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with the asymptotic distribution of its zeros and each Nevai—Totik point attracts
the same number of critical points as zeros of the OPUC. Analogous results are

gﬁ‘z/}iogggl polynomials also presented for paraorthogonal polynomials and for orthogonal polynomials with
Z.eros respect to a regular measure supported on a continuum set.
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1. Introduction

The critical points of a polynomial are the equilibrium points in a certain force field. The Gauss—Lucas
theorem states that the critical points of a polynomial lie in the convex hull of their zeros (see [6, Sect. 2.1]).
The Jentzsch—Szegd theorem tells us that for a power series with finite radius of convergence there is an
infinite sequence of partial sums, the zeros of which are “equidistributed” with respect to the angular
measure on the boundary circle of the disk of convergence. Since a series and its derivative have equal radii
of convergence, the result of Jentzsch—Szegd also holds for the corresponding sequence of the derivative.
Both theorems have been generalized in different directions (see [11, Sect. 2.1] and [2]). Another interesting
open problem in this issue which deserves attention is Sendov’s conjecture: “If p is a polynomial of degree
> 2 having all its zeros in the closed unit disk D := {z € C : |z| < 1} and if 2y is any one of such zero,
then at least one critical point of p lies on the disk {z € C : |z — z9| < 1}” (see [11, Sect. 7.3]). Sendov’s
conjecture has been proved for polynomials of large degree (see [3]). The asymptotic behavior of the critical
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points of a sequence of polynomials whose almost all zeros lie in a given convex bounded domain has been
proved in [19].

In this paper we study properties of the critical points of orthogonal polynomials with respect to a
measure on the unit circle (OPUC). A polynomial whose zeros lie in D := {z € C: |z| < 1} is a term of a
sequence of polynomials orthogonal with respect to a Bernstein—Szegd measure in the unit circle. Thus, our
results want to be in some sense a contribution for a better understanding of the kind of problems above
mentioned.

Let p be a probability measure on [0, 27) and {®,,}, >0 be the associated sequence of monic OPUC. They
satisfy the recurrence relations

(1)

{ Dpi1(2) = 28n(2) + i1 (0)27(2),
07, 11(2) = 03,(2) + ©,41(0)297,(2),

for n > 0, where ®¢(z) = 1 and the reverse polynomials are @ (z) := 2"®,,(1/Z). As all the zeros of ®,, are
inside D, we have |®,41(0)| < 1 for all n > 0. According to Verblunsky theorem the map p +— {®,,11(0)}n>0
is a one—one correspondence between non-trivial probability positive Borel measures and sequences in D.
Let [|®,(e")?du(f) =: k,?%; then, analogous formulae to (1) hold for orthonormal polynomials {¢, =
Kn®@n }n>0. All these results can be found in [13, Chap. 1].

Nevai and Totik [9] proved that if

p = limsup |®, (0)|*/™ < 1, (2)
n

then S(z)~! can be analytically continued to all the region {z € C : |z| < 1/p}, where S(z) represents the
Szegd function

27
1 i0
S(z) = exp E/logu’(ﬁ);gfid@ , z€D. (3)

0

This extention Sey(2)~* has no zeros in D. The Nevai-Totik points are the zeros of Sey(1/Z)"!in {z € C:
p < |z|] < 1}. Since

1iTILn 5 (2) = Sext(2) ! (4)

holds uniformly on compact subsets of {z € C : |z| < 1/p}, the Nevai-Totik points are precisely the limit
points of zeros of {¢p,}n>0 in {z € C: p < |2z < 1}
As usual, we say that u satisfies the Szegé condition or u belongs to the Szeg6 class if

2
/\logu'(9)| df < .
0

According to Szegé theorem in this case the convergence of ¢ (2) to S(z)~! is uniform on compact subsets
of D.

Let p be a polynomial of degree n and v, its normalized counting measure which gives weight k/n to each
zero of p with multiplicity k. For r > 0, let m,. denote the arc-measure on the circle C;. := {z € C : |z| = r};
ie. m.({re? : 6, <0 < 0}) =0y —0; where 0 < 0; < 0 < 27. When r = 0, we let mg be the delta
distribution with mass 1 supported at z = 0. If either (2) or
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im LS 0 =0 itp=1 (5)
1m — = 1 —
A k P
holds, then Mhaskar and Saff [8] proved that lim,ca vo, = m, weakly. Here and in what follows, A is a

subsequence of index such that lim, ¢, |®,(0)|"/™ = limsup,, |®,,(0)]'/™. Detailed asymptotics of the zeros
of OPUC can be found in [7,14,15], and [16].

The zeros of OPUC in the region {z € C : |z| < p} can have a chaotic behavior (see [7] and [18]).
A control of a such situation can be obtained with the assumption

Zcb”+0 (pA)™) (6)

where the b,’s are distinct, C; # 0 for all j, [bj|=p, j =1,2,...,J,and 0 < p < 1, 0 < A <1 (see [15]).
Condition (6) extends the periodic asymptotic behavior for Verblunsky coefficients studied in [1].

For the critical points of a polynomial we have the additional problem that they can be swept up to the
convex hull of the zeros as occur in the trivial example p(z) = 2™ — 1. Nevertheless, under assumption (6)
this can not happen asymptotically for the corresponding OPUC as the following result states.

Theorem 1. If (6) holds, then for each k > 1 we have

limv, x = m,.
ol 2 P

For n large enough the polynomials ‘b%k) and ®,, have the same number of zeros, counted according to their
multiplicities, inside every small open neighborhood of each Nevai—Totik point. Moreover, in each compact
subset of {z € C : |z| < p} the number of critical points is uniformly bounded in n. If lim,, |®,,(0)|*/™ = 0,
then lim,, Vg(k) = Mg.

The paraorthogonal polynomials play an important role in the Szegd quadrature formula (see [5]). For a
sequence {wy },>1 in the unit circle they are defined by

B (z,wy) := O (2)P (wy,) — Pp(2) Py (wy), m=1,... (7)

Theorem 2. If p satisfies the Szegd condition and the Szegd function is not a constant in D, then for each
k>0 and for any sequence {wy}n>1 in the unit circle we have

hmz/ =mj.

B,

The structure of this paper is as follows. Theorems 1 and 2 will be proved in Section 3. In Section 2,
we include some auxiliary results that we need in order to prove these two theorems. Section 4 contains a
theorem on the distribution of critical points of orthogonal polynomials with respect to a regular measure
and a study of differential properties of Akhiezer—Chebyshev’s polynomials which is linked to the behavior
of its critical points. We also include pictures in Section 4 which are consistent with our theorems.

2. Auxiliary results

Let us consider the set

oo

A::ﬂ U {z € C:®;(2) =0}.

n=1k=n, keA

Please cite this article in press as: M.P. Alfaro et al., Critical points of orthogonal polynomials, J. Math. Anal. Appl. (2017),
http://dx.doi.org/10.1016/j.jmaa.2017.06.060




Doctopic: Complex Analysis YJMAA:21502

4 M.P. Alfaro et al. / J. Math. Anal. Appl. eee (seee) eee—see

Lemma 1. If either (2) or (5) holds and z ¢ A, we have

i
neA n®’ (2)

(@3)(2) _ / dmay,(t) {o if |2| <

z—t L 2] >

D I=D =
~—~
oo
=z

Moreover, for all k > 1, we have

o (25)P(2) 1
N @ FD (3 = ©)

uniformly on compact subsets of {z € C:|z| > %} \ A.
Proof. Let {2} ,} denote the zeros of ®;. So we can write

(@) (2) 1 1 [dvex(t)
nd*(z) nzz—zzn _/ z—t

k

By the Mhaskar—Saff Theorem, we know that lim,ea vox = my/,. Since

/dml/p(t) _Jo if |z| < %,
z—t |1 if\z|>%,
the proof of (8) has been concluded.
From

1 (@) (2) ! - (®*)F) (2) (@) *+1) (2) (@) (8)(2)
n (W) ~ (@) 0(z) (n(@;)m =) n(@;)<k1>(2)> )

n

the relation (9) follows intermediately by induction. O
Lemma 2.
(i) If zg is a zero of (®))*, then
20(®7,)"(20) = n®;, (20)- (10)

(i¢) If (2) holds the sequence of polynomials {(®.)* : n € A} has a number of zeros which is uniformly
bounded in n inside each closed set in the disk {z € C:|z| < 1/p}.

(#ii) If p < 1 the polynomials @gc) and ®,,, for n € A large enough, have the same number of zeros, counted
according to their multiplicities, inside small open neighborhood of each Nevai—Totik point.

Notice that the reverse polynomial (®])* has degree at most n — 1.
Proof. (i) If P is a polynomial, we have z(P*)'(z) = nP*(z) — (P')*(z). In particular,

2(2;,)(2) = n®,(2) — (¥5,)"(2), (11)
and we get (10).

(7i) Suppose, to get a contradiction, that there exist zp € {z € C: 1 < |zo| < %}, such that Zo~! is not a
Nevai-Totik point, and a sequence {z,; : n; € A} verifying (@, )*(2n,) = 0 and lim; 2,,; = zo. Then,
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(@5 () 11
lim —————— =lim — = —.
J njq)nj (ZTL]) J Zny 20

This is impossible according to Lemma 1. As the number of Nevai-Totik points in each closed set in
{z € C:|z| < 1/p} is finite, the statement (7) follows.

To prove (i), let C be a small circle with center at wg such that wy—!

is a Nevai-Totik point. By
Lemma 1 and (11), we have

uniformly on C. Therefore, for z € C' and n € A large enough, we obtain
(@) (=) — n®(2)] < |n®}(2)];
now the conclusion (i) follows from Rouché’s Theorem. O
Lemma 3. If u is in the Szegd class, then
lim P! (2) =0, (12)

uniformly on compact subsets of D.

Proof. Since p is in the Szegé class, lim,, $0(2) — ( and

@3 (2
©.(2)\
lim = =0,
e

both limits hold uniformly on compact subsets of D. Further, we have

~—

~—

lim ;,(2) = 5(0)"'S(=)"", Hm(@5) () = S(0) 7 (S(=) )’

and

@28 )' 9,(2) _ Pn(2) 97/(2)

and these relations yield (12). O
3. Proofs of the main results
3.1. Proof of Theorem 1

Let us consider only k£ = 1 because it is easy to get, by induction, the general result.

When p = 0 Lemma 2 tell us that for each R > 0 the sequence of polynomials {(¢},)* : n € A} has a
number of zeros uniformly bounded in n inside the disk {z € C : |z| < R}; so, {¢}, : n € A} has a number
of zeros which is uniformly bounded in n inside {z € C: |z| > 1/R} and this is equivalent to

lim ver = myg.
neA "
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When 0 < p < 1 we know by Lemma 2 that any partial limit v of {vg/ } has its support included in
{z € C: |z] < p}. Let us see that the support of v is {z € C : |z| = p}. From (6) it is proved in [15,
Theorem 2.2] that

- (S”p” Ou( >) _ (13)

uniformly on each compact subset of {z € C: |z| < p}, where
L
ZU @} (b; — 2)7'S(2) !

wj = % and so |wj| =1, j =1,..., L. For any sequence of natural numbers there is a subsequence {ny}
such that the limit

ZU w H (z — by) = Pso(2)
J=1 L#]

exists being Py, (2) a nonzero polynomial of degree at most L — 1.
Let T(z) := Hé::l(z — by). Multiplying (13) by S(2)T(z) and taking derivative we obtain

NG P (2) o () g i) - pr (s
11]?1( o S(z)T (=) + g S'(2)T(z) + pn S(z)T (z)> =P, (2)

which is equivalent to

@ g p S T
z) (Ps 1T(z)_1)/

So, by Hurwitz’s theorem {¢,, (2)} has a number of zeros which is uniformly bounded in » in each compact
subset of {z € C : |z| < p}, and the support of v is a subset of {z € C : |z| = p}. Since limy, |®,,, (0)|*/™* = p,
by (9) in Lemma 1 the measures v and m, have the same moments and the same support {z € C: |z| = p}.
Thus, v = m,,.

8.2. Proof of Theorem 2

According to the definition of B,, in (7), we get

S Bz a) = (85 ()85 ) — @) (2) B (),

and

_ q);z(z) D, (wn)
g Bz wn) _ (93)(2) 1~ @i (@:an))

Bom) O gl

Because of 22’8"% has modulus 1, by the Szegd theorem (see (4)) and Lemma 3, we obtain
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2 Z, Wn 2)~ Ly

uniformly on compact subsets of . Taking (S(z)~1)’ # 0 into account, we have that the number of critical
points of B, is uniformly bounded in n in each closed set of {z € C: |z| < 1}.

Thus, a partial limit v of vp/ (. 4, ) is a probability measure supported in {z € C: |z| = 1}. For [z] > 1,
we have

8 2B, (z,w,) lm (%Bn(z,wn) (%Bn(z,wn))2>

0=1lm —=E——= = —
W 0z n2B,,(z,wy,) n2 B, (z, wy,) n2B2(z,wy)

2 2
im LBy (z,w,) £ By (z,w,) B (& Bo(z,w,))
n n%Bn(z,wn) nBy(z,wy) nBy, (2, wy,) )

which yields according to zero distribution of paraorthogonal polynomials (see [5])

lim

2
%Bn(z,wn) im %Bn(z,wn) _ 1 _ / dv(t)
" R%Bn(zawn) " an(z,wn) z

P z—1t

in{zeC:lz| >1}.
Therefore, any partial limit v of {vp; } is the normalized Lebesgue measure m; in {z € C: |z| = 1}.

Remark. If the Szeg6 function is constant, then

4. Critical points for OP with respect to a regular measure

In this section we consider a measure p regular in the sense of Stahl and Totik [17, p. 61], which has
compact connected support, supp(u), with positive logarithm capacity, cap(supp(p)) > 0, so supp(u) is a
continuum with more than a single point, and the interior of the polynomial convex hull of its support is
the empty set, int(Pc(supp(p))) = 0. Let {pn}n>0 denote the sequence of orthonormal polynomials with
respect to . Then, if w,, is the equilibrium measure of supp(u) it is known that

limy,, =uw, (15)

weakly (see [17, Theorem 3.1.4]). Thus, we have

i Pn(2) :/ dju(g), (16)

uniformly on compact subsets of C\ Co(supp(u)), where Co(supp()) is the convex hull of supp(u) (see [17,
Theorem 2.1.1]). Actually, the convergence in (16) is in C \ (supp(u) UB). The set B is defined by

B::ﬂ U {z € C:p,(z) =0}.

n=1k=n, k€A

Under above conditions on the measure this set only has possible accumulation points in supp(u).
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If ¢, is the Riemann conformal transform of C \ supp(s) onto C \ D, with ¢,(cc) = oo, and
lim, o0 ¢u(2)/2 > 0, we know (see [12, p. 53 and p. 109])

/ log |2 — €| dw,(¢) = log |8 (2)] + log cap(supp(x)), = € T\ supp(u)-

Hence, fixing any branch of logarithm functions in the corresponding regions, there exists a constant C' € R
such that

/ log (2 — ¢) dw,(¢) = log 8y (2) + log cap(supp(u)) +iC, =z € T\ supp(s). (17)

Combining (16) and (17), we obtain

(18)

uniformly on compact subsets of C \ (supp(x) UB). Since ¢, (z) is a conformal mapping, ¢,,(2) # 0. This
fact, (18) and the argument principle yield near to each point of B there is a critical point of p,,. Taking
derivative in (18) we get

lim ( pa(z) p&(Z))) —0,

no\npp(z)  npa(z

uniformly on compact subsets of C \ (supp(x) UB). Therefore, from the former formula and (16), if we use
induction in k, we get the following result.

Theorem 3. Let i be a reqular measure in the sense of Stahl and Totik, its support is a continuum with more
than a single point and int(Pc(supp(u))) = 0. Then for each k > 0 we have

lirrln V0 = Wy
For n large enough near to each point of B there is a critical point of p,.
4.1. An example: Akhiezer—Chebyshev’s polynomials

Let A, denote the arc A, :={2€C:2z=¢" a <0 <21 —a}, with 0 < a < 7, and define

— sin(a/2)
28111(9/2)\/‘2 — eia| |Z — 67i0¢| ’

z € A,.

Let ¢, be Akhiezer—-Chebyshev’s polynomials orthogonal with respect to W in Ag,; i.e.

w™(v) n vw™(1/v)

= >1
1— Bv v—pf "=

Kon(2):

; (19)

where K = /(1 + sin(a/2))/(2sin(a/2)), z = w(v) w(L) =: h(v), with w(v) = i(1 — Bv)/(v + B), B =
itan((m — «)/4) (see [4, Equation (22) tillere]). o)) do

1 10 . 1. .
57 Jeos(a/2) ot (@02) © € A,, is the equilibrium measure on the

According to Theorem 3 and since

arc A, (see [10]), we have
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limy o — 1 sin(0/2)d6

noen) T op Veos?(a/2) = cos?(0/2) (20)

and
i P g a2 1 e sin(60/2)d0
n np(z) n nyl(2) 2 J (Z_€w>\/COSz(a/2) ~ o2 (0)2)

2" 2o o)

uniformly on compact subset of C\ A,.
But the above relations can be also proved using differential properties of the polynomials ¢,, as we see
below.

Proposition 1. The Akhiezer—Chebyshev polynomials have the following differential properties:

1.
(2 = 1)(z = ) (2 = €7y, (2) = Cu(2)n(2) = Dn(2)pn-1(2), n=>2, (22)
where
Cn(2) =nz? — (1 4 cosa)n +sin(a/2) — 1)z + (n — 1) cos a — sin(a/2),
D, (2) = cos(a/2)(nz? + (1 — 2sin(a/2) — 2n)z +n — 1).
2.
a(z,n)en — B(z,n)¢), +sin(a/2)y(z,n)p, =0, n>2, (23)
where
a(z,n) = 2(z — ") (z — e ) B, (2),
B(z,n) = Bo(2) + Br(2)n + Ba(2)n?,
(z,m) = 70(2) + 71(2)n +72(2)n? + 73(2)n?,
with

Bn(2) = (z — 1)*n + (1 — 2sin(a/2))z — 1,
Bo(z) =2+ 2(—14 (3 —22)z) — bzcosa
+ 32% cos o + 2z sin(a/2) (1 — 3z cos a + 227%),
Bi(z) = (1 —2) (=34 (2 —4)2® — (z — T)zcos a) — 2zsin(a/2)(1 — 2z cos o + 22),
Ba(2) = (2 = 1)%(z — €)(z — e7™),
0(2) = 2(1 —sin(a/2)), 73(2) = (2 — 1)*sin(a/2),
71(2) = =3+ 2(34 2) — zcosa — (z — 5) sin(a/2),
v2(2) =14 (2 —3)z + zcosa + sin(a/2)(z — 1)(z + 4).
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Proof.

1. To prove (22) we take the derivative of ¢, (z) in (19) and use the above expressions of w(v) and w(1/v);

we obtain
don \_(+B0)*(Bo+B) —n(1+8%) .
K O = ma - 0 W
_H,(v + B)2(—=B(1 + Bv) + n(1 + 5%)v)
28(1432)(v — B)(v? — 1)

w1 (1/v).

Since ¢, (2) and ¢,,_1(z) can be also written in terms of w™~!(v) and w™~1(1/v) (see (19)), to get Cp(2)
and D, (z) in (22), we have to solve the system of linear equations

;B4B8)—n(1+8)
(vF5)? _( wl) 1) (an(v)
; =B+ B +n(148%)v vw(l/v) v ) \ by(v) |’

(1+pv)?
and
Cn(2) _ 0+ B)2(Bu+1)? (v)
(z—1)(z—e)(z—ei)  2B(B2+1)(w2—1) " "
—Dn(2) _ (v+B)*(Bv+1)? ;
It yields
1 1 14+ v8)2 v 2
anv) = 5 (1 L+ ) +2) 4! (Zf)ﬂ)ai;vf) ) , (25)
and
) = 5 (T =29+ 20 0 g ) (26)

From the expression z = h(v) we get

201+ 8% 1 1482142
B R [ B I

and

1\ _ (=B =)z =)

v——|] = .
v Bz —1)?

In the end, taking these last expressions in (24), (25), (26), and doing some more calculations, we get

the expressions for Cy,(z) and D, (z) aforementioned in (22).
2. To prove the Lamé-type differential equation in (23), we take derivative in (22), then it follows that

FR)en(z) + (f'(2) = Cn(2))¢n(2)
— Cr(2)en(2) + Dn(2) 5 -1(2) + D (2)on-1(2) = 0,

where f(2) := (2 —1)(22 —=2cosaz + 1) = (z — 1)(z — ™) (2 — e7@).
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Now ¢!,_;(#) can be removed from the above equation. For this end we multiply the above equation by
f(2) and use again (22) for ¢/,_;(z). Then we have

F@?00(2) + F(2)(f'(2) = Cul2))on(2) = F(2)Cp(2)pn(2)
+ (Dn(2)Cn-1(2) + f(2) D}, (2))pn—1(2) = Dn—1(2) Dn(2)pn—2(2) = 0.

The next step is to remove ¢, _2(2) from this equation. By the recurrence relation

pn_a(z) = %@}2)%4@) ~on(2),

we obtain

2f(2)2 Dy (2) + 2f (2)(f'(2) = Cu(2)) D (2) ), (2)
+ (=2f(2) C},(2) + Dp—1(2) D (2)) D (2)on(2)
z+1
cos(a/2)

+ 2f(2) Dy (2)) Dn(2)pn-1(2) = 0.

+ (2 Dn(2)Cn-1(2) — Dn-1(2)Dn(2)

Finally ¢,—1(z) can be removed from the above equation using again (22). It turns out

2f(2)?Dn(2)pn(2)
+ (2f(2)(f'(2) = Cn(2)) Dn(2) = f(2)(2 Dy (2)Cr1(2)
z+1 ’ /
- anl(z)Dn(Z)W + 2f(2) D}, (2)) ¢y, (2)

+ ((=2f(2) Cp(2) + Dn—1(2) D (2)) Dn(2) + Cn(2) (2 Dn(2)Cn-1(2)

S F()DL(2)gn(z) = 0.

— Dn—l(Z)D"(Z)m

The final expression for the coefficients in (23) have been obtained analytically with quite lengthy calcu-
lations. Furthermore, we have also checked these equations with numerical and symbolical calculations
using Mathematica. O

Now we go back to prove the results in (21). Dividing (22) by ne,, and taking limit as n tends to infinity,

we get (21) for lim, o0 n“‘;"

Here we use the relation

n

lim pna(z) 1 2cos(ar/2) . z=h(v), |v] <1,
n—c pn(2) w(v)  z+1++/(z+1)2 — 4z cos?(a/2)

which follows immediately from (19).

1"

On the other hand, dividing (23) by n?¢/,, and taking limit as n — oo we obtain (21) for lim, .. :’7",.
4.2. Pictures

In Fig. 1 we show a picture of zeros of OPUC for ®,,(0) = (%)n and n = 50. Observe that there exists a

Nevai—-Totik point. Around it we find a zero and a critical point of the OPUC.

Please cite this article in press as: M.P. Alfaro et al., Critical points of orthogonal polynomials, J. Math. Anal. Appl. (2017),
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Fig. 1. Zeros of OPUC with disks and their critical points with squares for ®,,(0) = (%)", n = 50. Observe that there exists a
Nevai-Totik point. Around it there is a zero and a critical point of the OPUC.
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Fig. 2. Zeros of paraorthogonal polynomials B,, are plotted with diamonds and those of OPUC ¢,, with disks; with squares, the
zeros of ¢!, and with triangles those of B/,. We use Verblusnky’s coefficients (—1/2)"" 4+ (1/2)"*, n = 70, and parameters
Wy = 1.

In Fig. 2, the zeros of paraorthogonal polynomials B,, are plotted with diamonds and those of OPUC ¢,,
with disks; with squares, the zeros of ¢}, and with triangles those of B],. We use Verblusnky’s coefficients
(=1/2)"*! + (1/2)"*L, n = 70, and parameters w,, =i (see (2)).

In Fig. 3, the zeros of Akhiezer—Chebyshev’s polynomial ¢,, are plotted with disks; with squares those of
©h,; with diamonds the zeros of ¢, for a = /4, n = 50.
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