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1. Introduction

The paper deals with a class of Kolmogorov operators defined on smooth functions

Lu:Aqu@ - Vu, (1.1)
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where p is a probability density on RY, perturbed by a multipolar inverse square potential
c
Viz) = —— zeRY, ¢>0, a,...,a, € RV, 1.2
() Z |z — a;? 1 n (1.2)

From the mathematical point of view, the interest in inverse square potentials of type V ~ # relies in
the criticality: they have the same homogeneity as the Laplacian and do not belong to the Kato’s class,
then they cannot be regarded as a lower order perturbation term. Furthermore the study of such singular
potentials is motived by applications to many fields, for example in many physical contexts as molecular
physics [13], quantum cosmology (see e.g. [3]), quantum mechanics [2] and combustion models [11].

Multipolar potentials are associated with the interaction of a finite number of electric dipoles as, for
example, in molecular systems consisting of n nuclei of unit charge located in a finite number of points
ai,...,an and of n electrons. The Hartree—Fock model describes these systems (see [7]).

It is well known that if L = Aand V < \zl%e’ ¢ > 0, € > 0, then the corresponding initial value problem is

well-posed. But for ¢ = 0 the problem may not have positive solution. In [2] Baras and Goldstein showed that
N—2)2

)

and no positive solutions exist if ¢ > ¢, (see also [5] for a different approach involving the Hardy inequality).

the evolution problem associated to A + V' admits a unique positive solution if ¢ < ¢, = ¢,(N) := (

When it exists, the solution is exponentially bounded, on the contrary, if ¢ > ¢,, there is the so called
instantaneous blowup phenomena.

A similar behaviour was obtained in [12] with the potential V = m% replacing the Laplacian by the
Kolmogorov operator L. See also [6] where the hypotheses on p allow the drift term to be of the type
% = —|z|™" 22, m> 0.

In this paper we consider the generalized Ornstein—Uhlenbeck operator

Lu = Au— ZA(:v —a;) - Vu, (1.3)
i=1
where A is a positive definite real Hermitian N x N-matrix, and the associated evolution problem

P Opu(zw,t) = Lu(z,t) + V(z)u(z,t), z€RYN t>0,
u(-,0) =ug >0€ L3,

with the multipolar singular potential V' defined in (1.2) and Li a suitable weighted space.
We state existence and nonexistence results using the relationship between the weak solution of (P) and
the bottom of the spectrum of the operator —(L + V)

M(L+V):= inf
pEHL\{0}

(fRN IVool? dp — [n V3 du)
f]RN ©?* dp

Here H ; denotes a suitable weighted Sobolev space defined in the next Section.

When p = 1 Cabré and Martel in [5] showed that the boundedness of A\;(A+V),0<V € L, _(RY), is a
necessary and sufficient condition for the existence of positive exponentially bounded in time solutions to the
associated initial value problem. Later in [12] the authors extended such a result to the case of Kolmogorov
operators.

The estimate of the bottom of the spectrum A (L 4+ V) is equivalent to the weighted Hardy inequality
with V(z) =Y | —S%, ¢ < co,

i=1 \w—ai|2 ’
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/Vsozduﬁ/\vaQdu+K/<p2du, peH, K>, (1.4)
RN RN RN

and to the sharpness of the best possible constant.

Then the existence of positive solutions to (P) is related to the Hardy inequality (1.4) and the nonexistence
is due to the optimality of the constant c,.

Our results about Hardy-type inequalities (1.4) (see Theorem 3.1 and Theorem 3.2 in Section 3) fit into
the context of the so-called multipolar Hardy inequalities.

When p = 1 the behaviour of the operator with a multipolar inverse square potential has been investigated
in literature. In particular if £ is the Schrédinger operator

n>2, ¢; € R, ¢f =max{c;,0}, for any i € {1,...,n}, Felli, Marchini and Terracini in [10] proved that the
associated quadratic form

n 2
— 2 gy . L
Qp) ._/\V<p| dx ZCZ/ Tl dx
RN i=1 RN

nooob o (N—2)?2
1

2
is positive if Y7 ¢; moh > (2

, conversely if > " | ¢ ~—— there exists a configuration of poles such
2
that @ is not positive. Later Bosi, Dolbeaut and Esteban in [4] proved that for any ¢ € (0, (Nf) } there

exists a positive constant K such that (1.4) holds. Recently Cazacu and Zuazua in [9], improving a result
stated in [4], obtained the inequality (1.4) with K =0and V =c¢3’ ., ,, % (see also Cazacu
[8] for estimates for the Hardy constants in bounded domains).

As far as we know there are no results in the literature about the weighted multipolar Hardy inequalities.

In this paper we are motivated to consider the Gaussian measure du(z) = p(z)de =
Ce 2 Yimi(Alz—ai).(z=ai)) dr.  with C' normalization constant, which is the unique invariant measure for
the Ornstein—Uhlenbeck type operator (1.3) whose drift term is unbounded at infinity.

In Section 3 we will prove the inequality (1.4) which is the main result. Our technique to get the inequality,
unlike the vector field method used in literature in the case n = 1 (see, e.g., [12] for the weighted case), allow
us to overcome the difficulties due to the mutual interaction among the poles and to achieve the constant
¢ in the left-hand side in (1.4).

We obtain the estimate in a direct way starting from the result obtained in [4] with the Lebesgue measure
and exploiting a suitable bound which the function o we consider satisfies.

The optimality of the constant ¢, is less immediate to obtain. The crucial points to estimate the bottom
of the spectrum are the choice of a suitable function ¢ which involves only one pole and the connection we
state between the weight functions in the case of one pole and in the case of multiple poles.

Afterwards, in Section 4, we will get in another way the proof of the weighted inequality through the
so called IMS (Ismaligov, Morgan, Morgan-Simon, Sigal) method and reasoning as in [4]. To this aim we
need to use a Hardy inequality in the case n = 1 which we need to prove. Indeed in the IMS method a
fundamental tool is an estimate with a single pole which allows us to achieve the optimal constant c, in the
inequality.

In Section 5 we will state an existence and nonexistence result, Theorem 5.1, putting together weighted
Hardy inequality and Theorem 2.2 in Section 2. Furthermore, using the bilinear form associated to the
operator —(L + V'), we will state the generation of an analytic Cy-semigroup and the positivity of the
solution arguing as in [1].
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2. Notation and preliminary results

Let us consider Kolmogorov operators L defined in (1.1) and the functions p € Cllog (RY) for some
€ (0,1), u(z) > 0 for all z € RV,
It is known that the operator L with domain

Dimaz(L) = {u € C,(RY) n W2P(RY) for all 1 < p < 0o, Lu € Cyp(RN)}

is the weak generator of a not necessarily Cop-semigroup {T'(t)}¢>0 in Cy(RY). Since [pn Ludp = 0 for any
u € CX(RY), where du = p(x)dz, then dpu is the invariant measure for {T'(t)};>0 in C,(RY). So we can
extend it to a positive preserving and analytic Cp-semigroup on Li := L2(RY, du), whose generator is still
denoted by L.

Furthermore we denote by H i be the set of all the functions f € Li having distributional derivative V f
in (LZ)N

We recall the following proposition (see [14, Chapter 8] for more details).

Proposition 2.1. The following assertions hold:

i) C*(RN) is a core for L in L?;

ii) D(L) is continuously and densely embedded in Hi;
i) [on Vu-Vodp=— [on (Lu)vdy, we D(L),v e Hp;
iv) for anyt>0, T(t)L2 C H}.

From ) and i) it follows that C2°(R") is densely embedded in H}. Then we can regard H}, also as the
completion of C2°(RY) in the norm

el = llull3s + Va3

The operator L can also be defined via the bilinear form

a,(u,v) = /Vu -Vudp (2.1)

RN

on H ;1L This is immediately clear by integrating by parts in (2.1). Indeed

aﬂ(u,v):f/Luvdu, u,v € C(RY).

RN

Let us recall the problem

P) Ou(z,t) = Lu(z,t) + V(z)u(x,t), t>0,02 € RN, N >3,
u(-,t) =ug € L7,

where L is as in (1.1). We say that u is a weak solution to (P) if, for each T, R > 0, we have
uweC([0,T],L2), Vue L'(Bgrx(0,T),dudt)

and



A. Canale, F. Pappalardo / J. Math. Anal. Appl. 463 (2018) 895-909 899

// —0ip — L¢)d,udt—/uoq’> )dp = //Vu¢d,udt

0 RN 0 RN

for all ¢ € W22’1(]RN x [0, T]) having compact support with ¢(-,7) = 0, where Br denotes the open ball of
RY of radius R centered at 0.

For any Q c RN, W2 (Q x (0,T)) is the parabolic Sobolev space of the functions u € L2(Q x (0,T))
having weak space derivatives DYu € L?(Q2x (0,T)) for |a| < 2 and weak time derivative dyu € L?(Q2x(0,7))
equipped with the norm

||UHW22’1(Q><(O,T)) = <||U||2L2(Qx(o,T))+||3tu||2L2(Qx(o,T))
%
+ Z ||Dau||%2(9x(o,T))> :
1< <2
We will use the following result in Section 5

Theorem 2.2. Assume 0 < pu € C’l “(RN) is a probability density on RN and 0 <V € Li, (RY). Then the
following assertions hold:

(i) If M(L+V) > —oo, then there exists a positive weak solution u € C([0,00), L2) of (P) satisfying
u(®llz < M fuollz, t20 (2:2)
for some constants M > 1 and w € R.
(ii) If M(L+V) = —o0, then for any 0 < ug € Li \ {0}, there is no positive weak solution of (P) satisfying

(2.2).

The proof of the Theorem is based on Cabré-Martel’s idea in [5] and it was proved in [12] for functions
1 belonging to C’llos‘ (RN). The proof relies on certain properties of the operator L and its corresponding

semigroup {T(t)};>o in L2. Furthermore the strict positivity on compact sets of T'(t)ug, t > 0, if 0 < ug €
L2\ {0} is required.

3. Weighted Hardy inequality and optimality of the constant

Let us consider the following Gaussian measure

du _ ‘LL(I)dIE _ C(Ei% S (A(z—aq),x—ay) dx (31)
with
1
C= / e~ 3 Tl (Aw-a)e—a) gy (3.2)
RN

and A positive definite real Hermitian N x N-matrix, which is the unique invariant probability measure for
Ornstein—Uhlenbeck type operators
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n
Lu=Au— ZA(:L‘ —a;) - Vu.
i=1
So the operator L, with domain H? := {u € H}, : Dju € H\}, generates an analytic semigroup {T'()};>0

on L2 (cf. [15]).
The operators we consider are perturbed by the multipolar inverse square potential

~ C
V(CL’) :Z |.’I;_a‘|2 :CVTL, (33)
i=1 v

where z € RN, ¢> 0,0, cRY,i=1,...,n.
We state the following weighted Hardy inequality.

Theorem 3.1. Assume N > 3, n > 2, A a positive definite real Hermitian N x N-matriz and let ro =
min,z; la; — a;j|/2, i,j = 1,...,n. Then there exists a constant k € [0,72) such that

n 2
¥
C/E mduﬁ/W‘PF‘iﬂ
gy =1 ’ RN

+ {w+ﬁﬂ4 /QOQdU
rH 2

(3.4)

RN
Jor all o € H),, where ¢ € (0,¢,] with ¢, = ¢o(N) := (%)2 optimal constant.
Proof.
Step 1 (Inequality)

By density we can consider functions ¢ € C°(RY).
The starting point is the following inequality, stated by Bosi, Dolbeault and Esteban in [4, Theorem 1]:

n 2
% 2 k+(n+1)c / 2
_r < L S
C/ El |x_az_gdw_/V<pl dx+[ 2 p-dx (3.5)
RN T RN

0
RN

for all p € HY(RY), with n > 2, k € [0,72) and ¢ € (0, c,]. The proof of (3.5) is based on IMS truncation
method. In the Section 4 we will prove the weighted version of the inequality (3.5) reasoning as in [4,
Theorem 1].

Now we state the weighted version of this result in a direct way.

Indeed, applying (3.5) to the function ¢,/p, we have

[3 SR[ 7 oy ot [ IR [ gay,

c
gy =1 RN
By means the easy calculation

2

Vil e

2V

1|V
=/|W|2du+/<— L

4] p
RN RN

[19 v pa= [ ‘(Vw)\/ﬁ+<p
RN RN

2

1A

— §_M> ©*du,
I
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and observing that we can estimate the last integral above taking into account that

2
LIVl 1ap 1]&
Lt - - = A .-

we get the result.
Step 2 (Optimality)

To state the optimality of the constant ¢, we suppose that ¢ > ¢,.
Let us fix ¢ and consider the function ¢ = |z — a;]7, v € (1 — &, 0). The function ¢ belongs to H), and

2

¢ .
/(IWPFCM) du:(f*C)/lw*ailz(” Y dp.
RN ‘ RN

Hence the bottom of the spectrum A; of the operator —(L + V') satisfies

Jan |z — ai|?0= Y dp

M< (Y —c 3.7
o o (3.7)
since
o2
/ (IVel* = Ve?) dp < / Vo|? — ¢ —— | dp.
|z — a;]?
RN RN
We are able to state that for any ¢ € {1,...,n} it holds
2 a3 N2 2
Cl e_a2(2n_1) \T*;H S e_ ;L:l | (12*‘11)\ S 02 e_al% \1*;17,‘ (38)
with C7 = e %2 Xz lai=a;1* and Csy = e T Xizj l2=0il* which is a consequence of the inequalities
n n n
1
a1 Z |z —a;]? < Z |A2(z — a;)]* < an Z |z — a;)?, ay,ag >0,
i=1 i=1 i=1
and
n+1 -
= lai —ag]* + 7l —ail” < >l —ail
7 =1 (3.9)

<@n-Dlz—al*+2) |ai — a;*.
J#i

The inequality (3.9) is proved in Appendix.

For simplicity in the following we place &; = alnT“ and o = a(2n —1).

The equivalence between the weight functions in the case of one pole and in the case of multiple poles
allows us to calculate integrals in (3.7). Indeed, by a change of variables and by (3.8)



902 A. Canale, F. Pappalardo / J. Math. Anal. Appl. 463 (2018) 895-909

n \AZ(T a; |2
/|a:—a|2ﬁ (Jla:<C’2/|a:—a|2ﬁ —aa! dx

(3.10)
= CQ 2ﬂ+_ O ﬁ / |JI
Taking in mind the definition of Gamma integral function
RN
we get from (3.10)
n 2(1 IA2 (z=ay)2
/ |z — a;|*Pe” 8 dz <
(3.11)
< 022N T (ﬁ + >
Reasoning as above we obtain an estimate from below
n \A%(z—ai)F - e—ay]?
/ |z —a;|?Pe” im0 2 dr > Oy / |z —a;|?Pe 2 da
RN
_B—N lz—a;|?
= C1a, Pz / |t —a;|?Pe” 2 da (3.12)

_B-N N
2012ﬂ+%_1d2ﬁ 2O'NF <ﬁ+§)
Therefore, using (3.11) and (3.12), we get

N N
Jole — a0V dp O 276, +IUNF('Y+ L))
Jox e —ailYdu = oy 9294N 1677 gy (y 4 X

Yoo FH
oL 25 6,

Cr221+N-167"" % (v + & — 1)

Then
N ~—7—ﬂ+1
012’Y+2 2 2 2

M < lim (2 —¢) = —00.
y— (1=t Cy 227+N=15"" (7 +4-1)

Thus, for any M > 0, there is ¢ € leb such that

/|V<p| du—c/| |2d,u< M/(p dp.

By taking M := k%(:o‘i)c + 4 Tr A we find ¢ € H, such that
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k+(n+1)c n
/| |2dﬂ>/|v¢|2dﬂ+[%‘*‘gTTA]/@QdN
0
RN

which leads to a contradiction with respect the weighted Hardy inequality (3.4) because, of course,

This proves the optimality of c,.

We remark that when ¢ € (0, %2] the constant on the right-hand side of (3.4) can be improved using a
different proof based on the multipolar Hardy inequality in the case of Lebesgue measure.
Moreover the inequality (3.13) below holds also in the case n = 1.

Theorem 3.2. Assume N >3 and n > 1. Then we get

n 2
c ® n
ﬁ/}:mdué/|V90|2du+§TrA/902dM (3.13)
gy =1 ' RN RN
— (N=2)?
for any o € HY, where ¢, = ¢,(N) := (8552)".

Proof. We start from the known inequality
@/Zidgm/w 2 dz (3.14)
n |z — a2 7 ’
N R

for all ¢ € HY(RY), where ¢, = ¢,(N) := (NT) , which we can get immediately by using the Hardy

inequality with one pole.
Then we apply the inequality (3.14) to the function ¢,/iz and reason as in the proof of Theorem 3.1.

4. Proof of the weighted Hardy inequality via the IMS method

We can prove the inequality in Theorem 3.1 using the so-called IMS method, which consists in localizing
the wave functions around the singularities by using a partition of unity.

We say that a finite family {J;}77," of real valued functions .J; € W' (RN ) is a partition of unity in RN
it SR g2 =1

Any family of this type has the following properties:

(a) Z"HJ@J—Oforanya—l LN
(b) Jnsr = /T = S, JZ;
() i IVJi* € L“(RN)

Furthermore we require that
Q,NQ; =0 foranyi,j=1,...,n,i# ], (4.1)

where ; = supp(J;), i = 1,...,n. By the property (a) we get
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2

N N n N n
S 1 ni10adnaP =D D Ji0ads| =YD 1Ti0ad51%,
a=1 a=1|j=1 a=1j=1

from which

n

2 J2 2
IV Tt1] =Z JQ\VJ|

i=1

As a consequence we obtain an explicit formula for the sum of the gradients:

2
(@) S VIR = S (VA2 + S0 2 |V = S, WA

Note that to avoid a singularity for the gradient of .J,,4+1 at the points where 1 — J2 = 0, from (d) we shall
assume the additional constraint |V.J;|2 = F(z)(1 — J?), for i = 1,...,n and for some F € L>(RY).
By proceeding as in [4, Lemma 2], we are able to state the following result.

Lemma 4.1. Let {J;}.. ' be a partition of unity satisfying (4.1), and dp the Gaussian measure defined in
(3.1). For any u € H1 and any V € L}, (RYN) we get

n+1
/(|V<p|2 V?) dp = Z/ IV(Jip)|? =V (Jip)?)dp
n+1
D VAP dp.
v i=1

Proof. We can immediately observe that

/V (%(Jiw)z’) duz/ (nilf") * dp = /Vs@ dys. (4.2)

R i=1 RN

On the other hand,

n+1 n+1
SV i) P =D [(VI)e+ (V) il
i=1 i=1
n+1 n+1 n+1
=D VI + D> IVePIE +2) (LiVI) (V) (4.3)
=1 =1 =1
n+1 n+1
= Z IVJil*0® + [Vl + (Z JiVJi> Ve?
=1 =1

By property (a) it follows that (Z?Ill JiVJi> V? = 0, then by integrating (4.3) on RY we obtain

n+1 n+1

/ Vel du= [ 319 ) Pan— [ 321976 du (14)

RNzl RNzl

From (4.2) and (4.4) we get the result.
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Taking in mind that

=3
r)=Y» ——
=l —ail

as defined in (3.3), we recall a preliminary lemma, stated by Bosi, Dolbeault and Esteban in [4], about the
case n = 2, with a; = a, ag = —a and 0 < ry < |al.

Lemma 4.2. There is a partition of the unity {J; }z 1 satisfying (4.1) with J; =1 on B(a, %), J1 =0 on
Bl(a,r0)¢, Jo(x) = Ji(—x) for any x € RN, 0 < r¢ < |a|, such that, for any c > 0, there emsts a constant
ke [0,772) for which, almost everywhere for all x € Q := supp(J1) U supp(J2), we have

3

V.J;|? k+ 2¢
STIVIPR + e Valz) = Y |17f]|2 +cJ} Va(x) < o (4.5)
i=1 i=1,2 i 0

Now we are able to proceed with the proof.

Proof of Theorem 3.1. Let us define the following quadratic form

Qly) = / (IVel* = cVal@)p®) du, ¢ € Hy. (4.6)

RN

By virtue of Lemma 4.1 we are able to write (4.6) as follows

Qlel => Qligl + Rn, @€ H, (4.7)
=1

where

n+1

/|v Jni19)]? dﬂ—c/v | Tnt1ep]® dp — Z/\VJ *¢” dp.

Thanks to the property (d) we have

R, = / IV (Jns190) dpu — c/ Vi (1 - ZJ3> @ dp
=1

RN RN

n
VJ;|?
- Z/ '1;]'2@2@
=1y i

> / (1—ZJ2><pd

RN

n

Let us consider a partition of unity {Ji}?:ll satisfying (4.1), and the sets €; = B(a;, o) such that Q; =
supp(Ji), i = 1,...,n. If we set Q = UP_;Q; and T = RN \ Q, then |z — a;| > ro in Q; for i # j, and
Valz) < % on T'. Moreover, using the condition (4.1) we get
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- vV J;|? cn
N I e AT ey
=1 - o J

Taking into account that J; = 0 on {); for any j # 4, we have for j # i
X/

_ g2 24, CNl 2
c(l Jl) Z |:C—ak|2 ‘| du T% /90 du.

k#i,j

|V J; |2 |VJ |2 9 9 1 1
1-J? - J
17(]2 J2+ ( 7 ]) |x—ai|2+|xfaj|2

Now, taking {Ji, i1 —J2 — Jf} as the partition of unity, we can apply Lemma 4.2 on €; with (a;,a;) =

(—a,a) up to a change of coordinates. In this way we get

= k+2c 9 9
E/ el ) Z‘ _ak|2 02 du

19«; 0 k#i,j
cn
o
r

2 k+2c (n—2)c cn
>- /[ 5 ) (1—J3)} s02du——2/902du7
) )
r

<.
,_.

Q;

since we can estimate by for all k # 4, j. Taking into account (4.6) and using the weighted Hardy

Iﬂval2

inequality (3.13) with n =1 we get

1 1
Qi) =/ IVJicplzdu—C/(erZ m)lJis@IQdu
j=1

RN RN

1 —1
— {—TI“A-‘F Lz)c] /\JisDIQdu,
2 rH

Q;
from which
ZQ[ 0] > ——TYAZ/sD ay - e Z/J%Qdu (4.9)
i= 1= IQ i= 1Q

From (4.7), (4.8) and (4.9) we deduce

2 -2 1 1
Z/{k—l— c o : )0(1_J3)+—TrA+L2)CJ3] * dp
2 2 7o
= IQ
cn

- — [ ¥dp.
73
r

Since
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kE4+2c+cn—2)1—J) +cn—1)J2 =k+en+cJ? <k+cln+1),

we finally obtain

from which we get inequality (3.4).
5. Existence of solutions via weighted Hardy inequality

The potential V(z) = >°1" ﬁ and the Gaussian density p(x) satisfy the hypotheses of the The-
orem 2.2. We can therefore state the following existence and nonexistence result as a consequence of the
weighted Hardy inequality (3.4) and of the Theorem 2.2.

Theorem 5.1. Assume that N > 3, A a positive definite real Hermitian N x N-matriz and 0 < V(z) <
S m, with ¢ > 0, z,a; € RN, i € {1,...,n}. Let L the Ornstein—Uhlenbeck type operator (1.3).
Then the following assertions hold:

i) If ¢ < ¢, there exists a positive weak solution u € C ([O, 00) ,Li) of

Opu(x,t) = L+ V(x)u(x,t), xRN t>0, (5.1)
u(-,t) =wug € LZ, ’
satisfying
Ju®llzz < Mefugllzz, ¢ >0 (5.2)

for some constants M > 1, w € R, and any ug € Li-
it) If ¢ > ¢, there exists no positive weak solution of (5.1) with V(x) = Y_I_, az Sotisfying (5.2) for
anyOSUOGLfL, ug # 0.
Following a different approach based on bilinear forms associated to the operator —(L + V'), we obtain
an existence result. We state the generation of an analytic Cy-semigroup.
Let us define the bilinear form

ac(u,v) = /Vu.Vvdu—cZ/ #du (5.3)
RN ileN !

for u,v € D(a.) = H,,, N > 3 and ¢ > 0.
Arguing as in [1, Propositions 2.2 and 2.3], we can get the next result.

Proposition 5.2. The following statements hold:

i) ac is closed if ¢ < cy;
ii) ac, is closable.
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Furthermore a. is quasi-accretive for all ¢ € (0,¢,]. In fact by the weighted Hardy inequality (3.4) we
immediately get

ac(u,u) > —K (u,u)
m

for all u € H!

w

with K the constant on the right-hand side in the inequality.
For ¢ < ¢,, if A is the associated operator defined by

D(A)=qu€D(a):IveL] st aclu¢)= /vaﬁdu Vo € D(a.) ¢,
RN

Au = v,
then —A = L + V generates an analytic Cy-semigroup {S(¢)}:>0 on Li satisfying
ISl < ety t>0.
For the case ¢ = ¢, the same conclusion holds taking the closure @, instead of a., in the definition of A.

The positivity of the solution u can be obtained as in [1, Section 2]. Indeed, we can regard S(¢) as the
limit of positive preserving semigroups described by cut-off potentials.

Let Ay, = L+ min (V,ck), k € N. Since L is the generator of a positive preserving semigroup on Li and
min (V, ck) is bounded and non-negative, A; generates a positive preserving semigroup, denoted by S(t).
Moreover

0 < Si(t) < Spsa(t).
If ¢ < ¢, it follows from the monotone convergence theorem for forms (cf. [16, Theorem S.14]) that

lim Si(t) = S(t)

strongly in L. Then u(t) = S(t)uo is positive.
Finally, as in [1, Proposition 2.5], we can observe that if ¢ > ¢, then

lim [|Sk(t)]] =00, t>0.
k—o0
Appendix A

Let us state the following estimates

n+1 -
-l —aP + el <Y e - aif?
i i=1 (A1)
§(2n—1)|x—ai|2+22|ai—aj2
J#i

for any 4,7 € {1,...,n}.
In fact, starting from the inequalities

|z —a;|* = |z —a; + a; — aj]* < 2|z — a;]* + 2]a; — a;?
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|z — a;|?
2

|z —a;]* > — |a; — a;|?,

as a consequence we obtain

Z|x—ai|2 = |x—ai|2+2|x—aj|2 < |x—ai|2+2(n—1)|m—ai|2+22|ai—aj 2
i=1

J#i i#j
and
Z|x—ai|22|x—ai|2+ |x—ai|2—Z|ai—aj2
i=1 i#£j
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