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1. Introduction

In this article, we study the initial value problem for the two-dimensional quasi-geostrophic equation
with sub-critical dissipation (S,), 1/2 < a < 1.
00 + (—A)*0 +u. Vo =0 (S.)
6(0) = 6o “

where 1/2 < a < 1 is a real number. The variable § represents the potential temperature and u =
(Da(—A)~1/20, -0, (—A)~1/20) is the fluid velocity. In the following, we are interested in the case when
1/2<a<1.

The mathematical study of the non-dissipative case has first been proposed by Constantin, Majda and
Tabak in [9] where it is shown to be an analogue to the 3D Euler equations. The dissipative case has then
been studied by Constantin and Wu in [10] when « > 1/2 where the authors studied global existence and
decay of solutions in Sobolev spaces.
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In this paper, we study (S,) in scaling invariant spaces. Solvability of evolution equations in scaling
invariant spaces is well-developed in the context of the Navier—Stokes equations. For example, if we restrict
the function spaces to the energy spaces, the optimal result is due to Fujita and Kato in [14]. Later, Chemin
[8] proved similar results in the framework of Besov spaces Bp%, ¢ g Let us find the scaling invariant critical
spaces for (S, ). The equation is invariant under the following scaling:

Ox(t,z) = X710 (X\°“¢, A\z), with initial data 65(0,2) = 65 (z) = A**716°(\z).

So L%, H272% and B;,Z%iza are critical spaces. The global well-posedness for small initial data in critical
Besov spaces with p < oo was obtained in [3,21]. The global well-posedness for large data in critical spaces
was obtained by several authors; in Lebesgue space L=t by Carrillo and Ferreira [7] for a > %, in energy
space H! by Dong and Du [11], and in Besov spaces by Abidi and Hmidi [1], Hmidi and Keraani [16] and
Wang and Zhang [20] with p = oo.

In this paper, we will solve the system (S, ) in a critical space, whose definition is based on the Fourier
transform, by means of a contraction argument. Thus, we can obtain a unique local solution to the system
(S, ) for any initial data in the critical space and prove the corresponding solution will be global if the initial
data is sufficient small. Before giving our main result, let us first define our setting.

For o € R, we define the functional space

X7(R?) = {f € S'(R?); (¢ — [€] f(€)) € L' (R?)}, (1)

which is equipped with the norm

1 ller = / €17 Fe)|de.

R2

In [18], Z. Lei and F. Lin showed well-posedness of solutions in X (R?) for Navier-Stokes equations with
o = —1. The space (1) belongs to a class whose definition of the norm is based on Fourier transform,
but it is not contained in L2, i.e., there is f € X°(R?) with infinite L?-norm. Several examples of spaces
with definition based on Fourier transform and containing singular data with infinite L?-norm have been
used to study well-posedness of PDEs of parabolic, elliptic and dispersive types. The reader is referred to
[4-6,19,12,15,17,2,13] and their references.

Our local and global existence results read as follows.

Theorem 1. Let §° € X172%(R?). There is a time T > 0 and a unique solution 6 € C([0,T], X*2*(R?)) of
(S.) such that 0 € L*([0,T], X1 (R?)). If [|0°|| x1-2« < 1/4, then the solution 0 is global and

t
[0l + (1= 460 n2) [ 1000 < 6] gs s e 20, @)
0

The proof of the above theorem is based on fixed point theorem. We will establish a local existence result
and be able to get global existence that is essentially based on a pointwise estimate of the Fourier transform
of 6.

We state now our second main result.
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Theorem 2. Let 6 € C([0,T*), X172%(R?)) be the mazimal solution of (S.) given by Theorem 1. Then

T*

T* <00 —> /||9\|X1 ~ . 3)
0

The rest of this paper is divided into three sections. Section 2 is divided into two. Section 2.1 fixes
notations and Section 2.2 contains preliminary results. Section 3 is divided into three subsections: 3.1 deals
with the existence of solution with any large initial data in X'1=2%(R?), Section 3.2 deals with the uniqueness
of solution, and Section 3.3 is devoted to global existence. Section 4 proves a blow-up criterion of the
local-in-time solution given by Theorem 1.

2. Notations and preliminary results
2.1. Notations

In this short paragraph, we give some notations:

e For f, we denote
up = (82(—A)71/2f7 —31(—A)71/2f)

o The Fourier transform F(f) of a tempered distribution f on R? is defined as

F(F)(€) = / e~ f () dr.

RQ
e The inverse Fourier formula is

1

1 o

/ e’ f(z) da.

R2

o For any Banach space (B, ||.||), any real number 1 < p < oo and any time 7' > 0, we will denote by L7.(B)
the space of all measurable functions t € [0,T] — f(¢) € B such that (¢t — || f(¢)|]) € LP([0,T]).

o The fractional Laplacian operator (—A)® for a real number « is defined through the Fourier transform,
namely

(“A)7£() = [ Fe).
2.2. Preliminary results

The main results of this section are the following lemmas that will play a crucial role in the proof of our
main theorem.

Lemma 3. Let o € ]%, 1]. We have the following inequalities

1— L L
1fllez-20 < (I fll 250 11133 (4)
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and

1— L
1 llao < 135 a0l 1322

Proof of (4). By choosing (p, q) = (20, 5

1 lamze = / €222 F(o)|ae
Rz

< / (ElF©) ™ (122 Fe)|) 5 de
R2

< (R[wf(ﬁ)lds) ’ (R/ s|1‘2“|f<£>ld§>

Hence,

1/2 1——
1fllxe-ze < IFIEENf 305 O

Q‘il) and applying Holder’s inequality, we deduce that

1333

Proof of (5). To estimate || || xo, we choose p = 2a and ¢ = 522 and apply Hélder’s inequality. We obtain

110 f/|s| 17(e)|de

/lff‘%al\f S e | e de

< () f-mia) ™

Hence,

1L
[fllxo < [[fll 322" ”fHXl 2a - |

The following lemma, which is a direct consequence of the preceding one, will be useful in the proof of

Theorem 1.

Lemma 4. Let f,g € X172%(R?) N X1 (R?). We have the following inequalities

1£gll 220 < 2||f||x2—2a||gllxo + 2Hf||xo|\g\|x2—za-

1,7
[ fgllz-20 < 2 fl] 41254
1—-L 1--L

2 113 11122 Nl 25

171135 19l 25 2 gl 52

Particularly

[f-fllaz—2e < A fllar-2a ]l fllxr.

loll -
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Proof of (6).

1 fgllxe—ze = / €222 Fa(e)|de

R2

- / €220 Fx ()| de

RZ
— [1ep2
R?

| Fnate - n)dn‘df.
R2
Then

7 / / €222 F) |36 — n)|dnde

R2 R?

< / g2 / |Fm9( — n)|dnde

< I+ I,

where

L= / g2 / F |GG — n)|dnde

R2 [nl<|€—=n]
b= [l [ [Falfa - mldnde.
R2 [n|>[€—n]

On the one hand, if || < |€ — 7|, we have
€1 < 1€ —nl + Inl < 2max(|¢ —nl, [n]) = 2| —7l.
Then

|§|2—2a S 22—2(x|§ _ n|2—2a
<2E—n*7?, forall ae (1/2,1].
Therefore
n= [l [Tl - nldnde
R2 Inl<|¢—nl

<2 / / 17|l — nl2=22[3(€ — )| dnde

R? R?

< 2|1f] * [€P7151]) .-

By Young’s inequality, we get

I < 2| fllxo gl x2—2e-



J. Benameur, M. Benhamed / J. Math. Anal. Appl. 423 (2015) 13301347 1335
On the other hand, if |n| > |£ — 7|, we have

€] < € —n| + || < 2max(|€ —nl,|n]) = 2.
Then
|§‘2—2a S 22—20(‘,'7'2—204
<222, forall a € (1/2,1].
Hence

L= / 22 / |F |GG — n)|dnde
]R2

[nl>€—nl

§2//|77|2 2| Fo)[3(€ — )| dnde
R2 R2

< 2|12 7 * 13l . -

Young’s inequality gives

Iy < 2|| fllac2=20 |9l 2o (10)
Combining (9) and (10), we get (6). O
Proof of (7). By including the inequalities (4) and (5) in (6), we obtain

1,7
1£gll 220 < 2[| Fll 1 %50

1— 5= 1— 5= 11— 1
1F 13 NG e gl 2™ + 2011 3 137 gl 325 g2 O
The proof of Theorem 1 requires the following lemma.
Lemma 5. Let 0 € L (X1722(R?)) N LL(X1(R?)). Then

< Callfll Lge 120 101 Ly (201) -
X1-2a

t
/e_(t_Z)IDlza div(Oug)dz
0

Proof. We have

t

/ef(tfz)‘D‘% div(Qug)dz

0

t

S/H —(t=2)IDP* giy (Bup) ||X1 20 dZ
xl-2a 0

t
< /He—(t—z)\D\z" (0u)|| oo dz
0

t
< / T
0
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Using Lemma 4, we obtain

¢
/e_(t_z)m‘h div(Oug)dz

0

t
<2 / 161122 gl o + 16110l 220 2.
X172o< 0

Using Lemma 3 and the fact ||ug|lxr < [|0]|ar and ||ug|lx1-20 < [|0]| x1-24, we get

t

/e_(t_z)‘D‘Qa div(Qug)dz
0

t
<4 [ 16l [0]0r 2
0

X1-2a

< Abllgear-2) [0l e ar). O
Also the following lemma will be useful in the sequel.
Lemma 6. Let 0 € L (X172%(R?)) N LL(X1(R?)). Then

/

dt < 4|0l pse (x1-20)[10] L1 (x1)-
Xl

t
/ e (t=2)ID* div(Qug)dz
0

Proof. We have

/

dt <
X1

t t
/ =D Giv(Gug)d / e~ PP div(up) (2)]| . dzdt
0 0

St~ “T—n

t
< ef(tfz)\f\m|£|2|}-(9u9)(z,§)|d§dzdt
/]
T ¢
|§2< e (= z)\f\za’ (Bug)(z,€) |dzdt>d§
St/

By integrating the function e~*=2)€*" twice with respect to z € [0,t] and with respect to ¢t € [0,T], we

get

T t T
//e (t— z>|£|2°‘ F(Oug)(2,€)| dzdt = /\F (0u)(z g)\(/e—(t—Z>|5|“dt>dz.
0 0 z

Then

T

/

t

/ —(t=2)|D** div(Bug)d

l /T (- Z)|5|2adt] | F(Bug) (= |dz>

[1 _ (T2l
]2

dt < / |§|2<
/ |5|2<

o\’ﬂ

] |f<9ua><z,s>|dz> e

O\ﬂ
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§/<5|2_2a /T|]:(9uo)(z,£)|dz>d§

]R2
T

< / 1616) ()] _sn 2.
0

Using Lemma 4 and the fact ||ug|lxr < [|0]|xr and ||ug||x1-20 < [|0]| x1-24, we get

/

T
e <4 [ 00| -2 166:)] e
0

t
/e_(t_Z)IDlza div(fug)dz
0

X1

< A0l Lge (xr—20) 10l L1 201y
3. Proof of Theorem 1

3.1. Euxistence

1337

O

The idea of the proof is to write the initial condition as a sum of higher and lower frequencies. For small

frequencies, we give a regular solution of the associated linear system to (S, ) and for the higher frequencies

we consider a partial differential equation very similar to (S, ) with small initial data in X*72* for which

we can solve it by the fixed point theorem.

o Let r be a real number such that 0 < r < 1/20.
e Let N € N, such that

[§1'72080(¢) g < £

lgl>N
Put a® and 8° defined by
o = F 7 (11g<n0°(9))
0 = F 7 (Ljg1>n0°())
Clearly
r
("
And put
o — e—t\D\z“CLO7

a is the unique solution of the heat equation

Oa+ (—A)%a =0
a(0) = a®.
We have

[lal| 120 < ||6° vt >0,

120
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and

T
lall L1 o, mp,21) = //e_tm a|§||90(§)|d§dt

0 R2

T
_ /(/et£2“dt>|§||@(@|d§

R2 0

= / (1 — e~ TI) |12 90 (¢) | e

R2

Using the dominated convergence theorem, we get

TlLIEl+ ||a||L1([0,T]7X1) =0.

Let £ > 0 such that

T
0 e <

and

2([6° %527 + 0035 aue’ ) <

ot =

By Eq. (12), there is a time T' = T'(¢) > 0 such that

lallzrqory, ) <e
Put b = 6 — a, clearly b is a solution of the following system

Otb + (=A)*b + (uq +up)V(a+0) =0
{b(O) =10,

The integral form of b is as follows

t
b= e tPI*p0 _ /e—(t—z)|D|2°‘ (g + up)V(a + b)dz.
0

To prove the existence of b, put the following operator

t
W(b) = e P p0 — /e—“—Z)'D'z“ (g + up)V(a + b)dz.
0

Now, we introduce the space X as follows

Xr =C([0,T], X' **(R?)) n L' ([0, 7], X' (R?))

(12)

(13)

(14)

(15)
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with the norm

[ ll2er = [1fll e (xr=20) + ([l -

Using Lemmas 5 and 6, we can prove ¥(Xr) C Xr.
e Also, we denote by B, the subset of X defined by

B, = {0 € X7; [0l = (0,7, x1-20) <7, 10l L2077,y < 7}
o For b € B,, we prove that ¥(b) € B,.. In fact, we have
4

||l‘p(b)(t)HX1—2a < ka

where

I = e P8

t
L = /H@_(t_z)m‘huaVaHxl_mdz
0
t
I, = /||e‘<t—Z>|D‘“uaVbHXl,Qadz
0
¢
I3 = /He_(t_Z”D‘mubVaHxl,zadz

Iy = /Hei(tfz)lmmubeHleQadz
0

Using Eq. (11), Lemma 5 and the fact b € B,., we get

Iy

IN
(S

r

Iy < Alall e x1-20y [lall 111y < 42]|0°] 41 aa < 3

1— L L L 1—-L
Iy, T < 2l ;252 25 ooy 19135 20 0135 20

-5k 1—5L
+2||a||Loo xi- Za)HaHL (Xl)”bHLoc x1i- 2a)||bHL1 (x1)

< 2([0° %527 + (00|35 o)
r
< —
)
L < 4]l (-0 Bl gy < 402 < =
Then
[ ®) ()| 1o <7 (16)
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Similarly,

4
Hw(b)(t)HLlT(Xl) < Z T
k=0

where

T
o= [ e,

0
Ty t

Ji :/ /e_(t_z)‘D‘zauaVadz dt,
o 'lo Xt
Ty t

J =/ /e—“—Z)‘D‘z“uavz)dz dt,
oo xt
T, t

J3 :/ /e_(t_z)‘D‘mubVadz dt,
0 Xt
T

J4:/ / ~@=2IDEYy, Tbdz|  dt.
o 'lo Xt

By using Lemma 6, we have

Jo

I/\
ol 3

r

T < Aflallng (o2 lally ) < 42]07] jaoa < 5

1— 1 1 a1 1- 1
Ja, J3 < 2||a||Looz(CB(1—2a)||a||ch Xl)Hb”i%o(Q@—M)HbHLlT?;(l)

1,7 1
T o1 NN 13 -

< 2(||90||X1§a€2‘1 + ||9°||X1 2l T2
.
< _
=5
1 < AYBl| e (20120 ]| 1 1) < 472 gg
Then
[C4GI0] P

Combining Eqgs. (16) and (17), we get ¥(b) € B, and we can deduce
¥(B,) C B,.
e Proof of the estimate

1
HW(bl)—![/(bz)HX 5Hbl—bQHXT, bi,by € B,.
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Put B; and Bs defined by

= (0py A by, =0y A7),

We have
t
(b)) — ¥ (be) = —/e—“—Z)‘DV“ (BaVby — B1Vby)
0
t
= /e—“—z)‘D‘”’ (BaV (by — by) + (B2 — B1)Vby)
0
and
||W(b1) - l*p(bQ)Hleza < Ky + Ko,
with
t
K, = /e‘(t‘z)|D|2aBgv(b2 — by)dz ,
0 X1_2”‘
t
K2 = /ei(tiz)lDFa (B2 - Bl)Vble
0 X1-2a

Using Lemmas 4 and 5, we can deduce
+ - +
Kl S 2||B2||L(;o X172a)||BQHL%_‘(§(1)Hb2 blHL Xl 2a) ||b2 - bl”[ff (Xl)
a1 a1
+ 20| Bal 13 ¢ oo 102 = D112 ey 152 — Brl
1—-L L
< 0ol T o 102l 2 182 = b1l sy 152 = D112
L L L 1—-L
+ 2||b2||Loc>2((;y1—2a)HbQHELI;(Xl)||b2 - b1||z(§o(xl—2a)|‘b2 - b1||L%(2§(1)
1
1”[2/(; (Xl)

S 2T||b2 blHLoo X1- 2a ||b2 _b

+27’Hb2_b1|‘?§,c(xl—2a)||b2 ”Ll (Xl)

< 4T||b2 - blHXT’
Similarly, we get
KQ S 47“”[)2 — bl”XT-
Using the fact r < 1/20, we obtain
1
H!p(bg) — Lp(bl)HX §||b2 — blHXT? Vbl, by € B,.. (19)

Then, combining Egs. (18)—(19) and the fixed point theorem, there is a unique b € B,. such that § = a+b
is a solution of (S, ) with 6 € X7 (R?).
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3.2. Uniqueness

Let 01,0, € C([0,T], X1~2%(R?)) be two solution of (S,,), with 8; € L*([0,T], X172%(R?)) and 60,(0) =
02(0). Put uy, ug, 6 and w defined as follows

U; = (8m2/1710i7 78221/17101')
6=101— 0,

W= U] — U
We have
00 + (—=A)*0 + wVd + wVh +u1 VI =0 (20)
then
0,0 + |£12%0 + F(wV8) + F(wVhy) 4+ F(uy Vo) = 0;
multiplying this equation by g, we get
9:0.6 + €3] + F(wV5).0 + F(wV8:).0 + F(u1V6).0 = 0. (21)

From Eq. (20), we have

940 + €290 + F(wVd) + F(wVoy) + FurVo) = 0;

multiplying this equation by g, we get

9106 + €232 + F(wVd).0 + F(wVb).0 + F(u1V).0 = 0. (22)
By summing (21) and (22), we get
D131 + 2/€125]2 + 2 Re(F(wV5).8) + 2 Re(F(wV6:1).0 ) + 2 Re(F(uyV6).0 ) =
and
D1[3]2 + 21&2[3]2 < 2| F(wV3)|-|8] + 2| F (wVy)|-18] + 2| F (ur V5)| |-

For € > 0, we have

W2 = 0, (1312 + %) = 20/ 312 + 200/ 132 + 2
then

b

200/ 18] + €2 + 24" ——=—
V1B +e2

< 2| F(wVé)| + 2| F(wVoy)|

G
\/|3|2 +e?

9]
V102 + €2

< 2|F(wV6)| + 2| F(wVoy)| + 2| F(u1V4)).

\/|6|2 e

+2|F(u1V6)|
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By integrating with respect to time

t

V102 4 €2 + /|§|2a o /|]-'ch5 /|]-'(wV01)|+/|]-"(u1V5)|.

\<5|2+€2 0

Letting € — 0, we get

t

B+ 18 < [1F@va)+ [|1Fwven|+ [IFwva).
0 0 0

0

Multiplying by |£]172¢ and integrating with respect to &, we get

t t t t
[8llcs-ae + [ 18l < [ wF8lnse + [ JuToulnse + [ iV
0 0 0 0
t t t
< /||5w||X272a +/||01’w||;(272a +/H5U1HX272@.
0 0 0

By Lemma 4, we get

L
1811316111320 1611327

t t t
1— L
18]l 120 + / 18]]s < 4 / 18] e12e 161 +2 / 1811575,
0 0

1- L 1- L

9 / 181125 1615225 (102225, 162 25

Using the elementary inequality

P q
xy < N
q
with
_ _ 2x
P=5 17321
we get
177 oy (3
10l 1234 161125 ||91||X1 O] < —||<5||x1 + calld]lan- 2a||91||§(1 Zaa [0 2
and
= 1—5- 11— e~
10113 2 1611 > |61 [] 112 301135 < —H5Hx1 + 10|21~ 2a|\91H§51 20|61 a1
Then

812 / I8llas < (ca+ / 1611 16511355 61 L
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Using Gronwall’s Lemma and the fact (¢ — ||91||§(‘”1 b llf1]lxr) € LY([0,T)), we can deduce that § = 0 in

[0, T] which gives the uniqueness.
3.3. Small initial data

In this section, we suppose that [|6°]| x1-20 < 1/4.
Passing to Fourier transform of the first equation of (S, ) and multiplying it by 4/9\, we get

9:0.0 + |€]2%|0]2 + F(uV0).0 = 0. (23)
Similarly, we have
0,0 + €0 + F(uve) = 0

and

2:0.0 + €[>0 + F(uv0).0 = 0. (24)
By summing (23) and (24), we get

OB + 206102 + 2 Re(F(uV0).6) =

and

0,102 + 21210 < 2| F(uVv0)|.|6].

For € > 0, we have

B2 = 0 (8% + €2) = 2/ |02 + 200\ B2 + e2.

Then
~ f|2 0
at\/|9|2+52+2|5|2al7‘ < 2| F(uV))|. _ o d
/0] + &2 \/16]2 + €2
< 2| F(uVi))|.

By integrating with respect to time

t
2 2 4 20 |9| 0|2 2 _
V002 + ¢ /|§| \/&T <A/ +e +0/|f(uv9)\

Letting € — 0, we get

t t
|§|+/|g\2a|§| < |9A0\+/]]-"(UV0)‘.
0 0
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Multiplying by |£]172¢ and integrating with respect to &, we get

t t
161 +/|\9||X1 <[] or . +/|\uv9\|xl_za.
0 0

By Lemma 4, we get

t t
10]] 2120 +/H9llx1 < 16°]] 120 +4/||9||x172a||9Hx1
0 0

t
o L] oy TP
z€[0,t] )

Let T' = sup{t > 0; sup,c ¢ [10(2) || x1-20 < 1}. By the above equation, we have

00 r-ae < [0l ae < 5 Ve L)
then T' = oo. Therefore, the global existence and inequality (2) are proved.
4. Proof of Theorem 2
The same approach of Theorem 1 is used to obtain a blow-up result of § € C([0,T*), X*~2%(R?)) if

T* < oo.
Assume that fOT 10(t)]| x1dt < 00. Let 0 < Tp < T™* such that

T 1
Sl e < 5.
To

For t € [Ty, T*) and s € [Ty, t]

06 vz + 1000 < 10T v+ [ 1060 160 o
To To

i
3 L] P L ey | O]
To

1
= HQ(TO)H;W—M + ) T082£<t|‘0(2)“‘xl_2a.
It follows that

1
552 069 < [0 o+ 500 00

We can deduce that

0 < 2||0(T¢ Vit Ty, T7).
50 [05) -2 < 20T grnes VEE [T0.77)
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Put

M = max (2] 0(T0) | 120 tén[%]||e(t)}|xl,2a).

We have
H0<t)HX172u <M, Vte [O7T*)
Using the integral form of 8, we can write, for t < t’ € [0,T%),

6(t') — 0(t) = Ly (¢, ') + La(t, )

with
t
Li= [ (1= 0D )t 2IPR (1,96) (),
0
t/
Lo = [P (Vo))
t
We have

t
12 (8 ) ]| 41 2a < //(1 — e DI o= (E=2)IE 61220 | F (4 V) (2, )| déd 2

0 R2

g//(1—e*“’*tﬂﬁ‘“)|§|1*2a|f(u.ve)(z,g);dgdz.

0 R2

Y
| Z2(t, )| yroe < e =D 1220 | F(u.V0) (2, €)|dEd2
/]
t/
S//|§|1_2a|}"(u.v9)(z,5)‘d§dz.
RQ

t

Using Lemmas 4-5 and the dominated convergence theorem, we can deduce that

limsup|| L1 (¢, 1) HX1*20 =0, lim sup|| Lz (¢, t') Hxlﬂu =0.
t,t' AT t,t' AT*
t<t’ t<t’

Therefore

limsup||6(t') — 0(t)|| 120 =0
t,t' AT*
t<t’
Then 6(t) is of Cauchy type at the left of T* in the Banach space X1~2%(R?). Then, there is * an element
of X'~2%(R?) such that

Jim 6(t) =",
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Now, consider the following system

Oa + (-A)*a+ u,.Va=0
a(0) = 0*

By Theorem 1, there is a time to > 0 and unique solution a such that a € C([0.to], X*~2%(R?)). Then

(o), if t € [0,77)
o(t) = {a(t —T%), ifte[T*, T+t

is a solution of (S, ) with initial data 6° on the interval [0, T* + t] which contradicts the maximality of T*.
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