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In this paper, we consider the Cauchy problem for a two-component Novikov 
equation in the critical Besov space B5/2

2,1 . We first derive a new a priori estimate 
for the 1-D transport equation in B3/2

2,∞, which is the endpoint case. Then we apply 
this a priori estimate and the Osgood lemma to prove the local existence. Moreover, 
we also show that the solution map u0 �→ u is Hölder continuous in B5/2

2,1 equipped 
with weaker topology. It is worth mentioning that our method is different from the 
previous one that involves extracting a convergent subsequence from an iterative 
sequence in critical Besov spaces.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

In this paper, we consider the Cauchy problem for the two-component system{
mt + uvmx + 3vuxm = 0, t > 0, x ∈ R,

nt + uvnx + 3uvxn = 0, t > 0, x ∈ R,
(1.1)

associated with the initial conditions

u(0, x) = u0(x), v(0, x) = v0(x), x ∈ R, (1.2)

where m = u − uxx, n = v − vxx.
System (1.1) is proposed by Geng and Xue in [15], in which they show that (1.1) is exactly a negative flow 

in the hierarchy and admits exact solutions with N -peakons and an infinite sequence of conserved quantities. 
Moreover, a reduction of this hierarchy and its Hamiltonian structures are discussed. The bi-Hamiltonian 
structure for (1.1) is also studied in [23].
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When v = 1, (1.1) reduces to the Degasperis–Procesi (DP) equation

ut − uxxt + 4uux = 3uxuxx + uuxxx, (1.3)

which was derived as an integrable model by Degasperis and Procesi in [11]. Eq. (1.3) was also derived 
by Dullin, Gottwald and Holm [12] as a shallow water approximation to the Euler equation. Its complete 
integrability, bi-Hamilton structure and exact peakon solutions were studied in [10]. The local well-posedness 
for the strong solutions, the global well-posedness for the weak solutions, the blow-up and non-uniformly 
continuous dependence on the initial data can be seen in [14,19,24,33,34] and references therein.

When v = u, (1.1) becomes the Novikov equation [27],

ut − uxxt + 4u2ux = 3uuxuxx + u2uxxx. (1.4)

In [15,21], it is derived that (1.4) possesses a bi-Hamiltonian structure and an infinite sequence of conserved 
quantities and admits exact peaked solutions u(t, x) = ±√

ce−|x−ct|, c > 0, as well as the explicit formulas 
for multipeakon solutions [20,21]. By using the Littlewood–Paley decomposition and Kato’s theory, the 
well-posedness of the Novikov equation has been studied in Besov spaces Bs

p,r(R) and in the Sobolev space 
Hs(R) (see [26,30,31]). Jiang and Ni [22] established some results about blow-up phenomena of the strong 
solution to the Cauchy problem for (1.4).

Another important two-component system is the Camassa–Holm system:⎧⎪⎨⎪⎩
mt + umx + 2uxm + ρρx = 0,
ρt + (uρ)x = 0,
m = u− uxx,

(1.5)

which has been studied by many physicists and mathematicians. Local well-posedness and blow up at finite 
time for (1.5) with the initial data in Hilbert spaces or Sobolev spaces have been established in [6,13]. The 
blow-up phenomena and global existence to (1.5) in Hilbert spaces have been derived in [16]. For the related 
two-component generalized Camassa–Holm system, we refer to [17,18,35] and references therein.

Denote P (D) = (1 − ∂2
x)−1, then we can rewrite (1.1), (1.2) as follows:⎧⎪⎨⎪⎩

ut + uvux + F 1(u, v) = 0, t > 0, x ∈ R,

vt + uvvx + F 2(u, v) = 0, t > 0, x ∈ R,

u(0, x) = u0(x), v(0, x) = v0(x), x ∈ R,

(1.6)

where

F 1(u, v) =
4∑

i=1
F 1
i (u, v), F 2(u, v) =

4∑
i=1

F 2
i (u, v), (1.7)

and ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
F 1

1 (u, v) = 3P (D)(uvux), F 1
2 (u, v) = 2P (D)

(
u2
xvx

)
,

F 1
3 (u, v) = 2P (D)(uvxuxx), F 1

4 (u, v) = P (D)(uuxvxx),
F 2

1 (u, v) = 3P (D)(vuvx), F 2
2 (u, v) = 2P (D)

(
uxv

2
x

)
,

F 2
3 (u, v) = 2P (D)(vuxvxx), F 2

4 (u, v) = P (D)(vvxuxx).

(1.8)

Recently, Mi et al. [25] studied the Cauchy problem for (1.1) (or (1.6)) and they established the local 
well-posedness in Bs

p,r × Bs
p,r with 1 ≤ p, r ≤ ∞ and s > max{5/2, 2 + 1/p}. By calculation, we find that 
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F j : B
5/2
2,1 × B

5/2
2,1 → B

5/2
2,1 × B

5/2
2,1 (j = 1, 2) is also continuous (see Lemma 2.7 below). Therefore, it is 

reasonable to expect the existence of local solutions in B5/2
2,1 ×B

5/2
2,1 . Moreover, s = 5/2 is the critical point 

for the embedding Bs−2
2,1 ↪→ L∞ to be true (notice that P (D) is an isometry from Bs−2

2,1 into Bs
2,1). In this 

paper, we consider the Cauchy problem (1.1), (1.2) in B5/2
2,1 × B

5/2
2,1 and the continuous properties of the 

corresponding solution map.

Notation. Before stating the main results, we explain the notation and conventions used throughout this 
paper. We use � to denote estimates that hold up to some universal constant which may change from line 
to line but whose meaning is clear from the context. f ≈ g stands for f � g and f � g. S (R) is the space of 
rapidly decreasing functions on R and S ′(R) is its dual space. All function spaces are over R and we drop 
R in our notations of function spaces if there is no ambiguity. C is also a generic constant that may assume 
different values in different lines.

The main results of this paper are as follows:

Theorem 1.1. When (u0, v0) ∈ B
5/2
2,1 ×B

5/2
2,1 , we have the following results:

(1) There is a T = T (u0, v0) > 0 such that (1.6) has a solution

(u, v) ∈ C
(
[0, T ];B5/2

2,1 ×B
5/2
2,1

)
∩ C1([0, T ];B3/2

2,1 ×B
3/2
2,1

)
.

Furthermore, for 0 ≤ t ≤ T = 3
16C(‖u0‖

B
5/2
2,1

+‖v0‖
B

5/2
2,1

)2 , (u, v) satisfies the estimate

∥∥u(t)
∥∥
B

5/2
2,1

+
∥∥v(t)∥∥

B
5/2
2,1

≤ 2
(
‖u0‖B5/2

2,1
+ ‖v0‖B5/2

2,1

)
, (1.9)

where C > 0 is a constant.

Theorem 1.2. The solution map (u0, v0) 
→ (u, v) defined by (1.6) is Hölder continuous as a map from 
B(0, R) ⊂ B

5/2
2,1 ×B

5/2
2,1 , with the B3/2

2,∞ ×B
3/2
2,∞ topology, to C([0, T ], Bs′

2,1 ×Bs′
2,1), where 3/2 < s′ < 5/2 and 

T = T (R). More precisely, if (u0, v0), (w0, q0) ∈ B(0, R) ⊂ B
5/2
2,1 × B

5/2
2,1 and (u, v), (w, q) are the solutions 

corresponding to the initial data (u0, v0), (w0, q0), respectively, then we have(
‖u− w‖Bs′

2,1
+ ‖v − q‖Bs′

2,1

)
�

(
‖u0 − w0‖B3/2

2,∞
+ ‖v0 − q0‖B3/2

2,∞

)α
, (1.10)

where α = (5/2 − q) exp{−CR} with the constant CR > 0 depending on the radius R.

Now we outline the proof and state the main difficulties we are confronted with. To prove the local 
existence, we construct the approximate solutions {(uk, vk)} via the standard iteration method. Then we 
prove the convergence of the approximate solutions {(uk, vk)} and prove that the limit is the solution. The 
first difficulty appears in the proof of the convergence of the iterative sequence. Because we cannot obtain 
the solution by simply taking limit in an iterative equation, we can only expect to prove that {(uk, vk)} is a 
Cauchy sequence. We will use the Osgood lemma (see Lemma 2.5) to overcome this difficulty. Actually, we 
firstly obtain the convergence of {(uk, vk)} in B3/2

2,∞×B
3/2
2,∞, from which the second difficulty arises, and then 

obtain the convergence of {(uk, vk)} in B3/2
2,1 ×B

3/2
2,1 . The second difficulty is on the lack of the appropriate 

a priori estimate of the transport equation in B1+1/p
p,r with r �= 1 (in the 1-D case, see [2,7,9]). We obtain a 

new a priori estimate in B3/2
2,∞ and use it to obtain the convergence of the iterative sequence in B3/2

2,∞×B
3/2
2,∞. 

Our proof is motivated by those presented in [2] and [5]. In [2], the authors used the Osgood lemma to prove 



H. Tang, Z. Liu / J. Math. Anal. Appl. 423 (2015) 120–135 123
the Cauchy–Lipschitz Theorem (Theorem 3.2 in [2]). In [5], Chen et al. studied the local well-posedness for 
a two-component integrable system.

The remainder of this paper is organized as follows. In Section 2, we give some preliminaries. In Section 3, 
we prove Theorem 1.1. In Section 4, we prove Theorem 1.2.

2. Preliminaries

In this section, we state some preliminary lemmas that we shall use in this paper. We start with the 
Littlewood–Paley decomposition and we refer to [1,2,7,9,29,28] for the elementary properties of them.

Let χ, φ be two smooth radial functions 0 ≤ χ, φ ≤ 1, such that χ is supported in the ball B = {ξ ∈ R:
|ξ| ≤ 4

3} and φ is supported in the ring C = {ξ ∈ R: 3
4 ≤ |ξ| ≤ 8

3}. Furthermore,

χ(ξ) +
∑
j∈N

φ
(
2−jξ

)
= 1, ∀ξ ∈ R,

suppφ
(
2−j ·

)
∩ suppφ

(
2−j′ ·

)
= ∅ if

∣∣j − j′
∣∣ ≥ 2,

suppχ(·) ∩ suppφ
(
2−j ·

)
= ∅ if j ≥ 1.

For u ∈ S ′(R), we define the nonhomogeneous dyadic block operators as

Δ−1u = χ(D)u = F−1
x χFxu,

Δju = φ
(
2−jD

)
u = F−1

x φ
(
2−jξ

)
Fxu, if j ≥ 0,

where Fxu is the Fourier transform in x. Then we have

u =
∞∑

j=−1
Δju converges in S ′(R) or in Hs(R).

We define the low frequency cut-off Sj as Sju =
∑j−1

i=−1 Δiu. Direct computation implies that for any 
1 ≤ p ≤ ∞,

ΔiΔju ≡ 0, if |i− j| ≥ 2, ∀u, v ∈ S ′(R),

Δj(Si−1uΔiv) ≡ 0, if |i− j| ≥ 5, ∀u, v ∈ S ′(R),

‖Δiu‖Lp ≤ C‖u‖Lp , ‖Sju‖Lp ≤ C‖u‖Lp , ∀u ∈ Lp(R).

Definition 2.1 (Besov spaces). Let s ∈ R, 1 ≤ p, r ≤ +∞. The nonhomogeneous Besov space Bs
p,r(R) is 

defined by

Bs
p,r =

{
f ∈ S ′: ‖f‖Bs

p,r
< ∞

}
,

where ‖f‖Bs
p,r

= ‖2jsΔjf‖lr(Lp) = ‖(2js‖Δjf‖Lp)j≥−1‖lr . In particular, B∞
p,r =

⋂
s′∈R

Bs′
p,r.

Then we list some basic properties of Besov spaces that will be frequently used in this paper. Their proofs 
can be found in [1,2,7,9,29,28].

Lemma 2.1. Letting s ∈ R, 1 ≤ p, r, pj , rj ≤ ∞, j = 1, 2, we have:

(1) Bs1
p ,r ↪→ Bs2

p ,r if p1 ≤ p2, r1 ≤ r2, and s2 = s1 − ( 1 − 1 ).

1 1 2 2 p1 p2
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(2) ∀s > 0, Bs
p,r ∩ L∞ is a Banach algebra. Bs

p,r is a Banach algebra ⇔ Bs
p,r ↪→ L∞ ⇔ s > 1

p (or s ≥ 1
p

and r = 1).
(3) ∀θ ∈ [0, 1], s = θs1 + (1 − θ)s2,

‖f‖Bs
p,r

≤ C‖f‖θBs1
p,r

‖f‖1−θ
B

s2
p,r

, ∀f ∈ Bs1
p,r ∩Bs2

p,r.

(4) ∀θ ∈ (0, 1), s1 > s2, s = θs1 + (1 − θ)s2,

‖u‖Bs
p,1 ≤ C(θ)

s1 − s2
‖u‖θBs1

p,∞
‖u‖1−θ

B
s2
p,∞

, ∀u ∈ Bs1
p,∞.

(5) If {un}n∈N is bounded in Bs
p,r and un converges to u in S ′, then u ∈ Bs

p,r and

‖u‖Bs
p,r

≤ lim inf
n→∞

‖un‖Bs
p,r

.

(6) For any s ∈ R, P (D) = (1 − ∂2
x)−1 is an isometry from Bs

p,r into Bs+2
p,r .

Remark 2.1. Based on the above lemma, for any f ∈ B
−1/2
2,1 , g ∈ B

1/2
2,1 , we have

‖fg‖
B

−1/2
2,∞

� ‖f‖
B

−1/2
2,1

‖g‖
B

1/2
2,1

. (2.1)

The essential part of the above estimate has been given in [8], that is, the usual product is continuous from 
B

−1/2
2,1 × (B1/2

2,∞ ∩ L∞) to B−1/2
2,∞ , i.e.

‖fg‖
B

−1/2
2,∞

≤ C‖f‖
B

−1/2
2,1

‖g‖
B

1/2
2,∞∩L∞ .

From the embedding B1/2
2,1 ↪→ B

1/2
2,∞ ∩ L∞, we obtain (2.1).

Now we state some results of the transport equation in the Besov spaces in the form which is convenient 
for our purposes.

Lemma 2.2. Consider the following 1-D linear transport equation:

ft + vfx = F, t > 0, x ∈ R, (2.2)

f(x, 0) = f0, x ∈ R, (2.3)

where the functions v, F : R+ × R → R, f0 : R → R are given. Suppose that v ∈ Lρ(0, T ; B−M
∞,∞) for some 

ρ > 1, M > 0. Then we have the following results:

(i) If f0 ∈ B
5/2
2,1 , vx ∈ L1(0, T ; B3/2

2,1 ) and F ∈ L1(0, T ; B5/2
2,1 ), then (2.2), (2.3) has a unique solution 

f ∈ C([0, T ]; B5/2
2,1 ). Moreover, for t ∈ [0, T ], we have

∥∥f(t)
∥∥
B

5/2
2,1

≤ exp
{
CV1(t)

}(
‖f0‖B5/2

2,1
+

t∫
0

exp
{
−CV1(τ)

}∥∥F (τ)
∥∥
B

5/2
2,1

dτ
)

(2.4)

with V1(t) =
∫ t ‖vx(τ)‖ 3/2 dτ .
0 B2,1
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(ii) If f0 ∈ B
3/2
2,∞, vx ∈ L1(0, T ; B1/2

2,1 ) and F ∈ L1(0, T ; B3/2
2,∞), then (2.2), (2.3) has a unique solution 

f ∈ C([0, T ]; B3/2
2,∞). Moreover, for t ∈ [0, T ], we have

∥∥f(t)
∥∥
B

3/2
2,∞

≤ exp
{
CV2(t)

}(
‖f0‖B3/2

2,∞
+

t∫
0

exp
{
−CV2(τ)

}∥∥F (τ)
∥∥
B

3/2
2,∞

dτ
)

(2.5)

with V2(t) =
∫ t

0 ‖vx(τ)‖
B

1/2
2,1

dτ .

Proof. We only prove (ii) since (i) is a special case of Theorem 3.14 and Theorem 3.19 in [2]. Now we prove 
that if f ∈ L∞(0, T ; B3/2

2,∞) is a solution to (2.2), (2.3), then (2.5) holds true. We first split the equation in 
dyadic block. More precisely, applying Δj to (2.2), (2.3), we arrive at

{
∂tΔjf + v · ∂xΔjf = ΔjF + Rj ,

Δjf |t=0 = Δjf0,
(2.6)

where Rj = v · ∂xΔjf − Δj(v · ∂xf).
Multiplying both sides of (2.6) by Δjf and integrating over R give rise to

1
2

d
dt

∥∥Δjf(t)
∥∥2
L2 ≤ 1

2

∫
R

vx(Δjf)2 dx +
∫
R

(ΔjFΔjf + RjΔjf) dx

≤ 1
2‖vx‖∞‖Δjf‖2

L2 +
(
‖ΔjF‖L2 + ‖Rj‖L2

)
‖Δjf‖L2 .

That is

d
dt

∥∥Δjf(t)
∥∥
L2 ≤ 1

2‖vx‖∞‖Δjf‖L2 + ‖ΔjF‖L2 + ‖Rj‖L2 .

Integrating over (0, t), we obtain

∥∥Δjf(t)
∥∥
L2 ≤ ‖Δjf0‖L2 +

t∫
0

‖ΔjF‖L2 dτ +
t∫

0

‖Rj‖L2 dτ + 1
2

t∫
0

‖vx‖L∞‖Δjf‖L2 dτ.

Multiplying both sides of the above inequality by 2 3
2 j and taking l∞ norm yield

∥∥f(t)
∥∥
B

3/2
2,∞

≤ ‖f0‖B3/2
2,∞

+
t∫

0

‖F‖
B

3/2
2,∞

dτ +
t∫

0

∥∥(2 3
2 j‖Rj‖L2

)
j≥−1

∥∥
l∞

dτ + 1
2

t∫
0

‖vx‖L∞‖f‖
B

3/2
2,∞

dτ.

By (2.55) in [2, page 112], we have

sup
j≥−1

(
2− 1

2 j‖Rj‖L2
)
j≥−1 ≤ C‖vx‖B1/2

2,1
‖f‖

B
−1/2
2,∞

.

From the above estimate and Definition 2.1, we get

sup
(
2− 1

2 j‖Rj‖L2
)
≤ C‖vx‖B1/2

2,1

(
sup

(
2− 1

2 j‖Δjf‖L2
)
j≥−1

)
.

j≥−1 j≥−1
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By multiplying both sides of the above inequality by 22j , we obtain

sup
j≥−1

(
2 3

2 j‖Rj‖L2
)
j≥−1 ≤ C‖vx‖B1/2

2,1

(
sup
j≥−1

(
2 3

2 j‖Δjf‖L2
)
j≥−1

)
≤ C‖vx‖B1/2

2,1
‖f‖

B
3/2
2,∞

.

Thus, using the embedding B1/2
2,1 ↪→ L∞ yields

∥∥f(t)
∥∥
B

3/2
2,∞

≤ ‖f0‖B3/2
2,∞

+
t∫

0

‖F‖
B

3/2
2,∞

dτ + C

t∫
0

‖vx‖B1/2
2,1

‖f‖
B

3/2
2,∞

dτ.

Applying Gronwall inequality gives

∥∥f(t)
∥∥
B

3/2
2,∞

≤
(
‖f0‖B3/2

2,∞
+

t∫
0

‖F‖
B

3/2
2,∞

dτ
)

exp
{
C

t∫
0

‖vx‖B1/2
2,1

dτ
}
,

which is (2.5).
The existence and uniqueness of the solution follow from (i) and the estimate (2.5). Like the process as 

in Theorem 3.19 in [2, page 136], for f0 ∈ B
3/2
2,∞ and F ∈ L1(0, T ; B3/2

2,∞), we choose f0k ∈ C([0, T ]; B5/2
2,1 )

and Fk ∈ L1(0, T ; B5/2
2,1 ) such that f0k → f0 in B3/2

2,∞ and Fk → F in L1(0, T ; B3/2
2,∞). Then, by (i) and the 

estimate (2.5), there exists a sequence of solutions {fk} ⊂ C([0, T ]; B5/2
2,1 ) such that fk → f in C([0, T ]; B3/2

2,∞)
for some f ∈ C([0, T ]; B3/2

2,∞) and f is the unique solution to (2.2), (2.3). �
We will use the following Moser-type estimates frequently.

Lemma 2.3 (Moser-type estimates). (See [2,4,7,9].) If 1 ≤ p, r ≤ +∞, then we have the following estimates:

(i) For s > 0,

‖fg‖Bs
p,r

≤ C
(
‖f‖Bs

p,r
‖g‖L∞ + ‖f‖L∞‖g‖Bs

p,r

)
∀f, g ∈ Bs

p,r ∩ L∞.

(ii) For all s1 ≤ 1
p < s2 (s2 ≥ 1

p if r = 1) and s1 + s2 > 0,

‖fg‖Bs1
p,r

≤ C‖f‖Bs1
p,r

‖g‖Bs2
p,r

∀f ∈ Bs1
p,r, g ∈ Bs2

p,r.

Lemma 2.4. (See [8,9].) There exists a constant C > 0 such that for all s ∈ R, ε > 0 and 1 ≤ p ≤ ∞, we 
have

‖f‖Bs
p,1 ≤ C

1 + ε

ε
‖f‖Bs

p,∞ ln
(

e +
‖f‖Bs+ε

p,∞

‖f‖Bs
p,∞

)
, ∀f ∈ Bs+ε

p,∞.

The following Osgood lemma appears as a substitute for Gronwall’s lemma. It can be seen as Lemma 3.4 
in [2] or as Lemma 5.2.1 in [3].

Lemma 2.5 (Osgood lemma). (See [2,3].) Let ρ ≥ 0 be a measurable function, γ > 0 be a locally integrable 
function and μ be a continuous and increasing function. Assume that, for some nonnegative real number c, 
the function ρ satisfies

ρ(t) ≤ c +
t∫
γ
(
t′
)
μ
(
ρ
(
t′
))

dt′.

t0



H. Tang, Z. Liu / J. Math. Anal. Appl. 423 (2015) 120–135 127
If c > 0, then −M(ρ(t)) + M(c) ≤
∫ t

t0
γ(t′) dt′ with M =

∫ 1
x

dr
μ(r) .

If c = 0 and μ verifies the condition 
∫ 1
0

dr
μ(r) = +∞, then the function ρ = 0.

Now we establish some estimates on the terms F 1(u, v) and F 2(u, v).

Lemma 2.6. The F j (j = 1, 2) defined by (1.7), (1.8) map B5/2
2,1 ×B

5/2
2,1 into B5/2

2,1 ×B
5/2
2,1 and satisfy that for 

all (u, v) ∈ B
5/2
2,1 ×B

5/2
2,1 ,

∥∥F j(u, v)
∥∥
B

5/2
2,1

� ‖u‖
B

5/2
2,1

‖v‖
B

5/2
2,1

(
‖u‖

B
5/2
2,1

+ ‖v‖
B

5/2
2,1

)
�

(
‖u‖

B
5/2
2,1

+ ‖v‖
B

5/2
2,1

)3
. (2.7)

Proof. We only prove the estimate for ‖F 1(u, v)‖
B

5/2
2,1

since the proof for ‖F 2(u, v)‖
B

5/2
2,1

is similar. By the 

triangle inequality, we have ‖F 1(u, v)‖
B

5/2
2,1

≤
∑

1≤i≤4 ‖F 1
i (u, v)‖

B
5/2
2,1

with F 1
i (u, v) given in (1.8). Note that 

P (D) is an isometry from Bs−2
2,1 into Bs

2,1 and B5/2−2
2,1 = B

1/2
2,1 is an algebra, then we have

∥∥F 1
1 (u, v)

∥∥
B

5/2
2,1

� ‖u‖2
B

5/2
2,1

‖v‖
B

5/2
2,1

,
∥∥F 1

2 (u, v)
∥∥
B

5/2
2,1

� ‖u‖2
B

5/2
2,1

‖v‖
B

5/2
2,1

,∥∥F 1
3 (u, v)

∥∥
B

5/2
2,1

� ‖u‖2
B

5/2
2,1

‖v‖
B

5/2
2,1

,
∥∥F 1

4 (u, v)
∥∥
B

5/2
2,1

� ‖u‖2
B

5/2
2,1

‖v‖
B

5/2
2,1

.

Similarly, (2.7) holds true for ‖F 2(u, v)‖
B

5/2
2,1

and hence we obtain (2.7). �
In several cases, for (u, v), (w, q) ∈ Bs

2,1 × Bs
2,1, we need to estimate the difference F j(u, v) − F j(w, q)

(j = 1, 2) in terms of the quantity (u − w, v − q). Using (1.8), (2.1) and Lemma 2.3, we can obtain the 
following estimate easily and we omit the proof here.

Lemma 2.7. When 3/2 ≤ s ≤ 5/2, for all (u, v), (w, q) ∈ Bs
2,1 ×Bs

2,1, we have

∥∥F j(u, v) − F j(w, q)
∥∥
Bs

2,∞
�

(
‖u‖Bs

2,1 + ‖v‖Bs
2,1 + ‖q‖Bs

2,1 + ‖w‖Bs
2,1

)2(‖u− w‖Bs
2,1 + ‖v − q‖Bs

2,1

)
. (2.8)

Lemma 2.8. If (u, v), (w, q) ∈ C([0, T ]; S ′ × S ′) ∩ L∞(0, T ; B5/2
2,1 × B

5/2
2,1 ) are two solutions to (1.6) for 

some T > 0 with initial data (u0, v0), (w0, v0) ∈ B
5/2
2,1 × B

5/2
2,1 respectively, then for any s′ ∈ (3/2, 5/2) and 

t ∈ [0, T ],

(
‖u− w‖Bs′

2,1
+ ‖v − q‖Bs′

2,1

)
�

(
‖u0 − w0‖B3/2

2,∞
+ ‖v0 − q0‖B3/2

2,∞

)θ exp{−CT}
, (2.9)

where θ = 5
2 − s′ ∈ (0, 1) and C > 0 is a constant.

Proof. Since (u, v), (w, q) are two solutions to (1.6) with initial data (u0, v0), (w0, q0) ∈ B
5/2
2,1 , respectively, 

we have

ut + uvux + F 1(u, v) = 0, wt + wqwx + F 1(w, q) = 0, (2.10)

vt + uvvx + F 2(u, v) = 0, qt + wqqx + F 2(w, q) = 0, (2.11)

where F j (j = 1, 2) are given in (1.7) and (1.8). Subtracting the second equations of (2.10), (2.11) from the 
first ones, respectively, then we obtain that h = u − w and g = v − q satisfy
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ht + wq∂xh = −(ug + hq)ux −
[
F 1(u, v) − F 1(w, q)

]
, (2.12)

gt + uv∂xg = −(ug + hq)qx −
[
F 2(u, v) − F 2(w, q)

]
, (2.13)

h(0) = u0 − w0, g(0) = v0 − q0. (2.14)

By Lemma 2.2, we arrive at

∥∥h(t)
∥∥
B

3/2
2,∞

≤ ‖h0‖B3/2
2,∞

exp
{
C

t∫
0

∥∥(wq)x(τ)
∥∥
B

1/2
2,1

dτ
}

+
t∫

0

exp
{
C

t∫
τ

∥∥(wq)x
(
τ ′
)∥∥

B
1/2
2,1

dτ ′
}
‖F̂‖

B
3/2
2,∞

dτ,

where F̂ = −(ug + hq)ux − [F 1(u, v) − F 1(w, q)]. Since (u, v), (w, q) ∈ L∞(0, T ; B5/2
2,1 × B

5/2
2,1 ), there is an 

M > 0 such that ∥∥u(t)
∥∥
B

5/2
2,1

+
∥∥v(t)∥∥

B
5/2
2,1

+
∥∥w(t)

∥∥
B

5/2
2,1

+
∥∥q(t)∥∥

B
5/2
2,1

≤ M, 0 ≤ t ≤ T. (2.15)

By (2.15), we have exp{C
∫ t

0 ‖(wq)x(τ)‖
B

1/2
2,1

dτ} � exp{CTM2} � 1. Using Lemma 2.7, the algebra property 

of B3/2
2,∞, the embedding Bs

2,1 ↪→ Bs
2,∞ and (2.15), we arrive at

∥∥F 1(u, v) − F 1(w, q)
∥∥
B

3/2
2,∞

� ‖h‖
B

3/2
2,1

+ ‖g‖
B

3/2
2,1

,∥∥(ug + hq)ux

∥∥
B

3/2
2,∞

� ‖h‖
B

3/2
2,1

+ ‖g‖
B

3/2
2,1

.

Hence it follows that ‖F̂‖
B

3/2
2,1

� ‖h‖
B

3/2
2,1

+ ‖g‖
B

3/2
2,1

. Applying Lemma 2.4 with ε = 1, s = 3/2 and (2.15)
gives rise to

‖F̂‖
B

3/2
2,∞

� ‖h‖
B

3/2
2,1

+ ‖g‖
B

3/2
2,1

� ‖h‖
B

3/2
2,∞

ln
(

e + M

‖h‖
B

3/2
2,∞

)
+ ‖g‖

B
3/2
2,∞

ln
(

e + M

‖g‖
B

3/2
2,∞

)
, 0 ≤ t ≤ T.

As the function x ln(e + 1
x ) is nondecreasing, we have

‖F̂‖
B

3/2
2,∞

�
(
‖h‖

B
3/2
2,∞

+ ‖g‖
B

3/2
2,∞

)
ln
(

e + M

‖h‖
B

3/2
2,∞

+ ‖g‖
B

3/2
2,∞

)
, 0 ≤ t ≤ T.

Consequently, for all t ∈ [0, T ], W (t) = ‖h(t)‖
B

3/2
2,∞

+ ‖g(t)‖
B

3/2
2,∞

satisfies

∥∥h(t)
∥∥
B

3/2
2,∞

�
∥∥h(0)

∥∥
B

3/2
2,∞

+ C

t∫
0

W (τ) ln
(

e + M

W (τ)

)
dτ.

Similarly,

∥∥g(t)∥∥
B

3/2
2,∞

�
∥∥g(0)

∥∥
B

3/2
2,∞

+ C

t∫
0

W (τ) ln
(

e + M

W (τ)

)
dτ,

and therefore
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W (t) � W (0) + C

t∫
0

W (τ) ln
(

e + M

W (τ)

)
dτ, 0 ≤ t ≤ T. (2.16)

Since

ln
(

e + M

x

)
≤ ln(e + 1)

(
1 − ln x

M

)
for x ∈ (0,M ],

from (2.16), we have

W (t)
M

� W (0)
M

+ C

t∫
0

W (τ)
M

(
1 − ln W (τ)

M

)
dτ, 0 ≤ t ≤ T. (2.17)

Thanks to Lemma 2.5, we obtain

W (t)
eM �

(
W (0)
eM

)exp{−CT}
.

Thus, we have

(
‖u− w‖

B
3/2
2,∞

+ ‖v − q‖
B

3/2
2,∞

)
�

(
‖u0 − w0‖B3/2

2,∞
+ ‖v0 − q0‖B3/2

2,∞

)exp{−CT}
. (2.18)

When 3/2 < s′ < 5/2, by interpolation, the embedding B5/2
2,1 ↪→ B

5/2
2,∞ and (2.15), we obtain

‖h‖Bs′
2,1

� ‖h‖θ
B

3/2
2,∞

‖h‖1−θ

B
5/2
2,∞

≤ ‖h‖θ
B

3/2
2,∞

(
‖u‖

B
5/2
2,1

+ ‖w‖
B

5/2
2,1

)1−θ � ‖h‖θ
B

3/2
2,∞

where θ = 5/2 − s′. Using (2.18), we obtain that

‖u− w‖Bs′
2,1

� ‖u− w‖θ
B

3/2
2,∞

�
(
‖u0 − w0‖B3/2

2,∞
+ ‖v0 − q0‖B3/2

2,∞

)θ exp{−CT}
. (2.19)

Similarly,

‖v − q‖Bs′
2,1

� ‖v − q‖θ
B

3/2
2,∞

�
(
‖u0 − w0‖B3/2

2,∞
+ ‖v0 − q0‖B3/2

2,∞

)θ exp{−CT}
. (2.20)

We finish the proof by combining (2.19) and (2.20). �
3. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1, which includes the following several steps.

3.1. Approximate solutions

Let u1(t, x) = v1(t, x) = 0. We define a sequence of smooth functions (uk, vk) (k ≥ 1) by solving the 
following linear transport equations iteratively:⎧⎪⎨⎪⎩

∂tuk+1 + ukvk∂xuk+1 + F 1(uk, vk) = 0, t > 0, x ∈ R,

∂tvk+1 + ukvk∂xvk+1 + F 2(uk, vk) = 0, t > 0, x ∈ R, (3.1)

uk+1(0, x) = Sk+1u0(x), vk+1(0, x) = Sk+1v0(x), x ∈ R,
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where F 1, F 2 are given in (1.7) and (1.8). Since u0, v0 ∈ B
5/2
2,1 , then all the initial data uk+1(0, x), vk+1(0, x) ∈

B∞
2,1 and ∥∥uk+1(0)

∥∥
B

5/2
2,1

+
∥∥uk+1(0)

∥∥
B

5/2
2,1

≤ C
(
‖u0‖B5/2

2,1
+ ‖v0‖B5/2

2,1

)
. (3.2)

By Lemma 2.2(i) and induction with the index k, we see that (3.1) has a sequence of global smooth solution 
(uk, vk)k∈N belonging to C(R+; B∞

2,1 ×B∞
2,1).

3.2. Uniform bounds of the approximate solutions

We now prove that (uk, vk)k∈N ∈ C([0, T ]; B5/2
2,1 × B

5/2
2,1 ) ∩ C1([0, T ]; B3/2

2,1 × B
3/2
2,1 ) is uniformly bounded 

for some T > 0. For k ∈ N, set Uk(t) =
∫ t

0 ‖ukvk‖B5/2
2,1

dτ , Wk(t) = ‖uk(t)‖B5/2
2,1

+ ‖vk(t)‖B5/2
2,1

and V =
‖u0‖B5/2

2,1
+ ‖v0‖B5/2

2,1
, then we have

Wk+1 ≤ eCUk(t)

(
V + C

t∫
0

e−CUk(τ)Wk(τ)3 dτ
)
. (3.3)

In fact, since ‖uk+1(0, x)‖
B

5/2
2,1

= ‖Sk+1u0‖B5/2
2,1

� ‖u0‖B5/2
2,1

, by (i) in Lemma 2.2 and Lemma 2.6, it follows 
that

∥∥uk+1(t)
∥∥
B

5/2
2,1

≤ ‖Sk+1u0‖B5/2
2,1

exp
{
C

t∫
0

∥∥∂x(ukvk)
∥∥
B

3/2
2,1

dt′
}

+
t∫

0

exp
{
C

t∫
τ

∥∥∂x(ukvk)
∥∥
B

3/2
2,1

dt′
}∥∥F 1(uk, vk)

∥∥
B

5/2
2,1

dτ

≤ ‖u0‖B5/2
2,1

exp
{
C

t∫
0

‖ukvk‖B5/2
2,1

dt′
}

+
t∫

0

exp
{
C

t∫
τ

‖ukvk‖B5/2
2,1

dt′
}(

‖uk‖B5/2
2,1

+ ‖vk‖B5/2
2,1

)3 dτ,

which gives

∥∥uk+1(t)
∥∥
B

5/2
2,1

≤ eCUk(t)

(
‖u0‖B5/2

2,1
+ C

t∫
0

e−CUk(τ)(‖uk‖B5/2
2,1

+ ‖vk‖B5/2
2,1

)3 dτ
)
. (3.4)

Similarly, for ‖vk+1(t)‖B5/2
2,1

, we have

∥∥vk+1(t)
∥∥
B

5/2
2,1

≤ eCUk(t)

(
‖v0‖B5/2

2,1
+ C

t∫
0

e−CUk(τ)(‖uk‖B5/2
2,1

+ ‖vk‖B5/2
2,1

)3 dτ
)
. (3.5)

Combining (3.4) and (3.5), we obtain (3.3). Let T > 0 such that

4C
(
‖u0‖ 5/2 + ‖v0‖ 5/2

)2
T = 4CV 2T < 1.
B2,1 B2,1
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For any k ∈ N, suppose

Wk(t) ≤
V

(1 − 4CV 2t)1/2
, ∀t ∈ [0, T ]. (3.6)

We now prove that it also holds true for k + 1. Since Un(t) =
∫ t

0 ‖ukvk‖B5/2
2,1

dτ , by (3.6), we have

eCUk(t)−CUk(τ) ≤ exp
{
C

t∫
τ

V 2

1 − 4CV 2t′
dt′

}
=

(
1 − 4CV 2τ

1 − 4CV 2t

) 1
4

. (3.7)

Note that Uk(0) = 0, let τ = 0, then we have

eCUk(t) ≤ 1
(1 − 4CV 2t) 1

4
. (3.8)

Using (3.3), (3.6), (3.7) and (3.8) gives rise to

Wk+1 ≤ eCUk(t)V + C

t∫
0

eCUk(t)−CUk(τ)Wk(τ)3 dτ

≤ 1
(1 − 4CV 2t) 1

4
V + C

t∫
0

(
1 − 4CV 2τ

1 − 4CV 2t

) 1
4 V 3

(1 − 4CV 2τ)3/2
dτ

≤ 1
(1 − 4CV 2t) 1

4

[
V + V

t∫
0

CV 2

(1 − 4CV 2τ)5/4
dτ

]
= V

(1 − 4CV 2t)1/2
.

Therefore, (3.6) holds for all k ≥ 1. Particularly, if

T = 3
16CV 2 = 3

16C(‖u0‖B5/2
2,1

+ ‖v0‖B5/2
2,1

)2 ,

then for all k ≥ 1, the solution {(uk, vk)} exists for 0 ≤ t ≤ T and satisfies

∥∥uk(t)
∥∥
B

5/2
2,1

+
∥∥vk(t)∥∥B5/2

2,1
≤ 2

(
‖u0‖B3/2

2,1
+ ‖v0‖B3/2

2,1

)
, 0 ≤ t ≤ T. (3.9)

Furthermore, for t ∈ [0, T ], using Eq. (3.1) yields

‖∂tuk‖B3/2
2,1

≤ ‖uk‖B3/2
2,1

‖vk‖B3/2
2,1

‖∂xuk+1‖B3/2
2,1

+
∥∥F 1(uk, vk)

∥∥
B

5/2
2,1

�
(
‖u0‖B5/2

2,1
+ ‖v0‖B5/2

2,1

)3
.

Similarly,

‖∂tvk‖B3/2
2,1

�
(
‖u0‖B5/2

2,1
+ ‖v0‖B5/2

2,1

)3
. (3.10)

Hence {(uk, vk)} ⊂ C([0, T ]; B5/2
2,1 ) ∩ C1([0, T ]; B3/2

2,1 ) is uniformly bounded.
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3.3. Convergence of the approximate solutions

In this subsection, we will prove that {(uk, vk)}k∈N is a Cauchy sequence in C([0, T ]; Bs
2,1 × Bs

2,1) (0 <
s < 5/2) by using Lemma 2.5. Actually, the estimate of (uk+l+1 − ul+1, vk+l+1 − vl+1) is essential in the 
derivation of Lemma 2.8. For simplicity, let

Hk,l(t) =
∥∥(uk+l − ul)(t)

∥∥
B

3/2
2,∞

+
∥∥(vk+l − vl)(t)

∥∥
B

3/2
2,∞

, k, l ∈ N.

Since {(uk, vk)} ⊂ C([0, T ]; B5/2
2,1 ) is uniformly bounded, there is an M > 0 such that

‖uk+l − ul‖B5/2
2,∞

+ ‖vk+l − vl‖B5/2
2,∞

� ‖uk+l − ul‖B5/2
2,1

+ ‖vk+l − vl‖B5/2
2,1

≤ M, k, l ∈ N.

Using the estimates analogous to those in Lemma 2.8, we obtain that for k, l ∈ N,

Hk+1,l(t) � Hk+1,l(0) + C

t∫
0

Hk,l(t) ln
(

e + M

Hk,l(τ)

)
dτ, t ∈ [0, T ].

According to the definition of Sj (see, e.g. [32, page 2142] for the details), we obtain

Hk+1,l(0) =
∥∥(uk+l+1 − ul+1)(0)

∥∥
B

3/2
2,∞

�
∥∥(uk+l+1 − ul+1)(0)

∥∥
B

3/2
2,1

≤ C2−k‖u0‖B5/2
2,1

,

and

Hk+1,l(t) �
(

2−k +
t∫

0

Hk(τ) ln
(

e + M

Hk(τ)

)
dτ

)
, t ∈ [0, T ].

As the function x ln(e + M
x ) is nondecreasing, we see that Hk(t) � supl∈N Hk,l(t) satisfies

Hk+1(t) �
(

2−k +
t∫

0

Hk(τ) ln
(

e + M

Hk(τ)

)
dτ

)
, t ∈ [0, T ].

Let H̃(t) = lim supk→∞ Hk(t). For any given ε > 0, there exists a K ∈ N such that Hk(t) ≤ H̃(t) + ε for 
k > K. Then we have

Hk+1(t) �
(

2−k +
t∫

0

(
H̃(τ) + ε

)
ln
(

e + M

H̃(τ) + ε

)
dτ

)
, t ∈ [0, T ], k > K.

Therefore, for t ∈ [0, T ], we have

lim sup
n→∞

Hk(t) � lim sup
n→∞

(
2−k +

t∫
0

(
H̃(τ) + ε

)
ln
(

e + M

H̃(τ) + ε

)
dτ

)

=
t∫

0

(
H̃(τ) + ε

)
ln
(

e + M

H̃(τ) + ε

)
dτ.

Since ε > 0 is arbitrary, we have
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H̃(t) �
t∫

0

H̃(τ) ln
(

e + M

H̃(τ)

)
dτ.

As the function x ln(e + 1
x ) is nondecreasing and 

∫ 1
0

1
x ln(e+M

x ) dx = +∞, from Lemma 2.5, we obtain 

H̃(t) = 0. In other words, {(uk, vk)} is a Cauchy sequence in C([0, T ]; B3/2
2,∞ ×B

3/2
2,∞). By (4) in Lemma 2.1, 

we see

‖uk+l − ul‖B3/2
2,1

� ‖uk+l − ul‖B2
2,1

� ‖uk+l − ul‖
1
2

B
3/2
2,∞

‖uk+l − ul‖
1
2

B
5/2
2,∞

� ‖uk+l − ul‖
1
2

B
3/2
2,∞

.

Similarly, ‖vk+l − vl‖B3/2
2,1

� ‖vk+l − vl‖
1
2

B
3/2
2,∞

. Hence {(uk, vk)}k∈N is actually a Cauchy sequence in 

C([0, T ]; B3/2
2,1 ×B

3/2
2,1 ) and converges to some (u, v) ∈ C([0, T ]; B3/2

2,1 ×B
3/2
2,1 ).

3.4. Existence of the solution

Since ‖uk‖B5/2
2,1

+‖vk‖B5/2
2,1

is uniformly bounded by 2(‖u0‖B5/2
2,1

+‖v0‖B5/2
2,1

), the property (5) in Lemma 2.1
guarantees that

‖u‖
B

5/2
2,1

+ ‖v‖
B

5/2
2,1

≤ 2
(
‖u0‖B5/2

2,1
+ ‖v0‖B5/2

2,1

)
, (3.11)

which implies that (u, v) ∈ L∞(0, T ; B5/2
2,1 ×B

5/2
2,1 ). When 3/2 < s′ < 5/2, by interpolation again, we have

‖uk − u‖Bs′
2,1

≤ ‖uk − u‖θ
B

3/2
2,1

‖uk − u‖1−θ

B
5/2
2,1

≤ ‖uk − u‖θ
B

3/2
2,1

(
4‖u0‖B5/2

2,1

)1−θ
, (3.12)

where θ = 5/2 − s′. Similarly, we also obtain

‖vk − u‖Bs′
2,1

≤ ‖vk − v‖θ
B

3/2
2,1

(
4‖v0‖B5/2

2,1

)1−θ
, θ = 5/2 − s′. (3.13)

Consequently, (uk, vk)k∈N converges to some (u, v) in C([0, T ]; Bs
2,1 × Bs

2,1) with 3/2 < s < 5/2. For the 
nonlinear terms in (3.1), using (2.8) yields

∥∥F j(uk, vk) − F j(u, v)
∥∥
Bs

2,1
�

(
‖uk − u‖Bs

2,1 + ‖vk − v‖Bs
2,1

)
, 3/2 < s < 5/2, j = 1, 2.

Taking limits to (3.1), we deduce that u indeed solves Eq. (1.6).

3.5. Regularity and uniqueness of the solution

For the regularity of (u, v), we note that (u, v) ∈ L∞(0, T ; B5/2
2,1 ×B

5/2
2,1 ). Therefore, (uv)x ∈ L∞(0, T ; B3/2

2,1 )
and by Lemma 2.6 we see that F j(u, v) ∈ L1(0, T ; B5/2

2,1 × B
5/2
2,1 ) (j = 1, 2). Via Lemma 2.2, we see that 

(u, v) ∈ C([0, T ]; B5/2
2,1 ×B

5/2
2,1 ). Moreover, from (1.6) and Lemma 2.6, we finally obtain that

(u, v) ∈ C
(
[0, T ];B5/2

2,1 ×B
5/2
2,1

)
∩ C1([0, T ];B3/2

2,1 ×B
3/2
2,1

)
.

The uniqueness is a corollary of Lemma 2.8. Hereto we complete the proof of Theorem 1.1.
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4. Proof of Theorem 1.2

For the initial data (u0, v0) ∈ B(0, R) ⊂ B
5/2
2,1 × B

5/2
2,1 , by (1.9), we see that the lifespan Tu,v of the 

corresponding solution (u, v) to (1.6) satisfies

Tu,v ≥ 3
16C(‖u0‖B5/2

2,1
+ ‖v0‖B5/2

2,1
)2 >

C

R2 � T̃ .

Clearly, T̃ does not depend on (u, v). Therefore, we can find a T̃ > 0 such that for all (u0, v0) ∈ B(0, R) ⊂
B

5/2
2,1 ×B

5/2
2,1 , the corresponding solution (u, v) ∈ C([0, T̃ ]; B5/2

2,1 ×B
5/2
2,1 ). Directly from (1.9) and Lemma 2.8, 

Theorem 1.2 is proved.
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