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1. Introduction

In this study, we consider the family of linear fractional maps f : C?> — C? of the form:

Bo + Brx + B2y

70+71$+72y) ; (m,72) # (0,0), Q)

f(x,y) = (Oéo + a1z + agy,
where the parameters o, 5;, v, @ € {0,1,2} are complex numbers.

We require that the family of mappings f(z,y) in (1) is birational. The values of the parameters
ai, Biy vis © € {0,1,2} for which f(z,y) is a birational mapping are discussed in Lemma 1. The dynamics
generated by birational mappings in the plane and their classification have been discussed widely in recent
years (see [1-4,7,8,10,11,14-16,19-25,28]). The family of mappings (1) was classified in a previous study
by [13,27]. In this study, we consider f when it exhibits some degenerate behavior for general values of
parameters, specifically when asy; — a3y2 = 0 or when oy — S172 = 0.

For a birational map f(z,y) the sequence of degrees d,, for the iterates of f satisfies a homogeneous linear
recurrence (see [17]), which is governed by the characteristic polynomial X(z) of a certain matrix associated
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with F, where F : PC? — PC? is the extension of f : C> — C? in the projective plane PC2. The sequence
of degrees allows the introduction of a quantity called the dynamical degree of F', which is defined as:

§(F) := lim (deg(F"))*, 2)
n—oo
where F™ represents the iterates of F. The logarithm of 6(F) is the algebraic entropy of F ([3-5,16,17,26]).
Considering the embedding (z1,22) € C? — [1 : @1 : @3] € PC? into the projective space, the induced
map F : PC? — PC? has three components Fj[zg : 1 : 23], i = 1,2,3 which are homogeneous polynomials
comprising Flxg : @1 : 22] = [Fi[xo : 1 : x2] : Falxo : @1 : x2] : F3[xg : 21 : 23]], where:

Filzo : 21 : 2] = wo(Yoz0 + M121 + Y222),
Fslzg s @y @ 22] = (aoxo + a121 + a2x2)(Yoxo + Y121 + Y222), (3)

F3lxg : @y @ x2] = xo(Boxo + fro1 + Pa2).

The map F' has degree two because the components of F' do not have common factors for general values
of the parameters. Similarly, the degree of each iterate of F' can generally be found by iterating F' and
removing the common homogeneous components of I = Fo---0o F for each n € N.

The birational mappings F' : PC? — PC? have an indeterminacy set Z(F) of points where F is ill
defined as a continuous map. Hence, they also have a set of curves that are sent to a single point called the
exceptional locus of F denoted as £(F'). Generically, the mappings of the form (1) have three indeterminacy
points. The exceptional locus is formed by three straight lines, where each two of them intersect on a single
indeterminate point of F'. However, in some cases, the exceptional locus is formed by only two straight lines.
In this case, these mappings are identified as degenerate mappings. Lemma 1 in the following section states
the conditions for the birationality and degeneracy of the family (1). We consider all the subfamilies of
f(z,y) for which f exhibits degenerate behavior for general values of the parameters. The cases where the
exceptional locus is formed by three straight lines were discussed previously by [12] and [13]. These cases
are recognized as nondegenerate mappings.

The first aim of this study is to search for the sequence of degrees d,, for iterates of f(z,y) in (1), which
is achieved by performing a series of blow-ups in order to find the characteristic polynomial that determines
the behavior of d,,.

The second aim is to identify the values of the parameters for which f(x,y) has zero algebraic entropy
and extract dynamical consequences. In particular, we employ the results reported by Diller and Favre
([17]), which characterize the growth rate of d,, when invariant fibrations exist. We find all of the prescribed
invariant fibrations for each of these cases. We focus on the elements of the family f(x,y), which are
integrable mappings. We also distinguish all of the periodic mappings f(x,y) and give a pair of first integrals
for them that are generically transverse.

The remainder of this article is organized as follows. In Section 2, we give some preliminary results for
the family (1) and the birational maps (with descriptions of the blow-up process and the Picard group).
In Section 3, we consider the subfamily ajvs — asy; = 0. In Section 4, we investigate the subfamily
a1 — azB = 0.

The results are given in the following. The theorems provide the results for the dynamical degree and
the growth of d,,, and the propositions give the results for the zero entropy and the existence of invariant
fibrations. Thus, in Section 3, we present Theorem 4 and Proposition 5 concerning the subfamily a;vyy —
agy1 = 0. In Section 4, we deal with the mappings that satisfy a; 82 — a1 = 0 in three subsections. In the
first subsection, we present Theorem 6 and Proposition 7, which correspond to the case where v1y5 # 0.
In the next subsection, we analyze the case where 7; = 0, and we prove Theorem 8 and Proposition 9
(resp. Proposition 11) when as # 0 (resp. as = 0). In the last subsection, we present Theorem 12 and
Proposition 13, which correspond to the case where v = 0.



A. Cima, S. Zafar / J. Math. Anal. Appl. 474 (2019) 765-781 767

2. Preliminary results

Consider the mapping F|xg : 21 : 23] : PC? — PC? defined in (3). The exceptional locus of Flxg : 21 : oo
is E(F) = {8y, S1, 52}, where:
So = {xo =0}, 51 = {yz0+ 7171 + 1272 = 0},
So = {(a1(B7)o2 — a2(B7)o1) To + a1(By)1221 + az(Bv) 1222 = 0}.

We employ the following notation: (de);; = J;e; — d;¢;. The exceptional locus of Flzg @ 21 1 x9] is
E(F~Y) = {Ty,Th, T»}, where:

To = {(vo(af)12 — 11 (aB)oz + v2(aB)o1) zo — (87)1221 = 0},
71 = {(aBf)12m0 — (ay)1222 =0}, Tp = {zg = 0}.

The birational map F|zg : @1 : x2] has an indeterminacy set Z(F') of points where F is ill defined as a

continuous map. This set is given by:
{[xo: 21 :20] € PC*: Fi[wg : @1 : 2] = 0, Fy[wg = 1 : 22] = 0, Fa[xg : 21 : 2] = 0]},
which gives:
IZ(F) = {00,01,05},

where

Oo = [(B7)12 = (BY)20 = (B7)o1l,
01 = [0 L Qg —041],
O =1[0:792: =,

and (87)ij := Biv; — VB for i,5 =0,1,2.

By referring to g(z,y) as the inverse of f(x,y) given in (1) and considering G|z : 1 : 23] as its extension
on PC?, then an indeterminacy set Z(G) also exists, i.e., Z(G) = {A1, A, A3}, where:

Ag=1[0:1:0],
Ay =[0:0:1],
Az = [(B7)12 (a)12, (@0 (BY)12 — a1 (BY)oz2 + a2 (BY)o1) (a7)12 1 (aB)12 (B7)12]-
We are interested in the birational mappings (1) when the corresponding F' only has two distinct excep-
tional curves. The next lemma describes the set of parameters considered in this study.

We recall that a birational map is a map f : C2 — C? with rational components such that an algebraic
curve V exists and another rational map g exists such that fog=go f=1d in C?\ V.

Lemma 1. Consider the mappings

Bo + Biz1 + Baxa
Yo + Y171 + Y2x2

flxr,22) = (Oéo + a1 + QaTo, ) . (71,72) # (0,0).

Then:
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(a) The mapping f is birational if and only if the vectors (Bo, B1,02), (Yo,71,7Y2) are linearly indepen-
dent and ()12, (a7)12) # (0,0), ((a)12, (B1)12) # (0,0), and either ((aB)uz, (B7)1z) # (0.0) or
(Bla ﬁ?) = (070)

(b) The mapping f is degenerate if and only if (87)12 =0 or (ay)12 = 0.

Proof. The conditions in (a) are necessary for f to be invertible because if the vectors (8o, 51, 52), (Y0, 71, 72)
are linearly dependent, then the second component of f is a constant. In addition, if ((a8)12, (ay)12) = (0,0)
or ((ay)12,(Bv)12) = (0,0), then f only depends on a; 1 + as 2 or on Y11 + Yaxa. If ((af)12, (87)12) =
(0,0) and (B1, B2) # (0,0), then f only depends on Six1 + Bawxa.

Now, we assume that the conditions in (a) are satisfied. Then, the inverse of f is formally defined as:

f_1<.’17 y> _ (_(aﬁ)02 + ﬂ2l‘ + (O/Y)OQy — Y2y (Ozﬁ)(n — ﬂlx + (ary)loy + ,ley>
s (Ozﬁ)lg — (047)12y ’ (045)12 — (067)12?; )

and it is well defined. Furthermore, the numerators of the determinants of the Jacobian of f and f~! are:

@1(B87)02 — a2(B7)o1 + a1(By) 122 + a2(B7)12y (4)

and

ao(BY)12 — a1(B7)o2 + a2(B7)o1 — (B7)12, (5)

respectively. Clearly, the conditions in (a) imply that both (4) and (5) are not identically zero. Hence,
fofl=f"1lof=1idin C?\V, where V is the algebraic curve determined by the common zeros of (4)
and (5).

For (b), we know that S; is mapped to A;, which implies that the points Ay, A1, A2 are not all distinct.
Ag # Ay so we have two possibilities: Ag = As or A; = As. The condition that Ag = As is written as

(87)12 (ay)12 = 0 and (a8)12(87)12 = 0. From (a), the vector ((«f)12, (ay)12) # (0,0). Hence, (57)12 must
be zero. In a similar manner, we can see that A; = As if and only if (ay)12 =0. O

We observe that F' maps each S; to A; and that the inverse of F maps T; to O; for i € {0,1,2}. To
specify this behavior, we write F' : S; — A; (also F~! : T; — O;). It is known that the dynamical degree
depends on the orbits of Ag, A1, A2 under the action of F' (see the proposition in Section 2). Indeed, the
key point is whether the iterates of Ag, A1, Ao coincide with any of the indeterminacy points of F'. After
finding one orbit of F' that ends at some indeterminacy point of F', we perform a series of blow-ups in order
to remove the indeterminacy of F' in a new extended space.

For X = {((z,y),[u:v]) € C?2x PC! : v = yu} and p € C2, let (X,n) be the blowing up of C?
at the point p. By translating p at the origin, 7~!'p = 771(0,0) = {((0,0),[u:v])} := E, ~ PC! and
7 lg =7 2,y) = ((x,9),[x : y]) € X for ¢ = (x,9) # (0,0). Every blow-up gives a new expanded space
X and a new induced map F : X — X is defined based on it. The indeterminacy sets and exceptional
locus can also be defined by considering the meromorphic functions on the complex manifolds X that we
obtain after a series of blow-ups. Consider the Picard group of X denoted by Pic(X), where X is the
complex manifold. For a generic line L € PC2?, Pic(PC?) is generated based on the class of L. If the
base points of the blow-ups are {p1,p2,...,px} C PC? and E; := 7~ {p;}, then it is known that Pic(X)
is generated by {ﬁ,El,Eg, .o, B}, (13,4]). The curve L is the strict transform of L C C2, which is the
adherence of 7=1(C \ {p}), in the Zariski topology. Furthermore, 7 : X — PC? induces a morphism of
groups m* : Pic(PC?) — Pic(X), which have the property that for any complex curve C' C PC?:

7 (C) :é+zmiEi; (6)
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where m; is the algebraic multiplicity of C' at p;. For F' € PC2, we denote F as the natural extension of F'
on X and it induces a morphism of groups, F* : Pic(X) — Pic(X), by considering the classes of preimages
such that F* (Ii) =dL + Zle ¢; Ei,c; € Z, where d is the degree of F. By iterating F', we obtain the
corresponding formula by changing F' by F™ and d by d,,. To determine the behavior of the sequence of
degrees d,,, we consider the maps F' such that:

(F7)" = (F7)". (7)

The maps F' that satisfy condition (7) are called algebraically stable maps (AS maps) ([17]). In order to
obtain the AS maps, we use the following useful result presented by Fornaess and Sibony ([18]) (also see
Theorem 1.14) and by [17]:

The map F is AS if and only if for every exceptional curve C' and all n > 0, F™(C) ¢ Z(F). (8)

It is known (see Theorem 0.1 given by [17]) that we can always make a birational map AS by performing
a finite number of blow-ups. If this is the case, we refer to X(z) = 2% + Zi:ol c; ¥ as the characteristic
polynomial of A := (F*). Then, X(A) = 0 and d; is the (1,1) term of A%, so we find that d = —(co +
c1dy + cada + - - + cx—1di—1), i.e., the sequence d,, satisfies a homogeneous linear recurrence with constant
coefficients. Thus, the dynamical degree is the largest real root of X' (). In the following, we state Theorem 2,
which is useful for our analysis and it is a direct consequence of Theorem 0.2 given by [17] and Theorem A
given by [6].

Given a birational map F of PC2, let F be its regularized map such that the induced map F* : Pic(X) —
Pic(X) satisfies (F™)* = (F*)". Then:

Theorem 2. (See [6,17]) Let F : PC? — PC? be a birational map and let d, = deg(F™). Then, up to
bimeromorphic conjugacy, exactly one of the following holds.

o The sequence d,, grows quadratically and F is an automorphism that preserves an elliptic fibration.

o The sequence d,, grows linearly and F preserves a rational fibration. In this case, F' cannot be conjugated
to an automorphism.

e The sequence d,, is bounded and F is an automorphism that preserves two generically transverse rational
fibrations.

o The sequence d, grows exponentially.

In the first three cases, 6(F) = 1, whereas 6(F) > 1 in the last case. Furthermore, in the first and second
cases, the invariant fibrations are unique.

We are only interested in degenerate maps f(x,y) of type (1), so we have to consider two subfamilies:
(87)12 = 0 and (ay)12 = 0. First, we consider the simpler case where (a7y)i2 = 0.

3. Subfamily (ay)12 =0

Lemma 3. Consider the birational mappings

Bo + Biz1 + Baza
Yo + 7171 + Y2x2

) . (y1.72) # (0.0)

[z, 22) = (Olo + a1 + oo,

with the condition that (ay)12 = ayys — asyr = 0. Then, either:
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i e four numbers ai,an, 1,72 are different from zero.
i) Th b s t

(ii) oy = 0,71 =0 and ag # 0 # 2.

(7ii) g = 0,72 =0 and ag #0 # 1.

Proof. From Lemma 1, we know that (a1, as) # (0,0). Therefore, if ay (resp. 1) is zero, then as (resp. ¥2)
is not, and from ajy2 — asy; = 0, we find that 77 (resp. a;) must be zero. O

Theorem 4. Consider the birational mappings

Bo + Biz1 + Baxa
Yo + 71T1 + Y2x2

) . (y1.72) # (0.0)

f(xy,22) = (040 + o171 + e,
with the condition that (ay)12 = a1y2 — azy1 = 0. The following hold:

(i) If an1 # 0,0 # 0,71 # 0 and v2 # 0, then 6(F) = 2.
(ii) If oy =y =0, then §(F) = 255 and dpy o = dny1 + do.
(7i7) If ag =2 =0, then 6(F) =1 and d,, =1+ n.

Proof. From the hypothesis, we have: £(F) = {So,S1}, Z(F) = {O0,01}, E(F~Y) = {To, Ty} and
I(F_l) = {AQ,Al} with

So = {xo =0}, S1 = {0zo + M121 + 1202 = 0},
Oo = [(BY)12 = (BY)20 = (BY)o1)], O1 =1[0: az : —au],
To = {(B2(av)o1 — Bi(ay)12)x0 — (By)1271 = 0}, T1 = {zo = 0},
Apg=[0:1:0], A; =1[0:0:1].

When a1, s,y and 72 are non-zero, and we observe that Ag # Oy and Ay # O;. Hence, F(Ag) = [0 :
a171: 0] =Ap and F(A1) =[0: azvs2 : 0] = Ay, so we find that F is AS, which implies that d,, = 2™ and
thus 6(F) = 2.

To prove (ii), we observe that a; = 43 = 0 implies that (ag,v2) # (0,0) but also that §; # 0 (if this is
not the case, then f would only depend on y and it would not be birational). Now, Ag = O € Z(F) and we
have to blow-up this point. Let Fy be the principal divisor at this point and consider a point [u : v]g, € Fy.
In order to extend F on Ey, we consider [u: v]g, as lim;_,q[tu : 1 : tv] and we evaluate Fltu : 1: tv]:

Fltu: 1:tv] = [u(you + y20)t : (apu + av)(you + y2v)t : f1u + (Bou + Bav)ut].

By taking the limit when ¢ tends to zero, we find that when u # 0, Flu : v]g, = [0: 0 : 1], while [0 : 1],
becomes an indeterminacy point for F.

To understand the action of ' on Sy, we consider the point [0: 1 : x2] as limy o[t : 21 : 22]. Then, for
t — 0 (and x2 # 0):

}i_{% Flt:zy:29] = %i_lf(l)[’)’ﬂzt L aoyers t (B11 + Bome)t] = [y2xa : fr1a1 + Pota] By -
The above considerations imply that I(F’) ={00,[0:1]g,}, E(F) = {5‘1, Ep} with Sy — Aj and Ey — Aj.
To follow the orbit of A; under F, we observe that A, = [0: 0 : 1] € Sy and thus F[0 : 0 : 1] = [y :
Bao]E, # [0 : 1]g,, which is sent to A; again to give a two-periodic orbit. This implies that F': X — X is
AS. The Picard group of X is Pic(X) =< L, Ey >, where L is a generic line of PC2. Let F* denote the
corresponding map on Pic(X), which acts simply by taking preimages. Hence, F*(Ey) = So. In order to
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write Sy as a linear combination of L, Ey, we use (6). We have 7*(Sp) = So + Eo = L, which implies that
F*(Ey) = L — Ey. In addition, #*(F~'(L)) = F~Y(L) 4+ Ey = 2L, which implies that F*(L) = 2L — E,.
Hence, the matrix of F* on Pic(X) =< E, Ey > is: (_21 _11> with the characteristic polynomial z? — z — 1.

Hence, 6(F) = 12—‘/5

To prove (iii), we again observe that as = v2 = 0 implies that (aq,v1) # (0,0) but also that Sz # 0 (if
this not the case, then f would only depend on z and it would not be birational). Now, 41 =0; =1[0:0:
1] € Z(F) and we have to blow-up this point. To understand the action of F on Sy, we consider the point
[v1o : =Yoo : V12| as limyo[y120 : t — Yoo : Y122]. Similar computations to those described above show
that each point in S \ {O,[0: 0 : 1]} is sent to the point [y; : (ay)o1]z,, and thus S; is still exceptional
for F.

Now, we consider a point [u : v]g, € E1, which we observe as lim;_,o[tw : tv : 1]. Then, for t — 0,
}E)I(l) Fltu:tv: 1] = %E}%[tu('you + 710) : t(you + 110) (ou + a1v) : Baul.

If you +v1v # 0 and w # 0, then Flu: v]g, = [u: agu + 1] g, .

If you + y1v = 0, then in the computation given above with [u : v]g, = [v1 : —0]E,, We consider the
point [yt : —yot : 1] € S; and we must apply F to obtain F[yit : —vot : 1] = [y1 : (ay)o1]r,. We observe
that limy_~, v —r ﬁ'[u 2vE, =M (@Y)oi] gy, e, F is well defined.

In the case that u =0, F[0:¢:1] =[0:1: 0], which implies that [0 : 1], € Z(F).

After this blow-up, we claim that the map F is AS because Sy — Ag and Ay is a fixed point of F and
S — [y (oz*y)m] E,, and the iterates of this point never coincide with [0 : 1]g,. The Picard group of X is
now Pic(X) =< L, By > where L is a generic line of PC?, F* (Er) = S1 + Ey, and similar computations to

those for (ii) give the matrix:
2 1
-1 0/°

The characteristic polynomial is given by (z — 1)2. Hence, §(F) = 1. Furthermore, d; = 2 and dy = 3, so
we obtain d, =1+n. O

Proposition 5. Assume that:

Bo + Biz1 + Baxa
Yo + 7171 + Y2x2

flxi,22) = (Oéo + o1x1 + axa,

)  (y1.72) # (0,0)

under the condition that (ay)12 = a1y2 — agyr = 0 has zero entropy. Then, after an affine change of the
coordinates, this can be written as:

flx,y) = <CY0+041$7 Bojy), ay # 0.

This map preserves the fibration V(x,y) = x and this fibration is unique. If m(x) := ap + a1z is periodic
of period p, i.e., if o =1 for somep>1, ay # 1, then

W(z,y) = 2 -m(z) - m(m(z)) - m"~" (z)

is a first integral of f(x,y). In addition, when oy =1 and g = 0, f is integrable.
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Proof. From Theorem 4, we know that the only zero entropy maps in the family are those where ay = 5 = 0,
and we also know that in this case, 2, a1, and 7y, are different from zero. Hence, we can conjugate f(z,y)

with h(z,y) = (%x — %, éy + %) By renaming, the parameters we can see that the conjugate map is

of the form:

flz,y) = <CV0+041$, ﬂo:y>’ ar # 0.

Clearly, this map preserves the fibration V(x,y) = = and this fibration is unique according to Theorem 2.
If of =1 for some p > 1, a1 # 1, then W(f(z,y)) = W(xz,y) and the result follows. When a3 = 1, then we
can see that f(x,y) is integrable if and only if S =0. O

Next, we consider the second subfamily.
4. Subfamily (8v)12 =0

We consider three different cases that depend on v3y2 # 0, 11 = 0, and 2 = 0. When (87)12 = 172 —
B2y =0, we have E(F) = {So, 51}, Z(F) = {00, 01}, E(F7Y) = {To,T1}, and Z(F~') = {Ao, Ay}
with:

So = {zo =0}, S1 = {00 + 1171 + 1222 = 0}
Oo=[0:7%:—m],01=[0:as: —aq]
To = {zo =0}, T1 = {(aB)1220 — (@)1222 = 0}
Ap=[0:1:0], A; =1[0:0:1].

4.1. Case where (87)12 = 0 with 172 # 0

Theorem 6. We consider the birational mappings

Bo + Biz1 + Baxa
Yo + V121 + Y22

f(z1,m0) = (ao + a121 + asxa, ) , (71,72) # (0,0)

under the conditions that (87)12 = 0 and y1v2 # 0. Then, either:

(i) a1 # 0 # ag and §(F) = 2 with d,, = 2" for alln € N.
(i) a1 =0 and the dynamical degree is 6(F) = # with dpto = dpy1 + dy for allm € N.
(7ii) s =0 and the dynamical degree is 6(F) =1 with d, =14 n for all n € N.

Proof. To prove (i), we observe that Sy — Ag and S; — Ay with F(Ap) =[0: a1y : 0] = Ag ¢ Z(F) and
F(A1) =[0: agvys : 0] = Ag ¢ Z(F). Thus, by using (8), we see that F' is AS, which implies that d,, = 2"
and thus 6(F) = 2.

Now, we consider that oy = 0, which implies that ag # 0. In this case, So - Ag = O1 € Z(F'). Hence, we
blow-up Ap to obtain Ey. Similar computations to those described above show that F sends SB — Fy — T
and no new indeterminacy points are created.

Now, we must follow the orbit of A; under the action of F. As A; € Sy, we find that F(Al) = [v2 : B2]g,
and th : B2lE, = [1172 + aoy2 + aafe : f1y2] € Ti. We observe that I(F) = {00} and Oy € Sy = Tp. We
know that the only points on Ty that have preimages are Ay and Ay, which implies that if the iterates of
A;q reach Oq for some iterate of F', then Og should be equal to either Ag or A;. However, the conditions
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imposed on the parameters imply that Ay # Oy # A, which implies that Oy has no preimages and thus
the iterates of A; cannot reach Op. Hence, we can see that F is AS.

In this case, F* (ﬁ) = 2L — Ey and F*(Ey) = L — Ey. Hence, the characteristic polynomial of the
corresponding matrix is 22 — z — 1, which implies that the dynamical degree is 6(F) = 1+—2‘/5 and dp1o =
dp+1 + dy, for all n € N.

Finally, for (ii1), as = 0, so we find that ay # 0. Now, we observe that Sy collapses to Ag = [0:1: 0] € Sy
and that F[0:1:0] =[0:a3y;: 0] =[0:1:0]. Hence, 4y is a fixed point.

The other exceptional curve S; - A; = O1 = [0:0: a1] = [0: 0 : 1] € Z(F). Hence, we have to
blow-up A; to obtain E;. Similar computations to those described above show that F sends Sy — Ey— T,
and no new indeterminacy points are created. After this blow-up, the mapping F is AS. We can see that

F*(L) = 2L — Ey and F*(E;) = L. Hence, the matrix of F'* is:

2 1
(%) ®

The characteristic polynomial is (z — 1)2, and thus the dynamical degree is 1. d; = 2, do = 3, so we find
that the sequence of degrees is d,, =1+ n forallm e N. O

For the zero entropy mappings, we see that the only possible case is the third when as = 0. The result
(and the proof) obtained is very similar to that stated in Proposition 5.

Proposition 7. Let:

Bo + Bix1 + Baxa
Yo + 71T1 + V2x2

)  (y1.72) # (0.0)

[z, 22) = (Olo + a1 + oo,

with the conditions (Bv)12 = 0 and y1v2 # 0, and assume that f(x,y) has zero entropy. Then, after an
affine change of the coordinates, this can be written as:

Bo
r+y

f(377y)=<060+041$, ), ay # 0.

This map preserves the fibration V(x,y) = x and this fibration is unique. If m(x) := ap + a1 is periodic
of period p, i.e., if o) =1 for some p>1, ay # 1, then

W(z,y) = - m(z) - m(m(z))---m~(z)
is a first integral of f(x,y). In addition, when aq =1 and g = 0, f is integrable.
4.2. Case where (8)12 =0 with v, =0

In the next theorem, we discuss the behavior of d,, within this family. As shown in the following, after an
affine change of the coordinates, these mappings can be studied easily and the sequence of degrees d,, can
be deduced using elementary methods. We employed this approach in the proof of item (i¢). However, in the
first part, we prefer the blow-up approach. In fact, multiple blow-ups are implemented and it is interesting
to see how this method detects the different behaviors of d,,.
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Theorem 8. Consider the birational mappings

Bo + Bix1 + B2z
Yo + 71T1 + Y2x2

f(xy,22) = (060 + o171 + exa, ) , (71,72) # (0,0)
under the conditions that (87v)12 =0 and v = 0.

(i) Assume that ay # 0. Then, after an affine change of the coordinates, f(x,y) can be written as:

Bo )
) = + + ) ) 0 10
f(x,y) (040 Qi1x y’Yo+y a1 #0# By (10)
and the following hold.
(a) If the one-dimensional mapping h(y) := "/oﬁ-?-y is not a periodic map, then the sequence of degrees

isd, =1+n.
b) If h(y) is a k-periodic map and 1+ of +a3* + - +a?* £ 0 for alln €N, then d,, = 1 +n for all
1 1 1
n<k-—1andd, =k foralln > k.
(c) If h(y) is a k-periodic map and 1+ of + a3* + ... 4+ af* = 0 for some n € N, then d,, is an
(n + 1)k-periodic sequence.
(i) Assume that ag = 0. Then, after an affine change of the coordinates f(x,y) can be written as:

fz,y) = <040+0415177%—_?_y> s a1 #07# By (11)
and the following hold.
(a) If the one-dimensional mapping h(y) := 'yf—?—y is not a periodic map, then d, = 2 for all n € N.

(b) If h(y) is a k-periodic map, then d,, is a k-periodic sequence.

Proof. We note that since v; = 0, 2 # 0, then we can conjugate f(x,y) with:

Y(x,y) = (%x iy+ @) :

V2 Y2 Y2

By renaming the coefficients if necessary, we obtain the desired map (10). Now, we have:
So={x0=0}, 81 ={yro+22=0},A4=[0:1:0], 44 =[0:0:1],
and
To={20=0},T1 ={22=0},00=[0:1:0],0, =[0:1: —ay].

A = Oy, so we have to blow-up this point to obtain Ey. Then:

F[u : ,U]EO = [’You-i-’l) : ﬁOU]EO ) [u : U]Eo 75 [1 : _70]E0
and
éo - [1 : O]Eo

The point [1 : —o]g, is now an indeterminacy point of F. Hence, if FP[1:0]g, # [1: —vo]g, for all p € N,
then since Sy — Ay € Sy, F(A;) = [1: 0]g, and we find that F is AS. We can see that the matrix of
F*: Pie(X) = Pic(X) =< L, Ey > is:
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2 1
(1) (m

The characteristic polynomial is (z — 1)2, and thus the dynamical degree is 1. d; = 2, do = 3 so we find
that the sequence of degrees is d,, = 1+ n for all n € N.

Now, we assume that some p € N exists such that FP[1: 0]z, = [1 : —70]g,. In this case, we claim that
F:Ey— Eyisa (p + 2)-periodic map. To prove the claim, we distinguish between the case where vy = 0
(which gives a 2-periodic map and corresponds to p = 0) and the case where vy # 0. We have:

[1:0]5, —"" [1: =0l —F [0: 1), —F [1:0],.

Hence, FP2 which is in fact a Moebius map, and at least three different points are fixed. Clearly, this
implies that FP*2 is the identity map. The restriction of F at Ey is exactly the map h(y) = 'vfiy extended
to the projective line, so we can assert that F?[1: 0]g, = [1 : —o]g, if and only if h(y) is a (p + 2)-periodic

map. Hence, (a) is proved.

Following the same process, if FP[1: 0]z, = [1 : —70]z,, then we have to blow-up all the points F7[1 : 0],
for j =0,1,...,p. We refer to Fy; as the corresponding principal divisors and we obtain:

EOO — E01 — E02 — s — Eop. (13)
We refer to F' as the map for this new variety and we find the image of Sy, which is the image of Eop.

A point coordinate k in Egg is considered as limy o[t : 1 : kt?]. Then, for any point in Sy that differs
from the indeterminacy points and for ¢ ~ 0, we have:

3 Bo
F(t, 21, 19) ~ [zot : (121 + aaxs)xs : Bot?] = i1 12
(a 1 2) [ 2 ( 141 2 2) 2 ﬂ() ] |:041£I)1+042.T2 $2((X1$1+0&2l‘2)
We set T := —%— and this point resembles |T : 1 ; Solaazidasza) 2l g o
a1T1+asTs T2

F[O DXy @Ta) = 50(041$1x+ az3)
2

S Eoo.

Now, we consider a point coordinate k in Ey,. This point is considered as lim; o[t : 1 : —yot + kt2]. Then,
for t ~ 0:

F[t 21—yt + k‘tz] ~ [k’t ok ﬁo] — 50 [0 ok B()] € Sy.
Hence, (13) can be completed and we obtain the cycle:
30 —)EOO _>E01 —)EOQ —_— —)Eop—)go.

Now, S7 — A; € Sy and FP+2 gends S, to itself, so it is possible that for some n € N, F"(p"’z)(Al) = Oy,
which still is an indeterminacy point of F.

If this is not the case, then F is AS. Let us compute the matrix of F*. The Picard group of X is
Pic(X) =< f,,Eoo, Eoi,...,Eop, Ep >. In order to write S'O and S; as a linear combination of their basis
elements, we use the identity (6). For instance, 7*(F~1(L)) = F*i(L)+Z§:1 m; Eoj, where the multiplicities
m; are the order of vanishing for F~1(L) at the generic points of Ep;. If 6oz0+0121 43229 = 0 is the equation
for a generic straight line L, then a calculation gives doF[t : 1 : wt + kt?][1]+ 61 F[t : 1 : wt + kt?][2] + 62 F [t :
1: wt+ kt2][3] = 6101 (Yo +w)t + o(t2), which allows us to write 7*(F~1(L)) = F~1(L)+ Z?;ll Eoj +2Eo,.
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Now, from 7*(F~1(L)) = 2L, we obtain F* (f}) =2[ — Zf;i Ey; —2Ey,. By proceeding in this manner, we
find that the matrix of F* is:

2 1 0 0 0 0
-1 -1 1 0 0 0
0 0 01 0 0
-1 -1 0 0 ... 1 O
-2 -1 0 0 ...

-1 -1 0 0 ... 01

Some simple calculations show that the characteristic polynomial of this matrix is (—z)? (z — 1)2. Hence,
the sequence of degrees satisfies dy,p4+2 = 2dn4p+1 —dn4p and its behavior depends on the initial conditions,
i.e., on the first terms dy,ds, . .., dp+2. Thus, if h(y) is k-periodic, then k = p+2 and f*(z,y)[2] = y, which
implies that di = di_1. The first degrees are 2,3,4,...,k,k from dy4r = 2dp1k-1 — dntr—2, so we find
that d, = k for all n > k. We still need to prove that the condition F™*P+2(A;) = Oy is equivalent to
1+af + a2k +... 4 af* =0 for k = p + 2. Therefore, by considering the terms for the maximum degree of
fE(x,y), (see (15) below), we find that:

FFO: 2y 2] = [0: o Hagzy + x2) : 23],
and thus:
F™0:0:1)=[0:a (1 +ar+a2 +- -+l V) 1],
Therefore, F™¥[0:0:1] =0y = [0: 1 : —a,] if and only if:
l+aof+aff +. +af* =0. (14)

Statement (b) is now proved. To prove (c), we simply compute f(*+1* In this case, a; # 1, so we can
consider (a translation may be performed if necessary) that ap = 0. Now, the expression for f is:

i) = (ofz + oy + af Ph(y) + TR () + o+ anh T (y) + (), ) (15)
Hence:
PO @,y) = (a4 (14 ab + o + o+ alf) @by + b 2hy) + ) y)
Then, condition (14) implies that agnﬂ)k = 1, so condition (14) is satisfied and f is a (n + 1)k-periodic

map, and thus the sequence of degrees is also (n + 1)k-periodic.

Next, we prove (i7). First, 43 = 0 implies that v # 0, and from 182 — v261 = 0, we obtain 5 = 0.
By performing a translation on y and renaming the coefficients, we obtain Equation (11). This map is very
simple so we can prove the result based on the behavior of d,, using elementary arguments. We observe that
the first component of f*(z,vy) is axz + by for certain ay,, by. The second components are simply the iterates

Bo

of h(y) = oty which is a one-dimensional M6bius map. We claim that if h(y) is not a periodic map, then

h¥(y) is a Mébius map with non-constant denominator for all £ € N, and that the denominators of hi(y)

and h'(y) are also different for i # j. From this claim, we can deduce that when h(y) is not a periodic
map, then d,, = 2 for all n € N. In addition, when h(y) is a k-periodic map, then the sequence of degrees is
d,, = 2 for all n, which is not a multiple of k, and d,, = 1 when n is a multiple of k.
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To prove the claim, we consider Ny and Dy, with h¥(z) = g_Z’ and we see that if we do not perform
simplifications, then Niy1 = 8o Dy and Dyy1 = Yo Di + Ni. Let pi, g € C such that Dy = pi + qx 2. Then,
Dyy2 — v Di+1 — Bo D, = 0, which implies that qx12 — Y0 qx+1 — o gx = 0. The claim follows by analyzing

this linear recurrence with constant coefficients and considering that this sequence is k-periodic if and only

k
if (i—f) = 1, where A1, g are the two different roots of A2 — g A — B =0 ([9]). O

Proposition 9. We consider the birational mappings:

Bo )
Ly) = + a1z + 9, , 0 . 16
fa = (o taaty ) a0z (16)
Then, the following hold.
(a) If the one-dimensional mapping h(y) := ij_y is not a periodic map, then f(x,y) has the unique invariant

fibration Vi (z,y) = y.
(b) If h(y) is a k-periodic map and 1 + o +a3* + .-+ ok £0 for alln € N, then f(z,y) is integrable to

Hy(z,y) =y +h(y) + h(h(y)) + -+ 1 (y)

as a first integral and it also has a second invariant fibration Va(z,y):
(b1) If o # 1, we can assume that ag = 0 and thus Vao(x,y) =

(of — D+ i 'y + i ?h(y) + 4 PP (y) + -+ a2 (y) + B (y) (17)

satisfies Va(f(x,y)) = an Va(z,y).
(b2) If ok =1 but ay # 1, we can assume that ag = 0 and thus Va(x,y) =

kr+ (k—1)af 'y + (k — 2)af 2h(y) + (k — 3)ay >h(h(y)) + - - + 203* 3 (y) + o A2 (y)
oty + af2h(y) + o TP h(A(y)) + -+ arhh2(y) + 1 (y)

satisfies Va(f (,4)) = Va(r,y) + 1.
(bs) If a; = 1, then:

kx + (k— 1)y + (k — 2)h(y) + (k — 3)h(h(y)) + - - - + 2053 (y) + B2 (y)
kao +y + h(y) + h(h(y)) + - -+ hx=2(y) + hE—1(y)

VQ(J?,?J) =

satisfies Va(f(z,y)) = Va(z,y) + 1.
(¢) If h(y) is a k-periodic map and 1+ o +a2¥ + .. 4 af* =0 for some n € N, then f(z,y) has a second
first integral Ho(x,y), which can be given by Ho(x,y)) = y bk x,y) and Vo(x,y) is defined by (17).
2

The proofs are straightforward. We only note that finding the fibrations requires that we consider the
combinations of z, y, h(y), h(h(y)),. .., h* 1 (y) or their quotients.

Remark 10. Assuming that hypothesis (b) holds, and since d,, is a bounded sequence and f(z,y) is not
a periodic map, then from [6], we know that f(z,y) is birationally equivalent to either (x,y) — (az,by)
where a is a root of unity and b is not, or to (z,y) = (az,y + 1). The fibrations encountered in (b) allow
us to construct these conjugations. In fact, when Va(f(z,y)) = a1 Va(x,y), we are considering the first case,
whereas we are considering the second case when Va(f(z,v)) = Va(z,y) + 1.



778 A. Cima, S. Zafar / J. Math. Anal. Appl. 474 (2019) 765-781

The invariant fibrations and first integrals that correspond to the mappings while satisfying (i¢) in
Theorem 8 appear simple after a suitable affine change of the coordinates. The next proposition gives this
information.

Proposition 11. We consider the birational mappings:

flz,y) = (ao + arz, ) , a1 # 0 # fo. (18)

0
Yoty
These mappings preserve the two generically transverse invariant foliations Vi(x,y) = x and Va(z,y) = y.
Furthermore:

(a) If h(y) = Woﬂj_y is k-periodic, then
Hy(z,y) =y + h(y) + h(h(y)) + -+ b1 (y)

is a first integral of f(x,y).
(b) If m(zx) := o + a1 is p-periodic, then

Hy(z,y) =z +m(z) + m(m(z)) + -+ mP~ ! (z)

is a first integral of f(x,y).
(¢) If h(y) and m(z) are k-periodic, then f(x,y) is a k-periodic mapping with two independent first integrals
Hy(z,y) and Hy(z,y) with p = k.

4.8. Case where ()12 =0 with v =0

If 45 = 0, we know that 91 # 0 and from (87)12 = 0, we obtain 8y = 0. In addition, as # 0 if f(x,y)
does not depend only on z.

Theorem 12. We consider the birational mappings:

Po+ Bz

7o +71$1> » (n,02) # 0,0). (19)

flx1,20) = (Oéo + a1 + e,

(a) If we assume that aq # 0, then the dynamical degree of F is §(F) = 1+2—‘/5 and dpyo = dp, + dpy1-
(b) If we assume that oy = 0, then after an affine change of the coordinates, f(x,y) takes the form:

f(thfz):(:cz, Po ) (20)

Yo + =1

and the dynamical degree of F is 6(F) = 1. Furthermore:

(b1) If h(z) := ij_z is not a periodic map, then d, = 2 for alln € N.

(b2) If h(2) is a k-periodic map, then d, is a 2k-periodic sequence.

Proof. To prove (a), we observe that S; - A; = Og=[0:0: 1] and F(Ap) =[0: a1v1 : 0] = Ay ¢ Z(F).
Thus, we must blow-up A; = [0 : 0 : 1] to obtain E;. Then, F sends S — E; — [0:1:0] = Ap. Since
A €5, 7%(S1) = S; + E; and the matrix of F* is:

2 1
() o
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2 — 2 — 1. Hence, the dynamical degree is

Then, the characteristic polynomial associated with F' is z
O0(F)=106* and dp42 = dpy1 + dy, for all n € N.

Next, we prove (b). When «; =0, (19) can be transformed into (20) via the conjugation

otnay= (L BTOB L )

Y
B! 71 Y102 Y1

From (20), we find that f(f(z,y)) = (h(z), h(y)) and generally:

P y) = ("), " (y) , f 7 a,y) = (B (y), A" (2) - (22)

Based on the same arguments given above, if A is not periodic, then d,, = 2 for all n € N. If A is k-periodic,
then f2*(z,y) = (,y), and from (22), we find that d,, = 2 for all n € N such that it is not a multiple of
2k and d,, = 1 for all n € N such that it is a multiple of 2k. In all cases, the dynamical degree of F is
0(F)=1. O

Proposition 13. We consider the family of mappings:

(b
fa = (n-2).

Then:

(a) Ifv3+4 By # 0, let p and q be the two different roots of 22—~y z— o = 0, and let m such that m* = q/p,
then f(xz,y) preserves the generically transverse fibrations:

m? p* + mpzx + p(m® —m + )y + zy
(+p)(y+p)

m?p* —mpz +p(m® +m+ )y +xy
(x+p)(y+p)

H1(1'7y) -

)

HZ(x7y) -

with Hy(f(x,y)) = mHy(x,y), Hao(f(z,y)) = —mHz(x,y). Furthermore, f(zx,y) is 2k-periodic if and
only if m?* =1, and in this case, H2*(x,y) and H2*(x,y) are two independent first integrals of f(x,y).
(b) If 3 + 4 B0 = 0, then it preserves the two generically transverse fibrations:

2y (z+y+0)
(2z4v) 2y + )’

B —2vz+6y0y+izy

Ka(z,y) = (22 +7) (2y +70)

) Kz(fﬁ,y) =

with Ki(f(z,y)) = —Ki(z,y), K2(f(z,y)) = Ka(z,y) + 1. Furthermore, f(x,y) is integrable to
W (z,y) = (Ki(z,y))? as the first integral.

Proof. When 7244 3y # 0, some calculations show that in fact, Hy(f(x,y)) = mH;(z,y) and Ha(f(z,y)) =
—mHs(x,y). Furthermore, Hy(x,y), Ho(z,y) are generically transverse because the determinant of the Ja-
cobian of Hy(z,y), Ha(x,y) is

3 2p?m(m? — 1)
(p+2)%(p+y)?

)

which is different from zero (if this is not the case, m? = 1, and this occurs if and only if p = ¢, which
contradicts 73 + 4 By # 0).



780 A. Cima, S. Zafar / J. Math. Anal. Appl. 474 (2019) 765-781
In addition, when 72 + 4 3y = 0, the determinant of the Jacobian of Ki(z,y), K2(x,y) is different from
zero because it is equal to:

16¢2
(2y + ¢)?(2z + ¢)?

Finally, W(z,y) = (Ki(z,y))? is a first integral of f(z,y) because W(f(z,y)) = (Ki(f(x,y)))? =
(_Kl(mvy))2 = W(a:,y) a

Remark 14. Simple computations show that when 72 +4 3 # 0, f is birationally conjugated to (mz, —my)
via the conjugation p(z,y) = (Hy(x,y), H2(z,y)), and that when 42 +4 3y = 0, f is birationally conjugated
to (—z,y + 1) via P(2,y) = (K1(z,y), K2(2,y)).
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