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Reconstruction algorithm

1. Introduction

Sampling problem deals with finding a discrete sample set which allows to convert an analog signal into
a digital signal and vice-versa without losing any information. Of course, the problem is well-posed only
when we impose some conditions on signals (functions). For example, the Shannon-sampling theorem states
that if f € PW[ 11 ( ), the space of functions in L?*(R) whose Fourier transform is compactly supported
then f can be reconstructed by its uniform sample values {f(k) : k € Z} and its reconstruction

in [— 272]

is given by

Zf sm7r ac—k)k)
keZ
Further, it is well-known by Kadec’s 1/4-theorem that if X = {zj : |z, — k| < L < 1}, then every
fePrPwL_ 11 (R) can be reconstructed from its sample values on X. Mathematically, the sampling problem
can be stated as follows.
Given a closed subspace V of LP(R"), find a countable set I' C R™ such that

Al gy € DI < Bl gny forall feV, (1.1)
~ver
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for some A, B > 0. This is equivalent to say that the sampling operator S : f +— (f(7))yer from the space
V into ¢P(T) is continuous and the corresponding inverse operator S~! : Range(S) — V is also continuous.
Hence any f € V can be reconstructed from its sample values on I', and the set T" is called a stable set
of sample, or simply stable sampling for the space V. For the detailed study of sampling problem refer to
[6,1,16].

For the Paley-Wiener space PW/,)(R), the set of stable sampling is characterized by Beurling density
condition. However, a similar characterization is not true in higher dimension. In particular, the sufficient
Beurling density condition for stable sampling in R™ (n > 2) does not hold, see [16, Section 5.7]. At the
same time, the Paley-Wiener theorem is still valid for the convex spectra in R™, but for n > 2 the zero set of
a function in PWq(R"™) is analytic manifold, where 2 is a convex subset of R™. Hence the classical result on
the density of zeros of an entire function of exponential type is no longer valid. So the non-uniform sampling
in higher dimension is still difficult to solve. These difficulties motivate to study the sampling problem in
probabilistic framework.

Random sampling method has been used frequently in the field of image processing [9], learning theory
[17,10], and compressed sensing [12]. Bass and Grochenig [2] studied random sampling for multivariate
trigonometric polynomial. Later, Candés, Romberg, and Tao [7,8] investigated the reconstruction of sparse
trigonometric polynomial from a few random samples. Smale and Zhou [19] studied the function reconstruc-
tion error from its random samples satisfying (1.1) in a reproducing kernel Hilbert space.

Note that for “nice” functions f, the sample value f(v) is close to 0 when v is large value. Therefore,
the sample value may not significantly contribute to sampling inequality for large sample points. Moreover,
it is shown by Bass and Grochenig [3] that for each random samples identically and uniformly distributed
over each cube k + [0,1]™ in R"™, the sampling inequality (1.1) fails almost surely for Paley-Wiener space.
%, g] " and proved
that the sampling inequality (1.2) hold for the functions concentrated on Cr with high probability, see [3,4].

For these reasons, they considered random sample points from the compact set Cr = [—

Then the result was generalized by Fiihr and Xian [13] for finitely generated shift-invariant subspace V of
L?(R™), and a further generalization for LP-norm was studied by Yang and Wei [22,20]. Later, Yang and
Tao [21] investigated random sampling for the space of continuous functions with bounded derivative.

In this paper, we study random sampling on a closed subspace V of LP(R™) which is defined as the image
of an idempotent integral operator. More precisely, we derive the random sampling inequality for the set
V*(R,0)={feV:(1- )||fHLp Rn) f B A |f(x)[Pdz}, and prove the following main theorem.

Theorem 1.1. Assume that {x; : j € N} is a sequence of i.i.d. random variables that are uniformly distributed

over the cube Cr = [—%, %]" and 0 < p < 1—46. Then there exist a,b > 0 such that the sampling inequality

(L= = IR gy < Z Fa)P < 2o+ w I FIE gy (12)

holds for every f € V*(R,d) with the probability at least 1 — 2aexp (— where k =

_ b ru?

pkP—1Rn 12+u) )

oToez 10+ (log 2)*
(n+2)*

sup [|[K (2, )|, (®ny and b = min{ .=} For large R and sufficiently large sample size

zeCR
r, the constant a = exp(M R"™) with M depending on the dimension n.

The paper is organized as follows. In Section 2, we introduce our hypothesis space V' and prove that
any element in V' can be approximated by a finite-dimensional subspace of V' with respect to || - [|zr(cp)-
Further, we show that the set of functions in V*(R,d) with unit norm is totally bounded and estimate
the number of open balls which covers the set. In Section 3, we define independent random variables with
respect to given random samples, and then using Bernstein’s inequality we prove the main result. In the end,
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a reconstruction algorithm is discussed for functions in finite-dimensional subspace of V' from its random
samples.

2. Assumption and covering number

Let T be an idempotent integral operator from LP(R™) to L?(R"™) defined by

Tf(zx):= /K(m,y)f(y)dy satisfy T? = T, (2.1)

Rn

where 1 < p < 00, and the integral kernel K is symmetric and satisfy regularity condition

lim || sup |osc.(K)(- + z, z)| =0, (2.2)
e=0]|zern L1(R")
with decay
K(zy) < — % > ot land C>0 (2.3)
T, Y) > ) « - n 1 3 .
(I + flz = yll)> Y

n
where ||z|1 = > |2(4)], z = (z(1),2(2),--- ,z(n)) € R™, % + 1% =1, and
i=1

osce(K)(z,y) = sup |K(z+2',y+y')— K(z,y)

oy €—e el

Under these assumptions, we see that sup ||K(z,-)|/11(rn) exists and the associated integral operator T’
zeR™
is bounded. Moreover, the kernel K satisfy the off-diagonal decay condition

K(-+ 2, e < 0. 2.4
||ZSEU]I£L|( ZZ)'HL(]R) o0 (2.4)

A reproducing kernel Banach space is a Banach space M of functions on a set €2 such that the point
evaluation functional f — f(x) is continuous for each x € Q i.e., for every x € Q, there exists C,, > 0, such
that |f(z)] < Cy||f|l, for all f € M. Let us consider the space V' := Range(T). It is easily verifiable that
the space V is closed and reproducing kernel subspace of LP(R™).

Originally, Nashed and Sun [15] proposed the space V as a general model to study the sampling inequality
(1.1). They showed that if the integral kernel K satisfies off-diagonal decay condition (2.4) and regularity
condition (2.2), then there exists a discrete stable sampling for the space V. For more details about the
space V', we refer the reader to [15].

Note that the sampling inequality (1.2) is true for f € V*(R,d) if and only if it is true for f € V*(R, )
with || f||z»rn») = 1. Hence it is enough to prove the Theorem 1.1 for the set

V(R §)={feV : (1-0)< /If(x)\”dx and ||f||prn) =1}
Cr

The “key step” of Theorem 1.1 is to prove V(R,J) is totally bounded with respect to || - ||z (cy)- In
the previous works, Bass and Grochenig [3] used spectral decomposition of truncated Fourier transform on
band-limited functions and eigenvalue decay condition of prolate spheroidal wave functions. Yang and Wei
[22] considered shift-invariant space generated by a compactly supported function, which implies V(R, J) is
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a subset of finite-dimensional space. In [13], Fithr and Xian calculated the maximum number of eigenvalues
of some self-adjoint operator which are greater than % and used a similar method as in [4]. For finitely
generated shift-invariant space [20], Yang assumed a fixed decay on each generator and approximated any
function in V(R,¢) by a function in some finite-dimensional subspace of V. In this paper, the considered
space generalizes the existing model spaces. Moreover, the function space need not have finite generators.
The key idea is to use the existence of stable sampling set for the space V, which was proved in [15]. This
allows us to represent any functions in V' via some frame sequence, and then we estimate the decay of frame
sequence using decay property of the integral kernel. Using these estimates, we are able to show that V(R, 9)
is totally bounded with respect to || - || o (cy)-
A collection of points U = {u : u € R™} is relatively separated if

. ’
A= Inf [lu—ulle >0,
wtu!
and f is called gap of the set U.
As the kernel K of the integral operator T' defined in (2.1) satisfies off-diagonal decay condition (2.4)
and regularity condition (2.2), then from [15, Theorem A.2.] there exist a relatively separated set I' = { :
v € R"} with positive gap 7 (< 2), and two families ® := {¢, },er € LP(R") and ® := {¢, }er C LY (R™)

such that for any f € V' can be written as

f(@) =D {f:dy)5 (@), (2.5)

~el’

where for each v € I, ¢, is given by

oy (x)=n"r /KW +z,z)dz, x€R", (2.6)
C

and {, : v € '} forms p-frame for V, i.e. there exist A, B > 0 such that

A”f“gp(]gn) < Z |<fa ng>|p < BHf”[}ip(]Rn)v forall f V. (2~7)
yel

By (2.5) and (2.7), any f in V is of the form ) c,¢, for some (c,) € ¢’. Now, our interest is to
el
approximate any function in V' by an element in a finite-dimensional space. In the following lemma, given

[ in V, we determine the sufficient condition on real number N such that the truncated series > ¢ ¢4
vyeI'NCn
is close to f.

Before we move to the lemma, we define the subspace Vi of V' by

VN:{ Z cvzﬁvzcveR},

yern[—-4&, 5|~

where N > R+ % be a positive real.

Lemma 2.1. For a given € >0 and f € V, choose N > R+ % + %

Hf - <f7 Q;7>¢7||LP(CR) < €.

yern—&, 51"

, then

1

/-1 p’ ’ '~1)] ap’—n

4m g» >||f\|ip(Rn)Cp R"(P ) P
waep/
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Proof. Given f € V we consider fy € Vi by
fn(x) = (f,04)+ (). (2.8)
WEFH[_%’%]TL

Let x € Cg, then by (2.5), (2.8) and (2.7) we have

(X wer) (T @)

yer~[-%, 5" vel~[-5. 5"

<BHflpay( S @)

’YEF\[fg %]"

i

=

In order to estimate the upper bound of the series, we derive the bound for ¢, using the conditions (2.6)
and (2.3).

_n C
05 (@)] <7 p/(1+llv+z—xlll)adz

n

Sn_%/ ¢ dz
(Ll =zl = =ll)~
Cy
n C
gn—z/ — dz
T= %+ -l
Cﬂ
<nv ©
SO el
Hence,
v _ (2 . o ("
> el =(2) % wer(l)
yer~[-&, 5] yer~[-&, &

(3) % L )

1-2 — ap’ )
ver\[f%,%w( 2 T llz=1ll)

<oer Y / = dy

nn 7
B+ o —yll)er
’Yer\[—%,%]nt(,y) 2 H || )

where Bx(v) = {y = (y1,92,..-,yn) ER" 1y <y; <y + 4, 1 <i <njis cube of length 3§ containing ~.
Since each cube B (v) are disjoint, we get

> e sze’ i

1-20 4 ||z — ap’
vEDN[- 5, 5] Rr [ Y21 Nonpn =% +lle=ull)

/ dy
S 27le n /
(1 =5+ llyll)er

R~ [— N—;,—R7 N—;;—R}n
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<oner x 9n dy

- T
2R

— 4nor’ 1

ap/_n7
Nen—
wa< 3 Rn)

where w, = (ap’ — 1)(ap’ —2) -+ (ap’ —n).

Hence,
< B el ! v
_ > bR i
1F(@) = (@) < B[ fll sy p—)
We —n
no 1 C 2
@)~ F(@)] < 47 BH | f o — < (29)
wg “HEp—1)"
Therefore,
Rn

1 = 1120 ey <47 BIFIE @y CP— m
(Cr) ( wE (Nan_l)(a*y)P

<e€

1
n ’_ ’ ’ n ’ o /7,”'
4 B I)Hf”ip(Rn)Cp R 1) P

’
W €P

whenever, N > R + % + % ]

o 1K ()l

P (R™)
Lemma 2.2. If f € V(R,9), then ||f|p~(cp) < DI fllLr(cn), where D = - -
1— :D
Proof. Since V is the range of an idempotent integral operator, we have
/f K(z,y)dy, forall feV, zeR"
Then,
ol < [ 1w .v)ldy
R~
<Al @y 1K (@, )l Lo ey
1flLoe(cn) < Sup 1K ()| Lo oy 1 | o (- (2.10)
z€CRr

Let f € V(R, 5)7 then we have ( )”f”Lp Rn) < ”fHLp (Cr)"

Therefore,

sup |[K(x, )| o mny
zeCpr

(1—6)7

I fllLoe ey < I fllrcr)- O

The following result is a well-known bound for the number of open balls of fixed radius to cover a closed
ball in a finite-dimensional space, see [11].



D. Patel, S. Sampath / J. Math. Anal. Appl. 491 (2020) 124270 7

Lemma 2.3. Let X be a Banach space of dimension s and B(0;r) denotes the closed ball of radius r centered

at the origin. Then minimum number of open balls of radius w to cover B(0;7r) is bounded by (i—r + 1)3.

Lemma 2.4. The set V(R,0) is totally bounded with respect to || - || Lo (cp)-

Proof. Let € > 0 and f € V(R,d) be given. Then by Lemma 2.1 and Lemma 2.2 there exists fy in a
finite-dimensional subspace Viy of V' such that || f — fn||1~(cn) < §-
Let B(0; D + §) be a closed ball in Viy with respect to || - || (o). We know that B(0; D + §) is totally
bounded, and let A(e) be the finite collection of §-net for B(0; D + §).
Since || f||ze(cry < D and || f — fnlz(cy) < 5, We get fx € B(0; D + §). This implies that there exists
f € A(e) such that || fy — JF”L“’(CR) < §, and hence || f — JE”L‘X’(CR) < €. Therefore, the finite set A(¢€) forms
an e-net for V(R,§). O

Remark 2.5.

1. In the above lemma, we choose fy € Vi such that |f — fnllze(cn) <

1
2 {4”3@’”(20)‘7'} v

n

%,andN>R—|—%+

’
Wq €P

4" B =D ac)?’

’
W €P

In particular, we select N = R+ 2+ % [ ] v %, then dimension of Vi is bounded by

1
4n W' =D2C)r" \ "
Wo P

N"No(T) = No(T') |R+2+ % (

’

<2 No(D)[(R+2)" + a7 | =,

where NO(F> = sup (k+ [_%7 1:|") mr, and Cl _ (Z)n M) ap’fn.
keZn

2 n We

2. If N(e) denotes the number of elements in A(e), i.e. the minimum number of open balls of radius §

covers for B(0; D + §) with respect to || - || Lo (cy), then from Lemma 2.3 we have

d.
N(e) < (1 + w) = exp (d6 log (3 + %)) < exp (de log (?)) .

€

3. Random sampling

In this section, we define independent random variables on V' through random samples and estimate
their variance and bound. Later, we use Bernstein’s inequality to prove the sampling inequality for the set
of functions in V(R,d) with high probability.

Let {z; : j € N} be a sequence of i.i.d. random variables uniformly distributed over Cg. For every f € V,
we introduce the random variable

20 =15 - 55 [ 1f@Pda. (31)
Cr

Then {Z;(f)};jen is a sequence of independent random variable with expectation E[Z;(f)] = 0.

Lemma 3.1. Let f,g € V with ||f||Lr®n) = |9l Lrrny = 1 and j € N. Then the following inequalities hold:
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() Varz;() < 7= ( swp 1K@ ) @e))
zeCpr ,
(i) 120l < ( = sup K Mew @)
-1
(i) Var(Z,(f) — Zy(s) < z( sup. 1K@ @) 1 = gllein

p—1
(i) 1Z(1) = Z()lloo < p( 50 1K@, )l pwgn)) I = gl ey

z€CRr

Proof. (i) For random variable Z;(f) with E(Z;(f)) = 0 and by (2.10),

Varz,(H) = E ([1f(e))* — E( £ @))))
= E(1f(@))*) — [E(f ()]
< E(1())

1

[ lr@Pr
Cr

< I i I

= Rn Lr(CRr) > (CRr)

< o (sup 1K@ )
—( su z,- Ly )

=R xeg’R L' (R™)

(ii) Since f € V with || f| zr®») = 1 and by (2.10), we obtain

p 1 p
12Dl = sup I )P - R"c/ F(@)Pdal

< max {llflpoc Cr)? Hflle(cR }
ey < (590 1) )
oo ~ su x,: p’ n .
L% (Cr) zech Lr (®")
(iii) Using the same method as in (i), we get

Var(Z;(f) = Z3(9) = E (If )l — lg(@p)IPP?) = B ()l ~ lg(xy)IP))”
(|f ()P — |g(z)|P)?dx

\ N

\ /\

/ 1F@)P — lg(@)P|(f @) + g(x)|P)de

IN

—nll\fl” =19l cny I I n ey +1191T 0
R ( (

2 - _ _ —
AL =1aD A=+ 1A lgl -+ | FllglP ™2 + 191"~ e o)

\ A

2 _
TP max {[Iflz=cp l9llz=(cn }” HIF = gllz e
2p p—l

ﬁ( sup || K(z, )HL,,/(Rn)) |f = gllLo(cp)-

ze€CR

\ /\

IN
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(iv) The estimate follows similarly from (ii).

12,(0) = Z3(@)ll = sup | F(a; @) = la(as)I” = 7 ([ (177 = lgta)yc)

Cr

1
< max {117 ~ 19" L= ccn: 1P ~ loPlzsicn }
= 11717 = lgP” L)

p—1
<p( 5w 1K@ @) IF = gleen

z€CRr

The last inequality follows from the estimation in (iii). O

In the rest of the paper, we denote k = sup ||K(z, -)||Lp/(Rn). The following Bernstein’s inequality plays
z€CR
an important role in Theorem 1.1.

Theorem 3.2 (Bernstein’s inequality [5]). Let Y;, j = 1,2,--- ,r be a sequence of bounded, independent
random variable with EY; = 0, VarY; < o2, and ||Yj|leo < M for j =1,2,--- ,r. Then

P(‘ng‘E)OSQeXp(—@). (3.2)

Theorem 3.3. Let {z; : j € N} be a sequence of i.i.d. random wvariables that are drawn uniformly from
Cr =[—R/2,R/2]". Then there exist constants a,b > 0 depending on n, R, and ¢ such that

b A2
(fesv‘?,'; ) ’ Z Z5( ‘ ) < 2aexp ( T kT 12rR + /\)' (3:3)

Proof. The proof follows from the similar idea of Bass and Grochenig [3]. To determine the required prob-
ability, we use Bernstein’s Inequality (3.2) repeatedly on independent random variable Z;. We prove the
result in the following steps:

Step 1: Let f € V(R, ). By Lemma 2.4 we can construct a sequence {f;};en such that f; € A(27!) and
|f = fill L=(cm) < 27" Then we write

Zi(f) )+ i ( Zi(fi- 1)) (3.4)

=2
Indeed, s, (f) = Z;(f1) + 22025 (Z;(fi) = Zj(fi-1)) = Zj(fm) and

HZJ(f) - Zj(fm)”oc < pkpiluf - meLOO(CR)

—0 as m — oo.

Now consider the events
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and for [ > 2

= {EI fre A@27Y and fioy € A7) with

T

Ifi = fictllpeoom) < 3-270 ‘Z( i(ft) = Zi(fi- 1))‘ = 2_;\2}

Jj=1

Claim. If sup J(f)‘ > X, i.e. P(€) >0 then one of the events & hold for1 > 1, i.e. EC | &.
FeEV(R0) | j=1 =

Suppose for all [ > 1, P(&) = 0, then for f € V(R,J) and (3.4) we get
> z)| < \sz(fl |+ Z]Z Z;(fir))
j=1 j=1

This is a contradiction.
Step 2: We compute bound for the probability of the event & . Using Bernstein’s inequality (3.2) for the
sequence of independent random variable Z;(f1), and the results in Lemma 3.1 (i) & (ii), we get

)\2

P S a0z 3) =200 (- g g)

, 3 A2
TP\ T erR 10 )

Therefore,

P& <on (2 S S (35)
V= 2 ) P\ " erR 1A ) '

Step 3: The bound of the probability of the event &£ can be found in a similar way as in Step 2. From
(3.2) and Lemma 3.1 (#i¢) & (iv), we have

P(‘ ZT:(Zj(fz) - Zj(fl—l))’ = %)

)\2
< 2exp ( N ArpR="kr=1||f, — i1z 4l4+ Lpkp=1([f; — fiq|| A)
- > (Cr) T 3P 1 — Ji—1llL>=(CRr) 2
< 2exp ( — L X )
- Al* (4rR=" + 55 )pkr—13 - 27
2! A2
< 2exp ( T A pkr1(12rR" + )\))

Hence,

e ol A2
P(&) < 2N IN(2-1) exp ( TR T A)) 1> 2. (3.6)
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In the view of the fact in Remark 2.5 that N(¢) is bounded and
__np’ 8D

N(e) <exp(2"No(T) | (R+2)" + Cye ov'=n log —

we have
lnp/ 143
N2 <exp (Q"NO(F) {(R +2)" 4+ C’12fw’"] log 23D
< exp (2"N0(F) {(R +2)" + Cl2a¥”’n] (1 +3)1og 2 + log D})

and similarly,

lln

N2~ <exp (2"N0(r) [(R +2)" 4+ 012w ] [(1+2)log2 + log D})
< exp (Q"NO(F) {(R +2)" + 012%] [(I +2)log2 + log D]) )

Therefore,

N2 YN <exp <2”N0(F) [(R +2)" + Clza?"n} [(20 +5)log2 + 2log D]) :

Since (o — 7) > (n+ 1),

P(&) < 2exp (Z”NO(F) {(R +2)" + 012—4'5”} (20 +5)log2 + 2log D]

2! A2
44 pkr—1(12rR—" + )x))

< 2exp (2"N0(I‘) [(R +2)" + 012"1%} [(20 +5)log2 + 2log D]

2! A2
44 pkr—1(12rR" + A))

= 2exp [2n+z (2“]\70( ) [(R NI == L Clriwﬂﬂwm] [(21 +5)log2 + 2log D}

272 A2
© 4l pkP=1(12rR-" 4 \)
= 2exp [2n+z (2"N0( ) [(R +2)"(20 4 5)2 w2l log 2 + 2(R + 2)"2 w2t log D

+ C1(20 + 5)2” TG log 2 + 20,2~ TG log D}

272 A
41 pkP—1(12rR7" 4 \)
< 2exp [ﬁiél <2"N0(P) {9(1% +2)m2 2 log 2 + 2(R + 2)"2~ w2 log D

2(n+1)(n42)—5log 2

+ 012(n + 1)(n + 2)2_42(n+1)(n+2) g2 | 0121——(n+—1)2(n+2) log D}

11
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2 log 2 AQ
Ty [_4@2_)} tpkrt(12rR7 + A))} '
log 2

Let

2@710(log 2)4
(n+2)*t 7

ca =2"No(T)|9(R+2)"2" Nt log2 +2(R+2)"2" e logD

Cc1 =

2(n+1)(n4+2)—5log 2

(
+ C12(n +1)(n 4 2)2” 2oFDGIDIes2 4 0121 ) log D} ,

)\2
pkP=1(12rR—™ + \)’

¢ =

Then P(&;) < 2exp ( PEEEL (c19 — 02)), for A\ large enough such that ¢;¢ — ¢o > 0.
oo
Step 4: Since £ C |J &, we have
1=1

P(e) <Y P(&). (3.7)

=1

The series Z P(&) < Z 2exp ( ae w2l (e — 02)), and a further upper bound can be obtained by the fact
=2 =

Ze ulv 1 e uY .
— uvlogu

Therefore,

1 nt1
ZP 51 <2 X —53 7T €Xp (—2""’2 (Clgb - Cg))
=2 2042 (¢ — ¢2) log 2n+2
275 (n 4 2)

B (n+1)(c1¢ — c2) log 2 exXp (72m(01¢ - 02)) .

1
Choose A large enough such that (¢1¢ — ¢2) > 2(;1217)(?:;2).
Then

n+1

STPE) < e exp{ 27 1)

ntl bl 22
T2 R )

S 62 n+2 ¢y exp ( — 2n+F2 c1 (38)

n+1
Let a; = max {e2n+2 . N(%)} and b = min {2n+2 1, 4k} Now from (3.7), (3.5), and (3.8) we have

b A2 )

P(&) < 2ar exp ( T pkPT12rR" + M)

Now we compute a bound for the constant aq: consider
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exp (2%@) < exp (2”+1N0(F) [(R+2)"(91log2 + 2log D) + 4C1(n 4 1)(n + 2) + 2C1 log D])
< exp (2”+1N0(F) [5(R + 2)" log 4D + 4Cy (n + 1)(n + 2) log 4D])

andsincea>1%+n+1

N(%) < exp (2"N0(r) [(R+2)" +2C4] log 16D).

Also
2 4n B =
n We
n @ -1) ' e
. (4 B®' -1 (20) >
Wa

n ——,—1
<4941 x 2BCw, P

Hence, for R > 2, and M = 2"T!Ny(I')[2"5 + 4#+%B0(n + 1)(n + 2w ‘““] log 16D, then
exp(MR"™) := a. This completes the proof. O

13

a; <

Proof of Theorem 1.1. As mentioned in Section 2, it is enough to prove the result for the set V(R, ). Put

A= then

Rn?

o am [ 520 < 2

fEV(R,8)
Let {z;} be a random sample set such that the event £° is true, then

Er |f(£6j)|p— _Tn \f(ac)|pdx < —Tn V f € V(R,(S)
R R
j=1

Cr

#/\f(x)l”dx——<2|f ) _Rn/lf Pdo+ 75
r 1
ﬁa—&—ﬁ_m/u |pdx——<2|m\p_Rn/|f e 4 T < LD

s < Y I < T,

R = R"

Hence random sample {z;} satisfy the above sampling inequality with probability
PE)=1-P(€)

2
b (#)
>1-2 (— 2 )
=z a exp pk,p—l 12rR—"m + %

b ru?
N >1— [ .
PEY)>1 2aexp( e "12+M>

(3.9)

(3.10)
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This completes the proof. 0O

Remark 3.4.

1. From (3.10) one can make the probability close to 1 by taking a sufficiently large sample size.
1

2. The sampling inequality (1.2) is true for sufficiently large A = 2% such that (c1¢ —cz) > #(7;;22), ie.

_ PRTIRM(12 4 p) 2757 (n + 2)
T
- c1p? (n+1)log?2

+ c2] — O(R™).

.

Consider A = {(a,8)} C R? be a relatively separated countable collection of points with gap greater
than or equal to 1.
Now for each distinct (a1, 1), (a2, B2) € A, we have

Example. Let ¢(z,y) = \/— max{1 — 2|z| — 2|y|, 0} and supp(¢) C [ — 1,

N[

/¢>(93 — a1,y — P1)¢(x — g,y — ) dedy =0
R2

and

sup |z —a,y = B)IP = 5 < oo
(a,B)eA TVE[— 3 3]

This implies the space V;; := { Yo Capp-—a,-—B) = (cap) € EQ(A)} C L%(R?) is an image of an
(a,8)EA
idempotent integral operator and the kernel defined by

K((@1,m), (@2,52)) = Y é(z1— a,y1 — B)d(x2 — a,y2 — B),

(a,B)EA

is symmetric and satisfy (2.2), see [15]. Further, it is easy to show that the kernel K satisfies the decay
condition (2.3). Indeed, we observe that

6(z,y)| < e~ @+,

so we get

[K((z1,91), (22, 92))| < Z lp(z1 — a,y1 — B)p(x2 — o, y2 — B)|

(a,B)EA
< 4 Z o~ (@1=0)*+(y1-5)?) y—((z2—0)*+(y2—5)?)
(a,B)EA
< 4 Z e~ #((3a]—2w122+323) + (307 —20192+303)) o —2(a— T1572)? ~2(5— H15¥2)?
(e, B)EA
< ge H(@1,91)—(22,92)13 /6*2(21*12174512)2*2(2271“;142)2 dz1dzo

R2

< T o= tll(@,y)—(z2.92) 13
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Since the collection {¢(- — a,- — ) : (o, 8) € A} is an orthonormal basis for V(¢), it follows that it is a
tight frame for V. Therefore, the frame bound constant B is equal to 1.
For given € > 0, the sampling inequality (1.2) holds with minimum probability 1 — € if

b ru?
2 —_——— | <
aexp< k-1 R? 12+#> €

3, 4
It g2 4 o4
27/ and b = 2 218(10g2) N (10;,42) )

Here k= sup (2, )]l (gn) <

2€Ck 8
Thus
exp (MR2 - (IO§4Q>4 x 4W;ER2 x 1;“:}) < g,
(10542)4 y 47“/3%1%2 y 1;/:_2” _MR®> logg,
= r > %RQ(MR2 +log§).

Therefore, if we choose the number of sample r satisfying the above inequality, then the stable set of sampling
is true for the set Vi (R, d) with high probability.

4. Reconstruction algorithm

As mentioned in [3], the set V(R, §) is neither a subspace nor a convex set, so we cannot employ frame
or projection algorithms for function reconstruction. At the same time, we observe from Lemma 2.1 and
2.2 that the finite-dimensional space Vi is an approximation of V (R, d). Thus we discuss a reconstruction
algorithm for functions in Vi from its random sample (see [20]).

Let N be a fixed positive integer and

Vi ={f € Vn:|fllr@®nr) = 1}

Then V3 is totally bounded with respect to || - || L (cy) and the number of open balls of radius e that covers

V3 is bounded by exp (NO(F)N " log %). Now we follow the same lines of proof of Theorem 3.3 to show
that

;Zj(f)) > 3) < 2avexp - pk?*l 12TRA72n )

P( sup (4.1)

revi

(n+1)
where the constant ay = exp(M;N™) with My = 92— %5 No(T') log 16D.
Consequently, we derive stable set of sampling sets for the finite-dimensional space Vy with some addi-
tional assumption on the frame sequence {¢.} of V.

Theorem 4.1. Let {x; : j =1,...,r} be a sequence of i.i.d. random variables uniformly drawn from Cr and
suppose the set of functions {¢~}yerncy 18 linearly independent over Cr, i.e. there exists a constant o > 0
such that for all ¢ = {cy }yernoy

H Z Cryd)'y’ ZP(CR) >0 Z |CV|p'

vyeI'NCn ~eI'NCn
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Then for p € (0,0A)

T

r
Rn (UA ﬂ)”f”Lp (Rr) = Z [f ()P < ﬁ(l + N)Hf”ip(mn) (42)
Jj=1
holds for every f € Vi with probability 1 — 2a exp ( — #ﬁ)

Proof. Let A = 24 then for all f € Vy \ {0}

R"
T - 4 M
!Z_I ZJ(HfuLp(Rn))! < B

b A2

W—,lm), i.e. with same probability bound

with probability at least 1 — 2a exp ( -
S| < Iy V€ Vi
j=1

NI gy

| 1@l = 1 | <
j=1
(71 ey = LI ) gguw < (10 oy + 1IF I )

Since {¢~ }yerncy are linearly independent over Cr and every f € Vi satisfy (2.7), then

||fHLP (Cr) > O—A”‘f”iz’(]}{n)
This completes the proof. O

In the following theorem, we give a reconstruction algorithm for finite-dimensional space. We follow the
ideas of Yang [20] where the reconstruction algorithm is discussed for finite-dimensional shift-invariant space
from random samples. A similar idea can also be found in [14,18].

Theorem 4.2. Under the assumptions of Theorem /.1, there exists a set of reconstruction functions
(8j(x))j=1 such that for all f € Vi,

fla) =" fla;)S;()

holds with probability at least 1 — 2an exp (—pk%w%)

Proof. Let f = ), c¢y¢, be an arbitrary function in Viy and (z;, f(x;))}-; be a given random data.
yeI'nCn
Then we have a system of linear equations

fla)= D edyley) 1<j<r

yeI'NCn
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with the unknown coefficient ¢ = (¢,)7 (need to be determined). This linear system can be rewritten

YverncC
as Uc = b, where U is a rectangular matrix with entry U; , = ¢,(z;) and b = (f(z;)){<;<, is a column
matrix.

Now by (4.2) and (2.7)

- r(cA - p)
Vel ey = D21 @) > B—mllcllip(pch) Ve e £2(I'NC). (4.3)
j=1

This implies UTU is invertible and ¢ = (UTU)~'UTb.
Define ©(z) = (¢+(2)) cpne, and (Sj(2))]< <, = U(UTU)'O. Then we have the following reconstruc-
tion formula

fl2) =) f(z;)S;(z), YxeR"
j=1

with probability at least 1 — 2ax exp (— pk%an %), as the relation (4.3) valid with the same probability
bound. O
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