Doctopic: Miscellaneous YJMAA:18573

J. Math. Anal. Appl. e e e (esoee) s o e—0ose

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Complete convergence for moving average processes associated
to heavy-tailed distributions and applications

Wei Li®, Pingyan Chen ", Tien-Chung Hu “*

? College of Computation Science, Zhongkai University of Agriculture and Engineering, Guangzhou,
510225, PR China

b Department of Mathematics, Jinan University, Guangzhou, 510632, PR China

¢ Dept. of Math., National Tsing Hua University, Hsinchu 30013, Taiwan, ROC

ARTICLE INFO ABSTRACT

Article history: The complete convergence is obtained for the moving average processes associated
REC?iVed 22 MMCh 2014 to heavy-tailed distributions via integral test. As the applications, two versions of
Avilléble;r];hn\‘; X;X"d N Chover’s law of the iterated logarithm are deduced.

Submitted by V. Pozdnyakov © 2014 Elsevier Inc. All rights reserved.

Keywords:

Complete convergence
Heavy-tailed distribution
Integral test

Law of the iterated logarithm
Moving average process

1. Introduction and main results

The concept of complete convergence was first introduced by Hsu and Robbins [13] as follows. A sequence
of random variables {U,,, n > 1} is said to converge completely to a constant C'if Y~ | P{|U,—C| > e} < o0
for all € > 0. By the Borel-Cantelli lemma, this implies U,, — C' almost surely and the converse implication
is not necessarily true if {U,,n > 1} are not independent. Hsu and Robbins [13] proved that the sequence
of arithmetic means of independent and identically distributed random variables converges completely to
the expected value if the variance of the summands is finite. And Erdds [9,10] proved that the converse is
also true.

This result has been generalized and extended in several directions, for example, see Katz [18], Baum
and Katz [2], Bai and Su [1], Gut [12], Hu et al. [15], etc. It is worthwhile to point that Katz [18], Baum
and Katz [2] obtained the following results: if 0 < p < 2 and r > 1 then E|X|™ < oo if and only if

> P> X —nb| > en'/? b < oo forall e >0, (1.1)
n=1

Jj=1
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if and only if

oo

E n""2P{ max
1<k<n

n=1 - =

where b=EX ifrp>1land b=0if 0 <rp < 1.
Recently the rate of complete convergence for sequences of dependent random variables has attracted

k
> X, — kb
=1

j=

> snl/p} < oo foralle>0, (1.2)

lots of attention. One of those investigations is to investigate the rate of complete convergence for moving
average processes based on the independent, identically distributed random variables. The concept of the
moving average processes and relevant limit results is stated in the following:

Assume that {X;,—0o < i < 4oo} is a doubly infinite sequence of identically distributed random
variables. Let {a;, —00 < i < 400} be a sequence of real numbers with

Z la;]® < oo (1.3)

i=—00
for some 0 < § < 1 and define the moving average process as

oo

Yo=Y aiXiyn, n>1L (1.4)

i=—00

When {X, X;,—00 < i < +o0} is a sequence of independent and identically distributed random vari-
ables, many limiting results have been obtained for the moving average process {Y,,n > 1}. For example,
Ibragimov [17] established the central limit theorem, Burton and Dehling [4] obtained a large deviation
principle assuming Eexp{tX} < oo for all ¢, and Li et al. [20] obtained the complete convergence re-
sult for {Y,,n > 1}. All those show that the partial sums of {Y,,,n > 1} have similar limiting behavior
properties in comparison with the limiting properties of independent and identically distributed random
variables.

For example, Hsu—Robbins result was extended by Li et al. [20] for moving average processes.

Theorem A. Let {X,X;,—0co < i < oo} be a sequence of independent and identically distributed ran-
dom wariables with EX = 0 and EX? < oo, {a;,—00 < i < +oo} be a sequence of real numbers
satisfying (1.3) for 6 = 1. Suppose {Y,,n > 1} is the moving average processes defined as (1.4). Then
Somey PSS, Y] > en} < oo for all e > 0.

Using a method different from that in Li et al. [20], Chen et al. [6] obtained the complete convergence for
the maximum sums, which extended the results in Katz [18], Baum and Katz [2]| partly to moving average
processes.

Theorem B. Let {X, X;,—00 < i < 0o} be a sequence of independent and identically distributed random
variables with EX =0 and E|X|™" <0 forr >1,1<p <2, and let {a;, —00 < i < +00} be a sequence of
real numbers satisfying (1.3) for 6 =1 ifrp>1 and 0 < § <1 if rp = 1. Suppose {Y,,,n > 1} is the moving
average process defined as (1.4). Then

k

PRE
j=1

o0

E n"2P{ max
1<k<n

n=1
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In fact, Chen et al. [6] obtained their result under the dependent setup. And if we further assume that

o

a= Z a; # 0, (1.5)

i=—00

using the symmetrical method and the comparison principle, the converse of Theorems A and B also holds.
The argument is similar to the proof of the divergence part of the main result.

The goal of the present investigation is to establish a version of complete convergence for moving average
processes associated to integral test and heavy tailed distributions.

Before the main results are stated, we should mention that the moment assumption in Theorem B,
E|X|"P < oo implies lim, o 2P P{|X| > x} = 0 and the converse is not necessary true. Of course, the
condition lim,_, ., 2P P{|X| > z} = ¢ € (0,00) does not imply the moment condition E|X| < cc.

The assumption of a random variable with the heavy tailed distribution of order rp which is more general
than limg .o 2™ P{|X| > 2} = ¢ € (0, 00) is introduced as the following;:

First we recall that a measurable function [(-) is said to be slowly varying at infinity if it is positive on
[0,00) and limg 00 I(Ax)/l(z) = 1 for each A > 0. We say that a random variable X with the heavy tailed
distribution of order rp if

mlirgoxp{|X| > p(x)} = ce (0,00), (1.6)

where ¢(z) = x%l(x), r > 1,0 < p < 2, and the function I(z) is slowly varying at infinity. From Bing-
ham et al. [3], we can obtain that P{|X| > z} is a regularly varying function with index —rp, i.e. for any
A>0

—rp

. P{X]|> Az}
hm —_— Y =
v P{X] > 2}

We refer to Bingham et al. [3] for other equivalent definitions and for detailed and comprehensive study of
properties of regularly varying functions and slowly varying functions.

Obviously, limy_, . ™ P{|X| > z} = ¢ € (0, 00) is the special case of a heavy tail distribution and (1.6)
is equivalent to

xlglgo 2" P{|X| > ¢(a")} = c e (0,00). (1.6)

Now we are ready to state the main results and however all those proofs will be detailed in the next
section.

Theorem 1.1. Assume that ¢(z) = x%l(x) for 0 < p <2, r>1, where l(x) > 0 (z > 0) is a slowly
varying function at infinity, and f > 0 is a non-decreasing function. Let {X, X;,—oco < i < oo} be a
sequence of independent and identically distributed random variables satisfying (1.6) and EX =0 if rp > 1,
{a;,—o00 < i < +oo} be a sequence of real numbers satisfying (1.5) and (1.3) for § = 1 if rp > 1 and
0<d<rpifrp <1l. Suppose {Y,,n > 1} is the moving average process defined as in (1.4). Then for all
e>0

k

>V

j=1

oo

E n"2P{ max
1<k<n

n=1 - =

>s<p((nf(n))r)}<oo or =00 (1.7)

according to [;° % < 00 o7 = 00.
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We conclude two applications from Theorem 1.1 for » = 1 and r = 2 as two corollaries which are related
to Chover’s type law of iterated logarithm for sequences and arrays respectively.

Corollary 1.1. Under the conditions of Theorem 1.1, let r = 1, then with probability one we have

n

0 T dx < 0o
limsup ——— Y| = ’ = / ’ 1.8
S ey |2 {oo | 2@ {=oo. 9
Furthermore
7?_ Y. 1/ loglogn
lim sup Q =el/P qs. (1.9)

Corollary 1.2. Let {X, X,;,n > 1,—00 < i < oo} be an array of independent and identically distributed
random variables. Suppose X and {a;, —00 < i < oo} as Theorem 1.1 and r = 2. Set

e8]
Ynj = Z aan’Hj, n Z 1, 1 S j S n.

i=—00

Then with probability one we have

1 0 yi dx < 00
limsup ———=51 > Yojl =9 = & / ’ 1.10
R G |2 {oo J a?fQ(x){:oo. (1.10)
Furthermore
T-L, Y, 1/ loglog n
limsupzj;gj =t/ g (1.11)

Remark 1.1. Formula (1.9) is called Chover’s type law of the iterated logarithm. The pioneer work is due to
Chover [8] for symmetrical stable random variables. For more general results, we refer to Chen and Hu [7]
and the references therein.

Remark 1.2. In fact, Corollary 1.1 is a special case of Corollary 3.4 in Chen and Hu [7]. But we provide a
different and interesting proof of the convergence part.

Remark 1.3. Corollary 1.2 is new even for partial sums of arrays of independent and identically distributed
random variables. The strong law for arrays is studied by Hu et al. [16] firstly. There are more results can
be found in Hu et al. [14] and the references therein.

2. Lemmas and proofs

We need the following lemmas in order to prove our main results. Throughout this section C' represents
a positive constant, which may be vary in different places.

Lemma 2.1. Let X be the same as in Theorem 1.1, then

(1) if t <rp, EIX|'I(|X| > z) ~ c12? P{|X| > x} for some c1 = c1(t,rp) > 0,
(2) if t >rp, EIX|'I(|X| < z) ~ cox? P{|X| > x} for some ca = ca(t,rp) > 0,

where a(x) ~ b(x) means lim,_,o a(z)/b(x) = 1.

Please cite this article in press as: W. Li et al., Complete convergence for moving average processes associated to heavy-tailed
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Proof. Theses results follow from Theorem 1 on p. 273 of Feller [11] directly. O
Lemma 2.2 (Rosenthal’s type moment inequality). (See Petrov [21].) Let t > 2, {Wy,n > 1} be a sequence

of centered and independent random variables with E|W,|* < oo for allmn > 1. Then

FE max
1<k<n

ZW

< C (Z E|W;|t + (jil EWf) tﬂ) ;

where the positive constant Cy depends only on t. In particular

2 n
<CyY) EW?.

j=1

F max
1<k<n

k
W
j=1

Lemma 2.3. Let X as Theorem 1.1, f > 0 be a non-decreasing function with f;o % < o0. Set b, =
o((nf(n))"), then

(1) ift <rp, Yo n" Lo tE| X' I(|X| > by,) < o0,
(2) ift>rp, Yoo n" T tEIXTI(1X| < by) < 00

Proof. (1) By Lemma 2.1 and (1.6)’

S T EIXI(IX] > by) <CY 0T P{IX] > by} < CZn (nf(n))™"
n=1 n=1 n=1

u
Mg

roy <o ]t

3
Il
-

(2) By Lemma 2.1 and (1.6)’

o0 (o)
S b EIXI(IX| < b,) <CY 0T P{IX| > b} <00 O
n=1 n=1
Proof of Theorem 1.1. For the convergence part, we assume that [, wf 77y < oo and set b, = o((nf(n)").

We will show that for every ¢ > 0

o0

E n"2P{ max
1<k<n

n=1

k
YY)
j=1

> 5bn} < 00. (2.1)

Set Z,; = X;I(|X;| > b,) and W,,; = X,;I(|X,| < b,) for n > 1 and —oo < j < oo. Obviously, X; =
Znj + Wh;. Note that for any € > 0
> eby, /2}

>sbn} { max
1<k<n
{ max > ¢b /2}
1<k<n
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1+k

> oY 7

1=—00 J=i+1

k
>V
Jj=1

P{ max
1<k<n|4=

i+k

>y

i=—00 J=i+1
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Hence to prove (2.1), it is enough to show that for all € > 0

[e%) ) i+k
r—2 . .
Zn P{1211?§n Z a; Z Znj >5bn} < 00 (2.2)
n=1 ="=Ti=—0o  j=it1
and
o (o) i+k
r—2 . )
Zn P{lgl/?é(n Z a; Z W >€bn} < 00. (2.3)
n=1 ="="i=—0o  j=i+1

Since 0 < 0 < 1 and 0 < rp, by Markov’s inequality, ¢,.-inequality, (1.3) and Lemma 2.3

> 5bn}

i+k

_Z ai Y Znj

1=—00 j=i+1

i+k

dooai Y Zu

1=—00 J=i+1

oo
E n"2P{ max
1<k<n

n=1

0

nr72b;5E max
1<k<n

NE

IN

C

n=1

IN

NE

CY ", BIXPI(|X] > by) < o0,

I
-

n

e. (2.2) holds.
In order to prove (2.3), we have to divide rp into three cases as following:
If rp < 1, by Markov’s inequality, ¢,-inequality, (1.3) and Lemma 2.3

i+k

D@ Y W

1=—00 J=i+1

oo
E n"2P{ max
1<k<n

n=1

> 5bn/2}
<C> w0 BIX|I(IX] < by) < oo,
n=1

i.e. in the case 0 < rp < 1, (2.3) holds.
If rp = 1, note that f(z) — oo and P{|X| > x} is a regularly varying function with index —1, by the
dominated convergence theorem

1
b, 'n|EXI(|X| < b,)| < b, 'nE|X|I(|X] <b,) < /nP{|X| > aby, }dx — 0.
0

If rp > 1, in this case EX = 0, by Lemma 2.1 and (1.6)’

b In|EXI(|1X]| <b,)| =b'n|EXI(|X] >0b,)| <b 'nE|X|I(|X]|>0b
o (IX] < bn)| = b,"n| (IX] > bn)| < b, 'nE|X|I(|X] > by)
< CnP{|X|>b,} <C/f"(n) = 0.

Hence in the case rp > 1, to prove (2.3), it is enough to prove that for all € > 0

i+k

Z a; Z (Wn] —EWn]’)

i=—o0  j=i+1

o0

g n"2P{ max
1<k<n

n=1 - -

> sbn} < 00. (2.4)

Please cite this article in press as: W. Li et al., Complete convergence for moving average processes associated to heavy-tailed
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If 1 <rp < 2, by Markov’s inequality, Holder’s inequality, Lemmas 2.2 and 2.3

2

< CZnT_% 2E max

1<k<n
i=—00 j= z+1
) i+k 2
<Cznr 2)- 2( 3 |az|> > ja;| B max > (Waj — EW,y)
i=—00 i=—00 -7 =i+l

<C> W PEIXPI(|X] < by) < 00

If rp > 2, taking ¢ > rp large enough such that r — 2 +¢/2 — t/p < —1, by Markov’s inequality, Holder’s
inequality, Lemma 2.2

%) 1+k
r—2
Zn P{lrgnl;cmécn Z a; Z Waj)| > eby, /2}
n=1 i=—o0  j=i+l1l
) i+k t
< r—2 t _
<C) n'7'E max ORI SUMSZI
n=1 1=—00 J=i+1
0 [eS) -1 - i+k t
._2 —
< CZW bnt<‘z ai|> Z |a;| E max. Z (Wh; — EW,;)
n=1 1=—00 1=—00 Jj=i+1

3

<O w2 (nEIXPI(IX] < b,))"? + nBE|X[I(1X] < ba)}.

n=1

For any s € (0,1), E|X|?>72% < co. Take s small enough such that r — 2 +¢/2 — (1 — s)t/p < —1, and note
that b, = (nf(n))"PI((nf(n))"), hence

Do {(nEIXPI(|X] < 0a)) 2 <O a2 120,00 < oo,
n=1 n=1
and by Lemma 2.3

> " B X (1X] < by) < o0

Then (2.4) follows from above two formulas.

For divergence part, we assume that f2 T( y = 00 We will show that for all € > 0
oo k
_92 T
2" P{m 25| > =e((ns) >} = co. (25)

By Lemma 2.2 in Chen [5], without loss of generality, we can assume that f(x) — oco. In fact, it is enough
to show that for all e > 0

Z nTQP{ ZYJ > scp((nf(n))r)} = 0. (2.6)

Please cite this article in press as: W. Li et al., Complete convergence for moving average processes associated to heavy-tailed
distributions and applications, J. Math. Anal. Appl. (2014), http://dx.doi.org/10.1016/j.jmaa.2014.05.071
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We will prove (2.6) by contradiction. Suppose that for some ¢ > 0

n=1

> eo¢(( (n))r)} < co.

Let {X},—00 < i < oo} be an independent copy of {X;, —co < i < oco}. Then the above also holds for
{X], —00 < i < 0o} and hence

e’} 1+n

S oai Y (X - X))

i=—o0  j=i+l

in*—QP{

> 25090((nf(n))r)} < 0. (2.7)

Set an; = Y5, aj—;. Note that >372 Z;‘HZH(X X)) =22 ani(Xi — X]). By the comparison

principle (see Lemma 6.5 of Ledoux and Talagrand [19]), (2.7) implies that

nT2P{

a; # 0. Then for n large enough, |a,;| > |a|/2 holds uniformly for [n/3] < i < [n/2].

(n/2]

> ani(Xi - X])

i=[n/3]

1

> 2socp((nf(n))T)} < o0. (2.8)

Note that a = >_5°

i=—00

By (2.8) and the comparison principle (see Lemma 6.5 of Ledoux and Talagrand [19]) again,

[n/2]

> (xix)

i=[n/3]

i nT'_QP{

> 450<p((nf(n))r)/|a|} < 0. (2.9)

By Lévy’s inequality (see Proposition 2.3 of Ledoux and Talagrand [19])

P{[n/s]max ‘(XZ - X{)‘ > 45030((nf(n))r)/\a|}

<i<[2/n]

< 2p{

Note that f(x) — oo, so it is easy to show that

[n/2]

> (xix)

i=[n/3]

> 450<p((nf(n))r)/|a|}. (2.10)

nP{|X - X'| > ¢((nf(n))")} =0
and

(s )V EX = X)X = X' < p((nf(n)") =0

from (1.6)" and Lemma 2.1. By Theorem 3.1 in Taylor et al. [22]

g

By (2.10) and (2.11), for n large enough, we have

[n/2]

> (- X))

i=[n/3]

>450<p((nf(n))r)/|a|} — 0. (2.11)

P{[nmf??sx[z/n]| (X; = X))| > 4z ((nf ()") /lal } < 1/2.

Please cite this article in press as: W. Li et al., Complete convergence for moving average processes associated to heavy-tailed
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Hence by Lemma 2.6 of Ledoux and Talagrand [19]

[n/2]
> P{(Xi = X)) > deop((nf(n))") /lal}
i=[n/3]
< 2P{[n/3]r£1§2([2/n]| (X — X])| > 45090((nf(n))r)/|a\} (2.12)

when n large enough. So by (2.9) and (2.12)

oo

Zn“lP“X - X’| > 460@((nf(n))r)/|a|} < 00,

n=1
which ensures that

Zn’“’lP{\X| > 8o ((nf(n))")/]al} < oo.

n=1

But in the other hand, by (1.6)" and f;c % =o0, forall e >0

oo

an_lP{|X| > E(p((nf(n))r)} =00

which leads a contradiction. Hence (2.5) holds completing the proof of Theorem 1.1. O

Proof of Corollary 1.1. The proof of the divergence part of (1.8) can be seen in Chen and Hu [7], we

only prove the convergence part. Assume f2 f(m) < 0o0. By Lemma 2.2 in Chen [5], we can assume that
limsup,_,. f(2z)/f(z) < oo, it follows that

limsup ¢ (2nf(2n)) /¢ (nf(n)) < oco.

n—oo

By Theorem 1.1, for all e > 0

E n ' P{ max
1<k<n

k
DY
j=1

> sgo(nf(n))} < o0.
Hence by Theorem 2.1 in Yang et al. [23]
1 n
— Y; -0 as.
P 2= ¥
For every § > 0, by taking f(z) = log'™® z in (1.8),

limsup(gp(nlog1+5n)) i|=0 as.

n—oo

1 ZY}
j=1

By the property of slowing varying function (see Bingham et al. [3] ), we have for any ¢ > 0

n
2V
j=1
Please cite this article in press as: W. Li et al., Complete convergence for moving average processes associated to heavy-tailed
distributions and applications, J. Math. Anal. Appl. (2014), http://dx.doi.org/10.1016/j.jmaa.2014.05.071

lim sup ((n) log!/P+o/p+d’ n)_l =0 as.,

n—o0




Doctopic: Miscellaneous YJMAA:18573

10 W. Li et al. / J. Math. Anal. Appl. e e e (e e ee) o6 0e—0oe

which implies

n 1/ loglogn
lim sup| (¢( ))71 ZY] < eM/PHs/p+s’ 4
n— oo .
J=1
Thus we have
n 1/ loglogn
lim sup | (¢( ))71 ZYJ <elPoas. (2.13)
n—oo .
Jj=1

For every ¢ > 0, by taking f(z) = log! =%z in (1.8),

lim sup (o (n log!~? n)) -t

n—oo

=0 a.s.

Jj=1

By the property of slowing varying function (see Bingham et al. [3]), we have for any ¢’ > 0

lim sup ((n) log!/P—0/p=¢’ n)

n—oo

=00 a.s.,

—1 Z }/j
j=1

which implies

n 1/ loglogn
lim sup (cp(n))71 ZYJ > el/p=8/p=6" 4
Thus we have
n 1/ loglogn
lim sup| (¢( ))71 ZYJ > el as. (2.14)

Hence (1.9) holds from (2.13) and (2.14). The proof is completed. O

Proof of Corollary 1.2. Let {X;, —0co0 < i < oo} be a sequence of independent and identically distributed
random variables, the common distribution is as X. Then by Theorem 1.1 and its proof, for all € > 0

DY

j=1

g

S B

according to f2 Gy < 00 or = oo. Hence for all e > 0

xf2

according to < oo or = oo. Note that 1 Ypj,n > 1} is a sequence of independent random
g 2 ) j

acfQ(:c
variables. By the Borel-Cantelli Lemma
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limsup ——————~ g =0 or oo a.s.
n—o0 90 =

according to [, % < 00 or = 0o0.

The proof of (1.11) is similar to that of (1.9) and so we omit the details. O
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