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1. Introduction

In many biological processes, such as pattern formation, embryo development, tumor invasion etc, the
cells move towards the higher concentration of the chemical substance when they plunge into hunger, this
phenomenon is referred to as chemotaxis. A well-known mathematical model for one-species and one-stimuli
chemotaxis model was first proposed by Keller-Segel in [9] as follows:

1.1
Ty = Av —v 4 u, reQ, t>0, (1.1)

{ut:Au—XV~(qu), ze, t>0,
where 7 € {0,1}, x > 0 is called the chemotactic sensitivity, u(z,t) denotes the cell density and v(z,t)
represents the chemical concentration. The classical Keller-Segel system (1.1) has been intensively studied
about blow-up in finite or infinite time and global existence in time. When 7 = 0, n = 2, Nagai [13,14]
found a critical mass m. > 0 in a weakened sense for the parabolic-elliptic system, under the circumstance
that [, ug < me, the solution of system (1.1) is global bounded, otherwise, there exists a solution blows
up either in finite or infinite time. When 7 = 1, the solutions of (1.1) are uniformly bounded-in-time for
the one dimensional case (see [17]); however, in the higher-dimensional case n > 2, the solutions to (1.1)
can blow up, for instance, in the case n = 2, it was shown that there is a critical value C > 0 (C = 877'
in the radial setting or C' = 47” in the other setting) such that, if |lug||z1() < C then global solutions
exist [15], and if |lug||z1(q) > C then the corresponding solution blows up in finite time [6,8]; in the case
n > 3, Horstmann and Winkler asserted possibility of existence of unbounded solutions [8]; and Winkler
[32] showed that (1.1) possesses unbounded solutions with arbitrarily small total mass of cells, however, it
remains to be seen whether the associated blow-up time is finite; latter, assume that @ C R™(n > 3) is
a ball, Winkler [33] obtained that there exists radially symmetric solution blowing up in finite time with
proper initial conditions.

In recent years, an abundant number of elaborate models for taxis mechanisms under the influence
of spontaneous proliferation and death is considered, the interaction between cross-diffusion and logistic
kinetics plays an important role in population dynamics [7,19]. Especially, on account of the comparatively
strong logistic diffusion, the chemotaxis system with growth terms is given by

1.2
TUr = Av — v + u, reQ, t>0, (12)

{utAuxV~(qu)+/\uuuk, reQ, t>0,
with 7 € {0,1}, x > 0, A e R,p >0,k > 1,Q C R",n > 1. It is understood that the logistic growth term
can prevent the occurrence of blow-up, such as, for the situation 7 = 0,k = 2, A € R, let u. be a critical
number satisfying p. < ”T_Q, in both case of n < 2,4 > 0 and n > 3, p is bigger than p., no blow-up occurs;
for k > 2, the same conclusion holds without any restriction on p [24]. Apart from that, for the whole space
situation, the parabolic-parabolic or the parabolic-elliptic analogue, relevant results which ensures global
existence of solutions can also be found in [11,16,18,25-27,30,31]. Furthermore, the mathematical literature
has identifies that the logistic growth term can prevent the occurrence of blow-up to several modifications
of (1.2) [3,10,21,23,28,29]. So it is quite interesting to find out when this superlinear absorption mechanism
expressed in the first equation of (1.2) confirms the possibility of aggregation phenomenon for models of
type (1.2), however, only few results are obtained, and most of the results can be achieved only in high
dimension case. Recently, in [34], Winkler generate the result to low-dimensional spatial settings (including
the three-dimensional cases).

After the pioneering works above, the following two-species and one-stimuli chemotaxis model which is
a generalized problem of Keller-Segel system draws more and more attention
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Owuy = 11Auy — x1V - (u1 Vo), reN, t>0,
Orug = ToAug — x2V - (uaVv), e, t>0, (1.3)
TOw = Av — yv + aqug + oug, xeQ, t>0.

When 7 = 1, based on a Lyapunov function, Li etc. constructed a finite time blow-up result for symmetric
solutions of the two species Keller-Segel model in [12]. In the case 7 = v = 0, on the whole space R?, the
conditions for finite time blow-up and the existence of self-similar solutions to (1.3) were investigated [2].
And in [4], it has been proved that system (1.3) has a threshold curve that determines global existence or
blow-up on R2. As for the parabolic-elliptic case (i.e. 7 = 0), the finite time blow-up of (1.3) was established
in [1] on the whole space R™(n > 3). Recently, for 7 = 0,7 > 0, @ C R?, Zhao et al. obtained the results
for finite time blow-up and global boundedness [36]. Moreover, when 2 C R? is a disk, Espejo et al. showed
the simultaneous finite time blow-up in a two-species model for chemotaxis [5].
We study herein a coupled system of the chemotaxis equations with strong logistic dampening

Opuy = 11 Aug — 1V - (w1 Vo) + Ajug — ,ulu]fl, e, t>0,
Opug = ToAug — X2V - (u2 Vo) + Agug — ,ugué”, re, t>0,

0= Av — v+ aju; + aus, re, t>0, (1.4)
Gup = Juz = Qv — TEQ, t>0,
up(x,0) = up(x), uz(z,0) = ugo(x), ref, t>0,

where v > 0,7, >0, x; >0, \; € R, p; >0,; >0, k; >1 (¢ =1,2) and Q C R™. Here uq(x,t) and us(z,t)
denote the density of two species, v(z,t) stands for the concentration of the chemical substance.

So far, up to the best of our knowledge, in dimension n > 3, only few results of blow-up to the multi-
species and single-stimuli K-S system with logistic resource have been developed. One of our aim in this
paper is to derive the finite-time blow-up for (1.4) in higher dimension n > 3, our approach is motivated
by the works on a one-specie and one-stimili Keller-Segel system with generalized logistic source in [34].
In addition, inspired by [24], for dimension n > 1, we find out that the solution of (1.4) is global bounded
when k; > 2(i = 1,2). The technical obstacle of this paper lies in the fact that too many parameters in
(1.4) are unknown, the chemoattractant is produced by both two species, and the strong logistic dampening
complicates the computations, which needs the finer analysis and estimates.

To establish the blow-up result, let us assume that the initial data ug and usg satisfy

0
5 (1.5)

0 < uyp € C%Q) is radially symmetric,
0 < ugp € C%(Q) is radially symmetric.

Now we state the main theorem for blow-up in finite time of this paper.

Theorem 1.1. Let Q@ = Br(0) CR™ withn >3, R>0,v>0,7>0,x; >0, \; R, pu; >0, a; >0 and
k; > 1(1 = 1,2). Suppose that

z if n€{3,4},

n

]21 = max{kl, kg} < { (16)

Then for any choice of L; > 0, m; > 0 and mi,m5 € (0,m1) N (0,mz), one can find 7; =
Ti(R, Niy iy kiy Ly, mi,m?) € (0, R), i = 1,2, if the initial data wio(i = 1,2) satisfy the following assumptions

/Uio <m; bul / ujo > m; (1.7)

Q By, (0)
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as well as
wio < Lilz| 7"V for all z € Q, (1.8)

the corresponding classical solution (uq,usz,v) of (1.4) uniquely determined by the inclusions

(1, 1) € (COQ X [0, Topa)) N C*L(Q x (0, Tona)))*
v € Ngon L ([0, Tna); WEH(2) N C20(Q x (0, Tmax))s

blows up at the finite time t = Tynqae € (0,00) in the sense that

i sup((s (1) 1. 2 + a1 a) = 0. (1.9)
Remark 1.1. In Theorem 1.1, we only give the blow-up result for (1.4) under the case p; > 0(i = 1,2). For
the case \; = p; = 0(¢ = 1,2), equations (1.4) become to (1.3), following the same method used in the
proof of Theorem 1.1, it is easy to derive the finite time blow-up result, thus we don’t discuss this case
here. And in the previous reference [36], the finite time blow-up result to (1.3) was only derived under the
dimension n = 2, we further obtain the blow-up result for higher dimension n > 3. Hence, the results of
this paper supplement the previous works. However, for the solution (u1,us), there is still an open problem
about whether uy, us blow up simultaneously.

Remark 1.2. Actually, in the indicated range of k;(i = 1,2), there exist abundant initial data u;o(i = 1,2)
which entail the blow-up. Since a similar method in the proof of Corollary 1.2 in [34] can be applied to
(1.4), from which, for any u, € C°(Q)(i = 1,2), one can find two sequences {u}y}, {uby} € C(Q)(I € N)
of radial initial data fulfill ul, — wu;o in L*(Q) as | — oo, and for each {ul,} the corresponding solution
of (1.4) exhibits a finite-time explosion phenomenon in the sense of Theorem 1.1, which ensures blow-up
phenomenon throughout a large number of initial data.

Next, to further understand the relationship between the global boundedness and blow-up of solutions,
we discuss the global boundedness of solutions to (1.4) for  C R™(n > 1).

Theorem 1.2. Let Q@ C R™(n > 1) be a smooth bounded domain, and v >0, 7, > 0, x; >0, \; € R, pu; > 0,
a; > 0. If either k; > 2(i =1,2), or ky = ko =2 and

n—2 n—2
w1 > T[Xl(al + az) + xea1], Mo > T[XQ(Oél +az) + x102],

then for any uyg,u2g € C’O(Q), problem (1.4) possesses a unique global classical solution, which is uniformly
bounded in the sense that

llui|lL + lluzllze < M forall t >0, (1.10)
with some constant M that is independent of t.

Remark 1.3. In our Theorem 1.2, we generate the boundedness result for the one-specie case considered

in [24]. Especially, when x1 = x2 = x, @1 = as = 1, we find out that both the lower bounds of u;

and po are equal to @X, which is about the same to the case in [24]. In addition, we only give the

global boundedness result for k; > 2(i = 1,2), but when n = 3, the coefficients ¥ < k; < 2(i = 1,2),

6
% <k <2< ko (% < ky < 2 < ky), or when n > 4, the coefficients 1 + 5 5 < ki < 2t = 1,2),

_1
(n—1
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1+ m <k <2<k (1+ ﬁ < ko < 2 < ky), whether the solution will blow up or not, all these

remain to be solved.

The outline of this paper is as follows. In Section 2, the basic statements concerning local well-posedness
and some important inequalities of solutions for (1.4) are derived, also, a new system under the new variables
are constructed. And Section 3 is devoted to establishing the pointwise upper bounds for w1, us and v. Then
the crucial estimates and technical tools to determine the finite time blow-up result are discussed in Section 4,
and a proof of Theorem 1.1 is given here. For the last section, we establish the global bounded solution to
(1.4) for @ C R™"(n > 1).

2. Preliminary

Our goal in this section is to collect the following local well-posedness result and some important inequal-
ities of solutions for (1.4), moreover, we denote some new variables to transfer the original equations (1.4)
to a new system.

Lemma 2.1. Letn > 1, R >0, v >0, 75 >0, x; >0, \;, € R, u; >0, a; >0 and k; > 1 (i =1,2).

Then for any (ui0,u20) satisfying (1.5), there exist a mazimal Thax € (0,00] and unique radially symmetric

nonnegative functions

(1, u3) € (CO(Q X [0, Topa)) N C1(Q x (0, Tona)))”
v € Ngsn L2 ([0, Tmax); WH(Q)) N C20(Q x (0, Tinax)),

that solve (1.1) classically, either Tiax = 00,
or ||u1('7t)||L°°(Q) + ‘|u2('7t)||L°°(Q) — 00 ast — Tax-

Moreover, the solution (u1,us,v) satisfies

/ui(m,t)dx < M;, i=1,2, forall t€(0,Tmaz), (2.1)
aq (&%)

/v(m,t)dm < —M;+ —=Ms forall t € (0,Tmaz)s (2.2)
Y 0

Q

where My = Cy + [, uiodz, My = Ca + [, usodz, C1,C3 are given below.

Proof. In light of a straightforward fixed point argument and the strong maximum principle, we can obtain
the local existence, uniqueness of classical solutions for (1.4), we omit the detailed proof since a similar
approach of the result is adapted in [34] for closely related problems. To obtain (2.1) and (2.2), by integrating
the first two equations of system (1.4) in space, we have

d
pr wurdr = M\ /ulda: — 1 /u]fldac for all ¢ € (0, Trhax)
Q Q Q

and

dt

Ugdxr = Ao /qux — ,ug/u’z”dx for all ¢t € (0, Trmaz)s
o) Q Q
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then we obtain

d
%/uldﬂc—i—/uldac =\ + 1)/u1daz—u1/ulfldm for all ¢t € (0, Thnaz)
Q Q Q Q
and
d
%/uzdaj+/quaJ* A+1) /qua:fug/ 2dglt for all ¢ € (0, Trnax)-
Q Q

In light of the Young inequality, it transpires that
d — d —
7 urdx + [ urdx < Chq, 7 ugdr + [ ugdx < Cq for all t € (0, Traz),
Q Q Q Q
with C'1,Cy > 0, hence (2.1) can be immediately obtained. Then integrating the third one, we find

V/dezal/uldx—l—ag/wdx,

Q Q Q

which implies (2.2). O

For some ujg, ugo satisfying (1.5), we denote the corresponding local solution of (1.4) as (uy,us,v) =
(ui(ryt), ua(r,t),v(r,t)), and we set

V)
3=

A(s,0) = / 0" ui(p, )dp, s € [0, R, tE (0, Toas), (2.3)
0
5%
AQ(Svt) = \/pnilll‘?(pv t)dpa s € [OaRn]a te (O7Tmar) (24)
0
and
1
B(s,t) := /p"_lv(p7 t)dp, s€[0,R"], t€ (0,Tmaz)- (2.5)
0
Then
1 1 1 1 _1q 1 n
Aqs(s,t) = Eul(sn,t),AlsS(s,t) = as" uir(sm,t) s € (0,R"), t€ (0,Tma), (2.6)
1 1 1 2
Ags(s,t) = EuQ(sﬁ,t),Agsg(s,t) = ﬁsﬁ_lu%(s%,t) s € (0,R"), t€ (0,Taz), (2.7)
1 ]_ 1 1
Bs(s,t) = - v(s7,t), Bes(s,t) = nQSW*IfuT(sW,t) se€(0,R"), te(0,Tmaz)- (2.8)

Now we derive a new system under the independent variables (s,t). First, it follows from the third
equation that

" (rt) = B t) — (aq Ay (1™, t) + agAg(r™, 1)) for all s € (0, R™), t € (0, Tnaz)- (2.9)
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Next, by a straightforward calculation, we can transfer system (1.4) to the following system

Ay = 1in®s _"Alss +nx1dis(Ar + agAs) —nyx1Ai1sB + A A — nki= M1 fos Alfi t)do,
Agt = Tgn $2n Ast + nXQAQS(OélAQ + 042A2) — ’I’L’YXQAQSB + Ao Ay — nk2— ,UQ fO Agi )dO’ (210)
n Bss =B — (a1 41 + azAy),

for all s € (0, R™) t € (0, Trnax)-
Then denoting g, := n|B1(0)|, due to the fact that u1,us and v are nonnegative, it is easy to see that

0=A:(0,t) < Ai1(s,t) < A1 (R",t) = 1 /u1 t)dx for all s € (0,R"), t € (0, Thaz), (2.11)
i
1
0= A5(0,t) < As(s,t) < Aa(R",t) = — /u2 t)dz for all s € (0,R"), t € (0,Thaa), (2.12)
i
0= B(0,t) < B(s,t) < B(R",t) = 1 /v t)dz for all s € (0,R"), t € (0,Tmaz) (2.13)
On
Q

as well as
A1s(s,t), Aas(s,t), Bs(s,t) >0 forall s e (0,R"), t€(0,Tmaz)- (2.14)
3. The pointwise upper bounds for u;,us and v

Our attention in this section is turned to establishing the pointwise upper bounds for u, us and v, which
play a significant part in establishing the differential inequality introduced in section 4. First, we derive the
pointwise bounds for v in the following lemma with the aid of the method in [34].

Lemma 3.1. Letn >3, R>0,7v>0,7>0, x; >0, ; R, u; >0, ; >0 and k; > 1 (i =1,2). Fiz any
my,mg > 0, suppose that (1.5) holds with fQ urpdr < mq, fQ ugodr < mo, then there exists C > 0 such that

v (r,8)| < Cri—n for all r € (0,R) andt € (O7Tmam) (3.1)
and
lu(r,t)| < Cr®™™ for all v € (0,R) and t € (0, Thaz), (3.2)

where Trpae = min{1, Tpnaz }-

Proof. From the previous estimates (2.1) and (2.2) in Lemma 2.1 we have

/ui(x,t)dac < M;, i=1,2, forall te (0, ) (3.3)
Q
and
/v z,t)dz < —M1 —i— MQ for all ¢ € (0, Tmam) (3.4)
v
Q

with My = Cq + Jo urodx, My = Cy + J u20dx defined in Lemma 2.1, which entails that
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/ﬁdgww,/vmimxgqmmaui:themj}wL (3.5)
Q Q

where Cp := mz%)é{Mi, ﬂM1 + %M2}7 then it directly follows from (2.11), (2.12) and (2.13) that
=1, 2] 2!

C R
0 < Ay(s,t), Ag(s,t), B(s,t) < =2 for all s € (0,R") and t € (0, T)az), (3.6)

On

along with (2.9), we deduce

. (r,t) < yB < *y@ for all 7 € (0,R) and t € (0, Thaz), (3.7)
n—1 C() N
" p(r,t) = —(a1 A1 4+ a2Ads) > —(oq +az)— forall r € (0,R) and t € (0, Tinaz), (3.8)

n

which directly implies (3.1). Notice that for all o € (0, R), r € (0, R) and ¢ € (0, Tjnaz),

~vCo
(n—2)on

[ =3,

or.8) = (0,0 = | [ o (p,t)dpl <

To

and applying (3.5), one has

min  v(rg, t) Co for all t € (0, Traz),

[ —
ro€[4.R] ~ 1@\ Bz (0)]
thus (3.2) holds. O

Next, based on the bound for |v,.| in Lemma 3.1, following a result on pointwise bounds for radial solutions
to heat equation, we obtain a upper bound for u.

Lemma 3.2. Letn >3, R>0,7>0,7,>0, x; >0, ; R, p; >0, a; >0 and k; > 1 (i =1,2). Fiz any
mi,mo >0, L1, Lo > 0, suppose that (1.5) holds with

/Ulodl' S mi, /UQonS S mao (39)
Q Q
and
uio(r) < Lyr— =1 ug0(r) < Lor— (1) for all r € (0, R), (3.10)

then for any € > 0, there exists M > 0 such that
w; < Mr—"(=Y=¢ i =12 forall r e (0,R) and t € (0, Traz), (3.11)
where Traz = min{1, Tyaz }-

Proof. For any € > 0, choosing p > n sufficiently large, it is found that

di=nn—-1)+e> %7 (3.12)
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on account of (3.1) in Lemma 3.1, there appears the relation

R
/ | "IV (e, £)Pde = o, / r D@, (r, 8)[Pdr
“ 0 (3.13)

B C”’QnR”

R
< C’Pgn /rp"ildr for all t € (Oyfmax)~
0

Here we denote U;(z,t) := e tuy(z,t), i = 1,2, for (z,t) € Q x [0, Tynax), it follows from (1.4) that

Uit = e_)"ituit — )\ie_’\itui S {T,LAU,L - sz . (UZV’U) + )\1UvZ - uie_’\ituf"’} — )\1U7,
<AU; = V- (U; Vo) in Q % (0, Traz),

where U; satisfies 9% = 0 on 9 x (0, Tyas) and [, Ui(-,0) = [, ui(+,0) < m;. Thanks to (3.9), (3.10),
(3.12) and (3.13), it is applicable to using Theorem 1.1 in [35] to obtain that

Ui(z,t) < Cylz|™? for all z € Q and t € (0, Trnaz)
with C7 > 0, which concludes the proof of this Lemma. O
4. Proof of Theorem 1.1

In this section, we aim at proving the blow-up result in Theorem 1.1, given a solution (u7,us,v) of (1.4),
we choose suitable sy € (0, R"), B € (1 — 2,1). Inspired by [34], we define ®(t) : [0, Tnaz) — R by

B(t) = B (1) + Da(t) :/s—ﬂ(so —s)Al(s7t)ds+/s_5(so—S)Ag(s,t)ds for all t € [0, Truae),  (4.1)
0 0

it is clear that ® is well-defined and belongs to C°([0, Trnaz)) N CH((0, Thnaz)), since u;, uy(i = 1,2) are
continuous in Q x [0, Thuae) and in Q x (0, T},qz) Tespectively and the map (0,s9) 3 s — s P(sg — ) is
integrable for s € (0,R"™), 8 € (1 — %, 1). The cornerstone of our approach is based on the following
differential inequality

. 2 _ A
O (1) > dyst 2 0%(t) — dasg T for all £ € [0, Thnaa), (4.2)
where dy,ds > 0. To obtain (4.2), our analysis depends on the following time evolution function

o(t) = 1(t) + p2(t)

® b . (4.3)
= /375(50 —5)A1(s,t)A15(s,t)ds + /siﬁ(so — 8)Aa(s,t)Aas(s,t)ds for all t € (0, Thnaz)-
0 0

At the first step, we find the relationship between ® and ¢(t) as follows.

Lemma 4.1. Letn >3, R>0,v>0,7>0, x; >0, ; €R, p; >0, a; >0 and k; > 1 (i =1,2). Suppose
(1.5) holds, then for any 5 € (0,2) and so € (0, R™), there exists Cy = C2(B) > 0 such that

o(t) > Cysi 2 - ®(t)% for allt € (0, Thaz). (4.4)
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Proof. In light of the Lemma 4.2 in [34], we have

So 2
(so — s)_% . /U‘ﬁ(so —0)Ai(0)Ais(o)do p , i=1,2 for all s € (0, so),
0

Ai(s) < V2 s

using the fact that g < 1, a simple computation shows that

S0 S0
/s‘ﬁ(so —8)A;ds < sg / s PA;ds
0 0
1
So 2 S0
<V2- /s_ﬂ(so — $)A;A;sds . 80/8_%(80 — s)_%ds
0 0

[N

S0

0
where B is Euler’s Beta function. Hence we obtain
1 B 1.\ 2
w; > 3 (B(l — 3 5)) ~s€73<1>f, 1=1,2, for all ¢t € (0,Thaz),

which directly implies (4.3). O

At the second step, we enter into a set of calculations to show (4.2).

2

3-8 1
V2. /5_5(80 —8)A;Ajsds p - sq% B(1— g, 5), i=1,2, for all te€ (0,Timaz),

(4.6)

(4.7)

Lemma 4.2. Letn >3, R>0,v>0,7>0, x; >0, s €R, pt; >0, 0, >0, B € (1 - 2,1) and k; > 1

(i =1,2) be such that

(n—1)ki-1) <2, i=1,2

9 )

|

Fiz any my,mg > 0,L1, Ly > 0, suppose (1.5) holds with

/Umdx <my, /U20d$ < mg

Q Q

and
uo(r) < Lir "D ugg(r) < Lor~ ™"V for all v € (0, R),
then for any € > 0 and so € (0, R™) N (0,1), the function ®(t) defined in (4.1) satisfies

D'(t) = @1 (t) + Pa(t)
S0

+p2)— 048()/8_6—1(141 + Ay)Bds
0

3-8

_2
> Csnp — Casy® " (p

Ll V[

3-8 1 1 (n—1)(f—1)4+3=8 ¢, 1 1 N
— Cusy® (97 +92) — Cysy " TETITEIT0E 4 02 for all t € (0, Tnaa),

(4.9)

(4.10)

(4.11)
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with (i = 1,2) defined in (4.3), Cs,Cy > 0, k = max{k, ko}.

Proof. Note that ®(t) € C°([0, Trnax)) NCH((0, Trnar)) and differentiate ® with respect to ¢, from (2.10) one
obtains

2 S0 2 S0

(1) = ZTinQ / 327%7%50 — 8)Aissds + ZnXi/575(50 —8)Ais(a1 A1 + apAs)ds

i=1 3 i=1 o

50 2 So
- Z”’YXz/ ﬂ (so —s)BA;sds | + Z A / (so —85)A;ds

=l 9 (4.12)
2 S0 S
_ ani—lm/sfﬁ(s() —5)- [/ Af; (o, t)do]ds
i=1 A 5

= I, (t) 4 Lo(t) + Is(t) 4+ I4(t) + I5(t) for all t € (0, Thmaz)-

For I, (¢) in (4.12), applying two integrations by parts, we find d; > 0 such that

2 59

_2_
ZTiTLQ/SQ " ﬁ(SO_S)Aissds
=1 0

:_Zn 2———5)/ ~n B (50 — ) Ayds

0

50

+ Z in? / 527%751413613 + 7'1112827%7[3(50 —8)A;s

5 0
2 ) 9 S0 e
> mn?(2- ~—B) [ 57+ (s0 — ) Auds (4.13)
=1 0

S0

n%(2 — 2_ B)(B—1+ 3)/5*@*%(50 — 8)Agds + 7> (2 — 2. ﬂ)/slfﬂ*%Aids
n n n
0 0

S0

(2--= —ﬁ)(ﬂ—i— )so/s_’g_%Aids

0

2

_ E Ti
i=1
Zn

S0
> —dlso/s_ﬁ_%(Al + As)ds forall te (07Tmam),
0

where we use the fact that A;, A;s(i = 1,2) are nonnegative, and 2— 2 — 3,5 —1 —|— = are positive. It follows
from (4.5) and (4.13) that
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9 ( p
> —v/2dy 50 - Z /s_ﬁ(so — 8)A;A;sds -/s_?_%(so —s)_%ds (4.14)

i=1 0

[}

W=

S0

2
3-B_2 2 1 N
= —\/§d1502 "B <1 — ﬁ - — —) . E /sfﬁ(so —8)A;Ajsds for all ¢t € (0, Thnaz),

=1 | 9
since the assumption f < 2 — % ensures that Euler’s Beta function B is well-defined, therefore

1
S0 So 2

2 . aep a2
ZTin2/82_5_ﬁ(50 — 8)Ajssds > —dysg® " Z /s‘ﬁ(so — 8)A;A;.ds (4.15)
i=1

0 i=1 |9

for all t € (0, Tynax), with d} > 0.
As for I(t), due to the fact that A;, Ao is nonnegative, we obtain

S0

anz/ /3 (so — $)Ais(a1 A1 + agAs)ds

(4.16)

S0

> min{ay, as} - min{x1, Xg}n/sfﬁ(so —5)(A1A15 + AsAss)ds
0

To estimate I3(t), in view of the nonnegativity of A;, As and B, from the integration by parts we obtain

S0

anyxz/ 5 (so — s)BA;sds

S0

2 59
Z VXz/ “P(sy — s)BsAsds — nry le/sfﬁAins

i=1 0
S0

—npBy sz/ ~#=1(sg — s)A;Bds (4.17)

2 S0 2 S0
> —nfBvsg in/sfﬁflAins — nyso in/sfﬁflAins
i=1 0 i=1 0

50

> —ngQ/Siﬁil(Al + Ag)BdS,
0

with do > 0.
As for Iy, we let A, := max{0, —\;}, it is clear that

S0

Z i / 80 — S)A ids > d3/ /B(So - S)(Al + Az)ds, (418)

0
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with d3 = Aj_ + A2_. Then it follows from (4.6) that

2

Z)w/ (s0 — s)Aids

. 1 . 1 (4.19)
3-8
> —djs,? /s_ﬂ(so —8)A1Ads 3+ /s_ﬁ(so — 8)AgAggds
0 0

The estimate for I5 is much more delicate. With the aid of the Fubini theorem and 8 < 1, we derive

2 S0 S
- ani*lui/sfﬂ(so —s5)- [/ Aki(0,t)do)ds
i=1 0 0
=— Zn i/ /s B(sp — s)ds] ~Afsi(a,t)da
0 o

(4.20)

> — Z /sofcr/ “Bds] - A¥i(o,t)do
= 0

(s — 5) A% (s,t)ds

2 )
_ nlﬂzlﬁ
21

o\

Now we want to derive the upper bound for Af;_l(s,t). Let k = max{ki, ka2 }, for any choice of € > 0, in
view of (4.8), there exists n > 0 sufficiently small such that

g(z% —1) < min{e, 1} (4.21)
and
L)+ -1k -1) < 2. (4.22)
Relying on Lemma 3.2, for n > 0 we have
w; < Mr~(=D=n =12 forall re (0,R)and t € (0, Taz),
then for any s € (0,1) N (0, R™), we find d4 > 0 such that
L ki—1
Ali1(s t) = (@) < dys Ak D=(=DG=D 59 9 forall t € (0, Tinas)- (4.23)

By (4.20) and (4.23), using the integration by parts, it is thereby inferred that
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2 S0 S
- ani_lﬂi/s_ﬁ(so —s)- [/ Aki(o,t)do)ds
=1 0 0
2 59
neooHe 1-8
Z—Z 5 So /(s —8)Ali(s,t)d
=1 0
b ds g [ 1 (k—1)—(n—1)(k-1)
> — Z ﬁso /S n (So — S)Aisds
i=1 0
2 n - R nkiil'u,'d4 R 0P .
== Y- 1+ (= 1) - D) [ gads (a24)
n _
i=1 )

72 hi— uzd4 - 5/ —E(E=D)=(=1)(k=1) 4. g

(=)

2 nki—1 0 R X
N : Nﬂidzisgfﬁ/57%(kfl)f(nfl)(kfl)flAids

0

v
\
(]
=
=
E;
C
+
5

S0
—d582 B/S n(k 1)—(n—1)(k—1)— (A1+A2)
0

v

with ds > 0. Moreover, we employ (4.5) to estimate

S0
0

(NI
(N

So
—\/§d5s§_’6 /s_ﬁ(so — 8)A1A15ds + /8_5(50 — 8)Ag Agsds
0 0

v

S0

./8—%(12:—1)—(n—1)(fc—1)—1+/—;(SO —s)_%ds

0
So % S0 %
3— ;3 ;o
> Bdgs (P DE-D =) /s—ﬁ(so—s)AlAlsds n /S_B(So—s)AgAgsds
0 0
B A s 1
P -1 - Yk-1),2
B(5~(n-nE-1-2(t-1).3).

(4.25)

it follows from (4.22) that g —(n -1k -1 - %(l; — 1) is positive, which implies that dg =
B (g —(n=1)(k—1)— —(k - 1), %) is well-defined and finite. And on account of (4.21), (4.24) and (4.25),
we can deduce that
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S0

2
Zn’”_lui/s S0 — S) /Ak (o,t)do)d
i=1 o

0

A 1 1 (4.26)
> fd7so_(n_1)(k DASE T /s (so — s)A1A1sds p + /s (sg — 8) Az Agsds ,
0 0
with dy = v/2dsdgRIne—n(k=1)],
Thus a combination of (4.15)-(4.19) and (4.26) yield
(1) = ®1(1) + P5(t)
s0
> min{ay, as} - min{xhxg}n/sfﬂ(so — 8)(A1A1s + Az Ags)ds
0
5 ( so 3 so
— d’ls;’%ﬂf% Z /s_ﬁ(so —s)AjAisds p — dgso/s_ﬁ_l(Al + A3)Bds
i=1 |9 A
50 3 s0 2
— dgsg%ﬁ /s_ﬁ(so —8)A1Ads 3 + /8_’8(80 — §) A Agsds (4.27)
0 0
A s0 3 so 3
_d7sg<n—1>(k—”+¥‘e /s*ﬁ(so —5)A1Ards p + /s*ﬂ(so — 5)AgAg,ds
0 0
S0
= min{ay, a2} - min{x1, x2}ny — d/lssiTﬁi% ((p% + (pé) — dasg / s7P=1(A; + Ay)Bds
0
s (pF +0d) —drsg "TIEVTE (o 1)

for all t € (0, Tynaz),s € (0,1) N (0, R™), it then turns out that (4.11) holds. O

For the purpose of obtaining (4.2), we still need to deal with the term Cysg foso s78=1(A; + As)Bds,
a crucial idea is to utilize ¢ to bound B. To achieve this, we recall the following Lemma which plays an
important role in proving Lemma 4.4, the proof of Lemma 4.3 is similar to [34], and we omit it here for

brevity.

Lemma 4.3. Let ¥ € (1,2) and l € (0,1). Then for any so > 0, there exists C = C(9,1) > 0 such that
// (so — 7)"ldrdo < Csy's*>=? for all s € (0, s0). (4.28)

Lemma 4.4. Letn >3, R>0,v>0, 1, >0, x; >0, )\ ER, u; >0, ; >0 and k; > 1 (i =1,2). Assume
that B € (0,2 —2)N(0,1), wio(i = 1,2) satisfies (1.5), [ ui < my(i = 1,2) for any m; > 0, then for all
so € (0, R™), one can find J > 0 such that

S0
—0450/3_5_1(141 + A2)Bds > —Jsé+%_ﬁ — Jsgap (4.29)
0
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for all s € (0,s9) and t € (O,me).
Proof. First, we aim at finding the relationship between B and . It follows from (2.9) that

ol cop(r,t) > — (a1 A (r™, ) + agAx(r™,t)) for all s € (0,R™), t € (O,Tmaz),

whence according to (2.8) we find

1 1 .
Bgs(s,t) = ﬁsiflvr(si,t) > —ﬁs%”(alzﬁh(s,t) + asAs(s,t)) for all r € (0,R) and t € (0, Thaz),

(4.30)
and (2.8) along with Lemma 3.1 entails that
e, )
Bg(s,t) < —s» ™" for all s € (0,s0) and ¢ € (0, Tynaz)s (4.31)
n
and thereupon applying (4.5) and the above two equations, there appears the relationship
S S S0
B(s,t) = /Bs(m o = / Bu(s0,1) — /BSS(T, tdr | do
0 0 o
¢ 1)
2_
< —sg s+ 3 //T%_z(alAl(T, t) + agAs(7,t))drdo
n
0 o
N s so
C z2_ 2
< =50 's+ L; //T%+§72(50 — 1) 2drdo
n n
0 o
1 1
50 2 S0 2
oy /S_B<So — 8)A1Asds + g /s_ﬁ(so — 8)Ag Assds
0 0
for all s € (0, s0) and t € (0, T)ae). Moreover, note that g < 2 — 4 which implies
2 2-4 2
—1=—+ "—2>—+é—2>—2.
n 2 n 2
Hence we employ Lemma (4.3) to find ¢; such that
S So
1 1
//T%+%72(30 — 1) 2drdo < ¢15 250t% forall s € (0, s0).
0 o
This readily yields
2 1 5.5 1 1 .
B(s,t) < casg s+casy2sntz e (pf +¢3) forall s € (0,s0) and t € (0, Tinaz) (4.32)

Therefore, upon (4.5) there exists J > 0 such that
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S0

0450/8_’6_1(141 + Ay)Bds

0
S0 S0
2 5 1 11 P
< eaCysf /s (A1 + Az)ds 4 c2Ca(pf + 2)s¢ /sn 27 (A + As)ds
0
C S0 S0 (433)
2 1 1,1
< 2—0020456‘ /s‘ﬁds +V2e2Cy (97 + 02)sE /8%—1<50 — s)_%ds
On J ,
Co 1 1+2-p 1 1 n 2 1
22502041_390 " V26,0407 +90§)28023(5,5)
1+2-8 n A
<Jsqg ™ T+ JIsE (o1 +@2) forallte (0,Thes). O

Lemma 4.5. Letn >3, R>0,v>0,7,>0, x; >0, \; ER, 4; >0, a; >0 and k; > 1 (i = 1,2) satisfies

7 .
- & if ne€{3,4},
k= max{kl,kl} < { 14 2(n171) Zf n>s5. (434)
For any m;, L; > 0(i = 1,2), suppose that (1.5) holds with
/Ulodlﬂ S mi, /UQodﬂC S mo (435)
Q Q
and
w1 (r) < Lir ™Y g0 (r) < Lor™™™=Y for all r € (0, R), (4.36)

then for any B € (1—2,1)N(0,2—2) and (0, R*)N(0,1) 3 s* = s*(R, \j,m;) < (%JJ")% (Cs, J are defined

in Lemma /.2 and Lemma 4./ respectively), there exists €; = C;(R, p;, kiy Liy Ai,m;) (i = 1,2) such that

O'(t) > € 5B 202 (1) — Cosg T for all so € (0,5%) and t € (0, Tas). (4.37)
Proof. First, we claim that

A 2 4
(n=1)(k-1)< g for anyﬂe(l—ﬁ,l)ﬂ(O,Z—ﬁ). (4.38)

Indeed, in view of (4.34), we find that

A Lif n=3
k—1)(n—1 3 ’ 4.39
(k= 1)(n )<{;ifnz4. (4.39)
Therefore, the above equation and 3 € (1 — 2,1) N (0,2 — 2) indicate that (4.38) holds.
Next, choosing € > 0 such that
2
2e<1- 2, (4.40)
n

a combination of Lemma 4.2 and Lemma 4.4 yield
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(1) = @1(1) + Po(t)

n 3-=8_2 1 1 1+2 -8
2(C3n—Jsoz)<p—C4802 "(pf Hp3) —Jsy "
= 1 n—1)(k—1 Jrﬂfe 1 1
— Cusy? (0 +¢d) — Casy "V (0 4 o) (4.41)

70 n 3—p_ 2 3-8
> o V2Cusy® (1 +p2)E — V20us,7 (g1 +pa)?

1) (h—1)+ 328 _¢ 1 2_
—\/50480( DE-D+5 (01 + ©2)? —Js(1)+3 P for all s € (0,s%),

3

where the ch01ce of s* guarantees that Js§ < J s*7 < an. And relying on the young inequality ab <
”C3a + 5 b2 we infer that

7C B_2 3-8
3”()0 \/_0430 n@% - \/504502 QO%

3-8 _ 2_
7\/—0 (n— l(k 1)+ e(p% 7JS(IJ+" B

(1) =

70371 7103 4 9 3—p—2% Tng 9 3 8
> (=, ¢ ) (P 2oz
=78 7 <8¢+n03480 g 7T C
B nCs I Cg —2n 1)(k—1)43—B—2¢ +%7B (4.42)
ERaRTe
Csn 3-p-4 —2(n—1)(k—1)+3—F—2¢ 1+2-8
= S O (T s IR g
Csn -8 g2 —2(n—1)(h—1)+2— 2 —2¢ 1+2-8
:T¢_|:TLCC4<O +t5 " +5g +J| 50 )

then using the fact that 2¢ <1—2,n >3, # <min{1,2— 1} and (n— D(k—1) < g < 1 it turns out that

_6 —o(n—
nCs 04(53 ”+s(2) “+502( Dk=1)+2- >+J
(4.43)
04( n_’_R(Qf%)n+R[*Q(nfl)(lztfl)Jer%er]n) s
TLCg
In addition, going back to Lemma 4.1 we obtain
o(t) > Cash ™ ®(t)? for all t € (0, Tpaz)- (4.44)
Thus, (4.42)-(4.44) establish (4.37). O
Proof of Theorem 1.1. Choosing
i =T 1= (%0)% € (0, R). (4.45)

And for any m3, m} € (0,m1) N (0,m2), we select sg = so(R, A, 4, ki, Liymi,mi, m3) € (0,s*) sufficiently
small such that

2 22,3770: * *)\2
s < 1(m; +m3)
€2Qn

(4.46)

and
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& (m] +m3)

0T,

(4.47)
where s*, €, € are defined in Lemma 4.5. Fix any u;o complying with (1.5) as well as with (1.7) and (1.8),
let (u1,uz2,v) be a corresponding classical solution of (1.4) in Q X (0, Tynqe.) satisfies the assumptions in
Lemma 2.1.

To obtain the blow-up result, it suffices to show that T},q. < % Assume, on the contrary, Tyq. > %
It follows from (4.45) and the second restriction in (1.7) that the correspondingly transformed variables in
(2.3) and (2.4) satisty

*k
m,

On

Ai(s,0) > Ai(%O,O) > for all s € (%O,R”).

From the above equation, for the function ®(¢) introduced in (4.1), we have

S0

®(0) = ¢1(0) + P2(0) = /876(80 —5)(A1(s,0) + Aa(s,0))ds

IV
\M‘g o

(@)%, S0 (m] erg)dS (4.48)
2 2 On
S0
4
2073 (my + mg)SQ_ﬂ
== 17 2l s
On
where 3 € (1-2,1)N (0,2 — 2). On account of Lemma 4.5, it is deduced that
2 — ~
O'(t) > €150 32 (1) — a5y T for all t € (0, Thae). (4.49)
Now we claim that
249 ¢
C1slTP0%(E) — sy TP > 550 (), (4.50)
upon the ODE comparison argument to (4.49), to get (4.50) we only need prove
¢ P32 2418 € g 3.9
155 ®(0) — €a8§ > - 0 o°(0),
namely, we need prove
52 %(0
G 20 gﬂ,(ﬁ) > 2, (4.51)
Q:QS(;L

whence according to (4.48), we find

Cisp “@2(0)  22079¢,(mj +mp)? 2

S
2 _ = 2 0 »
Cysg 7 207

therefore, the above inequality and (4.46) entail (4.51), hence the claim is proved, then we obtain

o) > L3021 for all ¢ e 0, Thnaz), 4.52
2 O
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and integrating the above equation over (0,t) we have

0;180/3—3tg_ 1 < 1

for all t € (0, Tmaz)
(0) = @(0)
once more by means of (4.47) and (4.48), it turns out that

| =

2 On 1
t< —sg- - < - forall te

=" 2673 (mi +m}) — 8
this thus contradicts the assumption Ty,q >

(0 Tmaa:)
we obtain the blow-up result directly. O

In consequence, from Lemma 2.1 and the finity of Tina4,
5. Global bounded solution for k; > 2(¢ = 1, 2)

In this section, we are devoted to showing the boundedness of solutions in Theorem 1.2, to do this, we
first show the L¥ estimates for u;(i = 1,2) when ki, ko > 2 as follows

Lemma 5.1. Let Q C R™(n > 1) be a smooth bounded domain, k; > 2(

C%(Q), P > 1, there exists C = C

, ki i = 1,2), then for any uig,uz €
(P, luro ()|l e, [luzo(t)l|Lr) satisfying

i ()| pr@y < Cyi=1,2, for all t € (0, Tmaz)
Proof. Multiplying the first equation in (1.4) by u

(5.1)
1d

and integrating over 2, we have
Pdt

/ul dx 4+ (P — 1)/uf_2|Vu1|2dm =x1(P— 1)/ 'Yy - Vuda
Q Q Q
—I—)\l/ufdx—ul/ufﬂﬁfldx

(5.2)
Q Q
and we multiply the third equation in (1.4) by u7 to obtain

Q

P/uf_1Vu1-Vvdq:z—w/ufv—i—al/uf“dw—&—ag/ufwdx
Q Q

Inserting the above equation into (

(5.3)
Q
), it follows from the Young inequality that
1d —2 2
P utde + (P —1) - Vuq |“dz
Q Q
P-1
= % —W/U1 vd:c—l—m/ de—&—og/u ugdx +)\1/ufdx—u1/uf+kl_ldaz (5.4)
Q Q Q Q Q
P-1
< Xl(alJrO}f)( ) /uf“d:ﬁ—k X1042 /u +1dz+)\1/ufdx—ul/uf+k1_1dx.
Q Q Q
Similarly, for us, we find

Q
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1d
P /Ugdl‘—i—Tg(P - 1)/u§_2 |V |2 dx
Q Q (5.5)
P—1 pP—1 '
< Xz(oa +OI;2)( ) /u2P+1dx+ X2041(P ) /uf“der/\Q/ugdx —;LQ/ufJ“kz_ldx.
Q Q Q Q
Then by a combination of (5.4) and (5.5), it transpires that
1d P P P2 2 P—2 2
FE( ujde+ [uyde)+mn(P—1) [ uy - |Vu|*de+ (P —1) [ uy = |Vus|“dz
Q Q Q Q
[X1(a1 + a2) + xoau (P — 1) [x2(a1 + @2) + x102](P — 1)
< 5 ul dx + P uy dx (5.6)
Q Q
+ M /ufdm — /u{”rkl*ldx + )\g/ufdac — U2 /u‘;Jrkrldx.
Q Q Q Q
Due to the fact that ki, ks > 2, we obtain P+ k; — 1 > P+ 1 > P, thus the Young inequality yields
1d P P P P
F%( upde+ [ uyde) < —C; [ uydx —Cy | uyde+Ca, (5.7)
Q Q Q Q

with Cy,Cs > 0, which implies (5.1). O

Next, our purpose is to prove the L estimates for u;(i = 1,2) when k; = ko = 2. To achieve this,
a crucial step is to derive the L bound for u; under the assumption that Py is larger than 1 but less than
some constant.

Lemma 5.2. Let Q@ C R™(n > 1) be a smooth bounded domain and k1 = ko = 2. Assume that

Poc (1 X1(a1 + az) + xe1 ) A (1 x2(on + az2) + x102 )
0 ) ) )
[x1(o1 + a2) + xear — pa] 4 [x2(a1 + a2) + x102 — pa] 4

then for any uig, uz € C°(Q), there exists Co = Co(Po, |u10(t)|| Lro, ||u20(t)||Lro ) satisfying

lwi ()l Loy < Co, i =1,2 for all t € (0, Taz)- (5.8)

Proof. Following the same step in Lemma 5.1, testing the first two equations in (1.4) by ufo_l, ugo_l, and

testing the third equation in (1.4) by ul®(i = 1,2) respectively, one obtains

1d
Pdt /udex + /ugﬂdx +71(Py—1) /ufU_Q . |Vu1|2dx—|—7'2(P0 —1) /ugg—Z . |Vu2\2dx
0 A 2 J J
Py -1
<- (m - balontaz) el )) [ulrtasenn [ufas (5.9)
’ Q Q
Py—-1
- <M2_ [X2(041+042)-;X1a2]( b )> /ufﬁl i, /u?d%
0

Q

On account of the fact that
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P c <1 X1(o1 + a2) + x201 > A (1 xa(a1 + a2) + x102 )
0 ) ) ’
[X1(o1 + a2) + x2a1 — ]+ [X2(on + a2) + x102 — po]4
it is thereby inferred that p; — [Xl(aﬁaz);fzal](Prl) and pp — [Xz(aﬁa?);flaz](ljrl) are positive, and in

view of the Young inequality, a simple computation shows that

1d
FOE(/udex—l_/ué%dx) S(Zg(/ufodaz—&—/1L§°claj)—i—(747 (5.10)
Q Q Q Q

thus we obtain (5.8). O
Relying on Lemma 5.2, now we give the LY estimates for u;(i = 1,2).

Lemma 5.3. Let 2 C R™ be a smooth bounded domain and ki = ko = 2. Suppose that

n—2

H1 > [x1(ar + a2) + xou] (5.11)

n
and
n—
pz > ——[xa(a1 +a2) +x102), (5.12)
then for any P > 1,u1q,us0 € C°(Q), one can find C' = C'(P, ||u1(t)| pr, |u2(t)||Lr) such that

ui(t)lLr) <C'i=1,2 for all t € (0, Traz)- (5.13)

Proof. Recalling (5.9) in Lemma 5.2

1
F%(/ufdx—k/ugdx)‘f'ﬁ(])—1)/Uf72-\Vu1|2d:c+72(P—1)/u5*2.|VUQ‘2d$
Q Q o 2
x1(a1 + az) + xe1](P —1
< ([ 1( 2)P 201( )ul)/uf+1dx+>\1/ufdx (5.14)
P-1
n <[X2(a1 + as) ;Xﬂlz]( ) —Mz) /U§+1dx+>\2/u§dx.
Q Q

1. For the case p1 > x1(a1+ag)+x2a1, g > xa(ar +asg)+ x1as. In light of the same proof as in Lemma 5.2,
we can obtain (5.13).

2. For the case p1 < x1(a1 + ag) 4+ x20a1, po < Xx2(@1 + a2) + x102. Let Py be as in Lemma 5.2, it follows
from (5.11) and (5.12) that

x1(a1 + a2) + x201

n

< , 5.15
2 xi(oa +a2) + xea1 — 1y ( )
no_ xe(an +a2) + xaon 7 (5.16)
2 xe(on +ag) + x102 — pi2

P
thus we can choose Py satisfying P > Py > %. Denoting w; = u;>, by substituting u; by w; in (5.14) we

derive
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1d 4 4
Fa(/w%dw—k/w%dm) + Tl;/ Vs Pde + ————= T2 /|Vw2|2da:
¢ ¢ (5.17)
2(P+1) 9 2(PP+1) 5
<Cs | wy ¥ de+ X [ wide+Cs [ wy dx + Ay [ wydz,
Q Q Q Q
where C5 = max {1, [Xl(a""QZ);XMI](P_l) — 1, [XQ(al+a2);Xla2](P_l) — Mg} In view of Lemma 5.2, there

exists positive Cs = Co(F, [|[u10(t)[|Lro, [[u20(t)||Lro) such that [ju;(t)][pro) < Cy i = 1,2,forall t €
(0, Tynaz), then it is deduced that

P
2Py
) _ Py 5
e U i B (5.18)
Q
and applying the Gagliardo-Nirenberg, there appears the relation
lwill o) < Cllwillza® - llwillfyraq), (5.19)
11 nP _ _nP_
withp = 2682 ¢ = 200 g = ;22 = 250 B2 Gince P > Py > 2 > 252, we obtain a € (0,1). Hence
772w 1=5+35 2 2
(5.18), (o.19) and the Poincaré inequality yield the estimate
2P+2 (1— a) o 2PF2
/ uP e = [0 do = il Bl <Ol 57 il T,
Q (5.20)
o 2P+2
< Cr(lluwollzro, luzollzr) (14 Vwillya 7 ).
due to the fact that P > Fy > 4, which entails
nP nP
2P 42 2P+2 35p, — 3p13 =2
R i A e (5.21)
2 2Py 2 2R
then it follows from (5.20) and (5.21) that
2(P+1)
/uf“dw = /wi Pods < e/ |Vw;|?dx + C(e, P, ||luiol| 1o » ||t2o] 170 ), (5.22)
Q Q
where € > 0 is sufficiently small and satisfies
411 (P —1) 4n(P -1
Cse < min{ Tl(P2 ), TQ(P2 )} .
Thus by (5.17), we see that
d 1d 5d Cs [ [Vwi|?dz +Cs | |Vws?dz < A Tdz 4+ A 5d 2
p wider + [ widx | +Cs | |Vwi|dx + Cs | |Vws|*de < A\ | widz + Ay | widz, (5.23)

Q Q Q Q Q Q

with Cg > 0. Again by (5.22) and the Young inequality, we find Cg,C10,C11,C12 > 0 such that
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d 9 5 2(P+1) 2(P41) ) )
— /wldx+/w2d:v §—Cg/w1 P dx—Cg/w2 P d:v—l—)\l/wldm—l—)\g/dex—i—Clo

dt
Q Q Q Q Q Q
< —Cll/w%dﬁ—cll/w%dl‘-‘rclz,
Q Q

that is

d
7 /ufdx—i—/ufdm §—Cu/ufdx—cu/u§dm+(312,
Q Q Q Q

it then turns out that (5.13) holds.
3. For the case p1 > x1(a1+az2) +xoar, g2 < x2(o1 +a2) 4+ x102 or the case 1 < x1(a1 +az) + X200, pp >
X2 (a1 +ag) + x1a2. On account of a similar proof as above, we can obtain (5.13), which ends the proof. O

Proof of Theorem 1.2. The boundedness of u; and uy in Q X (0, T)ax) can be immediately obtained by the
consequence of Lemma 5.1, Lemma 5.3 and the well known Moser-type iterations [20,22], therefore in light
of Lemma 2.1, we have Ty,q, = 00. O
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