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1. Introduction

Many extensions of the well known Banach contraction principle [1] have been proposed in the nonlinear analysis
literature. Among them fixed point theorems for Meir-Keeler contraction have been extensively studied [5,4,7] and a final
(in some sense) generalization defined as asymptotic contraction of the final type (ACF, for short) has been stated by T. Suzuki
[8, Theorem 5]. Our aim in this paper is to extend the results of T. Suzuki to more general cases with regard to the mappings.
More precisely, we want to be able to use the same framework for proving fixed point theorems for alternating mappings
Section 6 or for cyclic mappings Section 4. For that purpose we propose the definition of p-ASF-1 and p-ASF-2 sequences
which are defined without references to a mapping and prove some Cauchy properties of such sequences in Theorem 6. In
Section 3, we recall the definition of ACF mapping and relate the ACF mapping to p-ASF mappings. When the p-ASF sequences
are generated using {T"x} we show that the two definitions coincide (Theorem 9). We give an application to cyclic mappings
in Section 4 by providing a fixed point theorem which extends [8, Theorem 2] to continuous p-ASF mappings. In Section 6
we give an application to an alternating mapping through Theorem 22 which extends the results of [10].

2. ACF sequences

In [8] T. Suzuki introduces the definition of an asymptotic contraction of the final type (ACF, for short) and proves that if a

mapping T is an ACF, then the sequence {x,},cn defined by x, Ly isa Cauchy sequence for all x € X. Since our aim is to
extend T. Suzuki results when sequences {x,}ncy are generated by more general processes, we introduce a new definition
that we call ASF, which stands for asymptotic sequences of the final type. The definition characterizes two sequences and not
a mapping. The link between the two definitions is the following. Suppose that the mapping T is an ACF and forx,y € X

define two sequences {X,}nen, {Vn}nen DY X5 &l rny and Yn d=EfT"y. If for all n € N we have x,, # y, then the two sequences
are ASF. Properties of ASF sequences are given in Lemma 2 and a proof is given but note that the proof is mostly a simple
rephrase of [8, Lemmas 1 and 2]. We first start with the ASF definition.

In the sequel (X, d) is a complete metric space and p is a given function from X x X into [0, c0).
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Definition 1. We say that two sequences {X; }nen, {Vn}neny With x,,, y, € X are p-ASF-1 if the following are satisfied:

(Cq) Foreach e > 0 there exists § > 0 such that if for i € N we have p(x;, ;) < § then limsup,,_, o, p(Xn, ¥n) < €.
(Cy) For each € > 0, there exists § > 0 such that fori,j € Nwith e < p(x;,y;) < € + 8, there exists v € N such that

p(xv+i7)/u+i) <e€.
(C3) For each given (x;, y;) such that p(x;, y;) # 0 there exists v € N such that

PXotis Yori) < DX, ¥i).

Lemma 2. Let {X;}nen, {¥n}nen be two p-ASF-1 sequences. Then limy,_, oo p(Xn, ) = O.

Proof. We follow [8, Lemma 2]. If we suppose that there exists i € N such that p(x;, y;) = 0, we conclude directly using (C;)
that lim,,_, o, p(xn, ¥n) = 0. Thus we assume now that p(x,, y,) 7 Oforalln € N. We first prove that if {X, }nen, {Vn}nen satisfy
(Cy) and (C3) then liminf,_, o p(x,, ¥») = 0. Using the fact that p is nonnegative and repeatedly using Property (C3) it is
possible to build an extracted decreasing subsequence p(X, (n), Yo (n) Such that0 < p(Xe(ny, Yo(m) < P(Xo, ¥o) Which implies
that lim inf,_, o, p(xn, ¥n) = o exists and is finite. Suppose that « > 0. We first show that we must have o < p(x,, y,) for all
n € N. Indeed suppose that there exists ny such that p(x,,, yn,) < o then repeatedly using (C3) we can build an extracted
decreasing sequence p(Xs (n), Yo (n)) Such that p(Xs (ny, Yo)) < P(Xny, ¥ny) < . This decreasing sequence will converge to a
cluster point of p(x,, y,) strictly smaller than o which is contradictory with the definition of «. Thus we have @ < p(x,,, yn)
foralln € Nand ¢ > 0. We then consider §(«) given by (C;) for ¢ = «. By definition of @ we can find (x;, y;) such that
o < p(x;,yi) < o+ 8() and by (C;) we will obtain v € N such that p(x,44, y»+i) < o which contradicts & < p(x,, y,) for
all n € N. Thus we conclude that « = 0.

We prove now that lim inf,,_, o, p(xn, yn) = 0 and (C;) imply that lim sup,,_, ., p(xn, yn) = 0. For ¢ > 0 given, we con-
sider § given by (C;). Since lim inf,_, o, p(X,, y») = 0 then we can find i € N such that p(x;, y;) < 8. Thus by (C;) we have
lim sup,,_, oo P(Xn-ti, Yn+i) < € and thus successively lim sup,_, ., p(Xs, ¥n) < € and lim sup,,_, , p(xn, ¥n) = 0 and the result
follows. O

Definition 3. We say that a sequence {x,},cn, with x, € X is p-ASF-2 if we have the following property.
(C4) Foreache > 0,thereexisté > 0and v € Nsuchthatifforij € Nwehavee < p(x;, ;) < e +6, thenp(x,4i, X,4j) < €.

Let g be a given function from X x X into [0, c0) and p = G o g where the mapping G is a nondecreasing right continuous
function such that G(t) > 0 fort > 0. We first show here that when a sequence is (G o q)-ASF-2 then it is also a g-ASF-2
sequence if (Cs) is satisfied by p. Note that Property (C4) (resp. (Cs)) is a kind of uniform extension of (C;) (resp. (C3)) when
only one sequence is involved.

Lemma 4 ([9, in Theorem 6]). Let {x,}nen be a p-ASF-2 sequence and suppose that p = G o q where G is a nondecreasing right
continuous function such that G(t) > 0 for t > 0. Suppose that we have the following assumption

(Cs) for each given (x;, x;) such that p(x;, x;) # O there exists v € N such that
PRutis Xo4j) < P(Xi, X)),
then {X,}nen is a q-ASF-2 sequence.

Proof. The proof is contained in [9, Theorem 6]. Fix n > 0 and consider ¢ = G(1). Since G(t) > 0 fort > 0 we have €
> 0. Then we can use (C4) to obtain § > Oand v € Nsuchthate < p(x;,x) < € + §, for some i,j € N implies
P(Xy4i, Xy4+j) < €. Since G is nondecreasing right continuous we can find g such that G([n, n + 1) C [e, € + §). Thus
suppose that n < q(x;, xj) < n + B, we then have ¢ < G(q(x;, X;)) < € + §. Since G is nondecreasing it can be constant and
equal to € on a nonempty interval [17, n + B) C 1 + B; on the contrary we will have ¢ < G(5 + ) for y € (0, B). If we are
in the second case then € < G(q(x;, xj)) < € + § and using (C4) we obtain G(q(Xi1., Xj+v)) < € < G( + y); we thus have
q(Xiyv, Xj4v) < n+ y forall y € (0, B) and consequently q(Xit,, Xj+») < 7. In the first case we have G(q(x;, x;)) = € for
n < qx,x) <n+ B. Using (Cs) we can find v € N such that

G(q(Xig, Xj40)) < G(q(xi, X)) = € = G(n) (1)
and thus q(xi;.,, Xj4+,) < 1. We thus have proved that (Cy) is satisfied by q. O
We prove now that p-ASF-2 sequences mixed with the convergence properties of the sequence p(x,, X,+1) gives p-Cauchy

properties. More precisely we have the following lemma.

Lemma 5. Let {x;}ncn, be a p-ASF-2 sequence and suppose that p is such that p(x,y) < p(x,z)+r(z,y) andp(x,y) < r(x,z)+
p(z,y) forallx,y, z € X where the mapping r : X x X — [0, 0o) satisfies the triangle inequality r(x,y) < r(x,z) +1(z,y)
forallx, y, z € X. If the sequence {x,}nen is such that limy_ oo I'(Xn, Xnt1) = 0 and lim,_, oo p(Xy, Xp1) = O then we have
limy—s 00 SUPyop P(Xny Xm) = O.
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Proof. We follow [8, Lemma 2] where a similar proof is given when r = p. Let ¢ > 0 be fixed and consider § and v given by
(C4). There exists N € N such that r(x,, X,+1) < 8/v and p(x,, Xy+1) < 8/v foralln > N. We first have fork < v

k—1 S
P Xnt) < DT Gonsis Xngi) < k= <8 (2)
i=0
and

k—1
]
PG, X)) = POy Xn) + 3T Knsis Xngign) < ke < 8. (3)
i=1
We suppose that p(x,, X,+«) < € + § is satisfied for @ € [1, k] and we want to prove that the same inequalities are satisfied
fora € [1, k + 1]. Using (3) we may assume that k > v. Using the mixed triangle inequality satisfied by p we have the two
separate inequalities

0
PXn, Xnpkr1) < PXns Xntkr1-0) + Z T (Xnketis Xngkrie1)

i=1—v
< p(xna Xn+k+l—v) +34 (4)

and

p(Xn’ Xn+k+l) = T(X,,, Xn+v) + p(XJH—Va Xn+k+1—v+v)- (5)

By hypothesis we have p(x,, Xprr+1-v) < € + 8. If p(Xp, Xn1k+1-v) < € then using (4) we obtain p(x,, Xp1k+1) < € + 6 else
we can use (Cy) to first get p(Xptv, Xntk+1-v+v) < € and using (2) and (5) we obtain p(x,, Xp1k+1) <€ +6. O

In [6], T. Suzuki introduces the definition of a t-distance. We just recall here two properties which are satisfied by
7-distance: if a function p from X x X into R" is a t-distance it satisfies p(x,y) < p(x,z) + p(z,y) forallx,y,z € X
and if a sequence {x,}nen in X satisfies limy—, oo SUPy~, P(Xn, Xm) = 0 then {x,}ncy is @ Cauchy sequence. We thus have the
following theorem.

Theorem 6. Let {x,},cn be a p-ASF-2 sequence in X such that {x,}nen and {yn}nen are p-ASF-1 for y, = xp4q1 foralln € N. If
one of the following assumptions holds true

(i) p = qand q is a T-distance;
(ii) p = G(q) where q is a T-distance and where G is a nondecreasing right continuous function such that G(t) > 0for t > 0
and (Cs) is satisfied by the sequence {x,},en (for the mapping p = G(q));
(iii) p is a t-distance such that p(x,y) < p(x,z) + q(z,y) and p(x,y) < q(x,z) + p(z,y) for all x, y, z € X where the
mapping q : X x X — [0, oo) satisfies the triangle inequality q(x,y) < q(x,z) + q(z,y) forall x, y, z € X and
limy, 00 q(Xn, Xnt1) = 0;

then, {x,}nen is a Cauchy sequence.
Proof. First note that, in the three cases, using Lemma 2 we have that

lim p(x, Xp41) = 0.
n—00

(i) We consider the case p = q. Since limy_, o, p(Xy, X,+1) = 0 we can use Lemma 5 (with r = p) to obtain lim,_, o
SUP,- P(Xn, Xm) = 0 and since p is a t-distance we obtain the fact that {x,},cy is a Cauchy sequence [6, Lemma 1].

(ii) Suppose now that p = G(q); we have lim,_, o, G(q(xn, X,+1)) = 0. This is only possible if G(0) = 0 and we thus also
obtain that limy_, oo q(Xn, X;+1) = 0. Using Lemma 4 we obtain that {x, },cn is g-ASF-2 and we conclude as in part (i) using
now the t-distance q.

(iii) Here we can use Lemma 5 to obtain lim,_, », SUp;,-, P(Xn, X») = 0 and using the fact that p is a t-distance the
conclusion follows the lines of case (i). O

Remark 7. Note that we have proved during the proof of Theorem 6 that if we have two sequences {X;}neny and {Vn}nen
which are p-ASF-1 with p = G o q then G(0) = 0.

3. Links with ACF sequences

We first recall here the definition of an ACF mapping. Then we give a definition of a T-ASF mapping by defining properties
which are to be satisfied by the sequences {T"x} for x € X. We prove in Theorem 9 that the two definitions are equivalent.
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Definition 8 ([8, Definition 1]). Let (X, d) be a metric space. Then a mapping T on X is said to be an asymptotic contraction
of the final type (ACF, for short) if the following hold:

(Dq) limg_, o+ sup {limsup,_, . d(T"x, T"y) : d(x,y) < 8} = 0.

(D,) For each € > 0, there exists § > 0 such that for x,y € X withe < d(x,y) < € + §, there exists v € N such that
d(T"x, T"y) < e.

(D3) Forx,y € X with x # y, there exists v € N such that d(T"x, T"y) < d(x, y).

(D4) Forx € Xand € > 0, there exist § > 0and v € N such that

€ <d(T'x, T'x) <e+3$ implies d(T" o Tix, T" o Tx) < € (6)
foralli,j € N.

Theorem 9. Let (X, d) be a metric space. A mapping T on X is said to be p-ASF if for all x, y € X the sequences {T"x} and {T"y}
are p-ASF-1 and {T"x} is p-ASF-2. Then, T is an ACF mapping is equivalent to T is a d-ASF mapping.

Proof. Suppose that the mapping T is an ACF. For each x, y € X it is very easy to check and left to the reader that {T"x} and
{T™y} are d-ASF-1 and {T"x} is d-ASF-2. Thus, T is d-ASF.

If T is d-ASF, using Lemma 2 we obtain lim,,_. .. d(T"x, T"y) = 0. If we consider the special case y = Tx and the sequence
X, = T"x we obtain using Theorem 6 that {T"x} is a Cauchy sequence. Then using [8, Theorem 6]' we obtain that the mapping
TisanACF. O

The existence and uniqueness of fixed points of p-ASF mappings is now obtained. Note that, in the special case where
the mapping p is equal to d (i.e. when we use the t-distance p = d in (i)) the next theorem gives the same results as
[8, Theorem 5].

Theorem 10. Let (X, d) be a complete metric space, T be a p-ASF mapping which is such that T' is continuous for some | € N
(I > 0). We suppose that the function q is a T-distance and one of the following holds true for the mapping p:

(i) p=aq
(ii) p = G(q) where G is a nondecreasing right continuous function such that G(t) > 0 for t > 0 and (Cs) is satisfied by the
sequence {X, }nen (for the mapping p = G(q))

then, there exists a fixed point z € X of T. Moreover, if for every sequence {x,}nen and {yn}nen limy— oo p(Xn, yn) = 0 implies
that lim,_, o d(X,,, y») = O then the fixed point is unique and lim,_, .. T"x = z holds true for every x € X.

Proof. For every x € X using Theorem 6 we know that {T"x} is a Cauchy sequence. By Lemma 2 we know that lim,_, o
p(T"x, T"y) = 0. We then have all the ingredients of [8, Theorem 4 and Lemma 3] to conclude the proof. O

4. An application to ACF cyclic mappings

We suppose here that X is a uniformly convex Banach space and thus d(x, y) def |l x—y||. We consider A and B two nonempty
subsets of X, A being convex, and a cyclic mapping T : AU B — AU B. We recall that T is a cyclic mapping if T(A) C B and
T(B) C A. We define a mappingp : X x X — RT by p(x, y) d:efd(x, y) — d(A, B) where d(A, B) d:Efinf{d(x,y) |x €A,y e€B).

Then, using the previous results we can give a short proof of a theorem which extends [2, Theorem 1].

Theorem 11. Suppose that the mapping T is p-ASF, then the sequence {T?"x} for x € Ais a d-Cauchy sequence.

Proof. Foragiven x € X, we consider the sequence x,, = T"x. Since T is p-ASF we have by Lemma 2 that lim,,_, oo p(Xs;, Xnt+1)
= 0. Using the definition of p we immediately also have lim,_, o, d(X;, X,1-1) = d(A, B). Using Lemma [2, Lemma 4] we obtain
that limy,_, oo d(Xan, X2n12) = 0 (convexity of A and uniform convexity of X are used here). We now consider the sequence
{T?"x} taking values in A. We have lim,_, oo p(Xan, X2n2) = 0 and as it was already shown lim,_, o, d(X25, X2n12) = 0. If the
sequence x, = T"x is p-ASF-2 then it is the same for the sequence {T?"x}. The distance d satisfies the triangle inequality
and it is straightforward to see that we have the two mixed triangle inequalities p(x,y) < p(x,z) + d(z,y) and p(x,y) <
d(x,y) + p(z,y) for all x, y, z € X. We can thus apply Lemma 5 to the sequence {T?"x} with x € A to obtain that it is a
p-Cauchy sequence. It is now easy to see by contradiction that a p-Cauchy sequence is a d-Cauchy sequence [2, Proof of
Theorem 2]. The key argument being again the use of [2, Lemma 4]. O

1 We first recall from [8, Theorem 6] that for a mapping T on a metric space (X, d) the following are equivalent:

(i) TisanACF.
(ii) lim,_ o d(T"x, T"y) = 0 holds true and {T"x} is a Cauchy sequence for all x, y € X.
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We extend now [2, Theorem 2] which was stated for continuous cyclic Meir-Keeler contractions to continuous p-ASF
mappings.

Theorem 12. Suppose in addition that A is closed, T is p-ASF and T' is continuous for some | € N (I > 0) then there exists a
unique best proximity point z € A (i.e. d(z, Tz) = d(A, B) ). Moreover lim,_, o, T?>"x = z for each x € A.

Proof. Using Theorem 11, the sequence {T?"x} for each x € A is a d-Cauchy sequence. Using Lemma 2, we have lim,_, o, p
(T"x, T"y) = 0 for each x, y € A; hence for (x, Tx) it gives lim,_, o p(T?"x, T>**1x) = 0 and for (Tx, y) it gives lim,_, o
p(T?"+1x, T?"y) = 0. Using again [2, Lemma 4] we obtain lim d(T?"x, T*"y) = 0 and we can use [8, Theorem 4 and Lemma 3]
to conclude the proof. O

5. ASMK sequences

We introduce in this section the definition of ASMK sequences. It is an adaptation to sequences of the ACMK (asymptotic
contraction of Meir-Keeler type) definition used for mappings [7]. It is proved in [8, Theorem 3] that an ACMK mapping on a
metric space is an ACF mapping. We will prove in this section similar results which relate ASMK sequences to ASF sequences.
These results will be used in the next section for studying sequences of alternating mappings.

Definition 13. We say that two sequences {X; }nen, {Vn}nen With x,,, y,;, € X are p-ASMK-1 if there exists a sequence {y,} of
functions from [0, 0o) into itself satisfying v,,(0) = 0% for alln € N and the following:
(Cg) limsup, Yn(€) < € foralle > 0.
(C;) Foreach e > 0, there exists § > 0 such that for each t € [¢, € + §] there exists v € N such that ¥, (t) < €.
(Cs) F (p(Xntir Ynti)) < ¥ (F (p(xi,y1))) foralln,i € N.F is a given right continuous nondecreasing mapping such that
F(t) > Ofort # 0.
Lemma 14. Suppose that the two sequences {x,}nen, {Vn}nen are p-ASMK-1 then they are p-ASF-1.
Proof. (Cy): For all n,i € N we have by (Cg) and (Cg) when F (p(x;, y;)) # O that
F (pntis Ynti)) < ¥ (F (p(Xi, 1))
< limsup ¥ (F (p(xi, ¥i)))
n—oo
< F (i, 1)) -
Since F is nondecreasing and the inequality is strict we obtain foralln € N
PRntis Vi) < P(Xi, ¥i),
and thus

lim sup p(Xuyi, Ynri) < P(Xi, ¥i)-

n—oo

Then (C;) follows easily when F (p(x;, ¥;)) # 0. When F (p(x;, ¥;)) = 0, we have by (Cg) F (p(Xpti, Yn+i)) < Oforalln € N.
Since F is a right continuous mapping such that F(t) > 0 we must have F(0) > 0. Thus we have that F (p(X;+i, Yn+i)) = 0
for all n € N and thus p(x,, yn+i) = 0 for all n € N and the same conclusion holds. (C;): for € > 0 we know that F(¢) > 0
and we can use (C;) to find § > 0 such that for each t € [F(¢), F(¢) 4+ 8] we can find v € N such that ¥,,(t) < F(e). Since
F is right continuous and nondecreasing we can find 8’ such that F([e, € 4+ §']) C [F(¢), F(¢) + 8]. Thus, taking i € N such
that € < p(x;, yi) < € + &', we can find v such that ¥, (F(p(x;, yi))) < F(¢). And we conclude using (Cg) that

F (p(yis Yori)) < ¥ (F (0(Xi, ¥1))) < F(e) < F (p(xi, y1)) - (7)

Thus we have F (p(x,+i, Yv+i)) < F (p(x;, y;)) and since F is nondecreasing and the inequality is strict we obtain (C,).
(C3): Let i be given such that p(x;, y;) # 0 and start as in the previous paragraph using € = p(x;, ¥;). We can find v € N
such that ¥, (F (p(x;, ¥i))) < F(¢) which combined with (Cg) gives

F (p(Xytis Yori)) < ¥ (F (0(xi, ¥1))) < F(e) = F (p(xi, y1) - (8)
Since F is nondecreasing and the inequality is strict the result follows. O

Definition 15. We say that two sequences {X; }nen, {Vn}nen With x,, y,, € X are p-ASMK-2 when (Cg) is replaced by
(Co) F (p(ntis Ynii)) < ¥ (F (p(xi, y)) forall n, p,ij € N.

2 Note that this assumption can be removed when F(0) > 0.
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Corollary 16. If two sequences {X,}nen, {Vn}neny With y, = Xxp1 are p-ASMK-2 then they are p-ASF-1 and the sequence {X; }nen
is p-ASF-2. Moreover, assumption (Cs) holds true for p.

Proof. It is obvious to see that if two sequences {x,}nen, {¥n}nen are p-ASMK-2 then they are p-ASMK-1. Thus by Lemma 14
they are p-ASF-1. Proving that (C4) holds true is similar to the proof that (C,) holds true in Lemma 14 and proving that (Cs)
holds true follows the same steps as the proof that (C3) holds true in Lemma 14. O

6. A sequence of alternating mappings

In this section p is a given function from X x X into [0, oco) such that p(x,y) < p(x,z) 4+ p(z,y) forallx,y,z € X and
px,y) = p(y,x) forallx,y € X.

Definition 17. We will say that the pair (T, S) satisfies the (F, yr)-contraction property if we can find two functions F and
Y such that

F(p(Tx, Sy)) < ¥ (F (M(x,y))) (9)

where

e 1
M(x, y) & max {p(x, ¥)- B(TX. X). PSY. ¥). 5 (P(Tx.Y) + P(SY. x)}} : (10)

The function F : RT™ — R is a given right continuous nondecreasing mapping such that F(t) > 0 for t # 0. The function
¥ : RT — R* is a given nondecreasing upper semicontinuous function satisfying ¥ (t) < t for each t > 0 and ¥ (0) = 0.

We first start with a technical lemma.

Lemma 18. Let the pair of mappings (T, S) be an (F, yr)-contraction. Suppose that x = S« and p(x, Tx) # 0 then we have

F(px, %) < ¢ (F (p(Ser, @) . (11)
Suppose that y = Ta and p(y, Sy) # 0 then we have
F(pGSy.y) =¥ (F (p(e, Ta))) . (12)

Proof. We prove the first inequality (11). We suppose that x = S« then we have
F(px, Tx)) = F (p(Tx, x)) = F (p(Tx, So)) < & (F (M (x, )))

and we have

M(x, ) = max {p(x, a), p(Tx, x), p(Sat, ), % {p(Tx, @) + p(Se, x)}}

= max {p(x, a), p(Tx, X), %p(Tx, oe)}

= max {p(x, a), p(Tx, X)} . (13)

We show now that the maximum cannot be achieved by p(Tx, x). Indeed, suppose that M (x, «) = p(Tx, x) then we would
have

F(p(x,Tx)) < ¥ (F (p(x, Tx)))

which is not possible since p(x, Tx) # 0 and there does not exist x > 0 such that F(x) < ¥ (F(x)) (since for x > 0 we have
that F(x) < ¥ (F(x)) < F(x)). The proof for the second inequality is very similar and thus omitted. O

We now introduce the alternating sequence of mappings { I} }nen defined by

(14)

Fd_ef T, ifniseven
"8, ifnisodd.

Then, we consider the two sequences {x,}nen and {y;, }nen defined by

Xnp1 = InXxy and ynp1 = DipYn. (15)

It is very easy to check that when the two sequences are initiated with (xp, yo) = (Sx, x) for a given x € X they are related
by yn4+1 = X, and that only the two following cases can occur:

(Sxp, x,)  withx, = Tx,_q and y,, = x,_1

(Xn+1, Y1) = {(Txn, Xn) Wwithx, = Sx,_1 and y, = X,_1. (16)



472 J.-P. Chancelier / J. Math. Anal. Appl. 405 (2013) 466-474

If we are in the first (resp. the second) case we use (12) (resp. (11)) to obtain the inequality

F(p&nt1, Yn1)) < ¥ (F(Xn, Yn)))- (17)
We thus have the following easy lemma.

Lemma 19. Let the pair of mappings (T, S) be an (F, yr)-contraction and {X, }neny and {y, }nen be two sequences defined by (15).
If the two sequences are initiated by (xg, yo) = (Sx, x) we have y, 1 = x, and

F (p(Xn41, Yat1)) < ¥ (F (0(Xn, y0))) - (18)
If xn11 = Txy (r€sp. Xny1 = SXn) and yi1 = Syi (resp. Yry1 = Tyx) we have
F (0Gng1, Yir1)) < ¥ (F (p(Xp, Yi) + max(p(xn, Xn41), DXk, Xk41)))) - (19)

Proof. Since inequation (18) was proved by (17), it just remains to prove inequality (19). Suppose that x,; = Tx, and
Yik+1 = Syx then we have

1
M (X, yx) = max {p(xn,yk),p(Txn,xn),p(Syk,yk), 3 {p(Txy, yi) +p(5yk,xn)}}

1

= max {P(Xn, i), PXnt1s Xn)s PVk1, Vi), 5 {(p(nt1, i) + PWis1, Xn)}}

< max {p(Xn, Y&), PKn+1, Xn), PWVk+15 Vi) PXn, Vi) + Max(PXnt1, Xn), PWiet1, Vi) }

=< p(xm yk) + max(p(xn+1, xn)v P(Vk+1,)’k))- (20)
We thus have

F(0Gng1, Yrr1)) < ¥ (F (M (xn, Y1)
< ¥ (F (p(xn, yi) + max(p(Xni1, Xn), PWk+1, Yi)))) - (21)

If the opposite situation is x, 1 = Sx, and yx+1 = Ty, we obtain the same result by the same arguments. O

We make here a direct proof of the fact that the sequence {x, },cy is a Cauchy sequence when lim,_, oo p(Xp+1, X;) = 0 is
assumed. This last property will be derived from p-ASMK-1 properties as proved in Theorem 22.

Lemma 20. Let the pair of mappings (T, S) be an (F, vr)-contraction. Suppose that
lim p(Xnt1, X,) = 0,
n—oo

then the sequence {x,}ncn given by (15) is a Cauchy sequence.

Proof. We follow here [10] to prove the result by contradiction.

If the sequence is not a Cauchy sequence we can find two subsequences o () and p(n) such that foralln € N p(x5 ),
X,m) = 2eand o (n) < p(n).Since the sequence {p(X;, Xnt1) }nen cONverges to zero we can choose N such that p(x,, Xp11) <
€ for all n > N. Using the triangle inequality

p(xa(n), Xp(n)-H) > p(Xa(n)a xp(n)) - p(xp(n)+l ) Xp(n))
we obtain that p(Xs(n), Xpm)+1) > € for large n. Thus, we can always change the subsequence p(n) in such a way that the
parity between o (n) and p(n) conforms to the one we need for applying inequality (21) and such that for all n € N p(x5 ),
Xp(n)) > €.

We now define k(n) as follows:

k(n) & min {k > o (n) | p(Xs(n), Xk) > € with same parity as ,o(n)} . (22)
k(n) is well defined and by construction o (n) < k(n) < p(n). We now have that

€ < PRomy» Xkmy) < DKoy Xemy—2) + PKimy—25 Xk(n)) < € + P(Xi(my—25 Xk(n))- (23)
The sequence {p(xxm)—2, Xkn)) }nen cONverges to zero since we have

PXi(my—2+ Xk(n)) < PKk(my—2 Xk(my—1) + PXicmy—1, Xk(n))

and thus p(Xs(m), Xkmy) — € when n goes to infinity. We also obtain that p(X, (-1, Xkmn)—1) — € when n goes to infinity
since

DKo mys Xkny) — PKo (=15 Xk =1 < PXuny» Xey—1) + PXo > Xo (my—1)- (24)
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We now use inequality (21) to obtain
F (p(omys Xkn)) < ¥ (F (PRomy—1- Xkm—1) + 8n)) (25)

def e . L .
where §, = max (p(x(,(n),l, Xo(n))s PKiy—1, xk(n))). When n goes to infinity, using the facts that F is right continuous and
nondecreasing and v o F is upper semicontinuous we obtain that F(e¢) < i (F(€)) which is a contradiction. O

Remark 21. The proof remains valid is we assume as in [10] that the function F is nondecreasing and continuous with
F(0) = Oand F(t) > Ofort > 0 and that the function ¢ : R™ — R™ is assumed to be nondecreasing and right upper
semicontinuous and satisfies {/(t) < t for eacht > 0. The idea is to build the sequences choosing the parity so as to use
(21) in the reverse situation where

F (p(omy+1: Xkma1)) < ¥ (F (DKo Xkmy) + 8)) -
def
and where §, = max (p(Xo )+ 1, Xo(m))s PXk(m+15 Xkn)))-

Theorem 22. Consider two mappings T : X — X and S : X — X and suppose that the pair (T, S) has the (F, vr)-contraction
n

. def "~ .
property. Let the sequence of function {y,},en be defined by Y, = o ¢ o - - - and assume that (Cg) and (C;) are satisfied,

then the sequence {x,} <y defined by (15) and initialized by xo = Sx is a Cauchy sequence.

Proof. The only point to prove is that assumption (Cg) is satisfied. We consider the sequence {x,},ey and the sequence
{¥n}nen defined by (15) and initialized by yo = x. Using the fact that v is nondecreasing, we repeatedly use Eq. (18) in
Lemma 19 to obtain assumption (Cg) and conclude that the two sequences {x,}n,en and {yn}nen are p-ASMK-1 and then
by Lemmas 14 and 2 we obtain that lim sup,,_, o, p(Xn, Xs+1) = 0. Using Lemma 20 we conclude that {x,},cy is a Cauchy
sequence. [

We make a link here with the result of [10] where it is assumed that F(0) = 0 and F(t) > O fort > 0 and F is supposed
to be nondecreasing and continuous. The function ¥ : R — R is assumed to be nondecreasing and right upper semicon-
tinuous and satisfies ¥ (t) < t foreacht > 0and lim,_, o, ¥,(t) = 0.1t is proved in [10] that F(x) < v (F(x)) implies x = 0.
We prove in the next lemma that these properties of functions F and ¢ imply properties (Cs) and (C7).

Lemma 23. Let ¥ : R™ — R™ be a nondecreasing, right upper semicontinuous function satisfying ¥ (t) < t foreacht > 0.
n

. def———"——~ . .
Then the sequence of functions {y,}nen defined by Y, = 4 o Y o - - - satisfies (Cg) and (C7).

Proof. (Cg): for t > 0, since ¥ is nondecreasing and v (t) < t we have ¥,(t) < ¥ (t) < t and thus (Cs) follows. (C7):
Using [3, Theorem 2] we can find a right continuous function v : Rt — R™ such that ¥ (t) < ¥ (t) < t fort > 0. Thus we
easily have (C5), since proving (C;) (using v = 1) for a right continuous function is easy. O

In [10] it is proved that T and S have a common fixed point when X is a complete metric space and p = d. The proof
follows the following steps. Since {x,},<n is a Cauchy sequence it converges to x € X. Using the definition of M one easily
checks that M (xa,, X) — d(Sx, X) and M (xa,, X) > d(Sx, X). Moreover Tx,, = X3,41 also converges to x. We therefore have

F (d(Txzn, SX)) < ¥ (F (M(X2n, X)) . (26)

Using next Lemma 24 we obtain that x = Sx. Then proving that x is also a fixed point of T is given in [10, Theorem 1]. We
therefore conclude that in order to obtain convergence of the sequence {x, },<y to the unique fixed point of T and S requires
us to add continuity of F in the hypothesis of Theorem 22.

Lemma 24. Suppose that F is a continuous nondecreasing function,  is a right upper semicontinuous function satisfying one of
the following properties:

(Ey) ¥w(t) <tforallt > 0;
(Ez) o is nondecreasing and for each t > 0, there exists v € N, v > 1 such that ¥, (t) < t.

Suppose that we have two sequences {o, }neny and { B }nen Such that

Flan) < (F(Bn)) - (27)
If lim, o 0y = limy oo B = y and B, > y for alln € N then we must have y = 0.

Proof. We have

F(y) = lim F(ay) < limsup (F(Bn)) = ¢ <1im sup F(ﬂn)> =V FW). (28)

Ify # 0and ¥ (y) < y we conclude that F(y) < F(y) which is a contradiction. If ¥ is nondecreasing we consider the
value of v associated with y to obtain F(y) < v, (F(y)) < F(y) and conclude again by contradiction. O
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Remark 25. Note that using [3, Theorem 2] we obtain that a right upper semicontinuous function v satisfying ¥ (t) < t for
all t > 0 satisfies Property (C;) withv = 1.
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