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1. Introduction

Reproducing kernel theory has important application in numerical analysis, differential equations, probability and
statistics, learning theory and so on. Recently, reproducing kernel methods for solving a variety of differential equations were
presented by Cui and Geng [4-9], Lin and Zhou [12,13], Yao, Chen and Jiang [3,26], Wang, Li and Wu [11,22], Mohammadi
and Mokhtari [15], Akram and Ur Rehman [1], Arqub, Al-Smadi, Momani [2], Ozen and Orucoglu [17], Wang, Han and
Yamamoto [23].

In this paper, we consider the following functional differential equations with linear nonlocal conditions:

{u’(x) +a(ux) + bxu(r(x) =f(x), xel=[0,1], (1.1)

B(u(c),u) =0, ’
where ¢ € I, a(x), b(x) € C[0, 1], T(x) € C![0, 1], and f is given such that (1.1) satisfies the existence and uniqueness of
the solutions.

Notice that function B(u(c), u) = 0 includes several types of boundary conditions: initial conditions, final conditions,
periodic conditions, or more general functional conditions, as

1
B(u(c), u) = Au(c) —/ u(s)ds, X €R.
0

Functional differential equations arise in a variety of applications, such as number theory, electrodynamics, astrophysics,
nonlinear dynamical systems, probability theory on algebraic structure, quantum mechanics and cell growth. Therefore, the
problems have attracted a great deal of attention. Liu and Li [ 14] studied the analytical and numerical solutions of the multi-
pantograph equations. Sezer [20,21] gave the series solutions of multi-pantograph equations with variable coefficients.
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Wang, Qin and Li [25] proposed one-leg h-methods for nonlinear neutral differential equations with proportional delay.
In [10,16,19], the authors discussed the series solutions of some functional differential equations. Wang, Shen and Luo [24]
obtained the existence of solutions of second-order multi-point functional differential equations by using the method of
upper and lower solutions. Rodriguez-Lopez [ 18] studied the existence of a solution to a nonlocal boundary value problem
for a class of second-order functional differential equations with piecewise constant arguments.

However, numerical solutions of nonlocal functional differential equations are seldom discussed. The aim of this paper
is to fill this gap.

The rest of the paper is organized as follows. In the next section, the reproducing kernel method for solving (1.1) is
introduced. The error estimation is presented in Section 3. Numerical examples are provided in Section 4. Section 5 ends
this paper with a brief conclusion.

2. Reproducing kernel method for (1.1)

In this section, we extend the application of reproducing kernel theory to nonlocal functional differential equation (1.1).
To solve (1.1), first, we construct reproducing kernel spaces W™[0, 1], (m > 2) in which every function satisfies the
boundary condition of (1.1).

Definition 2.1. W/'[0, 1] = {u(x) | ™~ (x) is an absolutely continuous real value function, u™ (x) € L*[0, 1]}. The inner
product and norm in W{'[0, 1] are given respectively by

m—1 1
W v)m =Y u?(0)?(0) + / u™ (x)v™ (x)dx
0

i=0

and
lullm = VW, W, w,v € WO, 11.

By [6,8], W{'[0, 1] is a reproducing kernel space and its reproducing kernel ko (x, y) can be obtained.
Next, we construct reproducing kernel space W™[0, 1] in which every function satisfies B(u(c), u) = 0.

Definition 2.2. W™[0, 1] = {u(x) | u(x) € W{J'[0, 1], B(u(c), u) = 0}.

Clearly, W™[0, X] is a closed subspace of W("[0, X] and therefore it is also a reproducing kernel space.
Put Pu(x) = B(u(c), u).

Theorem 2.1. If P,P,k(x,y) # O, then the reproducing kernel K (x, y) of W™[0, 1] is given by

Pyko(x, y)Pyko(x, y)
PyPyko(x, y),
where the subscript x by the operator P indicates that the operator P applies to the function of x.

K(x,y) =ko(x,y) —

(2.1)

Proof. It is easy to see that PK(x, y) = 0, and therefore K(x,y) € W™[0, 1].
For all u(y) € W™[0, 1], obviously, Pyu(y) = 0, it follows that

w®), K, y))m = W®), ko(x, ¥))m = u(x).

That is, K(x,y) is of “reproducing property”. Thus, K(x,y) is the reproducing kernel of W™[0, 1] and the proof is
complete. O

In [6], Cui and Lin defined reproducing kernel space W'[0, 1] and gave its reproducing kernel

T, 1+ k) Sxa
o ={1 1% 58

Put
Lu(x) = u'(x) + a(x)u(x) + b(x)u(z (x)).

Theorem 2.2. L : W™[0, 1] — W'[0, 1] is a bounded linear operator.

Proof. It is easy to see that

[u@)| = (), K&, ))ml
= @ lim 1K, )l (2.2)
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Similarly,
K (x, -
()| = ‘(u(-), = ))
oK (x, -
< O | ) (2.3)
x m
and
" 2K (x, )
W) < lu()llm T (2.4)
By (2.2) and (2.3), there exists a positive constant M such that
Ib)u@) 1 < I1bG) 1 lux) 1
1 1/2
< Mo [u2<o>+ / (u/(x))zdx}
0
oK (x, ) |2 vz
sMo[nun?n IK (0, ~)||,2,,+||u<~>||fn/ =) dx}
0 X m
< My|lullm. (2.5)
Similarly, we have
la@u(z )1 < lla@®)|l1 llu(z )4
1 1/2
<M, [u2<r(0>>+ f (u’(r(x))r’(x))zdx]
0
T aK (x, -) |2 2
< M3 {Ilullf,. K (O, -)||i+||u(-)llfn/ ;X ) dX}
0 X m
< Myllullm (2.6)

where M,, M3 and M, are positive constants.
Combining (2.3) and (2.4), there exists a positive constant Ms such that
1 1/2
W@ = [(U’(O))2 + [ (u”(X))de]
0

< Ms|lullm. (2.7)
From (2.5)-(2.7), it follows that

ILully = (My + My + Ms)||ullm
= Mullm,

where M is a positive constant.
Therefore, L : W™[0, 1] — W[0, 1] is a bounded linear operator and the proof is complete. O

Put ¢;(x) = k(x;, x) and 1 i (x) = L*;(x) where k(x;, x) is the reproducing kernel of W'[0, 1], L* is the adjoint operator of L.
The orthonormal system {v/;(x)}°; of W™[0, 1] can be derived from Gram-Schmidt orthogonalization process of {/;(x)}°,,

i
Vi =Y B, (Bi>0.i=12,...). (28)
k=1
According to [6,8], we have the following theorem:
Theorem 2.3. If {x;}7°, is dense in [0, 1], then {1;(x)}2, is the complete system of W™[0, 1] and v;(x) = LK (X, 5)|s=x;-

Theorem 2.4. If {x;}7°, is dense in [0, 1] and the solution of (1.1) is unique, then the solution of (1.1)is
) J—
u) =Y A, (2.9)
j=1

where Aj = Z{:] Bif ().
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Now, the approximate solution u(x) can be obtained by taking finitely many terms in the series representation of u(x)
and

N
uy () = Y AT (). (2.10)
j=1

Remark. Since W™[0, 1] is a Hilbert space, it is clear thathi1(Z;<:1 Bif (X)) < oo. Therefore, the sequence uy is
convergent in the sense of norm || - ||.

Lemma 2.1. If u(x) € W™[0, 1], then there exists a constant C such that [u(x)| < Cllu®)|lm, [u® )| < Clu@)||lm, 1 <k <
m-—1

Proof. Since
[u@)| = ), k&, y)ml < [u@)llm k&, ¥)lIm,
there exists a constant ¢y such that

[u@)| < collullm.

Note that
|u<“>(x>|=‘( o, Lk ”)
m
Jul l"(”)
= il | 5|
< allull, (=0.1,2,....,m—1),

where c; are constants.
Putting C = maxg<i<m—1{¢;} and the proof of the lemma is complete. O

From the above lemma and convergence of u,(x) in the sense of norm, it is easy to obtain the following theorem.

Theorem 2.5. The approximate solution u,(x) and its derivatives uy ) (%), 1 <k < m — 1are all uniformly convergent.
3. Error estimations

To give the error estimation for the solution of (1.1) it is assumed that b(x) < 0, a(x) + b(x) > «a > 0.

Lemma 3.1. Let u(x) € C'[0, 1]. If u(0) > 0, Lu > 0, Vx € I, thenu > 0, Vx € .
Proof. It can be easily proven by contradiction. Suppose x* € (0, 1) be such that

u(x*) = min u(x), u(x*) <O0.
x€(0,1)

Then it is clear that u’(x*) = 0, therefore we have

Lu(X)|x=px = a(X")u(x*) + b(x")u(r (x*)).
From b(x) < 0 and a(x) + b(x) > « > 0, it follows that

Lu®)[x=x+ < a(x)ux*) + b(x")u(x") = [a(x*) + b(x")]u(x") <0
which is a contradiction. O

Lemma 3.2. The solution of (1.1) satisfies
lux)| <D max{|u(0)| max |Lu|}

where D is a positive constant and D > é

Proof. Define two functions

¢t(x) =D max{|u(0)| max |Lu|} +ux),

where D is a positive constant and D >

1
o
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It is clear that ¢*(0) > 0, and

L¢i(x) = D [a(x) + b(x)] max {lu(0)| max |Lu|} =+ Lu(x)
> max{|u(0)| max |Lu|} =+ Lu(x)
> 0.

By Lemma 3.1, we get

lux)| <D max{|u(0)| max |Lu|} O

Theorem 3.1. Let uy(x) be the approximate solution of (1.1) in space W3[0, 1] and u(x) be the exact solution of (1.1). If
0=x1 <X <---<xy=1,a(x), b)), T(x), f(x) € C*[0, 1], and if |u(0)| < |Lu(0)|, then

2
lu®) —un®lleo < dih7,
where ||u(x) ||oc = MaXxxefo,1] [U(x)], dq is a positive constant, h = maxi<i<n—1 |[Xiy1 — Xil.

Proof. Note here that
N PR—
Luy(x) = ) ALY (x)
and

(Luy) (x,) = Zf‘ (L5, pn) = ZA Wi L'on) = ZA Wis Yn).-

i=1 i=1 i=1

Therefore,

n N n N
D Blun) () = DA (w,-, > &w;) =Y AW, V) =An (3.1)
j=1 i=1 j=1 i=1

If n = 1, then (Luy) (x1) = f(x1).
Ifn = 2, then By1 (Luy) (x1) + B (Lun) (X2) = Barf (x1) + Baof (x2).
It is clear that (Luy)(x2) = f(x2).
Moreover, it is easy to see by induction that

(Lun)(x) =f(x), j=1,2,...,N. (3.2)

Put Ry(x) = f(x) — Luy(x). Obviously, Ry(x) € C?[0, 1]and Ry(x;) = 0, j = 1,2, ..., N. Suppose that () is a polynomial
of degree = 1 that interpolates the function Ry (x) at x;, x;1. It is clear that I(x) = 0. Also, for Vx € [x;, X;11],

Ry(x) = Ry(x) — I(x) = (&)( = X)X —Xiy1), & € [xi, Xit1]. (33)
Hence, for Vx € [x;, Xi11],
|RN(X)| < | (él)l h2 C; = ml\lsﬂ, h,‘ = |X1+1 —X,'|.

Putting cc = maxX<j<y—1 ¢; and h = max;<;<y—1 h;, we have

RN () lloo = max [Ry(x)| < cc h*.
x€[0,1]

Obviously, u(x) — uy(x) is the solution of Lv(x) = Ry ().
According to Lemma 3.2, there exists a positive constant d; such that

lu@) — uy®)lloo < dih*. O
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Theorem 3.2. Let uy(x) be the approximate solution of (1.1) in space W*[0, 1] and u(x) be the exact solution of (1.1). If
0=x; <X <---<xy=1,ak), bXx), T(x), f(x) € C*[0, 1], and if |u(0)| < |Lu(0)|, then

lu(x) — un®)lloo < da b,

where d, is a positive constant, h = maXj<j<ny—_1 |Xit1 — Xil-

Proof. From the proof of Theorem 3.1, we have
Luy(x) =f(x), j=1,2,...,N.

Put
Ry (%) = f(x) — Luy(x).

Obviously,
Ry(x) € C*[0,1], Ry(x) =0, j=1,2,...,N.

On interval [x;, x;+1], the application of Roll's theorem to Ry (x) yields
Ry =0, yi€ Xxit1), i=1,2,...,N—1.

On interval [y;, yi;1], the application of Roll's theorem to Ry (x) yields
Ry(z) =0, zi€W,Yir1), i=1,2,...,N—2.

Putting

h= max {[xy1—xl}, hy = max {lyi1 —yil}, h, = max {|ziq1 — zl},
1<i<N—1 1<i<N—2 1<i<N—3

clearly,

hy, < 2h, h, < 4h.
Suppose that /1 (x) is a polynomial of degree = 1 that interpolates the function Ry (x) at zy, z,. It is clear that I;(x) = 0. Also,
for Vx € [x1, 23], there exist n; € [x1, zo] and a positive constant b; such that

Rl(\;l)(nl)
21

Ry() =Ry(x) — l1(x) = (x —z1)(x — 25) < by I’

In a similar way, there exist positive constants c;, b, such that
Ry(x) <ch®, xelz,zi1l, i=2,3,...,N—3,
and
Ry(x) <byh*, x € [zy_2, xn]-
Hence, there exists a positive constant d, such that
RN (®) oo < da B

Oninterval [x;, xi11] i = 1,2, ..., N — 1, noting that
X
Ry(x) = / Ry (s)ds,
v

there exist constants q;
IRy@)] < IRY®) [loo X — yil < @R,
It turns out that
IRy Moo < agh®, x € [x1,xy] =0, 1] (34)

where aj is a positive constant.
In a similar way, there exists a positive constant a; such that

IRv®)lloo < arh?, x €0, 1].

Obviously, u(x) — uy(x) is the solution of Lv(x) = Ry (x).
According to Lemma 3.2, it is easy to see that

[uGo) — uy@)lloo < da h*,

where d, is a positive constant. [
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Fig. 1. Absolute errors of u;; (x) and us; (x) in W3 for Example 4.1.
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Fig. 2. Absolute errors of u;;(x) and us; (x) in W* for Example 4.1.
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Fig. 3. Absolute errors of u;;(x) and us; (x) in W3 for Example 4.2.

4. Numerical examples

Example 4.1. Consider the following multi-point functional differential equation
2

u'(x) + u(x) — sin (vx) u (2) =f(x), 0<x<1,

0 1 1 1 _o
w0 =u(g) =u(3) +au(g) =0

where ag = cosh(%)[sinh(%) — sinh(%)],f(x) is given such that the exact solution is u(x) = sinh(x).

Using the method presented in Section 2, takingx; = (i— 1)/(N — 1), i = 1,2,...,N,N = 11, 51, the numerical
results of uy (x) in different reproducing kernel spaces are shown in Figs. 1-2.

Example 4.2. Consider the following functional differential equation with integral condition

u'(x) 4+ 2000u(x) — 500¢*u (vx) = f(x), 0<x <1,
1
u(l) = 5/ su(s)ds,
0

where f (x) is given such that the exact solution is u(x) = x°.

Using the method presented in Section 2, takingx; = (i—1)/(N—1), i=1,2,...,N, N = 11, 51, the numerical results
of uy (x) in different reproducing kernel spaces are shown in Figs. 3-4.

Example 4.3. For comparison, we consider the pantograph equation [16,20]

u'(x) + ux) — lu (i) = —le’o'z" 0<x<1
10 \5 10 ’ ’
u(0) = 1.

It is easy to see that the exact solution is u(x) = e™*.
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Fig. 4. Absolute errors of uy; (x) and usq (x) in W* for Example 4.2.
Table 1
Comparison of absolute error for Example 4.3.
X Muroya [16] Taylor method [20] Present method (N = 11) Present method (N = 151)
27! 2.19 x 107° 1.24 x 1071° 1.59 x 1078 3.33 x 1071
272 1.08 x 107> 9.74 x 1071 1.87 x 1078 4.13 x 107"
273 3.81 x 107° 7.00 x 107" 2.71 x 107° 4.62 x 107"
274 1.26 x 107> 9.14 x 107 2.41 x 107° 4.89 x 107"
25 4.09 x 107° 5.28 x 10711 1.00 x 107° 5.05 x 107"
276 1.20 x 107° 1.95 x 10~ 3.51 x 1077 4.74 x 1071

In Table 1, the absolute errors of the present method for N = 11, 81 are compared with Muroya method [16] and Taylor
method of [20].

5. Conclusion

In this paper, based on reproducing kernel theory, a continuous method is proposed for solving nonlocal first order
functional differential equations with delayed or advanced arguments. Also, the error estimation of the present method
is developed. The results of numerical examples show that the present method can provide accurate approximate solutions.
In addition, the present method is also effective for linear functional differential equations with large coefficients.
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