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1. Introduction and main results

In this paper we consider the low Mach number limit of the following full compressible Navier–Stokes–Maxwell system
[10,18,19]:

∂tρ + div(ρu) = 0, (1.1)

ρ(ut + u · ∇u) + ∇p = div
(
2μP + μ′ div uI3

) + J × B, (1.2)

ρ
∂e

∂θ
(θt + u · ∇θ) + θ

∂ p

∂θ
div u = κ�θ + Ψ + J · (E + u × B), (1.3)

νEt − 1

μ0
curl B + J = 0, (1.4)

Bt + curl E = 0, div B = 0. (1.5)

Here the unknowns ρ > 0, u = (u1, u2, u3), θ > 0, E = (E1, E2, E3), and B = (B1, B2, B3) represent the mass density, the
velocity, the absolute temperature, the electric field, and the magnetic flux density, respectively. I3 is a 3 × 3 unit vector.
P is the deformation tensor, whose entries are

Pij = 1

2

(
∂ui

∂x j
+ ∂u j

∂xi

)
, i, j = 1,2,3.
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The current density J is given by Ohm’s law J = σ(E + u × B).

Ψ = 2μ

3∑
i, j=1

(Pij)
2 + μ′(div u)2

is the viscous dissipation function. The pressure p = p(ρ, θ) and the internal energy e = e(ρ, θ) are smooth functions of the
density ρ and the temperature θ of the flow and satisfy the Gibbs relation

θdS = de + pd

(
1

ρ

)
,

for some smooth function S = S(ρ, θ) which expresses the first law of the thermodynamics. The viscosity coefficients μ
and μ′ , the heat conductivity coefficient κ , and the electric conductivity coefficient σ are assumed to be constants such
that μ > 0, 2μ + μ′ > 0, κ > 0, and σ > 0. The dielectric constant ν and the magnetic permeability μ0 are assumed to be
positive constants.

The system (1.1)–(1.5) describes the motion of compressible quasi-neutrally ionized fluids under the influence of elec-
tromagnetic fields. By taking the dielectric constant ν = 0 in (1.4), then we obtain that J = curl B/μ0. Thanks to Ohm’s law,
we can eliminate the electric field E in (1.2), (1.3), and (1.5), and finally obtain the full compressible magnetohydrodynamic
equations (see [11] for more details)

∂tρ + div(ρu) = 0, (1.6)

ρ(ut + u · ∇u) + ∇p = div
(
2μP + μ′ div uI

) + 1

μ0
curl B × B, (1.7)

ρ
∂e

∂θ
(θt + u · ∇θ) + θ

∂ p

∂θ
div u = κ�θ + Ψ + 1

σμ2
0

| curl B|2, (1.8)

Bt − curl(u × B) + 1

σμ0
curl curl B = 0, div B = 0. (1.9)

There is a lot of literature on the full compressible magnetohydrodynamic equations (1.6)–(1.9) due to their physical impor-
tance, complexity, rich phenomena, and mathematical challenges, see [2–4,6,14,16] and the references cited therein. In [14],
Jiang, Ju, and Li studied the low Mach number limit to the system (1.6)–(1.9) in the framework of the local smooth solutions
for small variational density and temperature. Later, the large variational density and temperature case was studied in [16].
For more results on low Mach number limit to the magnetohydrodynamic equations, please see [7,12,13] on isentropic case,
[15] on the ideal non-isentropic case, [17] on full magnetohydrodynamics equations in framework of weak solutions, and
[22] on magnetohydrodynamics equations with strong stratification.

To the authors’ best knowledge, there are no results on low Mach number limit of the full compressible Navier–Stokes–
Maxwell system (1.1)–(1.5). In this paper we extend the results in [14] to the system (1.1)–(1.5). We shall focus our study on
the fluid obeying the perfect relations p = �ρθ and e = cV θ , where the constants � > 0 and cV > 0 are the gas constant
and the heat capacity volume, respectively.

In order to study the low Mach number limit of the system (1.1)–(1.5), similarly to [14], we use its appropriate dimen-
sionless form as follows

∂tρ + div(ρu) = 0, (1.10)

ρ
(
ut + (u · ∇u)u

) + ∇(ρθ)

ε2
= 2μdiv P + μ′ div(div uI3) + J × B, (1.11)

ρ(θt + u · ∇θ) + (γ − 1)ρθ div u = κ�θ + ε2(Ψ + J · (E + u × B)
)
, (1.12)

νEt − (1/μ0) curl B + J = 0, J = σ(E + u × B), (1.13)

Bt + curl E = 0, div B = 0, (1.14)

where ε is the Mach number and the coefficients μ,μ′, ν , and κ are the scaled parameters. γ = 1 + R/cV is the ratio of
specific heats. Note that we have used the same notations and assumed that the coefficients μ,μ′, ν , and κ are independent
of ε for simplicity.

Setting

ρ = 1 + εq, θ = 1 + εφ,

then we can rewrite (1.10)–(1.14) as
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∂tq
ε + uε · ∇qε + 1

ε

(
1 + εqε

)
div uε = 0, (1.15)

(
1 + εqε

)(
∂tuε + uε · ∇uε

) + 1

ε

[(
1 + εqε

) · ∇φε + (
1 + εφε

) · ∇qε
]

= 2μdiv Pε + μ′ div
(
div uε I3

) + Jε × Bε, (1.16)

ν∂tEε − 1

μ0
curl Bε = −Jε, Jε = σ

(
Eε + uε × Bε

)
, (1.17)

∂tBε + curl Eε = 0, div Bε = 0, (1.18)(
1 + εqε

)(
∂tφ

ε + uε · ∇φε
) + γ − 1

ε

(
1 + εqε

)(
1 + εφε

)
div uε = ε

(
Ψ ε + Jε · (Eε + uε × Bε

)) + κ�φε, (1.19)

with

(
P ε

)
i j = 1

2

(
∂uε

i

∂x j
+ ∂uε

j

∂xi

)
, Ψ ε = 2μ

3∑
i, j=1

((
P ε

)
i j

)2 + μ′(div uε
)2

.

The system (1.15)–(1.19) is equipped with initial data(
qε,uε,Eε,Bε,φε

)∣∣
t=0 = (

qε
0(x),uε

0(x),Eε
0(x),Bε

0(x),φε
0 (x)

)
, x ∈ Ω. (1.20)

Here Ω =R
3 or T

3, and we have added the superscript ε on the unknowns (qε,uε,Eε,Bε, φε) to stress the dependence of
the parameter ε .

Formal if we take the limit ε → 0 in (1.15)–(1.19), we obtain the following incompressible Navier–Stokes–Maxwell equa-
tions (we suppose that the limits uε → w, Bε → H, and Eε → D exist)

∂tw + w · ∇w + ∇π = μ�w + J × H, (1.21)

ν∂tD − 1

μ0
curl H + J = 0, J = σ(D + w × H), (1.22)

∂tH + curl D = 0, (1.23)

div w = 0, div H = 0. (1.24)

The system (1.21)–(1.24) is supplemented with initial data

(w,D,H)
∣∣
t=0 = (

w0(x),D0(x),H0(x)
)
, x ∈ Ω. (1.25)

In this paper we shall establish the above limit rigorously in Ω . Moreover, we shall show that for sufficiently small Mach
number, the compressible Navier–Stokes–Maxwell system (1.15)–(1.19) admits a smooth solution on the time interval where
the smooth solution of the incompressible Navier–Stokes–Maxwell equations (1.21)–(1.24) exists.

Before stating our main result we recall some known results on the incompressible Navier–Stokes–Maxwell equations
(1.21)–(1.24). Masmoudi [21] obtained the existence and uniqueness of global strong solutions (1.21)–(1.24) for the initial
data (w0,D0,H0) ∈ L2(R2) × Hs(R2) × Hs(R2) with s > 0. Ibrahim and Keraani [8] established the strong solutions to the
system (1.21)–(1.24) for the initial belonging to Ḃ1/2

2,1 (R3)× Ḣ1/2(R3)× Ḣ1/2(R3). Very recently, this result was improved by

Germain, Ibrahim, and Masmoudi [5] where the initial data lie in Ḣ1/2(R3) × Ḣ1/2(R3) × Ḣ1/2(R3). Ibrahim and Yoneda [9]
constructed local smooth solution for non-decaying initial data on the torus T

3 and showed the loss of smoothness of
solutions. We remark that although there are some results on the Navier–Stokes–Maxwell system (1.21)–(1.24), the global
finite energy weak solution (Leray-type solution) to (1.21)–(1.24) for initial data lying in L2(Rd) is still an interesting open
problem for d = 2,3.

In this paper, for simplicity, we assume that the problem (1.21)–(1.25) has a local smooth solution as obtained in [9].
The main result of the present paper is the following.

Theorem 1.1. Let s > 3/2 + 2. Suppose that the initial data (qε
0(x),uε

0(x),Eε
0(x),Bε

0(x), φε
0 (x)) belong to Hs and satisfy∥∥(

qε
0(x),uε

0(x) − w0(x),Eε
0(x) − D0(x),Bε

0(x) − H0(x)
)∥∥

s = O (ε) (1.26)

for some smooth functions (w0(x),D0(x),H0(x)). Let (w,D,H,π) be a smooth solution to the system (1.21)–(1.24) with initial data
(w0(x),D0(x),H0(x)) on [0, T ∗] × Ω for T ∗ > 0 finite, then there exists a constant ε0 > 0 such that, for all ε � ε0 , the problem
(1.15)–(1.20) has a unique smooth solution (qε,uε,Eε,Bε , φε) ∈ C([0, T ∗], Hs). Moreover, there exists a positive constant K > 0,
independent of ε , such that, for all ε � ε0 ,

sup
t∈[0,T ∗]

∥∥∥∥
(

qε − ε

2
π,uε − w,Eε − D,Bε − H, φε − ε

2
π

)∥∥∥∥
s
� Kε. (1.27)
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The proof of Theorem 1.1 is based on the method developed in [14]. The key point is to obtain the uniform estimates
of the error system and apply convergence-stability lemma [1,24] and Gronwall-type inequality. Compared with the full
compressible magnetohydrodynamic equations (1.6)–(1.9), the full compressible Navier–Stokes–Maxwell system (1.15)–(1.19)
is more complicated and more refined analysis is needed in our arguments, see the details presented in the next section.

Before ending the introduction, we give the notations used throughout the current paper. We use the letter C to denote
various positive constants independent of ε . For convenience, we denote by Hl ≡ Hl(Ω) (l ∈R) the standard Sobolev spaces
and write ‖ · ‖l for the standard norm of Hl and ‖ · ‖ for ‖ · ‖0. The remainder of this paper is devoted to the proof of
Theorem 1.1.

2. Proof of Theorem 1.1

This section is devoted to proving Theorem 1.1. Denoting U ε = (qε,uε,Eε,Bε, φε)
 , we rewrite the system (1.15)–(1.19)
in the vector form

A0
(
U ε

)
∂t U ε +

3∑
j=1

A j
(
U ε

)
∂ j U

ε = Q
(
U ε

)
, (2.1)

where the matrices A j(U ε) (0 � j � 3) are given by

A0
(
U ε

) = diag
(
1,1 + εqε,1 + εqε,1 + εqε, ν, ν, ν,1,1,1,1 + εqε

)
,

A1
(
U ε

) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

uε
1

1+εqε

ε 0 0 0 0 0 0 0 0 0
1+εφε

ε uε
1(1 + εqε) 0 0 0 0 0 0 0 0 1+εqε

ε
0 0 uε

1(1 + εqε) 0 0 0 0 0 0 0 0
0 0 0 uε

1(1 + εqε) 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 − 1

μ0
0

0 0 0 0 0 0 0 0 1
μ0

0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 −1 0 0 0 0 0

0 (γ −1)(1+εqε)(1+εφε)
ε 0 0 0 0 0 0 0 0 uε

1(1 + εqε)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

A2
(
U ε

) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

uε
2

1+εqε

ε 0 0 0 0 0 0 0 0 0
0 uε

2(1 + εqε) 0 0 0 0 0 0 0 0 0
1+εφε

ε 0 uε
2(1 + εqε) 0 0 0 0 0 0 0 1+εqε

ε
0 0 0 uε

2(1 + εqε) 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1

μ0
0

0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1

μ0
0 0

0 0 0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0

0 0 (γ −1)(1+εqε)(1+εφε)
ε 0 0 0 0 0 0 0 uε

2(1 + εqε)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

A3
(
U ε

) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

uε
3 0 0 1+εqε

ε 0 0 0 0 0 0 0
0 uε

3(1 + εqε) 0 0 0 0 0 0 0 0 0
0 0 uε

3(1 + εqε) 0 0 0 0 0 0 0 0
1+εφε

ε 0 0 uε
3(1 + εqε) 0 0 0 0 0 0 1+εqε

ε
0 0 0 0 0 0 0 0 − 1

μ0
0 0

0 0 0 0 0 0 0 1
μ0

0 0 0
0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 −1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

0 0 0 (γ −1)(1+εqε)(1+εφε) 0 0 0 0 0 0 uε(1 + εqε)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

ε 3
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and

Q
(
U ε

) := (
0, L

(
U ε

)
,−Jε,0,0,0, κ�φε + ε

(
Ψ ε + Jε · (Eε + uε × Bε

)))


with

Jε = σ
(
Eε + u × Bε

)
,

L
(
U ε

) = 2μdiv Pε + μ′ div
(
div uε I3

) + Jε × Bε

= μ�uε + (
μ + μ′)∇ div uε + Jε × Bε .

It is easy to see that the matrices A j(U ε) (0 � j � 3) can be symmetrized by choosing

Â0
(
U ε

) = diag

(
1 + εφε

1 + εqε
,1,1,1,μ0,μ0,μ0,1,1,1,

1

(γ − 1)(1 + εφε)

)
.

Moreover, for U ε ∈ Ḡ1 � G with G being the state space for the system (2.1), Ã0(U ε) is a positive definite symmetric matrix
for sufficiently small ε .

Assume that the initial data

U ε(0, x) = U ε
0(x) := (

qε
0(x),uε

0(x),Eε
0(x)Bε

0(x),φε
0 (x)

)
 ∈ Hs

and U ε
0(x) ∈ G0, Ḡ0 � G .

First, following the proof of the local existence theory for the initial value problem of symmetrizable hyperbolic–parabolic
systems by Volpert and Hudjaev [23], we obtain that there exists a time interval [0, T ] with T > 0, so that the system (2.1)
with initial data U ε

0(x) has a unique classical solution U ε(t, x) ∈ C([0, T ], Hs) and U ε(t, x) ∈ G2 with Ḡ2 � G . We remark
that the crucial step in the proof of local existence result is to prove the uniform boundedness of the solutions.

Now we define

Tε = sup
{

T > 0: U ε(t, x) ∈ C
([0, T ], Hs), U ε(t, x) ∈ G2, ∀(t, x) ∈ [0, T ] × Ω

}
.

Note that Tε depends on ε and may tend to zero as ε goes to 0.
To show that lim infε→0 Tε > 0, we shall make use of the convergence-stability lemma which was established in [1,24]

for hyperbolic systems of balance laws. Similarly to [14], for the hyperbolic–parabolic system (2.1), we have the following
convergence-stability lemma.

Lemma 2.1. Let s > 3/2 + 2. Suppose that U ε
0(x) ∈ G0 , Ḡ0 � G, and U ε

0(x) ∈ Hs, and the following convergence assumption (A) holds.
(A) For each ε , there exist T� > 0 and Uε ∈ L∞(0, T�; Hs) satisfying⋃

x,t,ε

{
Uε(t, x)

}
� G,

such that, for t ∈ [0,min{T�, Tε}),

sup
x,t

∣∣U ε(t, x) − Uε(t, x)
∣∣ = o(1), sup

t

∥∥U ε(t, x) − Uε(t, x)
∥∥

s = O (1), as ε → 0.

Then there exists an ε̄ > 0 such that, for all ε ∈ (0, ε̄], it holds that

Tε > T�.

To apply Lemma 2.1, we construct the approximation Uε = (qε,vε,Dε,Hε, φε)

 to the original system (2.1) with qε =

επ/2, vε = w, Dε = D, Hε = H, and φε = επ/2, where (w,D,H,π) is the smooth solution to the problem (1.21)–(1.25). It is
easy to verify that Uε satisfies

∂tqε + vε · ∇qε + 1

ε
(1 + εqε)div vε = ε

2
(πt + w · ∇π), (2.2)

(1 + εqε)(∂tvε + vε · ∇vε) + 1

ε

[
(1 + εqε)∇φε + (1 + εφε)∇qε

]
= μ�vε + ε2

2
π(wt + w · ∇w + ∇π) + Jε × Hε, (2.3)

ν∂tDε − 1

μ0
curl Hε = −Jε, Jε = σ(Dε + wε × Hε), (2.4)

∂tHε + curl Dε = 0, div Hε = 0, (2.5)

(1 + εqε)(∂tφε + vε · ∇φε) + γ − 1

ε
(1 + εqε)(1 + εφε)div vε

=
(

ε + ε3

π

)
(πt + w · ∇π). (2.6)
2 4
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We rewrite the system (2.2)–(2.6) in the following vector form

A0(Uε)∂t Uε +
3∑

j=1

A j(Uε)∂ j Uε = S(Uε) + R (2.7)

with S(Uε) = (0,μ�vε + Jε × Hε,−Jε,0,0,0,0)
 and

R =

⎛
⎜⎜⎜⎜⎝

ε
2 (πt + w · ∇π)

ε2

2 π(wt + w · ∇w + ∇π)

0
0(

ε
2 + ε3

4 π
)
(πt + w · ∇π)

⎞
⎟⎟⎟⎟⎠ .

Due to the regularity assumptions on (w,π) in Theorem 1.1, we have

max
t∈[0,T ∗]

∥∥R(t)
∥∥

s � Cε. (2.8)

In order to prove Theorem 1.1, thanks to Lemma 2.1, it suffices to establish the error estimate in (1.27) for t ∈
[0,min{T ∗, Tε}). To this end, introducing

F = U ε − Uε and A j(U ) = A−1
0 (U )A j(U ),

and utilizing (2.1) and (2.7), we arrive at

Ft +
3∑

j=1

A j
(
U ε

)
Fx j =

3∑
j=1

(
A j(Uε) −A j

(
U ε

))
Uεx j + A−1

0

(
U ε

)
Q

(
U ε

) − A−1
0 (Uε)

(
S(Uε) + R

)
. (2.9)

For any multi-index α satisfying |α| � s, we apply the operator Dα to (2.9) to obtain that

∂t Dα F +
3∑

j=1

A j
(
U ε

)
∂x j Dα F = Pα

1 + Pα
2 + Q α + Rα (2.10)

with

Pα
1 =

3∑
j=1

{
A j

(
U ε

)
∂x j Dα F − Dα

(
A j

(
U ε

)
∂x j F

)}
,

Pα
2 =

3∑
j=1

Dα
{(
A j(Uε) −A j

(
U ε

))
Uεx j

}
,

Y α = Dα
{

A−1
0

(
U ε

)
Q

(
U ε

) − A−1
0 (Uε)S(Uε)

}
,

Rα = Dα
{

A−1
0 (Uε)R

}
.

As in [14], we define the canonical energy by

‖F‖2
e :=

∫ 〈
Ã0

(
U ε

)
F , F

〉
dx.

Define

Ã0
(
U ε

) = diag

(
1 + εφε

(1 + εqε)2
,1,1,1, νμ0, νμ0, νμ0,1,1,1,

1

(γ − 1)(1 + εφε)

)
.

Note that Ã0(U ε) is a positive definite symmetric matrix and Ã0(U ε)A j(U ε) is symmetric. Now, if we multiply (2.10) by
Ã0(U ε) and take the inner product between the resulting system and Dα F , we arrive at

d

dt

∥∥Dα F
∥∥2

e =
∫ 〈

Γ Dα F , Dα F
〉
dx + 2

∫ (
Dα F

)T
Ã0

(
U ε

)(
Pα

1 + Pα
2 + Y α + Rα

)
dx, (2.11)

where

Γ = (∂t,∇) · ( Ã0, Ã0
(
U ε

)
A1

(
U ε

)
, Ã0

(
U ε

)
A2

(
U ε

)
, Ã0

(
U ε

)
A3

(
U ε

))
.
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Next, we estimate every term on the right-hand side of (2.10). Note that our estimates only need to be done for t ∈
[0,min{T ∗, Tε}) where both U ε and Uε are regular enough and take values in a convex compact subset of the state space.
Thus, we have

C−1
∫ ∣∣Dα F

∣∣2
dx �

∥∥Dα F
∥∥2

e � C

∫ ∣∣Dα F
∣∣2

dx (2.12)

for some C > 0 and∣∣(Dα F
)


Ã0
(
U ε

)(
Pα

1 + Pα
2 + Rα

)∣∣ � C
(∣∣Dα F

∣∣2 + ∣∣Pα
1

∣∣2 + ∣∣Pα
2

∣∣2 + ∣∣Rα
∣∣2)

. (2.13)

To estimate Γ , we rewrite A j(U ε) = B j + Ā j(U ε) with

B j = diag
(
uε

j , uε
j , uε

j , uε
j ,0,0,0,0,0,0, uε

j

)
.

Notice that Ā j(U ε) depends only on qε and φε . Thus we have

Γ = ∂

∂t
Ã0 +

3∑
j=1

∂

∂x j
( Ã0B j + Ã0Ā j)

= Ã0 div uε +
3∑

j=1

∂

∂x j
Ã0Ā j − Ã′

0η1

(
1 + εqε

)
div uε − Ã′

0η2

{
(γ − 1)

(
1 + εφε

)
div uε − κε

(
1 + εqε

)−1
�φε

− ε2(1 + εqε
)−1(

Ψ ε + Jε · (Eε + uε × Bε
))}

.

Therefore,

|Γ | � C + C
(∣∣∇qε

∣∣ + ∣∣∇φε
∣∣ + ∣∣�φε

∣∣ + ∣∣∇uε
∣∣2 + ∣∣Eε

∣∣2 + ∣∣uε
∣∣4 + ∣∣Bε

∣∣4)
� C + C

(|∇ F | + |∇ F |2) + C
∣∣�(

φε − φε

)∣∣ + C
(|F |2 + |F |4) + C

(|∇vε | + |∇vε |2 + 1
)

� C + C
(‖F‖s + ‖F‖4

s

)
� C

(
1 + ‖F‖4

s

)
. (2.14)

Here we have used Sobolev’s embedding theorem and the fact that s > 3/2 + 2, and the symbols Ã′
0η1

and Ã′
0η2

denote the

differentiation of Ã0 with respect to ρε and θε , respectively.
Since

Pα
1 =

3∑
j=1

A j
(
U ε

)
∂x j Dα F − Dα

(
A j

(
U ε

)
∂x j F

)

= −
3∑

j=1

∑
0<β�α

(
α

β

)
∂βA j

(
U ε

)
∂α−β Fx j

= −
3∑

j=1

∑
0<β�α

(
α

β

)
∂β

[
B j + Ā j

(
U ε

)]
∂α−β Fx j ,

we obtain, with the help of the Moser-type calculus inequalities in Sobolev spaces [20], that∥∥∂βB j
(
U ε

)
∂α−β Fx j

∥∥ � C
∥∥uε

∥∥
s‖Fx j ‖|α|−1 � C

∥∥uε
∥∥

s‖F‖|α|,∥∥∂βĀ j
(
U ε

)
∂α−β Fx j

∥∥ = ∥∥ε−1∂β f
(
qε,φε

)
∂α−β Fx j

∥∥
� Cε−1(∥∥∇ρε

∥∥
s−1 + ∥∥∇θε

∥∥
s−1 + ∥∥∇ρε

∥∥s
s−1 + ∥∥∇θε

∥∥s
s−1

)‖F‖α

� C
(∥∥(

qε,φε
)∥∥

s + ∥∥(
qε,φε

)∥∥s
s

)‖F‖α

� C
(
1 + ‖F‖s

s

)‖F‖α

where f (qε, φε) := (1 + εqε) + (γ − 1)(1 + εφε) + (1 + εqε)−1(1 + εφε). Thus, we have∥∥Pα
1

∥∥ � C
(
1 + ‖F‖s

s

)‖F‖|α|. (2.15)

Similarly, by the uniform boundedness of ‖Uε‖s+1, the term Pα can be bounded as follows.
2
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∥∥Pα
2

∥∥ � C‖Uεx j ‖s
∥∥A j(Uε) −A j

(
U ε

)∥∥|α|
� C

∥∥(
uε

j − vε j
)∥∥|α| +

∥∥Ā j
(
U ε

) − Ā j(Uε)
∥∥|α|

� C
(
1 + ∥∥uε − vε

∥∥|α|
) + C

∥∥ε−1( f
(
qε,φε

) − f (qε,φε)
)∥∥|α|

� C
(
1 + ∥∥qε + η3

(
qε − qε

) + φε + η4
(
φε − φε

)∥∥s
s

)‖F‖|α|
� C

(
1 + ‖F‖s

s

)‖F‖|α|, (2.16)

where 0 � η3, η4 � 1 are constants.
The estimate of the term

∫
(Dα E)
 Ã0(U ε)Y αdx is more complex and delicate, and we give the details below. Since

Y α =

⎛
⎜⎜⎜⎜⎜⎜⎝

0
Dα

( L(U ε )
1+εqε − μ�vε+Jε×Hε

1+εqε

)
Dα

( Jε−Jε

ν

)
0

Dα
( κ�φε+ε(Ψ ε+Jε (Eε+uε×Hε ))

1+εqε

)

⎞
⎟⎟⎟⎟⎟⎟⎠

,

we can rewrite
∫
(Dα E)
 Ã0(U ε)Y αdx as∫ (

Dα E
)


Ã0
(
U ε

)
Y α dx

=
∫

Dα
(
uε − vε

)
Dα

(
L(U ε)

1 + εqε
− μ�vε + Jε × Hε

1 + εqε

)
dx +

∫
μ0 Dα

(
Eε − Dε

)
Dα

(
Jε − Jε

)
dx

+
∫

1

(γ − 1)(1 + εφε)
Dα

(
φε − φε

)
Dα

(
κ�φε + ε(Ψ ε + Jε · (Eε + uε × Hε))

1 + εqε

)
dx

=
∫

Dα
(
uε − vε

)
Dα

(
μ�uε + (μ + μ′)∇ div uε

1 + εqε
− μ�vε

1 + εqε

)
dx

+
∫

Dα
(
uε − vε

)
Dα

(
Jε × Bε

1 + εqε
− Jε × Hε

1 + εqε

)
dx +

∫
μ0 Dα

(
Eε − Dε

)
Dα

(
Jε − Jε

)
dx

+
∫

1

(γ − 1)(1 + εφε)
Dα

(
φε − φε

)
Dα

(
κ�φε

1 + εqε

)
dx

+ ε

∫
1

(γ − 1)(1 + εφε)
Dα

(
φε − φε

)
Dα

(
Ψ ε

1 + εqε

)
dx

+ ε

∫
1

(γ − 1)(1 + εφε)
Dα

(
φε − φε

)
Dα

(
Jε(Eε + uε × Bε)

1 + εqε

)
dx

:=
6∑

i=1

Ii . (2.17)

By the Moser-type calculus inequalities, Sobolev’s embedding theorem, Holder’s inequality, and the regularity of
(qε,vε,Dε,Hε, φε), the first four terms Ii (i = 1,2,3,4) can be bounded as follows.

I1 =
∫

Dα
(
uε − vε

)
Dα

(
μ�uε + (μ + μ′)∇ div uε

1 + εqε
− μ�vε

1 + εqε

)
dx

=
∫

Dα
(
uε − vε

)
Dα

{(
1 + εqε

)−1
μ�

(
uε − vε

) + (
μ + μ′)∇ div

(
uε − vε

)}
dx

+ μ

∫
Dα

(
uε − vε

)
Dα

{[(
1 + εqε

)−1 − (1 + εqε)
−1]�vε

}
dx

� −
∫

μ

1 + εqε

∣∣Dα∇(
uε − vε

)∣∣2
dx −

∫
μ + μ′

1 + εqε

∣∣Dα div
(
uε − vε

)∣∣2
dx

+
∣∣∣∣
∫

Dα
(
uε − vε

) ·
∑

0<β�α

Dβ
[(

1 + εqε
)−1]

Dα−β
{
μ�

(
uε − vε

)

+ (
μ + μ′)∇ div

(
uε − vε

)}
dx

∣∣∣∣ + C‖F‖2|α| + C‖F‖4
s + Cε

∥∥Dα∇(
uε − vε

)∥∥2
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� −C

∫
μ

∣∣Dα∇(
uε − vε

)∣∣2
dx − C

∫ (
μ + μ′)∣∣Dα div

(
uε − vε

)∣∣2 + C‖F‖2|α| dx

+ Cε
∥∥Dα∇(

uε − vε

)∥∥2 + C‖F‖4
s + C‖F‖2

s ‖F‖2|α| +
∣∣∣∣
∫

Dα
(
uε − vε

)
·

∑
1<β�α

Dβ
[(

1 + εqε
)−1]

Dα−β
{
μ�

(
uε − vε

) + (
μ + μ′)∇ div

(
uε − vε

)}
dx

∣∣∣∣
� −C

∫
μ

∣∣Dα∇(
uε − vε

)∣∣2
dx − C

∫ (
μ + μ′)∣∣Dα div

(
uε − vε

)∣∣2
dx

+ Cε
∥∥Dα∇(

uε − vε

)∥∥2 + C‖F‖4
s + C‖F‖2|α| + C‖F‖2|α|‖F‖s

s, (2.18)

|I2| =
∣∣∣∣
∫

Dα
(
uε − vε

)
Dα

(
Jε × Bε

1 + εqε
− Jε × Hε

1 + εqε

)
dx

∣∣∣∣
� ‖F‖|α|

∥∥∥∥ Jε × Bε

1 + εqε
− Jε × Hε

1 + εqε

∥∥∥∥|α|

� ‖F‖|α|
(∥∥∥∥ 1

1 + εqε

∥∥∥∥
s

∥∥(
Jε − Jε

) × Bε
∥∥|α| +

∥∥∥∥ 1

1 + εqε

∥∥∥∥
s

∥∥Jε × (
Bε − Hε

)∥∥|α|

+
∥∥∥∥ 1

1 + εqε
− 1

1 + εqε

∥∥∥∥
s
‖Jε × Hε‖|α|

)
� C‖F‖|α|

(
1 + ‖F‖s+2

s

)‖F‖s, (2.19)

|I3| =
∣∣∣∣
∫

μ0 Dα
(
Eε − Dε

)
Dα

(
Jε − Jε

)
dx

∣∣∣∣
� μ0

∥∥Eε − Dε

∥∥|α|
∥∥Jε − Jε

∥∥|α|
� C

(
1 + ‖F‖s

)‖F‖2|α|, (2.20)

|I4| =
∣∣∣∣
∫

1

(γ − 1)(1 + εφε)
Dα

(
φε − φε

)
Dα

(
κ�φε

1 + εqε

)
dx

∣∣∣∣
� κ

γ − 1

∣∣∣∣
∫

1

1 + εφε
Dα

(
φε − φε

)
Dα

(
�(φε − φε)

1 + εqε

)
dx

∣∣∣∣ + κ

γ − 1

∣∣∣∣
∫

1

1 + εφε
Dα

(
φε − φε

)
Dα

(
�φε

1 + εqε

)
dx

∣∣∣∣
� κ

γ − 1

∣∣∣∣
∫

1

1 + εφε
Dα

(
φε − φε

) 1

1 + εqε
Dα�

(
φε − φε

)
dx

∣∣∣∣
+ κ

γ − 1

∑
0<β�α

∣∣∣∣
∫

Dα
(
φε − φε

)
Dβ

[(
1 + εqε

)−1]
Dα−β�

(
φε − φε

)
dx

∣∣∣∣
+ κ

(γ − 1)

∣∣∣∣
∫

1

1 + εφε
Dα

(
φε − φε

)
Dα �φε

1 + εqε
dx

∣∣∣∣
� −Cκ

∫ ∣∣∇Dα
(
φε − φε

)∣∣2
dx + Cε

∥∥∇Dα
(
φε − φε

)∥∥2 + C‖F‖2|α| + C‖F‖4
s + C‖F‖2|α|‖F‖s

s + Cε2. (2.21)

Similarly, we have

|I5| = ε

∣∣∣∣
∫

1

(γ − 1)(1 + εφε)
Dα

(
φε − φε

)
Dα

(
Ψ ε

1 + εqε

)
dx

∣∣∣∣
� Cε

∥∥Dα∇(
φε − φε

)∥∥2 + C‖F‖2|α| + C‖F‖4
s + C‖F‖2|α|‖F‖s

s + Cε2, (2.22)

|I6| = ε

∣∣∣∣
∫

1

(γ − 1)(1 + εφε)
Dα

(
φε − φε

)
Dα

(
Jε · (Eε + uε × Bε)

1 + εqε

)
dx

∣∣∣∣
� ε

γ − 1

∣∣∣∣
∫

1

1 + εφε

1

1 + εqε
Dα

(
φε − φε

)
Dα

(
Jε · (Eε + uε × Bε

))
dx

∣∣∣∣
+ ε

γ − 1

∑
0<β�α

∣∣∣∣
∫

Dα
(
φε − φε

)
Dβ 1

1 + εqε
Dα−β

(
Jε · (Eε + uε × Bε

))
dx

∣∣∣∣
� C‖F‖2

s + C‖F‖8
s + C‖F‖2

α

(
1 + ‖F‖2s

s

) + Cε2. (2.23)
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Putting the estimates (2.8) and (2.13)–(2.23) into (2.11) and taking ε small enough, we obtain that

d

dt

∥∥Dα F
∥∥2

e + ξ

∫ ∣∣Dα∇(
uε − vε

)∣∣2
dx + κ

∫ ∣∣Dα∇(
φε − φε

)∣∣2
dx

� C
∥∥Rα

∥∥2 + C
(
1 + ‖F‖2s

s

)‖F‖2|α| +
(
1 + ‖F‖s+2

s

)‖F‖s‖F‖α + ‖F‖2
s + ‖F‖8

s + Cε2, (2.24)

where we have used the following estimate

μ

∫ ∣∣Dα∇(
uε − vε

)∣∣2 + (
μ + μ′)∫ ∣∣Dα div

(
uε − vε

)∣∣2 � ξ

∫ ∣∣Dα∇(
uε − vε

)∣∣2

for some positive constant ξ > 0.
Thanks to (2.12), we can integrate the inequality (2.24) over (0, t) with t < min{Tε , T ∗} to obtain that

∥∥Dα F (t)
∥∥2 � C

∥∥Dα F (0)
∥∥2 + C

t∫
0

∥∥Rα(τ )
∥∥2

dτ

+ C

t∫
0

{(
1 + ‖F‖2s

s

)‖F‖2|α| + ‖F‖2
s + (

1 + ‖F‖s+2
s

)‖F‖s‖F‖α + ‖F‖8
s + Cε2}(τ )dτ .

Summing up this inequality for all α with |α| � s, we get

∥∥F (t)
∥∥2

s � C
∥∥F (0)

∥∥2
s + C

T ∗∫
0

∥∥R(τ )
∥∥2

s dτ + C

t∫
0

{(
1 + ‖F‖2s+2

s

)‖F‖2
s

}
(τ )dτ .

With the help of Gronwall’s lemma and the fact that

∥∥F (0)
∥∥2

s +
T ∗∫

0

∥∥R(t)
∥∥2

s dt = O
(
ε2),

we conclude that

∥∥F (t)
∥∥2

s � Cε2 exp

{
C

t∫
0

(
1 + ∥∥F (τ )

∥∥2s+2
s

)
dτ

}
≡ Φ(t).

It is easy to see that Φ(t) satisfies

Φ ′(t) = C
(
1 + ∥∥F (t)

∥∥2s+2
s

)
Φ(t) � CΦ(t) + CΦs+2(t).

Thus, by employing the nonlinear Gronwall-type inequality, we conclude that there exists a constant K , independent of ε ,
such that∥∥F (t)

∥∥
s � Kε

for all t ∈ [0,min{Tε, T ∗}) provided Φ(0) = Cε2 < exp{−C T ∗}. Hence the proof of Theorem 1.1 is complete.
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