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1. Introduction

In a fundamental paper [15], Wong extended and improved oscillation criteria and comparison theorem due to many
earlier authors for the differential equation

X'+ ptHx=0

in the cases when p(t) is not eventually of one sign. His work also surveyed earlier results of Wintner [16], Fite [11],
Hille [13], and Hartman [12] for the cases when [ °° p(s)ds exists. In this paper we obtain a ‘Wong-type’ comparison
theorem for dynamic equations on time scales by means of a second-level Riccati integral equation on time scales (see
[1,2]) which Wong [15] refers to as a new Riccati integral equation in the continuous case (see [3] for the discrete case).
Using this approach, one is able to handle various critical cases. These ideas are of particular importance in treating the
case when P(t) := ftoo p(s)ds is not of one sign for large t.

Let T be a time scale (i.e., a closed nonempty subset of R) with sup T = co. Consider the second order dynamic equation
on time scale

[X2®]* + pOx’ (1) =0, (11)
[X*©]* + 9% @©) =0, (12)

where p, q are right-dense continuous functions on T and fg’ p(s) As and ftzo q(s) As are convergent.
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For T =R, suppose that lim_, oo fé}p(s) ds and lim;_ ftgq(s) ds exist. Define P(t) = [ p(s)ds, Q(t) = [ q(s)ds.
Wong [15] proved the following

Wong’s Comparison Theorem. Suppose that the improper integral f;;o P(t) dt converges, and in addition we have

P)>Q(®) and P@®)+P@t)>Q )+ Q(),
for large t, where

I_’(t):/Pz(s)Ep(s,t)ds, Ep(s, t):exp(Z[P(f)dt).

t t
Q(f):/QZ(S)FQ(S,t)dS, FQ(s,t)zexp<2/Q(t)dr>.
t t

Then if " + p(t)x = 0 is nonoscillatory, X" + q(t)x = 0 is also nonoscillatory.

In [14], Willett considered the equation

, bsinat
X'+ =
and proved that (1.3) is oscillatory when ¢ < 1, Ab # 0 and showed that 1 is a critical value, i.e., (1.3) is nonoscillatory when
c>1.
One can show that (1.3) is oscillatory when ¢ < 1, Ab # 0, by using Wong's comparison theorem and the following Erbe’s
comparison theorem [6]. Willett [14] used the Riccati integral equation and weighted averaging technique to establish
oscillation in this case.

x=0 (1.3)

Erbe’s Comparison Theorem. Assume that a(t) € C1[tg, co) satisfies
at)>1 and a’(t) <O0.
Then x”" + p(t)x = 0 is oscillatory implies x” + a(t)p(t)x = 0 is oscillatory.

To see how Wong’s comparison theorem and Erbe’s comparison theorem can be used directly to obtain the oscillation
result in the case when ¢ < 1, Ab #0, let

X'+ p)x=0 (1.4)
where p(t) = % c<1,Ab#0,
X' +qt)x=0 (1.5)
where q(t) = r% % <a< %
Assume first that % <c < 1.1t is easy to see that

Pt_oo d_bcoskt 0 1 t_a 16
()—/P(S) S_T+ (l’cﬁ)’ Q()—? (1.6)
t

So /[oo P(t)dt converges. Therefore, given 0 < € < 1, there exists T > 0 such that exp(2 fts P(t)dt) >21—-€ if T<t<s.
Hence,

N oo

b 2
P(t):sz(s)exp<2/P(t)dr> ds> (1 —e)/[bao:c“jto(;])] ds.

t t t

Since

oo
CcoS2\s d sin 2t 1
sZc S=- 2)\1—2[ +0 t2£+1 ’

t

we have
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ﬁ(t)>(1—e)[m+o<;—c)} for large t > T > 0, (1.7)
and
. oo N a2
Q(t):/QZ(s)exp<2/Q(r)dT> ds = =z (1.8)
t t

Note that 0 <2c — 1 <c < 1, so we have, for large t
1 1 1

Therefore from (1.6)-(1.8), we get, for large t

P®)> Q) and P(@®)+P)=Q@®)+ Q).

By Hille’s theorem [13], the Euler equation (1.5) is oscillatory, for }l <a< % So by Wong’s comparison theorem, (1.4) is

oscillatory, for 3 <c <1, Ab#0.
To show further that (1.4) is oscillatory for ¢ < 1, we take a(t) =t%, 0 <« < 1, then we have a(t) > 1, a”(t) <0, for
large t. Using Erbe’s comparison theorem repeatedly and the fact that x” 4+ bS8 x = 0 is oscillatory, we get that
t4

sin At

X' +tPb x=0

3
ta
is oscillatory, for large t and all 8 > 0, Ab # 0. So the equation

sin At
—x=0
ta=h

is oscillatory, for large t and all 8 > 0, Ab # 0. This means that the equation

X//+b

sin At
tC

X" +b x=0

is oscillatory, for large t and all ¢ < %. Ab #0.

In addition to the above proof that (1.4) is oscillatory for % <c<1, b #0, we get that (1.4) is oscillatory for c < 1,
Ab 0.

From the above example, we have the following

Remark 1. The importance of Wong’s comparison theorem is that by comparing Eq. (1.4) where p(t) is not nonnegative to
the oscillatory Euler equation (1.5) where q(t) is positive, we get that (1.4) is oscillatory, for % <c<1,Ab#0.

Remark 2. When we use Erbe’s comparison theorem, we need to look for an appropriate oscillatory equation as a good
criterion. Here Wong’s comparison theorem supplies such a criterion. In place of Willett’s weighted averaging technique,
here we use Erbe’s comparison theorem. In [1], we give some interesting applications of the time scale version [9] of Erbe’s
comparison theorem.

Willett [14] proved that x” + b@x =0, |%| > % is oscillatory. In [2], by using Wong's oscillation theorem [15, The-

orem 2], we can also get Willett’s result. Here if we choose the oscillatory equation x” &+ As“‘—t“x =0, as a criterion of
Erbe’s theorem and take a(t) = At*, A >0, 0 <« < 1, by repeatedly using Erbe’s theorem, it is easy to obtain that (1.4) is
oscillatory, for ¢ <1, Ab #0.

Remark 3. Kwong [8] showed that Erbe’s comparison theorem is still true for a wider class of function a(t). See also [9] for
the time scales extension of these results.

In this paper, we obtain a ‘Wong-type’ comparison theorem for dynamic equations on time scales by means of a second-
level Riccati integral equation on time scales (see [1,2]). As a special application, we get that the difference equation

(="

n¢

AZx(n) +b xn+1)=0 (1.9)
where ¢ < 1, b #0, is oscillatory. From [1], it follows that 1 is the critical value, i.e. (1.9) is nonoscillatory when ¢ > 1.

For completeness (see [4] and [5] for elementary results for the time scale calculus), we recall some basic results for
dynamic equations and the calculus on time scales. The forward jump operator is defined by
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o(t)=inf{seT: s>t},

and the backward jump operator is defined by

p(t) =sup{seT: s<t},

where inf@ = sup T, where ¢ denotes the empty set. If o (t) > t, we say t is right-scattered, while if p(t) <t we say t is
left-scattered. If o (t) =t we say t is right-dense, while if p(t) =t and t # infT we say t is left-dense. Given an interval
[c,d]:={teT: c<t<d}in T the notation [c,d]* denotes the interval [c, d] in case p(d) =d and denotes the interval [c, d)
in case p(d) < d. The graininess function y for a time scale T is defined by w(t) = o (t) —t, and for any function f:T — R
the notation f°(t) denotes f(o (t)).

A function f:T — R is said to be rd-continuous provided it is continuous at right-dense points in T and its left-sided
limits exist (finite) at left-dense points in T. The set of rd-continuous functions f : T — R will be denoted by Cq. The set of
functlions f: T — R that are delta differentiable on [c, d]* and whose delta derivative is rd-continuous on [c, d]* is denoted
by C_..

V\rl((je recall that a solution of Eq. (1.1) is said to be oscillatory on [a, c0) in case it is neither eventually positive nor
eventually negative. Otherwise, the solution is said to be nonoscillatory. Eq. (1.1) is said to be oscillatory in case all of its
solutions are oscillatory.

We say that a function p : T — R is regressive provided that

1+ p@®)p@)£0, teT.

We denote the set of all f: T — R which are right-dense continuous and regressive by Ni. If p € %, then we can define the
exponential function by

t
ep(ts) = exp(/fmw(l?(f)) Af)

for t € T, s € T¥, where &,(z) is the cylinder transformation, which is given by

log(1+hz) ifh;éo
Z) = h ’
@ {z if h = 0.

2. Notations and lemmas

Lemmas 2.1-2.4 and the definitions of Condition C and Condition D were introduced in [1] and [2].

Let T:= {t e T: () >0} and let x denote the characteristic function of T. The following condition, which will be
needed later in Section 3, imposes a lower bound on the graininess function w(t), for t € T. More precisely, we introduce
the following (see [7]):

Condition C. We say that T satisfies Condition C if there exists an M > 0 such that

x(® <Mu(t), teT.

Lemma 2.1. Assume that T satisfies Condition C and suppose that Eq. (1.1) is nonoscillatory. Let x(t) is a solution of (1.1) with x(t) > 0

on [tg, 0o). Then z(t) = XXA(S)

2

is a solution of the Riccati equation

A z
224+ pl)+ ————=0
PO 1+ )z

2
on [to, 00). Moreover, iff;:o p(t) At is convergent, then ftzo — )

T As is also convergent and lim;_, o, z(t) = 0.

We will also need below conditions which guarantee that f{ % As does not grow faster than MInt, for some M > 0.

For a time scale T, the following example shows that the inequality f{ % As < MInt, for M > 1, does not hold in general
without some additional restrictions.

Example. Consider the time scale
T= {22k: k e No}.

It is easy to see from the definition of the integral that for t;, = 2%
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e 1 1 k-1 )
to S . 2]
=— lim — 27 —1) =o0.
k—oo Inty In2 k—o0 2K Z( )

j=0

So we shall impose an additional assumption on the time scale T to obtain Lemma 2.2. We note first that if T satisfies
Condition C, then the set

T= {t e T: t > 0 is isolated or right scattered or left scattered}
is necessarily countable since a bounded real interval can contain only finitely many elements of T.

We introduce the following

Condition D. Suppose that T satisfies Condition C and let

T ={to,t1,t2, ..., tk, ...},
where
O<top<ti<bh<---<tp<---.
Then we say T satisfies Condition D. If there is a constant K > 1 such that

{ tk+1 — bk
ke — tk—1

max

}gK, for all k > 1. (2.1)
keN

Lemma 2.2. Assume that (1.1) is nonoscillatory, x(t) > 0 is a solution of (1.1). T satisfies Condition D. Then we have, fort € T, t > ty,

t t

A

1 XO g/x ® At and /1A5<K1n£.

x(t1) x(t) s fo
tq o

Lemma 2.3. Assume that f;;o p(t) At is convergent, P(t) = ft°° p(s) As, u(t) is bounded and satisfies Condition D. If (1.1) is nonoscil-
latory, then thereisa T € [tg, 00) such that

o0
T
/Pz(t) X M At < 00.
e_p(t,T)
T
Also, if x(t) > 0 is a positive solution of (1.1) on [T, 0co) and z(t) := "XA(S), then z(t) is a solution of the Riccati equation
22
A 4pt)+-————=0
14+ u(t)z
on [T, 00), with 1+ u(t)z(t) > 0, on [T, co). Furthermore,
o0
2 (s)
vih= | —2 _As>0
1+ p(t)z(s)
t
satisfies the integral equation
T v T
e_plt, ep(s,
V() = Pt T) p(s,T) [P2(s) +v(s)v(o(s))] As (2.2)

ep(t,T) J e_p(a(s), T)

forlarget € [T, 00), whereep(t, T) and e_p(t, T) are the exponential functions.

Lemma 2.4. Assume that ft‘:’ p(t) At is convergent, P(t) = [ p(s) As, 1 & u(t)P(t) > O, for large t. If [7° P2(t) x e‘i”P(&TT)) At
converges and there exists a function v(t) > 0, for large t, satisfying

et T) [ ep(sT) [,
v(t) > D) J e71)(0(5)7”[1) () +v(s)v(o(s))] As (2.3)

for large t, then (1.1) is nonoscillatory.
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The following lemma appears in [9].

Lemma 2.5 (Riccati technique). Eq. (1) is nonoscillatory if and only if there exist T € [, 0o) and a function u satisfying the Riccati
dynamic inequality
2
us(t) <
1+ p@u(r)
with 1+ u®)u(t) > 0fort € [T, 00).

u () + p(t) +

3. Main theorem

Theorem 3.1. Assume that [ p(t) At and [*° q(t) At are convergent. Let

P(t)=/p(s) As, Q(t)=/q(s) As.
t t
Assume that
f P(t) At and / P2(t) At (3.1)

are convergent, j4(t) is bounded and satisfies Condition D. Let

Bty e e_p(t,T) T ep(s,T)
©:= ep(t,T) : e_p(0(s),T)

P2(s) As, (3.2)

e_q(t,T) T eq(s, T)

2
Q. T) J e_Q(a(s),T)Q (s) As. (3.3)

Q) :=

If
2P®) +P(®) + P(o(®) L _2Q0+ QB+ Q@ ®)

1—1®OP® —mOP@®) " 1-pn®QW® —pu®)Q@®)’ G4
POP@®) N QOQ@(®)_ ’ (35)

1—pu@®P®) —pn®OP@ @)~ 1-p®Q®) —n)Q o)

P(t)+P(o(®) = QM)+ Q(o 1), (3.6)

then if (1.1) is nonoscillatory, (1.2) is also nonoscillatory.

Remark. For T = R, the assumptions of Wong’s comparison theorem stated earlier in Section 1 imply that f°° P2(t)dt is
convergent. Therefore, Theorem 3.1 may be considered as an extension of Wong’s comparison theorem.

Proof. In the first place, we will prove that
lim P()=0 and lim Q (o (t)) =0.
t—00 t—o0

By the definition of ep(t, T) [5, p. 57], we have

t
ep(t,T) = exp(/ &4 (P(D) Ar) ,
T

where

11og(1+hP
sh(P(T)):{g’ oB(1 +hP(X). >0

and where Log is the principal logarithm function.
Note that 14 wu(t)P(t) > 0. So for u(zr) > 0, by Taylor’s formula, we get that

u(t)P?(1)

7+ p(v)o(P?(1)).

Eun(P(D) = ﬁ In(14 p(v)P(1)) =P(r) —
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This same formula holds when p(7) =0, since we have in this case that &, )(P(7)) = P(1).
So in any case, we have for all w(7) the formula

p(t)P%(t)
2

Eun)(P(T)) =P(7) — + 1(t)o(P(1)).

Since [ P(t) At and [ P2(t) At are both convergent, we get that

/Emw(l’(t)) At
T

is convergent. Similarly we have fTOO &u(r)(—P (1)) AT is also convergent. Therefore by the definitions of e_p(t,T) and
ep(t, T), we get that there exist constants c; > 0, ¢z > 0 such that
e_p(t,T)
(G ——— <03 3.7
S 7 67
Note that e_p(o(s),T) = [1 — u(s)P(s)le-p(s,T) and using (3.1), (3.7) and the definition (3.2) of P(t), we get
lim— o0 P(t) = 0. )
From (3.6) and P(t) — 0, Q (t) — 0 as t — oo, we obtain lim;_,» Q (o (t)) =0. So we have

1-p®OPO —p®OP(E®) >0, 1-p®OQO —1®OQ(0®)>0 (38)
for large t.
Assume (1.1) is nonoscillatory, x(t) > 0 is a solution of (1.1), and z(t) = ";g) is a solution of the Riccati equation
2
2% +p@t) + Tramr 0

on [T, o0). By Lemma 2.1, integrating the Riccati equation from t to oo, we get that

o] [ee}

z(t):/p(s) As+/R(s) As,
t t
where R(s) = ﬁ

Define v(t) = ftoo R(s) As > 0. We have z(t) = P(t) + v(t). From Lemma 2.3, we have

_eptT) [ ep(s.T)

v(t) =
ep(t,T) J e_p(0(s),T)

[Pz(s) +v(s)v(o ()] As (3.9)

for large t, where ep(t, T) and e_p(t, T) are the exponential functions.
Let

oD [ er.D)
PO ) oo

v(s)v(o(5)) As. (3.10)

So

v(t)=P(@®) + p(t).
Using the product rule and p(t) = p(o (1)) — u(t) p2(t), we get that
P () = —2P®p(a(t))  v(O)v(o(D)
1—pn@®P®) 1—pn@®P®)
_ —2POpo®) [P(®) + p(OIP(o (1) + p(o ()]

(3.11)
1— (Pt 1—p®P(®)
_ —2P(Op@®) _ [POP@ 1) +pt)p©(1)] (312)
1—p(®P() 1— WP
_PWp@®)  P®)lp@®) —p®)p®)] (313)
1— P 1— P

By solving p2(t) and noticing that (3.8) and P >0, p > 0, we get that
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_[2P©®) + P + P (®)]p(o (1)

At) = - 3.14
P O= T L 0P® — 0P ®) G149
_ POP@®) +p®)p0®) (3.15)
1—p®P®) — p®P ) '
By (3.4)-(3.6), (3.14) and (3.15), we get
pAo < 1220+ 20+ A@®))p@E ®) (3.16)
1— Q1) — w(t)Q (o (1))
QWA ®) +pM)p@©) (317)

1—1nOQ®) —pn®Q @ @)
So

PAO[1 = QO] <-[2QO+ QO +Q(a®)]p(c®) — QOQ (o) — pO)p(o®) + p* OB Q (0 (1)).
Dividing by 1 — u(t)Q (t) and rearranging, we get that

—2QMp@®)  QAMQA@E) +p®p@E®) QMP@®) Q@ ®)p@®) - 1P O]

1-p®Q® 1-p®Q® 1-p®Q® 1-p®Q®

_—2Q0p0@®) QMA@ +pBp@®)  QAMp@®) Q@ ®)p)

C1-u®Q® 1-p®Q®) 1-p®Q® 1-pOQO

_ ~20@p@®)  [Q®) +p®OIQ©@®) +p@ )] (318)
1-p®Q® 1-p®Q®

Let w(t) = Q (t) + p(t). Note that
_20MQ@®)  Q*®

1-pu®Q® 1-pu®Q®’
By (3.18), we get that

20w ®)  wOw(e®)+Q*®
1—pn®Q®) 1-p®Q@®

P20 <

Q4 =

wh(®) < —

(3.19)
Note that

wAO[1 - p®OQ®]+2QOw(o®) =w®) + [w(o @®) — wA O r®]Q®) + QOW(o (©))
=wiO)+ QWD) + QOw(o (),
and using (3.19), we get

WA+ QO[w(o®) +w®]+wO)w(o®) + Q) <O0. (3.20)
Let

eq(t,T)

SO = e_o(t,T)

w(t). (3.21)

We have

2Q (eq (t, T)w(t) wh () eq(a(t), T)
[1—pu®)Q®]e—q(t,T) e—q(o(),t)’
Using (3.20), (3.21), we get that

SA(t) =

e_q(t,T)
eq(t,T)

Q%(Deq (o (), T)

A _ —
SAH <QOSE) - QOS(a(®)) e Q@O 1)

S)S(o () - (3.22)

Since S(t) — S(o(t)) = —u(t)S2 (t), after rearranging, we get that
e, HSHS®) Q%(heq (o (), T)
[T+ u®QM]eq . T) [14+u®)Q®]le_g(a(®),T)

Note that 1+ u(t)P(t) > 0, for large t. So w(t) >0, S(t) > 0. From (3.23), we have S2(t) < 0. Suppose that lim;_,o, S(t) =
A > 0. Integrating from 7 > T to t and rearranging, we get

SA) < — (3.23)
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t t
e_q (s, T)S(s)S(a (s)) As+ Q%(s)eq (o (5), T) As < S(T) (3.24)
[1+u(s)Q(s)leq(s, T) J [1+u($s)P(s)le_q(o(s),T) ' '

S(t) +

Let t — oco. Note that the integrands of the left integrals are positive. We get that

o0 o0 2
e_q (s, T)S(s)S(a (s)) As+ Q“(s)eq(o(s), T) As < S(T). (3.25)

[14+u1(s)Q(s)]eq (s, T) J [T+ pu(s)P(s)le—q(o(s), T)

eq (t,T)

Noting S(t) = o= 71

w(t), we obtain that

e_q(t,T) T eq(s, T)
eq(t,T) J e_q(a(s),T)

Note that e4q (0 (s), T) =[1£ u(s)Q(s)lexQ (s, T) and P(s) - 0, Q(s) — 0 as s — co. So by (3.25), we have

eq (s, )
/Q()e oG ST

[Q%(s) + w(s)w(o(5))] As < w(T). (3.26)

Note that (3.26) means that (2.3) holds. So from Lemma 2.4, we get that Eq. (1.2) is nonoscillatory. This completes the
proof. O

For T =R, by Theorem 3.1, we get the following

Corollary 3.2. Suppose that )" pj and ) q; are convergent. Let

o0 oo
Pa=)"pj, Q=) _q;. (327)
j=n Jj=n
Assume that

ZP]- and ZPJZ

are convergent.
Let N > 0 be so large that

IPal<1,  1=Py—Pni1>0, |Qul<1, 1-Qun—Qnu1>0,
forn > N. Define
ni]l—P'
rn=]_[TPJ, flsmy =rariia+Pp~", (3.28)
j:N !
Pn—Zf(] nP3, forj=nz (3.29)
j=n
Define
n—11 Q
-Q; -
Sp = , n)=s s 1 3.30
n H1+Q,« gGim =sps; 1+ Q7" (3.30)
Jj=N
_ o0
Q=) g(j;mQ}, forj=n=N. (331)
j=n
If for large n

2Pp+ P+ Poy1 _ 2Qn+ Qo+ Qui
1= Po—Pr1 ~ 1- Q- Gori
Pn I_)n—o—l > Qn Qn—H
1—Py—Pny1~ 1-Qn—Qus1’
Py4 Ppy1 > Qu+ Qui1s (3.34)
then if A%x(n) + pux(n + 1) = 0 is nonoscillatory, A%x(n) + gnx(n + 1) = 0 is also nonoscillatory.

(3.32)

(3.33)
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4. Example

Consider the difference equation

A%xX() + pux(n+1) =0, (4.1)
where pn_b(nc ,c<1,b#0 and
A%x(n) + gux(n +1) =0, (4.2)

where qn:n%, % <a< %
In the first place, we will prove that (4.1) is oscillatory, when % <c<1.
Define that Pj = P(j). Then
b b b b

@l = 2k k+1)¢ + (2k+2)¢  (2k+3)C +

By an appropriate Taylor expansion, we get that

1 1 (+xp-1 gll+od)]
@2k @k+Dc T @k+1¢ T @k+1)¢
So
bc
o)) | g5l +0)] b be b
Pl = 2k +1)° k137 @kt T akrak+3 T 2@

Similarly, we have

b

So

Pn) ~ (- 1)" (43)
2n¢’

Therefore the series Z,fin Py converges. Since % <c <1, we have Z,fin P,f converges. Using In(1 +x) =x — %xz +0(x%) as

X — oo, we have for large j

2P; 2P;  1( 2P; \? 2P; \?
In({1- =— - = +o0 (4.4)
1+Pj 1+P; 2\1+P;j 1+P;j

as — oo. Also, we have

Pj
1+ Pj
So from (4.3)-(4.5), we have

Zl (1+PJ> gm(l N 12+P;3,-)

is convergent. So given 0 < € < 1 (see (3.28))

n—1 n—1
1-P; 2P;
I, = =e In{1-— 1—e¢€, forlarge N.
n 1;[]+Pj Xp(]XI:V ( 1+P‘>>> &

=Pj[1-Pj+0(P})]. (45)

J

We also have given 0 < €1 < 1

fGom M >1-e. j2nzN

9 =~ < = - ]7 = = 9
rix1(14Pj)

where we used Pj — 0, rj — 1.
By (4.3), we get that given 0 < €3, €3 < 1 (see (3.29))
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Po=Y"fG,mPi>1—e)) P}

Jj=n j=n

b2\ [ 1 1
=1 -e)( —62)(Z>(n7+m+"'>

2

>01- 1-— 1—€3)——m——. 46
(1—€1)(1 —e2)( 63)4(2C Tz (4.6)
In the following, we will estimate Qn. Note that
1
/ dt < Z 7S f = dt.
n
We have
> a 1
weFgeieol3)
j=n
Using appropriate Taylor expansions, we have
2Q; 2Q; 1/ 2Q; \* 2Q; \?
1n<1— R, ):— 9 ——( < ) +o<(&> ) (4.8)
1+Q; 1+Q; 2\1+4+Q; 1+Q;
as — oo. Also, we have
Qj 2
=Q;[1-Q;+0(Q7)]| 49

From (4.7)-(4.9), we have

gln(urq) Zl( 1+Q}>_—i<2]a+0(112>> (4.10)

j=n

Tdr=1n-4-

gn]t n—-1’

Note that the series (4.10) is not convergent. From (4.10) and the inequality Z we get that given

0<eq4 <1 (see (3.30))
S _exp<2( ])ln( Q;)) (411)

_epo( ( )) (1+64)( jl>2a, (4.12)

for large n. Using (1 + Qj)‘1 =1+ O(%), we get that given 0 < €5 < 1 (see (3.30))

i=n T

. 2a
. _ Sn )
g(j,m) = S+ Q) <(+e)( +€5)(n—_1> ,

for large n. Note that Q, ~ % and Zj-’in 12%2[1 ~ we get that given 0 < €g,€7,€5 < 1

1
(1—2a)n1—2a’

Qn :Zg(]vn)QJz

! ) > 2
<A +ed+es +66)(i1)202]-—2
a2
<A 4€)(1+e€5)(14€5)(1 +€7) (1 —2a)(n — 1)2an1—2a
S +e)T+65)(1+€6)(1+€7)(d +€s)ﬁv )

where we use (%)2‘1 < 1+ €g, for large n.
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Since0<26—1<c<1,f0r%<c<],sowe have for large n

1 1
s
Therefore from (4.3), (4.6), (4.7), (4.13), we obtain that (3.32)-(3.34) are satisfied, for large n. By Hille’s theorem [10, p. 60],
(4.2) is oscillatory for § <a < 3. So by Corollary 3.2 (4.1) is oscillatory, for  <c <1, b#0.
To show that (4.1) is oscillatory, for all ¢ < 1, we need the following useful comparison theorem [9] which is the time
scales version of Erbe’s comparison theorem stated earlier.

>

—_ S| =

Theorem 4.1. Assume a(t) € C}d and

(i) a(t) > 1,
(ii) pu(®)a® ) >0,
(iii) a®2(t) <O0.

Then x22 + p(t)x® = 0 is oscillatory on [to, oo) implies x*2 + a(t) p(t)x° = 0 is oscillatory on [tg, 00).

By the above proof, the equation (note that § < 3 <1)

"
3
na

A%x(n) + b(

xn+1)=0

is oscillatory, for b 0.
Let a(n) =n%, 0 <« < 1. We have Aa(n) >0, A2a(n) <0 for large n. Using Theorem 4.1 repeatedly, we get that
(="

3
na

A%x(n) + bn? xn+1)=0

is oscillatory, for b #0, 8 > 0. So the equation
=D"

Ax(n)+b E
n4

xn+1)=0

is oscillatory, for b # 0, B > 0. This means that the equation

_‘l)n

A%x(n) + b(
nC

xn+1)=0

is oscillatory, for b #0, ¢ < %. In addition to the above proof that (4.1) is oscillatory, for % <c <1, b+#0, we obtain that (4.1)
is oscillatory, for c < 1, b #0.
The value 1 is a critical value, since in [1] we prove (4.1) is nonoscillatory for ¢ > 1.
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