31, prom
< C(s0)€[[(vo, wo) | Fr1.m x gro.m (3.55)

by using the local existence result (see the proof of Proposition 3.5). Combining (3.54) with (3.55),

we have
M(5) < Co (00, w0) 1m0+ Ca (M) 4+ M (5) 077

for s > s¢ with some constant Cy > 0. Let 1 be
- (\/0722(1%"-1)/4)*1.
Then, a direct calculation implies
20562 Iy > Coe2Iy + Oy [(2025210)1’ + (2025210)@“)/2}

holds for & € (0,&1], where Iy = ||(vo, wo)||%1.m  gro.m - Combining this with M (sg) < Cae?||(vo, wo)[|%1,m « gro.m
and the continuity of M (s) with respect to s, we conclude that

M(s) < 2052 (v0, w0) |31 e 1o (3.56)
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holds for s > sg and ¢ € (0,&1]. Therefore, from Lemma 3.16, we obtain

—S

e s do 2
(Ew)) < C<(v0,00) s o

1£ ()12 + O lg(s)l[Fro.m + a(s)* + POBIE

t(s))
for s > sg and € € (0,¢;]. This implies

675
WHW(S)H?{OM < Cue?|| (vo, wo) |71, gro.m (3.57)
with some constant C, > 0. This completes the proof of Proposition 3.7.

When n = 1, to control the additional term Ej5(s)Pit Ly(s) appearing in the estimate of Rs(s), we
use (3.50) as

()l Fra.m +

k
d ) N —9\as 4 . v
L By(s) + La(s) < Ce™ By(s) + Ol 3 B(s) 7 (By(a) + La(s)")
i=1
k
+ C(ﬁ)e—)\ls Z E5(S)(p“+pi2+pi3+1)/2
i=1

instead of (3.53). In the same way as before, we multiply the both sides by A(s) and integrate it over
[s0, s] to obtain

A(s)Es(s) + /S A(T)Ly(7) dr

S0

< Es(so)+C Y / A(r)e M7 By(r)PitPiz Ly (1)Pidr
i=1,...,k 50
piz=1

k s
4 CZ/ [A(T)e*2A17E5(7.)171'1+Pi2+13i3 + A(T)G*)QTES(T)(Pi1+Pi2+Pi3+1)/2] dr.
i=1 " S0

As before, putting M(s) := sup, <,<, F5(7) and noting that A(s) is bounded by both above and
below, we see that

M(s)—l—/ La(7) dr < Coe?||(vo, wo) || F1.m . rom + C2 Z M(s)p"1+pi2/ Ly(r)P#dr
S0

i=1,...,k S0
piz=1
k
+ Oy Z (M<S>Pi1+pi2+pi3 4 M(S)(;Dn +P¢2+P13+1)/2>
i=1

for s > so with some constant Cy > 0. Taking e; sufficiently small so that

2C252IO +/ L4(7’) dr > 0252[0 + CQ Z (26(252]'0)1)“eri2 / L4(T)pi3d7_

50 =1,k 50
piz=1
k
+ Oy Z ((2026210)Pi1+;0i2+?i3 + (2026210)(P11+Pi2+Pi3+1)/2)
=1

holds for ¢ € (0,&1], where Iy = ||(vo, wo)||%/1,m y gro.m- Combining this with M (sg) < Coe?Iy and the
continuity of M (s) with respect to s, we conclude that

M(s) < 2C&?||(vo, wo) || 3r1.m x pro.m

which leads to (3.57) and completes the proof of Proposition 3.7 for n = 1.

25



3.9. Proof of Theorem 2.1: asymptotic behavior

Next, we prove the asymptotic behavior (2.9). For simplicity, we only consider the case n > 2,
since the proof of the one-dimensional case is similar. Putting

. 1 m n
)‘_mm{ﬁ’g_?)‘o’h}_n’ (3.58)
where 7 > 0 is an arbitrary small number, and Ag, A1 are defined by (3.51), (3.52), and turning back
to (3.49) and using Lemma 3.17 with 7j = 1 to Ra(s), we have

d 1 . :

d—E4(s) + 2\Ey(s) + §L4(s) < Ce 223 By (s) + Ce M5 Ey(s)P
s

< 6672)\2552 H (u07 ul) ”%{1”'" x HO:m

where A\ = min{\g, A1 }. Multiplying the above inequality by ¢?**, we obtain

d 2)Xs

_ [€2>\SE4(S)] + €

ds 2 La(s) < Ce 2| (ug, ur)||F1.m  gro.m-

Integrating it over [sg, s] and using Lemma 3.15, we have

B — s—T da ° —2)s
B+ [ e ><||f<s>%1,m+||g<s>%o,m+ (50) )drsce 2 g 1) B o g

50

In particular, for sy < § < s, one has

la(s) — a3)? = ( | (j—am)d)
< ([ ear) < [ () dT>

< Cem 222 (uo, w1) | By pro.m s
and hence, the limit o* = limg_, 4 a(s) exists and it follows that
|a(s) — a** < Ce™ 22| (ug, wr )|[F1.m . gro.m -
Finally, we have
[o(s) = a*@ollFrrm < 1F () Fram + [als) = a* PlleolFm < Ce || (uo, ur) [ Frm x gro.m-

Recalling the relation (3.2) and (B(t) + 1)~™/2¢o((B(t) + 1)~Y2z) = G(B(t) + 1, ), where G is the
Gaussian defined by (2.8), we obtain

lu(t,-) = *G(B(t) +1,-)[|72 < C2(B(t) + 1) 7272 (uo, ur) 371 w gro.m

which completes the proof of Theorem 2.1.

4. Estimates of the remainder terms

In this section, we give a proof to Lemma 3.17.
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Lemma 4.1. Under the assumptions (2.1), (2.3) and (2.5), we have

2
H 35/2N( /”U e vyvb(t(s))ileizzsmw)HHOl

k do 2pi3
< O™ T (1 () + a(s)) P ) (ng(s)nm,l +a(s) + —<s))

pt ds
form=1,s>0 and

He(%ﬂ)sN (=50 < Ce™ 0 (|| f(s)llmrm + als)*

[
formn >2 s> 0, where \ is given by (3.52).
Proof. When n =1, € (—1,1), by the assumption (2.3) and Lemma 3.2, we compute

2
(14 976N (720,70, b(t() e 2w < O(1 4+ ) o

vy |2Pi2

where A1 is defined by (3.52). By the Sobolev inequality |[v(s)| pe < C|lv(s)| 1.0, we calculate

(1492 pf2Pa o
§C€*Q>\18‘U2 Pz‘1+pi2+10i3*1((1+yQ)v2)1*;Di2*Pi3((1+y2)v§)pi2((1+y2)w2)]h‘3

Y |2;Di2 w‘Qpis

< Cem B o) [T PP (L y?)e) R (1 )R (1 Pt

Therefore, by the Holder inequality, we conclude

2
352N, (6*5/211, e Fuy, b(t(s))ileigsﬂw) HHO 1

_ 2(pi1+pia—1 i 2p;
< Ce 25| [u(s) | 202D |1 (5) | 30772 o(s) || 2242

Jw(s) |55

< Ce™1% (| 1(8) e+ a(s)) 2P +7) (HQ(S)HHOJ as)+ d—%))

ds
When n = 1,p;3 # 0,8 = —1, we obtain

2
(1+y2)e* N; ( /2y e Uy,b(t(s))flef‘o’sﬂw)

< C(l 4 y2)e(3_17i1_2Pi2_3Pi3)5b(t(s))_Pi3|,U|2Pi1 |vy|2pz‘2‘w|2pi3
< C(l+yQ)e—M1$|U|2pil‘vy|2pi2|w|2pis7

w‘zlﬂis ,

(4.2)

where we can take A\;; as an arbitrary large number, since Lemma 3.2 shows b(¢(s)) 7 ~ exp(—p;ze®).

Therefore, by the same way, we obtain the desired estimate.
Next, we consider the case n > 2. By the assumption (2.5) and Lemma 3.3, we have

10 s —Zs 2 ) s m —5s 2
s el <6 [ A e o
2p
< CePhs / Y™ Pu(s, )| dy
2po 2p(1—o)
—2)\18 m/ m/
< ce 2 | (@ res))|| | o)

< Ce™1%|o(s) | Fr.m
< O (|| f(9) ] rom + a(s))™

which completes the proof.
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From Lemmas 3.2, 4.1 and the assumption (2.2), we immediately obtain the following estimate:

Lemma 4.2. Let r be defined by (3.4). Under the assumptions (2.1)-(2.5), we have

2
() g0 < Cem2° <||f(s)||?qm o) + (s + (G 00)) )

—2X\1s £ 2(pi1+piz) d_a 2pis
+Ce70 Y (If()llma +als)) lg(s)llsros + als) + 5 (5)

i=1

form=1,s>0 and

2
Ir ()| F0.m < Cem%0® (IIf(S)II?p,m + ()l From +als)® + (i%@) )

+Ce™ (| f(9)]| e + als)*
forn >2, s >0, where \g, \1 are defined by (3.51), (3.52), respectively.
Proof. By Lemma 4.1, it suffices to estimate

1 db
b(t(s))? dt

Applying Lemma 3.2, we have

) 2 —2(1—-8)s/(1+8) —
) A d_a e ﬁ S ( 17 1)’
o <C <|g(5)H0:m + a(s) + (ds (8)) ) ” {exp(4€s) ﬂ =-L

(t(s))w + e*/2c(t(s)) - Vyv +edd(t(s))v.

1 db
"Wﬂ(t(s))w(s)

Also, the assumption (2.2) implies

2 —((27)/(1+B)—-1)s ~1.1
es/2c(t(s))-vyv(s)H e Be(-1,1),

< C(IF )7 +als)?) x {

HOm exp (—2ve®*+s) [f=-1
and
—(2v/(1+8)-2) Be(—1,1)
Sd t 2 m < C 2 1+ 2 X € ’ i
et gom £ O (s o) x5 0 LGS
Summing up the above estimates and (4.1), (4.2), we obtain the desired estimate. O

Next, we estimate the term h given by (3.24). By Lemmas 3.2 and 4.2, we can easily have the
following estimate:

Lemma 4.3. Let h be defined by (3.24). Under the assumption (2.1)~(2.5), we have

1) 3o < G20 (nf(s)n%p,m o) + (s + (G00)) )
k

+ 0T (I ($)llanr + ()7 (ng(s)ml Tals) + %SO

=1

form=1,s>0 and

17 ()30, < Ce™0 (IIf(S)II%m + () From + als)® + (@@) )

+Ce™0 ([ £(8) ][ + als)*
forn >2, s >0, where \g, \1 are defined by (3.51), (3.52), respectively.
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Proof. We easily estimate

2

—S

Hb(:(s))? (Qfg(s)wo(y) +a(s) (5 - Vyroly) + (5 +1) wo(y))>

< Cem o (a(s)2 + (2—2‘(8))7 :

For the term r(s), we apply Lemma 4.2. Finally, for the term ( [5,, 7(s,y) dy)po(y), we note that

HO.m

[ o] < €l (43)

holds due to m > n/2. Thus, we apply Lemma 4.2 again to obtain the conclusion. O
Moreover, combining (3.26) and the Hardy-type inequalities (3.28), (3.38), we also have
Lemma 4.4. Let H be defined by (3.31). Under the assumption (2.1)—(2.5), we have

2
1 (5) 0. < Cem220 <||f(8)ll?ql,m + ()| From +als)® + <Z_j(8)> )

X 2pis
+Ce ST (1 () + () ?P ) (Ilg(s)Hw +als) + d—%’)

. ds
i=1

form=1,s>0 and

1 (5) [0 < Ce™%0 (IIf(S)Ipr,m +llg(s)l[Fr0.m + a(s)* + (2—?(5)) )

+Ce™ 2 (|| f ()| + )™
forn >2, s >0, where \g, \1 are defined by (3.51), (3.52), respectively.
Now we are at the position to prove Lemma 3.17.

Proof of Lemma 3.17. We first prove the estimate for R4(s). Let 77 > 0 be an arbitrary small number.
Then, by the Schwarz inequality and Lemmas 3.15 and 3.16, there exists s3 > s5 such that the terms
not including the nonlinearity are easily bounded by 7L4(s) + C(7)e~2*% E5(s) for s > s3. The terms
including the nonlinearity consist of the following three terms:

[rrema, [ avpEgsona. ([ ) o,

By the Schwarz inequality and Lemmas 3.9, 3.11, 3.15, 3.16, 4.3, 4.4, there exists s4 > sy such that
the first two terms are easily bounded by

k
. Ce—2>\15 ZE5(8)pil+pi2 (Es(s)ms 4 L4(s)pi3) (n = 1),
Ce=25 (|| £(3)l|om + a(s))* (n>2)

7La(s) + C()e” 2" Es5(s)

for s > s4. For the third term, we apply the Schwarz inequality to obtain

([ ) o) < (‘fl—“m) o ([ o)
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Noting (4.3) and applying Lemma 4.2, and then Lemmas 3.15 and 3.16, we have the desired estimate.
Finally, we prove the estimate for R5(s). Let 77 > 0 be an arbitrary small number. Recall that
R5(s) = Ry(s) + Rs(s) with

Rao) = i (fﬁ()) OGN L ) ([ ).

We have already estimated Ry(s) and hence, it suffices to estimate Rs(s). By Lemmas 3.15 and 3.16,
there exists s5 > sy such that the first two terms are easily estimated by 71L4(s) + C(7)e™ 2% E5(s)
for s > s5. Moreover, by (4.3), a(s) < CE5(s)'/? and Lemma 4.2, there exists s > so such that the
third term is estimated as

a(s)

[ 7| < a9l
< fL4(s) + Ce 5 Es(s)
k
N Ce= M8 z_: E5(S)(Pi1+p¢2+1)/2 (ES(S)PB/? + L4(8)Pi3/2> (n — 1)’

i=1
Ce M3 Fy(s)Pt1)/2 (n>2)

for s > s¢. When n = 1, we further apply the Schwarz inequality to the terms in the sum corresponding
to p;3 = 1 and obtain

e—A15E5 (S)(pil+pi2+1)/2L4(8)171‘,3/2 < ’ﬁL4(S) + C(ﬁ)e—2A15E5(S)(Pi1+pi2+171‘,3).

Finally, letting so := max{ss, s4, S5, S¢ } and combining the above estimates, we have the conclusion. O
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