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1. Introduction

In this paper, we consider the Cauchy problem for the two-component system
{mt+uvmz+3vumm0, t>0, zeR,
ng +uvng + 3uvyn =0, t>0, r €R,

associated with the initial conditions

u(0,2) = ug(x), v(0,z) = vo(x), x€R, (1.2)

where m = u — Ugy, N = UV — Vgy.

System (1.1) is proposed by Geng and Xue in [15], in which they show that (1.1) is exactly a negative flow
in the hierarchy and admits exact solutions with IV-peakons and an infinite sequence of conserved quantities.
Moreover, a reduction of this hierarchy and its Hamiltonian structures are discussed. The bi-Hamiltonian
structure for (1.1) is also studied in [23].
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When v =1, (1.1) reduces to the Degasperis—Procesi (DP) equation
Ut — Uggt + AUUy = UzUgy + Ulzgs, (1.3)

which was derived as an integrable model by Degasperis and Procesi in [11]. Eq. (1.3) was also derived
by Dullin, Gottwald and Holm [12] as a shallow water approximation to the Euler equation. Its complete
integrability, bi-Hamilton structure and exact peakon solutions were studied in [10]. The local well-posedness
for the strong solutions, the global well-posedness for the weak solutions, the blow-up and non-uniformly
continuous dependence on the initial data can be seen in [14,19,24,33,34] and references therein.

When v = u, (1.1) becomes the Novikov equation [27],

Up — Uyt + 40Uy = BUUpUgy + UPUgps. (1.4)

In [15,21], it is derived that (1.4) possesses a bi-Hamiltonian structure and an infinite sequence of conserved
quantities and admits exact peaked solutions u(t,z) = :I:\/Ee_‘x_cﬂ, ¢ > 0, as well as the explicit formulas
for multipeakon solutions [20,21]. By using the Littlewood—Paley decomposition and Kato’s theory, the
well-posedness of the Novikov equation has been studied in Besov spaces B;T(R) and in the Sobolev space
H*(R) (see [26,30,31]). Jiang and Ni [22] established some results about blow-up phenomena of the strong
solution to the Cauchy problem for (1.4).

Another important two-component system is the Camassa—Holm system:

my + umy + 2u,m + ppgy = 0,
pt + (up)e =0, (1.5)

m=u— Ugg,

which has been studied by many physicists and mathematicians. Local well-posedness and blow up at finite
time for (1.5) with the initial data in Hilbert spaces or Sobolev spaces have been established in [6,13]. The
blow-up phenomena and global existence to (1.5) in Hilbert spaces have been derived in [16]. For the related
two-component generalized Camassa—Holm system, we refer to [17,18,35] and references therein.

Denote P(D) = (1 — 92)~!, then we can rewrite (1.1), (1.2) as follows:

up + uwvuy + F(u,v) =0, t>0, z €R,
v+ uvv, + F2(u,v) =0, t>0, xR, (1.6)
u(O,x) = UO(Z)v (0,%) ( )7 z €R,

where
4 4

Fl(u,v) = ZFil(u,U), F%(u,v) = ZFiQ(u,U), (1.7)
and

F{(u,v) = 3P(D)(uvu,), Fj(u,v) =2P(D)(uivy),

Fi(u,v) = 2P(D)(wptiss), Fi(u,v) = P(D)(uttyvys), (1.8)

F{(u,v) = 3P(D)(vuvy), Fi(u,v) =2P(D)(uzv )

F3(u,v) = 2P(D)(vugvss), Fi(u,v) = P(D)(vvptss).

Recently, Mi et al. [25] studied the Cauchy problem for (1.1) (or (1.6)) and they established the local
well-posedness in B, . x By with 1 < p,r < oo and s > max{5/2,2 + 1/p}. By calculation, we find that

\T
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Fi . 3/12 X B5/2 5/2 X 35/2 (j = 1,2) is also continuous (see Lemma 2.7 below). Therefore, it is
reasonable to expect the ex1stence of local solutions in B5/ ? % B5/ ? Moreover, s = 5/2 is the critical point
for the embedding BQ’1 < L* to be true (notice that P(D) is an isometry from 3532 into B3 ;). In this

a/2 y B5/2

paper, we consider the Cauchy problem (1.1), (1.2) in Bj and the continuous properties of the

corresponding solution map.

Notation. Before stating the main results, we explain the notation and conventions used throughout this
paper. We use < to denote estimates that hold up to some universal constant which may change from line
to line but whose meaning is clear from the context. f & g stands for f < g and f 2 g. #(R) is the space of
rapidly decreasing functions on R and .#’(R) is its dual space. All function spaces are over R and we drop
R in our notations of function spaces if there is no ambiguity. C is also a generic constant that may assume
different values in different lines.

The main results of this paper are as follows:
Theorem 1.1. When (ug,vg) € 35/2 X B;”/IQ, we have the following results:

(1) There is a T = T'(ug,vo) > 0 such that (1.6) has a solution

(u,v) € C([0,T]; BY? x BYY) n ([0, T; BY? x B3Y).

Furthermore, for 0 <t <T = u,v) satisfies the estimate

3
T6CTTuall 52 Foal 5727 (
2,1 2,1

[z + IOz < 2ol + ol ) 19
where C > 0 is a constant.

Theorem 1.2. The solution map (ug,vg) — (u,v) defined by (1.6) is Hélder continuous as a map from
B(0,R) C B;,/lz X B;{f, with the B?’/2 X Bg/2 topology, to C([0,T), 32 1 X B3, "), where 3/2 < s’ < 5/2 and
T = T(R). More precisely, if (uo,vo), (wo,q0) € B(0,R) C ;/12 X B;/lz and (u,v), (w,q) are the solutions
corresponding to the initial data (ug,vo), (wo, qo), respectively, then we have

(le = wll gy, +llv = allpy,) S (luo = woll g7z + llvo = (IO||Bg(02C)aa (1.10)
where o = (5/2 — q) exp{—Cr} with the constant Cr > 0 depending on the radius R.

Now we outline the proof and state the main difficulties we are confronted with. To prove the local
existence, we construct the approximate solutions {(ug,vg)} via the standard iteration method. Then we
prove the convergence of the approximate solutions {(ug,v;)} and prove that the limit is the solution. The
first difficulty appears in the proof of the convergence of the iterative sequence. Because we cannot obtain
the solution by simply taking limit in an iterative equation, we can only expect to prove that {(ug,vg)} is a
Cauchy sequence. We will use the Osgood lemm? (see L/unma 2.5) to overcome this difficulty. Actually, we
3/2 p3/2

2,007

firstly obtain the convergence of {(ug,vg)} in By from which the second difficulty arises, and then

obtain the convergence of {(ug,vy)} in BS/ % x B3/ ® The second difficulty is on the lack of the appropriate
a priori estimate of the transport equation in By +1/p with 7 # 1 (in the 1-D case, see [2,7,9]). We obtain a
new a priori estimate in B, / and use it to obtaln the convergence of the iterative sequence in B, / 2 x B3/ 2

Our proof is motivated by those presented in [2] and [5]. In [2], the authors used the Osgood lemma to prove
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the Cauchy—Lipschitz Theorem (Theorem 3.2 in [2]). In [5], Chen et al. studied the local well-posedness for
a two-component integrable system.

The remainder of this paper is organized as follows. In Section 2, we give some preliminaries. In Section 3,
we prove Theorem 1.1. In Section 4, we prove Theorem 1.2.

2. Preliminaries

In this section, we state some preliminary lemmas that we shall use in this paper. We start with the
Littlewood—Paley decomposition and we refer to [1,2,7,9,29,28] for the elementary properties of them.

Let x, ¢ be two smooth radial functions 0 < x, ¢ < 1, such that x is supported in the ball B = {{ € R:
|¢] < 3} and ¢ is supported in the ring C' = {¢ € R: 2 < [¢] < §}. Furthermore,

X +> 6(27¢) =1, VEeR,
jEN
supp ¢(277+) N supp¢(2*j/~) =g if|j—j|>2,
supp x(+) ﬂsupp¢(2*j~) =g ifj>1.

For u € %'(R), we define the nonhomogeneous dyadic block operators as

A_qu=x(D)u = F;lx]:zu,
Aju=¢(277D)u=F; '¢(277¢) Fou, ifj>0,

where F,u is the Fourier transform in x. Then we have

oo
u= Z Aju  converges in ./ (R) or in H*(R).

j=—1
We define the low frequency cut-off S; as S;u = Zg;il A;u. Direct computation implies that for any
1<p< oo,
AAju=0, if|i—j|>2, Yu,ve S (R),
Aj(Si_luAiv) = O, if |Z —j| > 5, Vu,v € y’(R),
[Awullze < Cllulle, — [ISjulle < Cllullr,  Vu € LP(R).

Definition 2.1 (Besov spaces). Let s € R, 1 < p,r < 400. The nonhomogeneous Besov space B;m(R) is
defined by

B;,r = {f € y/: ||fHB§T < 00}7
Where HfHB;T = H2jsAijlr(Lp) = ||(2js||Ajf||Lp)jZ,1||lr. In particular, Bg’or = n Bs/

s’eR ~p,r*

Then we list some basic properties of Besov spaces that will be frequently used in this paper. Their proofs
can be found in [1,2,7,9,29,28].

Lemma 2.1. Letting s € R, 1 < p,r, pj,r; < o0, j =1,2, we have:

. 1
(1) By, = B2, ifp1 <pa, 71 <12, and sy = 51 — (p—1 — p%)
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(2) Vs >0, By, N L*> is a Banach algebra. By
and r = 1).
(3) Vo € [0, 1], s = 081 + (1 — 0)82,

is a Banach algebra < B, . — L™ & s> % (or s >

3 =

\T

I£ll5;.. < ClFI G 15z, V€ By N B2
(4) V0 € (0,1), s1 > s2, s =0s1 + (1 — 0)sq,
c®) 51
s, < 5= IIuHBWIIuII1 5 Vue B

(5) If {tn}nen is bounded in B . and u, converges to u in /', then u € By . and
[ullB;,, < liminf [lu,|[p; -

(6) For any s € R, P(D) = (1 —92)"! is an isometry from By . into BIS%T“Q'

Remark 2.1. Based on the above lemma, for any f € By 1/2, g e Bé’/f, we have

12 < _
#0552 S 1110l sy 2.1)
The essential part of the above estimate has been given in [8], that is, the usual product is continuous from
By 1% x (By/2 N L>) to By 2, ie.

159l 5,172 < Ol a2l g2 e

From the embedding Bl/2 — Bl/2 N L*°, we obtain (2.1).

Now we state some results of the transport equation in the Besov spaces in the form which is convenient
for our purposes.

Lemma 2.2. Consider the following 1-D linear transport equation:

fit+tvfe=F t>0, zeR, (2.2)
f(xvo) = f07 T e Rv (23)

where the functions v, F : RT x R - R, fo: R — R are given. Suppose that v € LP(0,T; By ) for some
p>1,M > 0. Then we have the following results:

(i) If fo € 32/1 , vy € LY0,T; B3/2) and F € L'(0,T; B5/2) then (2.2), (2.3) has a unique solution
feC(o,T]; B 5/2) Moreover, fort € [0,T], we have

£

gz < exp{CVA(t)} <||f0||Bg{12 + / exp{—CVi(r)}||F(7)| B3/ d7-> (2.4)

0

with V1 fO H'UI ||BS/2 dr.
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(ii) If fo € B2 o, € LY(0,T; B21/12) and F € L*0,T; 33/2) then (2.2), (2.3) has a unique solution

2,007

fec(o, Ty Bg/fo) Moreover, for t € [0,T], we have

[£®llags < exp{Cram} (ufoiBgz; + [[exp{- OV [F )]y dr) 25)

0

with Va(t fo lvz (T 12 dr.

i

Proof. We only prove (ii) since (i) is a special case of Theorem 3.14 and Theorem 3.19 in [2]. Now we prove
that if f € L>(0,T; Bg’/fo) is a solution to (2.2), (2.3), then (2.5) holds true. We first split the equation in
dyadic block. More precisely, applying A; to (2.2), (2.3), we arrive at

{ 8tAjf +v- 8zAjf = AJF + Rj,

(2.6)
Ajfli=o = A fo,

where R; = v -0, A;f — Aj(v- 05 f).
Multiplying both sides of (2.6) by A, f and integrating over R give rise to
d 1 9
d—HA FO. < 5 [ ve(Bif) det [ (A FAf + RiA; f) de

R R

| =
VAN

IA

1
Slvallooll A 172 + (1A F Iz + 1 Rsllc2) 1A £ -

That is

d 1
T Ol 2 < 5llvallocllAsflle + 145 Fll 2 + 1R 2

Integrating over (0,t), we obtain

t t
1
85702 < U8 follz+ [ 18Pz dr+ [ 1Rz dr o+ 5 [ Noall 18522 0.
0 0 0

Multiplying both sides of the above inequality by 227 and taking [*° norm yield

t

t t
) 1
10y < Wollsgz + [ 1F1pgs ar+ [1@HIRN2), L d7+ 5 [ Toalim 11 gy o
0 0

0

By (2.55) in [2, page 112], we have

sup1(2 2J‘|R HLz)j> L _C||vx||Bl/2Hf||B 1z
>

From the above estimate and Definition 2.1, we get

_ 1y .
sup (241 12) < Cluwlpye ( sup (27185112 ).
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By multiplying both sides of the above inequality by 2%/, we obtain

34 3
jSlef)l(22]‘|Rj‘|L2)j2_l < CH’UxHB;)/IZ (jSZUE)l(22]||Ajf||L2)jZ_1) < CHUI”B;’/IQH'][”BS’/;

Thus, using the embedding B;,/lz — L™ yields

t t
1@y < Wollsgz + [ 1PNz dr+€ [ oallpye 11 gz dr
0 0

Applying Gronwall inequality gives

t t
/@O g2 < (HfOHBS/i +/||F|\Bg/ozo dT) eXP{C/ [0zl 172 dT}?
' 0 0
which is (2.5).

The existence and uniqueness of the solution follow from (i) and the estimate (2.5). Like the process as
in Theorem 3.19 in [2, page 136], for fy € B;/fo and F € LY(0,T; B;/fo), we choose for, € C([O,T];B;/f)
and Fj, € L'(0,T; BY/?) such that for — fo in By2 and Fj, — F in L'(0,T; By/2). Then, by (i) and the
estimate (2.5), there exists a sequence of solutions { f} € C ([0, T]; 3257/12) such that fr, — fin C([0,T7; B;’/Ozo)

for some f € C([O,T};Bg’/;) and f is the unique solution to (2.2), (2.3). O
We will use the following Moser-type estimates frequently.

Lemma 2.3 (Moser-type estimates). (See [2,4,7,9].) If 1 < p,r < 400, then we have the following estimates:

(i) Fors>0,

1f9]

(ii) FOTa1181§%<82 (SQZ%ifrzl) and s1 + s3 > 0,

sz, < C(llf] By,) Vf.g€By, NL®.

By, 9l + [ fllzelg]

/9]

By < Clfllss l9llsg. VS € Bphs g € By
Lemma 2.4. (See [8,9].) There exists a constant C > 0 such that for all s € R, ¢ > 0 and 1 < p < oo, we

have

1/l e
Hf”B;oc ll’l<€ =+ ”fip)7 Vf (S B;’tz
B;,OO

The following Osgood lemma appears as a substitute for Gronwall’s lemma. It can be seen as Lemma 3.4

1+¢
IflBy, <C

p,1 — e

in [2] or as Lemma 5.2.1 in [3].

Lemma 2.5 (Osgood lemma). (See [2,3].) Let p > 0 be a measurable function, v > 0 be a locally integrable
function and p be a continuous and increasing function. Assume that, for some nonnegative real number c,
the function p satisfies

p(t) <c+ /’y(t'),u(p(t/)) dt’.

to
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If ¢ > 0, then —M(p(t)) + <ft " dt" with M = fx MR
If c =0 and p verifies the condztzon fo

m T) = 400, then the function p = 0.

Now we establish some estimates on the terms F'!(u,v) and F?(u,v).

Lemma 2.6. The F7 (j =1,2) defined by (1.7), (1.8) map 35/2 X B5/2 into B5/2 X BS,/lz and satisfy that for
all (u,v) € ByY x ByY,
; 3
19 ) e Wl ol (g + el ) 5 (el s+ 1 z2)° (27)

Proof. We only prove the estimate for || F'(u,v) 3/2 since the proof for | F2 (u, ) 32 s similar. By the

[P 53
triangle inequality, we have ||F'!(u, v)HBs/z < Zl<z<4 [ F (u,v)|| go/2 with F}! (u,v) glven in (1.8). Note that
2,1

P(D) is an isometry from B2 1~ into B3 ; and 35/2 ? = Bl/2 is an algebra, then we have

||F11(’U,7’U)||Bg/12 S ||u||?3;/12||v||33’/127 HFQI(U,’U)HBg/lz 5 ||U||1233/12||UHBS/127
1P e S Tl PG 0) g e lol

Similarly, (2.7) holds true for ||F?(u,v)|| ;5,2 and hence we obtain (2.7). O
2,1

In several cases, for (u,v), (w,q) € Bs, x Bj, we need to estimate the difference F7(u,v) — F(w, q)
(j = 1,2) in terms of the quantity (u — w,v — ¢). Using (1.8), (2.1) and Lemma 2.3, we can obtain the
following estimate easily and we omit the proof here.

Lemma 2.7. When 3/2 < s <5/2, for all (u,v), (w,q) € B3 1 x Bj 1, we have

5) "

Bs,l)~ (2.8)

|2 (. 0) = F )|y < (lullsg, + ol

Lemma 2.8. If (u,v),(w,q) € C([0,T]; " x ") N L*>®(0,T; B5/2 X B5/2) are two solutions to (1.6) for
some T > 0 with initial data (ug,vo), (wo,vo) € Bg/lz x By / respectively, then for any s' € (3/2,5/2) and
te€0,7],

)9 exp{—CT}

(= wll g, + o= allg,) S (o = woll sz + lloo — aoll 32 , (29)

where § = 3 — s’ € (0,1) and C > 0 is a constant.

Proof. Since (u,v), (w,q) are two solutions to (1.6) with initial data (ug,vo), (wo, o) € B;/f, respectively,
we have

ug + uvu, + F(u,v) =0, wy + wqwy + F(w,q) =0, (2.10)
v + wvv, + F2(u,v) =0, ¢t +wqqe + F?(w,q) =0, (2.11)

where FJ (j = 1,2) are given in (1.7) and (1.8). Subtracting the second equations of (2.10), (2.11) from the
first ones, respectively, then we obtain that h = v — w and g = v — ¢ satisfy
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hi + wqdyh = —(ug + hq)u, — [F'(u,v) — F*(w, q)], (2.12)
g + wdpg = —(ug + hq)gs — [F*(u,v) — F*(w,q)], (2.13)
h(0) = uo — wo, 9(0) = vo — qo- (2.14)

By Lemma 2.2, we arrive at

¢
Hh(t)Hng < ||h0||33(02; eXp{C/H(wq HBl/z dT} /exp{ /H wq) HBl/z dr’ }”ﬁ'Bg’/i dr,
0

where F = —(ug + hq)uy — [F(u,v) — F*(w,q)]. Since (u,v), (w,q) € L>=(0,T; B5/2 B;/f), there is an
M > 0 such that

Ol e + 0Ol e + 0Ol e + la) e < M, 02 < (215

By (2.15), we have exp{C' fot |(wq).(7)
of B2

2,007

HBI/Z dr} < exp{CTM?} < 1. Using Lemma 2.7, the algebra property

the embedding B3 ; — B3 ., and (2.15), we arrive at
1P ) = B (0.0) [ o S I3+ gl s

| ug + By | vz < WAl gz + lgll /o

Hence it follows that Hﬁ||B3/2 S Bl gz + lgll g2/2- Applying Lemma 2.4 with e = 1, s = 3/2 and (2.15)
2,1 2,1 2,1
gives rise to

10 g3rz < Bl s + gl gz

M
Slnlys (e ) ol (e i) 0o
’ B3/% ’ INB3/2
As the function zIn(e + 1) is nondecreasing, we have
~ M
||F|| 3/2 S, ||h|| 372 + ||gH 3/2 11’1(8 + ) 0 S t § T.
oz & Moz + ooy ) (e e )

Consequently, for all ¢ € [0,T], W(t) = [h(t)]| ya/2 + llg(t )HBS/Q satisfies

Hh(t)HB;/; < Hh(O)Hng + C/W(T) ln(e+ %) dr.
0

Similarly,

M
la@)ll g2z S 90| g2z +C/W(7) ln<e+ W(T)) an

and therefore
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W(t) < W(0) +C/W(T)ln(e+ %) dr, 0<t<T.
0

Since

M
ln<e—|— ?) < ln(e—l—l)(l —ln%) for x € (0, M1,

from (2.16), we have

M M M

Thanks to Lemma 2.5, we obtain

I/Zi]\(;) S <VZJ$40)> exp{fCT}'

Thus, we have

(Il — wligg/z +llv - Q||Bg{;) < (lluo — woll gg/2 +[lvo — QO||Bg(;)

5/2

When 3/2 < s’ < 5/2, by interpolation, the embedding By — B2/?

2,00

0 -0 0 1-0 0
10ll g, S 100572 A0 < ANz (e + el pgr2) ™" < 02

b2
where § = 5/2 — s’. Using (2.18), we obtain that

lu — w]

By, S llu— wllfg;;; S (lwo = woll /2 + llvo = aoll /2

Similarly,

lv—dllgy, S llv— qn%g@ < (lluo — onng + [lvo — qOHBg{;)
We finish the proof by combining (2.19) and (2.20). O

3. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1, which includes the following several steps.

8.1. Approximate solutions

W) o W) —l—C/tW(T)(l—ln%)dT, 0<t<T.

exp{—CT}

and (2.15), we obtain

)9 exp{—CT} .

0 exp{—CT}

129

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

Let uy(t,z) = v1(t,z) = 0. We define a sequence of smooth functions (ug,v) (kK > 1) by solving the

following linear transport equations iteratively:

atuk+1 + ukvkaxuk+l + Fl (uk,vk) = 03 t> 07 T e Ra
O4vry1 + upvROyvps1 + F2(up,vp) =0, t>0, v € R,

up11(0,7) = Spq1uo(z),  ve11(0,2) = Skq1vo(x), z €R,

(3.1)
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where F'*, F? are given in (1.7) and (1.8). Since ug, vp € B;/f, then all the initial data ug11(0, z), vg4+1(0,2) €
B39 and

|\Uk+1(0)!|33(12 + Huml(o)HBgf < C(lluoll pzzz + llvoll gar2)- (32)

By Lemma 2.2(i) and induction with the index k, we see that (3.1) has a sequence of global smooth solution
(uk, vk ) ken belonging to C(R™; B39 x B5Y).

3.2. Uniform bounds of the approximate solutions

We now prove that (ug, vk)ken € C([0,T7; B;’,/f X Bg’ff) N ([0, T); B;’ﬁz X B;/f) is uniformly bounded

for some T' > 0. For k € N, set U(t) = f(; ||“kvk||33/f dr, Wi(t) = H“k(t)”Bg/f + ||vk(t)||33/12 and V =

HUOHB;/f + HUOHB;/f’ then we have

t
Wiy < eCUr®) <v +C / e CURMIW,L (1)3 d7>. (3.3)
0

In fact, since |Jug+1(0, z)
that

||Bg/12 = ||Sk+1u0HB§/f < HUOHBS/f’ by (i) in Lemma 2.2 and Lemma 2.6, it follows

IN

t
’|Uk+1(t)||33(12 [[Sk+1u0ll g2 eXP{C/Haz(Ukvk)HBg’/f’ dt/}
0

t

t
+ fende flotmnlygg e b ol o

0

t
< Juoll g2 exp{c/ [ur vkl sz dt/}
0

t

t
3
+/6Xp{0/ukvk||33/12 dt/}(”ukHBg/12+Uk”Bg/f) dr,
T

0

which gives

t
_ - 3
||Uk+1(t)\ /2 < ecuk(t)<||u0||B§/12 +C/e CUR( )(||“k||B§/f + H”k”Bg/f) dT>. (3.4)
0

Similarly, for [[vgy1(t)| gs/2, we have
2,1

t
—CU(r 3
HU’“+1(t)HB§’/f < eCUk(t)<||UO||B;/12 +C/e CU( )(H“kHBg/f + HU’“HBS_/f) dT). (3.5)
0

Combining (3.4) and (3.5), we obtain (3.3). Let T' > 0 such that

2 2
4C(||UOHBS/12 + HUOHBg,/lz) T =4CV-"T < 1.
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For any k € N, suppose

V
Wilt) < ——— vtelo,T).
k() < (1—4CV2t)1/2 [0,7]
We now prove that it also holds true for k 4 1. Since U, ( fo ||ukvk||Bs/sz by (3.6), we have

t

V2 1 —40V27\ 3
CUL(t)~CUx(7) < AT G e A
‘ —eXp{C/ 1—40V2¢ dt} (1—4C’V2t)

T

Note that U, (0) = 0, let 7 = 0, then we have

(CUD) < L
(1 -4CV2)a

Using (3.3), (3.6), (3.7) and (3.8) gives rise to

Wi < CULD Y 4 C/eCUk(t)—CUk(T)Wk(T)3 dr

t
< ‘e / 1—4C0V27r\ 1 & .
(1- 4cv2t a_acvant” J\1- ACV2t ) (1—4Cv2r)sz "
t

cv? v
Vit V/ (1—4CV2r)5/s dT] T a—4cve)e
0

S ———7
(1-4CVZ2¢)a

Therefore, (3.6) holds for all k£ > 1. Particularly, if

3 3
o 160‘/2 - 160(“’&()”33/12 + ||’U0||Bg/12)27

then for all k > 1, the solution {(uy,vr)} exists for 0 < ¢ < T and satisfies
HUk(t)HBg/lz + H’L)k(t)HBgﬁz S 2(”11,0”33/12 + ||U0||B;/12)’ 0 S t S T.

Furthermore, for ¢ € [0, T, using Eq. (3.1) yields

10wl garz < llunl sz vl g2 l10s sl gsrz + | (ui, o) || g7z S (llwoll s
Similarly,
3
1080l 372 S (ol o + vl zr2) ™

Hence {(ux,vx)} € C([0,T]; B 3/12) nci([o,T); B / 1) is uniformly bounded.

3
B;”{f) :

(3.10)
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3.8. Convergence of the approximate solutions
In this subsection, we will prove that {(ux,vi)}ren is a Cauchy sequence in C([0,T]; B3 ; x B3 ;) (0 <

s < 5/2) by using Lemma 2.5. Actually, the estimate of (ug4i11 — U1, Vpti41 — U41) is essential in the
derivation of Lemma 2.8. For simplicity, let

Hyi(t) = ||(upss — uz)(t)HBg/z + || (kg — vl)(t)HBg/z , kileN
Since {(ux,vr)} C C([0,T7; B;/f) is uniformly bounded, there is an M > 0 such that
st =l ggrz + okt = vill ggrz S lwnrs = wll ggrz + owss = vill ggre < M, kL€ N

Using the estimates analogous to those in Lemma 2.8, we obtain that for £, € N,

t
M
Hk-l-l,l(t) 5 Hk-i—l,l(o) + O/th(t) 1n<e + 7) dr, te [O,T]
) Hk’l(’r)

According to the definition of S; (see, e.g. [32, page 2142] for the details), we obtain

Hiy1,0(0) = || (ugsi1 — Uz+1)(0)||33)/02o < || (wrgrer — Uz+1)(0)|}33(12 < CQ*kHUoHBg_ﬁ%

and

Hiy1,(t) S <2k + /Hk(T) 1n<e+ HQ{T)) dT), t€0,T].
0

As the function zIn(e + ) is nondecreasing, we see that Hy,(t) = sup;cy Hy,(t) satisfies

Hk+1(t) S <2_"”‘—|—/Hk(7')ln(e+ HZT)) d’T), te [O,T]
0

Let H(t) = limsup,,_, ., Hy(t). For any given ¢ > 0, there exists a K € N such that Hy(t) < H(t) + ¢ for
k > K. Then we have

t

Hi () < <2k T /(ﬁ(f) +e) ln(e + ﬁ) dT>, tel0,T], k> K.
0

Therefore, for t € [0,T], we have

Since € > 0 is arbitrary, we have
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H(t) < /tff(f) 1n(e+ ;é)) dr.

As the function xzIn(e + 1) is nondecreasing and fol m

H(t) = 0. In other words, {(uy,vg)} is a Cauchy sequence in C([0,T7; B;’/OQO X BS/OQO) By (4) in Lemma 2.1,
we see

dr = +oo, from Lemma 2.5, we obtain

1
unyi = wll gare S lluwsr —wllpg, S lluw = UlH;g/z ks — w2 iz S < Nupys — w2 Bz
, 2

1
Similarly, ||vk4+; — UZHB3/2 < vk — vl||23/2. Hence {(ug,vr)}ren is actually a Cauchy sequence in

c([0,T); 33/12 X B3/2) and converges to some (u,v) € C([0,T}; B3/12 X B3/2)
3.4. FEzistence of the solution

Since ||ug ||BS’/12 + ||v;€||B;/12 is uniformly bounded by 2(|\u0|\B§{12 + |\v0||B;{12), the property (5) in Lemma 2.1

guarantees that
g+ 1ol gz < 2ol o + ol ). (3.11)
which implies that (u,v) € L*>(0,T; B5/2 X B5/2) When 3/2 < s’ < 5/2, by interpolation again, we have
1-6
s~ wlg, < s~ wlalln — ll 50 < e~ sl (Aol )~ (3.12)
where § = 5/2 — s’. Similarly, we also obtain
1-6
log — u||B,2gf1 <|lvk — v||‘;g,{12 (4||U0||B;/12) , 0=5/2—5". (3.13)

Consequently, (ug,vx)ren converges to some (u,v) in C([0,T]; B5; x B3 ;) with 3/2 < s < 5/2. For the
nonlinear terms in (3.1), using (2.8) yields

HFj(uk,vk) FJ (u,v HBg (| s, + |lvg — v

Bs,)s 3/2<s<5/2, j=1,2

Taking limits to (3.1), we deduce that u indeed solves Eq. (1.6).
3.5. Regularity and uniqueness of the solution

For the regularity of (u, v), we note that (u,v) € L>(0,T}; BS/IQXBS/2) Therefore, (uv), € L>*(0,T; 33/2)
and by Lemma 2.6 we see that F7(u,v) € L*(0,T; Bg/f X B5/2) (j = 1,2). Via Lemma 2.2, we see that
(u,v) € C([0,T7; B;’/lz X 35/2) Moreover, from (1.6) and Lemma 2.6, we finally obtain that

(u,0) € C([0,T); BY? x BY?) n ([0, T}; BS'? x B3Y).

The uniqueness is a corollary of Lemma 2.8. Hereto we complete the proof of Theorem 1.1.
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4. Proof of Theorem 1.2

For the initial data (ug,vg) € B(0,R) C B;/lz X Bg/lz, by (1.9), we see that the lifespan T, , of the
corresponding solution (u,v) to (1.6) satisfies

> 3 s Cag
o= 16C (Jluoll ggrz + llvoll pz/2)* ~ B2 7

1>

Ty

Clearly, T does not depend on (u, v). Therefore, we can find a 7' > 0 such that for all (ug,vy) € B(0, R) C
B;/lz X Bg/f, the corresponding solution (u,v) € C([0,T]; Bg,/f X B;/lg). Directly from (1.9) and Lemma 2.8,
Theorem 1.2 is proved.
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