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1. Introduction

The present paper deals with the existence and multiplicity of nontrivial weak solutions to semilinear
elliptic boundary value problem

—Au = f(z,u) x€Q,

(1.1)
u=20 x € 09,

where © € RY is a smooth bounded domain. Let 0 < A\ < Ag < --- < A; < --- be the sequence of distinct

eigenvalues of —A with zero Dirichlet boundary condition in 2. We make the following assumptions on f:

(f1) f€CHQxR,R), f(x,0) =0 for all z € Q.

(f2) fl(z,0) =X €R forall z € Q.

(f3) There are C' > 0 and 2 < p < 2* such that |f/(z,t)] < C(1 + [t[P~2) for all z € Q and ¢t € R, where
2*:]\2,—szforN}Sand?*:oofoerl,Q.
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(f4) There exist v < Ay and C; > 0 such that
/ 1
F(x,t) = /f(x,s)ds < 571&2 +C; forallz € Q and t€R.
0

(f5)T There exists & > 0 such that +(f(z,t) — M)t > 0 for all 0 < [t| < &, x € Q.

Clearly, by (f1) the equation (1.1) has the trivial solution for any A € R. The existence of nontrivial
solutions for the equation (1.1) is closely related to the position of the range of f’ with respect to the
spectrum of —A. In the autonomous case, i.e. f(z,u) = f(u), Castro and Lazer in [9] found two nontrivial
solutions for (1.1) if there is at least one eigenvalue \; between f’(0) and f’(oco) := limy o f(t)/t and
J'(t) < Xj41 for all t € R. This result was extended by Chang in [10] and by Li and Willem in [19] using
Morse theory. Also the results in [9] were extended by Castro and Cossio in [5] where at least four nontrivial
solutions for (1.1) were obtained in the case when f/(0) < A; and f'(c0) € (A, Ag41) with & > 2 and
f'(t) < @ < Agg1- The proofs in [5] were based on Lyapunov-Schmidt reduction arguments, the mountain
pass theorem, and characterizations of the local degree of critical points. In an interesting paper [7], Castro,
Cossio and Vélez proved the existence of six nontrivial solution in the case that f/(0) < 0, tf”(¢t) > 0
for t # 0 and limyy| o0 f'(t) € (Mg, Ax +€) for & > 3 and € > 0 small. Hofer in [18] proved the existence
of four nontrivial solutions of (1.1) using degree theory in the case that f(0) € (Ag, Ag1) with & > 2
and lim supy|_, o f@)/t < A1. More recently, by the combinations of the cut-off technique, the mountain
pass theorem and the degree theory, Castro, Cossio, Herr6n and Vélez in [8] proved the existence of four
nontrivial classical solutions for (1.1) in the case that f/(0) € (Ax, Ak11) with & > 2 and f(¢)/t <y < Ay for
large |t|. One of the novelties of [8] was that there was no subcritical growth condition on the nonlinearity f.
Motivated by [8],[15] and [22], the purpose of this paper is giving a lower bound on the number of nontrivial
solutions under the assumptions (f;)—(f1) and (f5)* with A very close to a higher eigenvalue A,y of —A
for some k > 2. We note that (fy) characterizes (1.1) as a coercive elliptic problem so that the associated
energy functional is bounded from below. We also note that (f;) includes the condition near infinity in
[18] and the partial condition in [8] as special cases. Indeed the condition limsupy;_,., f(t)/t < A; in [18]
implies (f4) and f(t)/t < v < A; in [8] implies (f4) for ¢ > 0. The local sign condition similar to (f5)*
was introduced by Rabinowitz, Su and Wang in [22] to prove the existence of three nontrivial solutions for
superlinear elliptic equations with saddle point structure at zero by using bifurcation theory, homological
linking and Morse theory.

In this paper, by combining bifurcation analysis, Morse theory and Conley index theory, we will prove
that the equation (1.1) has at least six nontrivial solutions, including two constant-sign solutions and two
sign-changing solutions. It is well-known that, in comparison with the degree theory used in [8], critical
groups provide both a finer structure and better estimate of the number of solutions. The Conley index we
use in this paper can be regarded as an extension of both the Leray-Schauder degree and the critical groups.

The main results of the present paper are the following theorems.

Theorem 1.1. Assume (f1)—(f5)" hold and let k > 2 be fized. Then there is & > 0 such that for A €
(Ak+1— 0, Akt1), equation (1.1) has at least siz nontrivial solutions, in which one is positive, one is negative
and two are sign-changing.

Theorem 1.2. Assume (f1)—~(f5)~ hold and let k > 2 be fized. Then there is 6 > 0 such that for A €
(Ak+1, A1 +9), equation (1.1) has at least siz nontrivial solutions, in which one is positive, one is negative
and two are sign-changing.
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The paper is organized as follows. In Section 2 we get two constant sign solutions and one mountain pass
solution. In Section 3, we prove the existence of two bifurcation solutions by giving information on their
Morse indices and sign-changing property. In Section 4, we give the proofs of the main theorems with some
comments.

2. Variational solutions

In this section, we will apply variational methods to find three nontrivial solutions of (1.1). The proofs
of the existence of these solutions follow exactly the same ideas used by Castro, Cossio, Herréon and Vélez
in [8] and these results were proven in [8] for a similar problem. For the sake of completeness we sketch out
the proofs.

Denote by |lul| = ([, |Vul?dz)'/? the norm of HJ (). For k > 1, H} () has a orthogonal decomposition
as follows,

H)(Q) = Ex @ By, where E(\g) =ker(—A = \i), Ep =@ E(N). (2.1)

Denote v, = dim E()\) and £, = dim E},. We have that £;11 = € +vg11. The energy functional ® associated
to the equation (1.1) is given by

O(u) = %/|Vu|2dx - /F(x,u)dx, u € Hi(Q). (2.2)
Q Q

By (f1) and (f3), ® is a well-defined C? functional on H{(Q2) with derivatives

<<I>'(u),<,0):/Vquodglc—/f(ac,u)gpdx7 (2.3)
Q )

@ (e v) = [ VieTvds - [ il wpuds (2.4
o) )

where u, ¢,9 € H}(Q). Thus the weak solutions of (1.1) correspond to the critical points of ® in H{ (),
and are contained in

K(®)={ue Hy(Q): (u)=0}.
Also denote
®°={ue Hy(Q) : ®(u) <c}, K(®)={uek(®): ®(u)=c}.

Associated with the functional ®, we introduce two truncated functionals ®4 : Hi(Q) — R as

1
D (u) = 5/|Vu|2dav—/Fi(a;,u)dsc,
Q Q

where Fy(z,t) := fot fi(z, 8)ds, and

f(x7 t)? :tt 2 07

¢
fe(@t) =90, £t < 0.

Il
——
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Under (f1)—(f3), f+ is locally Lipschitz continuous on ¢ for all z €  and then we have &, € C?~°(H}(9),R)
(see [1,14]). For a € R, let a* = max{a, 0}, a~ = max{—a, 0}, then for u € H}(Q), u = ut —u~ and u* €
H ().

First we verify the compactness of the functional ® and compute the critical groups Cy(®,00) of ¢ at
infinity. This notation was introduced by Bartsch and Li in [2].

Lemma 2.1. Assume that f satisfies (f1), (f3) and (f1). Then

(i) the functional ® is coercive on Ha(S2);
(ii) the functional ® satisfies the Palais-Smale condition;
(iii) Cq(P,00) = g oF.

Proof. (i) For u € H}(2), we have by (f4) that

1 1
D(u) > 5||U||2 - 57”“”%2(9) - G1l9]. (2.5)

Since 7 < A1, we have that ®(u) — oo as ||u|]| = oco. This proves that ® is coercive.

(ii) Let {u,} C HI(Q) be a Palais-Smale sequence i.e. ®'(u,) — 0 and ®(u,) — ¢ for some ¢ € R
as n — oo. By the coerciveness of ®, {u,} is bounded and then by [21, Proposition B.35] it contains a
convergent subsequence.

(iii) Since @ is coercive and is weakly lower semicontinuous on H}(Q), ® attains its global minima at
SOME Uy :

Take b < ®(us). Then
Cy(®,00) := HY(H(Q), ") = HI({u.},0) = 6,0F. O

Next we apply the cut-off techniques and the direct method of the calculus of variations to find nontrivial
solutions of (1.1) with constant sign.

Theorem 2.2. Assume that (f1)—(f4) hold with X > Ai. Then the equation (1.1) admits two constant sign
solutions, one is strictly positive and the other is strictly negative in Q, which are local minimizers of the
enerqy functional ®.

Proof. It is easy to see from Lemma 2.1 that ® is coercive in H}(2), and there exists uy € H () s.t.

Py (uy) = uefl{lléf(lg) Py (u). (2.6)

In particular, uy € K(®4), we claim that uy # 0. By (f2) and A > A1, we can find o > 0 such that
Fi(x,u) > )‘—21u2 for a.e. x € Q and all 0 < u < 0. Let ¢;1 be a positive eigenfunction associated to A;. Then
for all ¢ > 0 small enough we have ||t¢1] o0 < o and thus

B (1) = %IItMQ - /F+(x,t¢1)dm - / <%)\1t2¢§ - F+(x,t¢1)> dr < 0. (2.7)
Q Q

By (2.6) we have @ (u4) < 0, hence uy # 0. Take ¢ = (u4)” in (2.3) with ® replaced by &, we can get
(uy)” =0 and thus uy = (uy)™ > 0 a.e. in Q. This implies that u satisfies
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{ —Aug = f(z,uy) x €9, (2.8)
usr =0 x € oS
By standard elliptic arguments we deduce u; € C}(€2). Noting that there exists 0 < # < 1 such that
|f(z,uy) — f(z,0)] = | fi(x,0uy)|uy < kuy, uniformly in 2 € Q,
where k = sup |fi(x,€)|, we obtain f(z,uy) > —kuy, i.e. it follows from (2.8) that
€9, 0<E<lu lloga)
{—Au++nu+ 20, z€,
uy =0, x € Q.
It follows from [4, Theorem 3] and uy # 0 that there is some € > 0 such that
ug(z) = e dist(x,0Q) >0 in Q. (2.9)
Thus if u € C3(Q) and ||u — uy |1 < € then
u>0 in
So, for such a u € C3(€2), there holds
P(uy) = D4 (uy) < P4 (u) = B(u), (2.10)

we see that u, is a local minimizer of ® in the C! topology. Hence by [4, Theorem 1] it is a local minimizer
of ® in the H} topology. Therefore uy € K(®), and u, is a positive solution of (1.1).

Similarly, we find another local minimizer u_ € HZ () of ®, which turns out to be a negative solution
of (1.1). O

Next we find the third variational solution as a mountain pass point of ®.

Theorem 2.3. Assume that (f1)—(fs) hold with A > Ai. Then (1.1) admits a solution 4 of mountain pass
type differing from u4.

Proof. By Lemma 2.1, ® is coercive and satisfies (PS) condition. Next we check that the functional ® has
a mountain pass geometry (see [21, Theorem 2.2]).

Without loss of generality, we assume that ®(uy) > ®(u_) and uy is a strict local minimizer of ®.
Clearly, there exists r € (0, ||uy — u_||) such that ®(u) > ®(uy) for all u € B.(uy) \ {us} C HL(DQ).
Moreover, there holds

= inf @ > ¢ .
= nf | B) > Ouy)
Otherwise, we could find a sequence {u,} C 0B, (uy) satisfying ®(u,) — ®(uy) and '(u,) — 0 as n —
(see [20, Corollary 5.12]). Since ® verifies the (PS) condition, there exists 4 € 0B, (u4) such that u, — «

in H} (), a contradiction. Thus ® possesses the mountain pass theorem geometry.
Now set I' = {o € C([0,1], H} () : ¢(0) = uy, o(1) =u_}, and define

:= inf O(o(t)).
-
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By standard minimax arguments, we have ¢ > 7, and there exists @ € K.(®). By ®(a) = ¢ = n, > ®(uy) =
®(u_) we have that @ #ug. O

We note that the conclusion of Theorem 2.2 is valid in the case that f/(x,0) = A\; and 2F(x,t) > \t?
for small |¢| and all 2 € Q. We also note that in the situation of \; < A\ < Ay the solution @ obtained in
Theorem 2.3 may not be different from 0.

3. Bifurcation solutions

In this section, we prove the existence of bifurcation solutions of (1.1) and then give the information on
Morse indices and the sign-changing property (see [6]) for the bifurcation solutions. We have the following
results.

Theorem 3.1. Let k > 1 be fized. Assume that f satisfies (f1)—(fs) and (f5)T (or (f5)~, respectively). Then
there is 6 > 0 such that for every A € (Ag41 — 0, A1) (or A € (A1, Aet1 + ), respectively), the equation
(1.1) has at least two nontrivial solutions ul (i = 1,2). Furthermore, there hold the following conclusions.

(i) ui — 0 in CE() as A — Ngy1, (i = 1,2).
(ii) The Morse index m(u}) and the nullity n(ul) of ® at v} (i =1,2) satisfy

m(ud) = le, n(ul) <vigr, forall 0< |A—Xgpq] <6. (3.1)
(iii) The bifurcation solutions ul (i =1,2) are sign-changing.

Proof. There is ¢; > 0 small such that for any A satisfying 0 < |A—Agy1] < 01, the existence of two solutions
ul, (i = 1,2) of the equation (1.1) has been proved in Rabinowitz, Su and Wang [22, Proposition 2.3] by
applying the well-known Rabinowitz’s bifurcation theorem (see [21, Theorem 11.35]). In fact, the conditions
(f5)* ensure the validity of the second case of [21, Theorem 11.35]).

Since uf € H} () (i = 1,2) are bifurcation solutions near the bifurcation point (Ag+1,0) € R x HJ(£2) of
the equation (1.1), it is known that u} — 0(i = 1,2) in H}(Q) as A = A\g11. By standard elliptic regularity
arguments we have the conclusion (i).

By (f1), (f2) and (i), for given constants A, and \* satisfying A < A < Ap11 < A* < Agyo, there exist
0 < 7 < € and a corresponding d2 > 0, such that for all A € (Ag41 — 02, A1 + d2),

ludllcym <7 <6 (3:2)
M < A < fl(z,ul (7)) SN < Apyo, forallz € Q. (3.3)

By (f3) we have (2.4). Then for v € E} \ {0}, we have
" i 2 / iy,,2 As 2
(D" (ul)v, vy = | |Volde — [ fi(z,u})vde < [1— o [lv]]© < 0. (3.4)
k
Q Q

For w € Eif,; \ {0}, we have

*

@ ww) = [ 1Volde = [ fileyutdo > (1 .
e & k42

>||w||2 > 0. (3.5)

Take 6 = min{d1, d2}. The conclusion (ii) follows from (3.4) and (3.5).
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Now we follow a similar argument as in [21, Remark 5.19] to prove conclusion (iii). Since u} (i = 1,2)
satisfies (1.1), multiplying both sides of (1.1) by ¢; and integrating over €2, there holds

flx,ul)prdr = [ (—Aud)prdr = [ (=A¢y)usde = N\ [ pruld.
T /

Q Q

Consequently

/(f(x,uf\) —Aub)prdr = (A — \) /d)luf\dx. (3.6)
Q

Q

On the one hand, if uj is positive (negative, resp.) in Q, by ¢1 > 0 in ©, the right-hand side of (3.6) is
negative (positive, resp.). On the other hand, it follows from (3.2) and (f5)" that the left-hand side of
(3.6) is positive (negative, resp.), a contradiction. In the case of (f5)~ the argument is similar. The proof is
complete. O

Remark 3.2. We conclude this section by some remarks. (1) The sign-changing property of bifurcation
solutions of (1.1) in this paper is new. (2) The conclusion (ii) of Theorem 3.1 indicates an essential property
in terms of Morse indices of bifurcation solutions that emanate from trivial solution branch. (8) For any
solution u of (1.1) with |Ju||c1 small enough, it holds that the Morse index m(u) and the nullity n(u) of ®
at u satisfying m(u) > £, and n(u) < vg41. Furthermore, the information on Morse indices of bifurcation
solutions will provide a way to distinguish them from the solutions obtained by variational methods.

4. Proof of the main results

In this section, we will complete the proof of Theorems 1.1 and 1.2. Let us keep in mind all the assumptions
on f in the main theorems. Then up to now we have six solutions of (1.1), in which, ux+ and @ from
Theorems 2.2 and 2.3 are variational solutions; u} (i = 1,2) from Theorem 3.1 are bifurcation solutions and
one is the trivial solution 0. What we need to do is that to distinguish these solutions. It is well-known that
critical group is a very useful tool in distinguishing the known critical points of a differential functional
obtained by other ways.

Recall that the g-th critical group of ® at its isolated critical point w is defined as

Cy(®,u) := HY® N U, N U\ {u}).

Here ¢ = ®(u) and HY(A, B) is the g-th relative singular cohomology group of the topological pair (A, B)
with coefficients in a field F (see [11]).
We first compute the critical groups of the functional ® defined by (2.2) at 0. We have

Lemma 4.1. Assume that f satisfies (f1)—(f3). Then

(i) For A € (A, Ak+1), it holds that Cy(P,0) = 640, F.
(it) For X € (Agt1, Akt2), it holds that Cy(®,0) = 044, ., F.
(i3i) If X\ = A\rv1 and (fs)* holds, then 0 is an isolated solution of (1.1). Furthermore,

(a) Cy(P,0) =4 F if (f5)" holds; (b) Cy(®,0) = 6,0, F if (fs)~ holds.

q:lk+1

Proof. In the cases (i) or (ii), 0 is a nondegenerate critical point of ® with Morse index ¢; or fx4+1, the
conclusions then follow from [11, Theorem 4.1,Chapter II].
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In the case (iii), A = Agy1, then 0 is a degenerate critical point of ® with Morse index ¢ and nullity
Vky1. We need to prove that 0 is an isolated solution of (1.1) under (f5)*. Let (f5) hold. Assume that 0
is not an isolated solution of (1.1). Then there exists a sequence {u,} C H} () \ {0} such that u,, — 0 in
H}(Q) as n — oo, and for each n € N, u,, satisfies

{—Aun = f(z,un) x €9, (4.1)
Uy, =0 x € 0f.

By standard elliptic regularity arguments we have u,, — 0 in C}(2). Thus there holds that ||u,|c1 < & for

all n > N for some N; € N. We consider the weighted linear eigenvalue problem
—Av = pun,(z)v x € Q, (4.2)
v=20 x € 01,

where 7, (z) = ﬂ%&(f)) for uy,(z) # 0 and n,(x) = Ag41 for u,(z) = 0. For n > Ny, it follows from (f3)
and (f5)T that Ao > 7, (%) = Agg1 holds in Q. Let o(n,) C RT be the set of all eigenvalues of (4.2).
Then by (4.1) we have 1 € o(n,) with u, being an associated eigenfunction. By the unique continuation
property for eigenfunctions of the linear elliptic eigenvalue problem (recall that {x € € : u,(x) = 0} has
zero measure) we have Agyo > 0,(x) > Mgy for ae. © € Q. Thus by the monotonicity of the weighted

eigenvalue problem [16, Proposition 1.12A] we have

Prr1 (M) < 1 (Akg1) = 1= prg2(Aer2) < prr2(nn),

which contradicts to the fact that 1 is an eigenvalue of (4.2). The case (f5)~ is proved in the same way.

When (f5)" (or (f5)”) holds, one can verify that ® has a local linking structure at 0 with respect to
H}(Q) = Ej1 @ Eify (or HJ(Q) = B @ EiY) (see [23, Lemma 3.6]). Therefore [23, Proposition 2.2] can
be applied. The proof is complete. O

Now we use critical groups to distinguish the solutions found in previous sections. By Theorem 2.2, the
equation (1.1) has two nontrivial solutions vy with ®(uy) < 0. Since uy are local minimizers of ®, their
critical groups read as (see [4,11])

Co(D,us) =64 0F forall geZ. (4.3)

By Theorem 2.3, the equation (1.1) has a solution @ which is a mountain pass point of ®. Thus a standard
argument involving Kato-Hess Theorem and [11, Theorem 1.6 in Chapter II] shows that

Cy(®, 1) = §g1F forall g € Z. (4.4)

By the Gromoll-Meyer Theorem [17] and Theorem 3.1(ii), the critical groups of ® at the two bifurcation
solutions w4 (i = 1,2) read as

Coy(®,ub) =20, Vqé& [le,les1], VO< A= Npga] <95, i=1,2. (4.5)

As k > 2 is fixed, we have £ > 2. Tt follows from (4.3), (4.4), (4.5) and Lemma 4.1 (i) or (ii) that @ # 0
and {u},u3} are different from {uy,a}.

We end the proofs of Theorems 1.1 and 1.2 by finding the sixth nontrivial solution of (1.1) via the Conley
index theory. For the reader’s convenience we recall briefly some concepts and basic results from [13,12].
This part is almost a copy from [15] with the notations used here.
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Let X be a Banach space, ® € C*(X,R) satisfy (PS) and n be an associated pseudo-gradient flow. A
subset S of the critical point set K(P) of ® is said be a dynamically isolated critical set if there exist a
closed neighborhood O of S and regular values a < 3 such that

AdO)NK(@)Nd ta,fl =5, O =Ukrn(t,O0).
We call (O, a, 8) an isolating triple for S and
Oq(‘I),S) :Hq(q)ﬁmé+7(bam0~+)7 O-i— = Ut)oﬁ(taO)

the critical groups for S.

A pair (W, W) is called a Gromoll-Meyer pair for S with respect to 7 if the following conditions hold:
(i) W is a closed neighborhood of S with mean value property (MVP) that for any v € X and t; < ta,
n(t;,u) € O(i = 1,2) implies n([t1,t2],u) C O; (i) W is an exit set for W, i.e. for each ug € W and ¢; > 0
such that n(t1,ug) ¢ W, there exists g € [0,t1) such that n([0,¢0],up) C W and n(tg,ug) € W—; (iii) W~
is closed and is a union of a finite number of submanifolds that are transversal to 7.

The Gromoll-Meyer pair (W, W ™) for a critical set Sg of ® is stable under C* perturbation on W, i.e. if
(W, W~) is a Gromoll-Meyer pair for ®, ||® — ¥||c1 ) < € for € > 0 small, and both ® and ¥ satisfy (PS),
then there is a pseudo-gradient flow & of ¥ for which (W, W) is still a Gromoll-Meyer pair for any critical
set Sy for ¥ such that W N K(¥) = Sy (see [13, Theorem 3.4]).

Tt is known from [13] that if (O, «, 8) is an isolating triple for S and O satisfies (MVP) then

[S]:=={ueX: wlu)Uw'(u) C S} =nNern(t,O)

is an isolated invariant set with respect to  where w(u) and w*(u) are the w- and w*- limit sets of u. For
an isolated critical point ug of ® that is located on an isolated critical level, the singleton S = {uo} is a
dynamically isolated critical set and [S] = S = {uo}.

A neighborhood U of an invariant set A with respect to n is called isolating if U is closed and
Nij<rn(t,U) C int(U) for some T > 0 and Myern(t,U) = A. In particular, if (O,«, ) is an isolated
triple for a dynamically isolated critical point set S, then U = O = O N f~'[a, 4] is an isolating neigh-
borhood of [S] (see [13]). By [13, Proposition 3.2|, for any MVP closed neighborhood U of [S] satisfying
U C 08 where (O, a, B) is an isolating triple for S, there exists a Gromoll-Meyer pair (W, W) for S such
that W C int(U). In particular, W = O% and W~ = W N ®~(a) is a Gromoll-Meyer pair for S.

According to Benci [3], a pair (N, Np) of closed subsets of X is called an index pair for an isolating
neighborhood U if

(1) There exists 7" > 0 such that Njy<7n (£, cl(N \ No)) C int(N \ No).

(2) Ny is positively invariant with respect to N, i.e., for any t > 0 and for all u € Ny, ([0, ¢],u) C N implies
that n([0,t],u) C Np.

(3) Ny is an exit set for N, i.e., for all w € N and ¢; > 0 such that n(t1,u) ¢ N, there exists to € [0,t1)
such that n([0,to],u) C N and n(to,u) € No.

(4) cl(N\ No) C U and there exists T' > 0 such that Njy<7rn(t,U) C cl(N \ No).

The Conley indez of the isolating neighborhood of U is defined to be the Alexander-Spanier cohomology
H *(N, Np). It is well known that the Conley index is a topological invariant for isolating neighborhoods,
i.e., if (N, No) and (N’, N}) are two index pairs for U, then H*(N, Ny) = H*(N’, Nj). Conley index enjoys
the continuation property.

Tt is proved in [13] that if (W, W) is a Gromoll-Meyer pair for a dynamically isolated critical set S

satisfying W C OB, then (W,W ™) is a Conley index pair for any isolated neighborhood U of [S] satisfying
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W C U C OF. Therefore if U is any isolating neighborhood for [S] such that U C O, then for any Conley
index pair (N, Ny) of U, we have H*(N, Ny) = C.(®, S).
We are ready to finish the proof of Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Denote by ®,,,, the energy functional ® in the case A = Agq1 in (f2), and
K(®x,,) = {u € Hy(Q) : @, (u) = 0}. We consider the functional ®y,,, with k > 2 be fixed and
regard the functional ® as a perturbation of ®y, ., for A\ € (Agy1 — 6, \g41) and 0 > 0 small. By (f5)"
and Lemma 4.1 we see that 0 is an isolated critical point of ®y,,,. Thus by definition ([13]), S = {0} is a
dynamically isolated critical set of ®y, ;.

Let B,(0) = {u € Hj(Q) : |lu|]| < p} be an isolated neighborhood of 0 such that K(®,,,) N B,(0) = {0},

the special choice of p will be given below. Define O = B,(0), and let «, 3 be regular values of @y, ,,
satisfying

a<inf®,, , <sup®d,,,, <B.
o o
By Lemma 2.1(ii), ®,,, satisfies (PS), (O, a, §) is an isolating triple for S = {0} (see [13,12]). Define

W=0;=0n&! [a,f, W =Wwnoy! (a),

where O = |, g 9(t, O) and ¥ is the negative gradient flow of ®,,,. Then (W, W~) is a bounded Gromoll-

Meyer pair for S = {0}, and there holds by [11, Theorem 5.2, Chapter I] and Lemma 4.1(iii)(a) that
HI(W,W™) = Cy(Pr,,,,0) =64, F, forall qgeZ. (4.6)

Let (N, Ny) be the Conley index pair of an isolating neighborhood U = Of, by the topological invariance
of Conley index and the fact that a Gromoll-Meyer pair is also a Conley index pair (see [13,12]), we have

HI(N,Ng) = HI(W,W~) =540, F.

Besides, for 6 > 0 small enough and A € (Ag4+1—9, Agt1), (W, W) is also a Gromoll-Meyer pair for IC(®)NW
(see [13,12]).
Claim: ¢ > 0 can be chosen so small that for p > 0 small but fixed,

ug, i ¢ O, uh€0,i=1,2 forany A€ (Agr1 — 8 A\pr1). (4.7)

First, for p > 0 small enough, we have uy,@ ¢ O. Otherwise, Theorem 3.1(ii) and Remark 3.2(3) imply
that Co(®,us+) = 0 and C1(®,a) = 0, which contradict to (4.3) and (4.4). Second, fix such a p > 0, then
by the bifurcation nature of solution uj, for § > 0 small and A € (Ag1 — 6, A1), [[ul]l < p, ie. ul € O,
1 =1,2. It must be uﬁ\ € N, while ux and @ outside N for all A € (Ag+1 — J, Ak+1) due to the definition of
the Conley index pair.

Suppose that K(®) \ {0} = {us,u},d}, we can construct a larger index pair (N’, N}) for K(®), which
contains the Conley index pair (N, Ny) and the known critical points uy and @ outside N. By Lemma 2.1,
® is coercive and bounded from blow. It follows that (H2(Q),0) is also an index pair for K(®). Therefore

HY(N', Np) = H*(H}(2),0) = 6., oF . (4.8)

The Morse relation gives (—1)° = (—1)%+1 4 (=1)? + (=1)° 4 (—1)', which is a contradiction. Therefore ®
has at least one more nontrivial critical point which is also outside N. 0O
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Proof of Theorem 1.2. In this case, (4.6) becomes
HIW,W™) = Cy(Pr,,,,0) =g, F, (4.9)
since £, > 2, the Morse relation gives the contradiction. O

By Lemma 2.1, (4.3), (4.4) and Lemma 4.1(iii), applying the Morse theory, we can obtain the following
theorem on the existence of four nontrivial solutions of (1.1) in the case that the trivial solution 0 is a
degenerate critical point of ®. We note that this theorem extends the known results mentioned in the
introduction.

Theorem 4.2. Assume (f1)—(f5)* hold and X\ = \41 with k > 2 being fized. Then the equation (1.1) has at
least four nontrivial solutions, in which one is positive, one is negative.

Remark 4.3. In Theorem 4.2, (f5)® can be weaken as
(f4)* There exists ¢ > 0 such that £(2F(x,t) — M\?) > 0 forall 0 < |[t| < £ and = € Q.
The conclusions of Theorems 1.1-1.2 and Theorem 4.2 are still valid when (fy) is replaced by

(f4)" there holds that

2F(z,t —
lim 2 (x,t) =\, lim (2F(z,t) — \t?) = —oo, uniformly in x € Q.

[t]—o0 12 [t]— o0
Notice that (f4)" means the equation (1.1) is resonant near infinity at A\; from the left side.

Acknowledgment

The authors would like to thank the referee for carefully reading the manuscript, giving valuable comments
and suggestions to improve the exposition of the paper.

References

[1] M. Badiale, E. Serra, Semilinear Elliptic Equations for Beginners, Springer, Berlin, 2011.
[2] T. Bartsch, S. Li, Critical point theory for asymptotically quadratic functionals and applications to problems with reso-
nance, Nonlinear Anal. 28 (1997) 419-441.
[3] V. Benci, A new approach to the Morse-Conley theory and some applications, Ann. Mat. Pura Appl. 158 (1991) 231-305.
] H. Brezis, L. Nirenberg, H! versus C' minimizers, C. R. Acad. Sci. Paris 317 (1993) 465-472.
[5] A. Castro, J. Cossio, Multiple solutions for a nonlinear Drichlet problem, STAM J. Math. Anal. 25 (1994) 1554-1561.
[6] A. Castro, J. Cossio, J.M. Neuberger, A minmax principle, index of the critical point, and existence of sign-changing
solutions to elliptic boundary value problems, Electron. J. Differ. Equ. 70 (1998) 1-18.
[7] A. Castro, J. Cossio, C. Vélez, Existence of seven solutions for an asymptotically linear Dirichlet problem without sym-
metries, Ann. Mat. Pura Appl. 192 (2013) 607-619.
[8] A. Castro, J. Cossio, S. Herrén, C. Vélez, Existence and multiplicity results for a semilinear elliptic problem, J. Math.
Anal. Appl. 475 (2019) 1493-1501.
[9] A. Castro, A. Lazer, Critical point theory and the number of solutions of nonlinear Dirichlet problem, Ann. Mat. Pura
Appl. 70 (1979) 113-137.
[10] K.-C. Chang, Solutions of asymptotically linear operator equations via Morse theory, Commun. Pure Appl. Math. 34 (5)
(1981) 693-712.
[11] K.-C. Chang, Infinite Dimensional Morse Theory and Multiple Solutions, Birkhduser-Boston, 1993.
[12] K.-C. Chang, Methods in Nonlinear Analysis, Springer-Verlag, Berlin, 2005.
[13] K.C. Chang, N. Ghoussoub, The Conley index and the critical groups via an extension of Gromoll-Meyer theory, Topol.
Methods Nonlinear Anal. 7 (1996) 77-93.


http://refhub.elsevier.com/S0022-247X(20)30193-1/bibB5B6F400EA04D3260533B211F01A6112s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib826C02B6EE7D92DC96EE0FC4549A149Cs1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib826C02B6EE7D92DC96EE0FC4549A149Cs1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bibFF8DC18240B771C76BCA44A052E6B2B8s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib9F4F9FD7503F647DDA5D376C68A4D1CCs1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib3D49E8A16A8047CEA630F5D3344BF07Bs1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bibC3DDA6B5B89423744CB460E4514F5EEAs1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bibC3DDA6B5B89423744CB460E4514F5EEAs1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib3350F6A22B219B6EABFC4C8B20348CF2s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib3350F6A22B219B6EABFC4C8B20348CF2s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib902B962C718F0D7FF98D01FFA31FDA6As1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib902B962C718F0D7FF98D01FFA31FDA6As1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib090DE2F52988EB9495438B4BEBDF1A17s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib090DE2F52988EB9495438B4BEBDF1A17s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bibFAB0202F334499940E98C5B0B76099E6s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bibFAB0202F334499940E98C5B0B76099E6s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bibBE0BBC84497B9EE8043F405AA93B214Es1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bibD3B57E137C35C806FE7986F08CB25357s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bibBD0E4F7CA6DC0041960995E284B152F9s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bibBD0E4F7CA6DC0041960995E284B152F9s1

12 Y. Chen et al. / J. Math. Anal. Appl. 487 (2020) 124031

[14] K.C. Chang, S. Li, J. Liu, Remarks on multiple solutions for asymptotically linear elliptic boundary value problems, Topol.
Methods Nonlinear Anal. 3 (1994) 179-187.

[15] K.-C. Chang, Z.-Q. Wang, Notes on the bifurcation theorem, J. Fixed Point Theory Appl. 1 (2007) 195-208.

[16] D.G. de Figueiredo, Positive solutions of semilinear elliptic problems, in: Differential Equations, Sdo Paulo, 1981, in:
Lecture Notes in Math., vol. 957, Springer, Berlin-New York, 1982, pp. 34-87.

[17] D. Gromoll, W. Meyer, On differential functions with isolated point, Topology 8 (1969) 361-369.

[18] H. Hofer, Variational and topological methods in partially ordered Hilbert spaces, Math. Ann. 261 (1982) 493—-514.

[19] S. Li, M. Willem, Multiple solutions for asymptotically linear boundary value problems in which the nonlinearity crosses
at least one eigenvalue, Nonlinear Differ. Equ. Appl. 5 (1998) 479-490.

[20] D. Motreanu, V.V. Motreanu, N.S. Papageorgiou, Topological and Variational Methods with Applications to Nonlinear
Boundary Value Problems, Springer, New York, 2014.

[21] P. Rabinowitz, Minimax Methods in Critical Point Theory with Application to Differential Equations, CBMS, vol. 65,
AMS, Providence, 1986.

[22] P. Rabinowitz, J. Su, Z.-Q. Wang, Multiple solutions of superlinear elliptic equations, Rend. Lincei Mat. Appl. 18 (2007)
97-108.

[23] J. Su, Multiple results for asymptotically linear elliptic problems at resonance, J. Math. Anal. Appl. 278 (2003) 397-408.


http://refhub.elsevier.com/S0022-247X(20)30193-1/bib2300DA9C61F05F1756B6B588FC821DE3s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib2300DA9C61F05F1756B6B588FC821DE3s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib35557F5AE20E531CBD21965D46DB5182s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bibC4705CFB3C45B3BD11077D68F0156B2Bs1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bibC4705CFB3C45B3BD11077D68F0156B2Bs1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib7B7B2C4B93B8315D575B2926886B3D0Bs1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bibFEC5987932B81C56EE3385EA2124BDDDs1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib68675E7C7E082B7ADBA01EF5E474F5D8s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib68675E7C7E082B7ADBA01EF5E474F5D8s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib976992B428A5D5B9C60A1DD550FB19F1s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib976992B428A5D5B9C60A1DD550FB19F1s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib0F43874C31B16D82A6B7DFD9360446B9s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib0F43874C31B16D82A6B7DFD9360446B9s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bibB6A74791D72073ACDE51CFA489C52626s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bibB6A74791D72073ACDE51CFA489C52626s1
http://refhub.elsevier.com/S0022-247X(20)30193-1/bib555A3AB6D8A4BA8838C8AE1DDB13CB58s1

	Multiple solutions for the coercive semilinear elliptic equations
	1 Introduction
	2 Variational solutions
	3 Bifurcation solutions
	4 Proof of the main results
	Acknowledgment
	References


