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We prove that the covering radius of an N-point subset Xy of the unit sphere S¢ C
R4*1 is bounded above by a power of the worst-case error for equal weight cubature
% Doxexy [(X) = Jsa Fdog for functions in the Sobolev space W5 (S?), where o4
denotes normalized area measure on S%. These bounds are close to optimal when s
is close to d/p. Our study of the worst-case error along with results of Brandolini
et al. motivate the definition of Quasi-Monte Carlo (QMC) design sequences for
W;(Sd), which have previously been introduced only in the Hilbert space setting
p = 2. We say that a sequence (Xy) of N-point configurations is a QMC-design
sequence for W3, (S%) with s > d/p provided the worst-case equal weight cubature
error for Xy has order N~°/¢ as N — o0, a property that holds, in particular, for
a sequence of spherical t-designs in which each design has order t¢ points. For the
case p = 1, we deduce that any QMC-design sequence (Xy) for W5 (S?) with s > d
has the optimal covering property; i.e., the covering radius of X has order N—1/¢
as N — oo. A significant portion of our effort is devoted to the formulation of the
worst-case error in terms of a Bessel kernel, and showing that this kernel satisfies
a Bernstein type inequality involving the mesh ratio of Xy. As a consequence we
prove that any QMC-design sequence for W;(Sd) is also a QMC-design sequence
for W7, (S¢) for all 1 < p < p’ < co and, furthermore, if (Xx) is a quasi-uniform
QMC-design sequence for Wg(Sd), then it is also a QMC-design sequence for W;/ (S%)
for all s > s’ > d/p.

© 2015 Elsevier Inc. All rights reserved.

* This research was supported under Australian Research Council’s Discovery Projects funding scheme (project number
DP120101816). The research of the third author was also supported by U.S. National Science Foundation grant DMS-1109266.
* Corresponding author at: Institut fiir Analysis und Computational Number Theory, Graz University of Technology,

Steyrergasse 30, 8010 Graz, Austria.

E-mail addresses: j.brauchart@tugraz.at (J.S. Brauchart), josef.dick@unsw.edu.au (J. Dick), edward.b.saff@vanderbilt.edu
(E.B. Saff), i.sloan@unsw.edu.au (I.H. Sloan), yuguang.e.wang@gmail.com (Y.G. Wang), r.womersley@unsw.edu.au

(R.S. Womersley).

http://dx.doi.org/10.1016/j.jmaa.2015.05.079
0022-247X/© 2015 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jmaa.2015.05.079
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:j.brauchart@tugraz.at
mailto:josef.dick@unsw.edu.au
mailto:edward.b.saff@vanderbilt.edu
mailto:i.sloan@unsw.edu.au
mailto:yuguang.e.wang@gmail.com
mailto:r.womersley@unsw.edu.au
http://dx.doi.org/10.1016/j.jmaa.2015.05.079
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2015.05.079&domain=pdf

J.S. Brauchart et al. / J. Math. Anal. Appl. 431 (2015) 782-811 783

1. Introduction

In this paper we consider covering the unit sphere S¢ in R4, d > 1, with equal sized spherical caps,
and establish a connection to equal weight cubature formulas that use the centers of those caps as sampling
points for the function. As a corollary, we will show that the optimal order of convergence of the worst-case
equal weight cubature error for functions in a suitable Sobolev space implies asymptotically an optimal
covering property by spherical caps.

Equal-weight numerical integration In the literature equal weight cubature is often given the name Quasi-
Monte Carlo (see Niederreiter [24] for the case of the unit cube). Thus a Quasi-Monte Carlo (QMC) method
is an equal weight numerical integration formula with deterministic node set in contrast to Monte Carlo
methods: for a node set Xy = {xy,...,xy} C S% the QMC method

QLX) = 5 D F)

k=1

is a natural approximation of the integral

Iuwz/f@mw@>
sd

of a given continuous real-valued function f on S with respect to the normalized surface area measure
on S% A node set Xy is deterministically chosen in a sensible way so as to guarantee “small” error of
numerical integration for functions in suitable subfamilies of the class of continuous functions C/(S9).

A fundamental example of such node sets are spherical t-designs' Zy, C S¢, ¢ > 1, introduced in [10].
They define QMC methods that integrate exactly all spherical polynomials of degree < ¢:

QIZn,)(P) =1(P),  degP <t. (1.1)

Thus, spherical t-designs yield zero error on polynomial subfamilies of C(S%). The definition of spherical
t-designs says nothing about the number of points N; that might be needed. A lower bound on N; of order
t? was given in [10]. Recently, Bondarenko et al. [4] proved:

Proposition 1.1. There exists cq > 0 such that to every N > cqt? andt > 1 there exists an N -point spherical
t-design on S¢.

This key result ensures that spherical t-designs with N, points of exactly the optimal order t¢ exist for
every t > 1 (we write N; =< t%). A sequence (Zy,) of such designs with optimal order for the number of
points has the remarkable property, see [8,14], that

|QIZN) () = 1) < N7 | fll e

for all functions f in a Sobolev space H*® with smoothness index s > d/2 and norm || - || gs in the Hilbert
space setting. The order of N; cannot be improved, see [12,13]. This observation motivated the introduction
of QMC-design sequences for Sobolev spaces H® in [9]: these are sequences of N-point sets that have the
same error behavior as spherical ¢t-designs, but with no polynomial exactness requirement. One purpose of
this paper is to provide the extension to general Sobolev spaces.

! The symbol Xy is used for general sets of N points on S, while Z N, always refers to a spherical t-design with N; points.
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Covering for the sphere For a finite set Xy = {x1,%2,...,xx} C S¢ the covering radius (or mesh norm,
or fill radius) is defined by

p(Xn) = Lneaé)g lg}glN arccos(X - Xg). (1.2)

Thus the covering radius is the geodesic radius of the largest hole in the mesh formed by the point set X .
Equivalently, it is the minimal radius of equal-sized spherical caps centered at the points of Xy that cover S?.
There is a trivial lower bound on p(Xy) arising from the fact that a spherical cap of geodesic radius p(Xy)
has a surface area of exact order [p(Xx)]¢: it follows that there exists ¢; > 0 such that

p(Xn) > cq N~Y4 for all N.

We will therefore say that a sequence (X ) of point sets on S? has the optimal covering property if

p(Xn) = ON"Y as N — oo. (1.3)

Yudin [30] showed that if Zy, is a spherical ¢-design, then Zy, gives a covering of the sphere S? with
radius 7,4, where cos(n; q) is the largest zero of a certain Jacobi polynomial. Reimer [25,26] extended Yudin’s
result to any positive weight cubature rule that is exact for polynomials of degree at most ¢, and used results
relating the largest zero of Gegenbauer polynomials to the first positive zero of a Bessel function, to show
that such point sets, which include spherical ¢-designs, have covering radius p(Zy,) = O4(1/t), where the
order notation O, means that the implied constant depends only on d.

Yudin’s result implies that a sequence of spherical t-designs with N; =< t¢ points has the optimal covering
property (1.3). Reimer’s result also shows that the node sets of positive weight cubature rules that are exact
for polynomials of degree at most ¢ and have N = O4(t?) points form a sequence that has the optimal
covering property. The present paper extends Yudin’s result in a different direction, replacing the condition
that polynomials of degree up to t be integrated exactly by a condition on the rate of convergence of the
QMC error.

The results In this paper the worst-case error will play an important role. For a Banach space B of
continuous functions on S¢ with norm || - || 3, the worst-case error for the QMC method Q[X ] with node
set Xy C S? approximating the integral I(f) is defined by

wee(Q[Xn]; B) := sup {| QIXN](f) = I(f)| : f € B, | f| <1} (1.4)

That is, the worst-case error is the largest error (for the supremum is indeed a maximum) for all functions
in the unit ball of B.

We shall be interested in particular in the Sobolev spaces W;(Sd) for p > 1 and s > 0 consisting of
functions f € L,(S?) for which (1 — A%)*/2f € L,(S%), where A is the Laplace-Beltrami operator on S%.
The Sobolev norm || f|[ws s of f is defined to be the L,(S%)-norm [|(1 — A%)*/2f||,. For a full description
of the Sobolev space setting, see Section 3. We show in Section 4 that the worst-case error of Q[Xy] for
W;(Sd) is equal to the L,(S%)-norm (with 1/p + 1/q = 1) of a function that is related to the Bessel kernel
for W5 (S9).

A principal result of the paper is that the covering radius of a point set X on S¢ is upper bounded by
a power of the worst-case error in a Sobolev space:
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Theorem 1.2. Letd > 1,1 < p,q < oo with 1/p+1/g=1 and s > d/p. For a positive integer N, let Xy be
an N-point set on S¢. Then

P(Xn) < s [wee(QIXn]; W (s))] /T (1.5)

where the constant cs q depends on s and d but not on p, ¢ or N.

The theorem will be proved in Section 2. Note that the condition s > d/p is natural, in that it ensures
that the generalized Sobolev space is continuously embedded in the space of continuous functions on S%.
The significance of (1.5) is that results on the order of decay of worst-case cubature errors on S as N — oo
translate directly into bounds for the decay of the covering radius. See Corollary 1.7 below for a concrete
instance that ensures optimal order convergence of the covering radius.

The fact that spherical t-designs with N, =< t¢ points have optimal order of decay for the worst-case error
in Sobolev spaces is a consequence of results due to Brandolini et al. [6], generalizing earlier results for p = 2
of [14] and [8]:

Proposition 1.3. (Cf. [6, Lemma 2.10].) Let 1 < p < co. Given s > d/p, there exists Cp 5.4 > 0 such that for
every N-point spherical t-design Xy on S¢ there holds

Cp.s
wee(QUXN]; Wi (81)) < =22, (1.6)
where the constant Cp, 5 4 does not depend on t, N, or the particular spherical design X .

Motivated by Propositions 1.1 and 1.3, we extend the definition of QMC-design sequences as given in [9)]
from p = 2 to general p:

Definition 1.4. Let 1 < p < oco. Given s > d/p, a sequence (Xy) of N-point configurations on S¢ with
N — oo is a QMC-design sequence for W;(Sd) if there exists cp 5,4 > 0, independent of IV, such that

wee(QUXN] Wi(5") < 255 (1.7)

In this definition it is sufficient that Xy exists for each N in an infinite subset of the natural numbers.
The existence of spherical ¢t-design sequences with N; < t¢ points (Proposition 1.1) and Proposition 1.3
imply the existence of QMC-design sequences for W7 (S9):

Theorem 1.5 (Ezistence of QMC-design sequences for W;,(Sd)). For any 1 < p < oo and s > d/p, there
exists a QMC-design sequence for W5(S).

In particular, any sequence of minimizers of wee(Q[Xy]; W5(S?)) for a fixed s > d/p and an infinite
number of values of N is a QMC-design sequence for W;(Sd).

By a special case of [6, Theorem 2.16], which generalizes the earlier p = 2 lower bounds of [13] and [12],
the exponent of N in (1.7) cannot be larger than s/d:

Proposition 1.6. Let 1 < p < oo. Given s > d/p, there exists C;;,s,d > 0 such that for any N -point configura-
tion Xn on S¢,

woe(QUXx]; W(8%)) = 228, (1.8)

Thus a QMC-design sequence for W‘;(Sd) yields error bounds of optimal order of convergence N ~%/¢ for
the worst-case error in W5(S%) as N — oo.
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As a consequence of Theorem 1.2, we obtain the following estimate for the covering radius for QMC-design
sequences for W;(Sd), which is sharp when p = 1.

Corollary 1.7. Let d > 1, 1 < p,q < o0 with 1/p+1/q = 1. For a fized s > d/p, let (Xn) with N — oo be a
QMC-design sequence for W;(Sd). Then there exists a constant ¢ > 0 depending on d, s, p and the sequence
(Xn) but not on N such that for all X

p(Xn) < eNTP Bi=s/(s+d/q).

In particular, if p = 1 (and thus f = 1 and s > d), then the sequence (Xy) has the optimal covering
property.

When p = 2, an alternative approach to generating QMC-design sequences is to maximize the generalized
sum of distances Zfil Z;V:z |x; — x;|?*7<. Theorem 14 of [9] shows that such point sets minimize the
worst-case error in W5(S9), s € (d/2,d/2 + 1), and thus form a QMC-design sequence for this Sobolev
space.

Example 1.8. Let d > 1, and for a € (0,2) let (Xy) be a sequence of N-point sets such that X C S% is a
maximizing set for the generalized sum of distances,

N N

E E o d
|X17X]| ) X15X27"'7XN€S7

i=1 j=1

where | - | denotes Euclidean distance in R4+, Then setting p = 2 in Corollary 1.7, there exists ¢ > 0 such
that

p(XN)<eN7P/1  with  B=(d+a)/(2d+ ).

Note that for d = 2 the rate approaches N~'/% as & — 2~ and N~'/* as a — 0. Further observe, that the
bounds obtained here for any d > 2 are much better than those derived from using an area bound for the

largest spherical cap that contains no points of X . The estimates obtained in [21] for a € (0, 1) and [7] as
a — 07 yield that the coefficient 8 above becomes 8’ = (d + «)/[d(d + 2)].

We also obtain the following lower bound on the covering radius:

Theorem 1.9. Let d > 1, 1 < p < oo with 1/p + 1/q = 1. For every fixed s € (d/p,d) there exists a
QMC-design sequence (Xn) for W5(S?) such that

p(Xn) > g N7/ for all Xy, (1.9)
where the constant c;,d depends on p, s and d but not on N.

For values of p larger than 1 and s a fixed number in (d/p, d), Theorem 1.9 shows that there exists a
QMC-design sequence (Xp) for W;(Sd) that does not have the optimal covering property (1.3) because
s/d® < 1/d.

The next two theorems assert conditions under which a QMC-design sequence for WZ(Sd) retains the
QMC-design property if the parameters p and s are changed. These results are proved in Section 4.2 using
lemmas from Sections 5 and 6.
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Theorem 1.10. Let d > 1,1 < p < o0 and s > d/p. A QMC-design sequence (Xn) for W‘;(Sd) is also a
QMC-design sequence for W;,(Sd) for all p' satisfying p < p’ < 0.

The second theorem makes use of the mesh ratio

Y(Xn) = p(Xn)/0(XN) (1.10)
of an N-point configuration Xy = {x1,...,xy} C S? where the separation distance of Xy is given by
I(Xn) = 1§1’;71éI%N arccos(x; - X). (1.11)
s

A sequence (Xy) of N-point sets on S? is well-separated if there is a positive constant ¢ such that §(Xy) >
¢ N~V and quasi-uniform provided v(Xy) is uniformly bounded in N.

Theorem 1.11. Let d > 1, 1 < p,q < oo satisfying 1/p+1/q =1 and s > s’ > d/p. Then there exists a
constant ¢ > 0, depending on p,s’,s, and d but independent of N, such that for every N-point node set
XN C Sd,

wee(Q[XN]; WS (87)) < ¢ [v(Xn)] P N&=/4 wee(Q[X n]; W3(SY)). (1.12)

Consequently, a quasi-uniform QMC-design sequence (Xy) for W;)(Sd) is also a QMC-design sequence
for WZ/ (S%) for all ' satisfying s > s’ > d/p.

A substantial part of the paper is devoted to establishing the estimate (1.12). (Although needed for our
argument, it is plausible that the quasi-uniformity assumption in the second assertion of Theorem 1.11 can
be removed.)

The structure of the paper is as follows. In the next section we prove Theorems 1.2 and 1.9 and we extend
Theorem 1.2 to take into account the radii of several caps excluding points of X . In Section 3, we discuss
the function space setting and introduce the Bessel kernel for W[S,(Sd). In Section 4, we present a worst-case
error formula in terms of a Bessel kernel, which is used to prove embedding type results for QMC-design
sequences for W;(Sd) when p and s vary. In Section 5, we introduce a special filtered kernel that enables us
to prove a boundedness result for the Bessel kernel. In Section 6, such filtered kernels are further used to
prove a Bernstein type inequality for the Bessel kernel which is needed for the proof of the inequality (1.12).
Section 7 considers the special case of the unit circle (i.e., the sphere S!).

2. Bounds for the covering radius
In this section we give the proofs of Theorems 1.2, and 1.9.
2.1. Upper bound

For the proof of Theorem 1.2 we shall make use of the following interpolation inequality (of Gagliardo—
Nirenberg type) on the sphere (see [3]).

Lemma 2.1. Letd > 1, 1 <p< o0 and 0 < 5o < s < s1 < 00. Then there exists a constant ¢ depending only
on s, p, and d such that for any 0 <0 <1 and s = (1 — 0)sg + 0s1, we have

1-6 0
1 s say < €llf lwso gy [1f s sy - (2.1)
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Proof of Theorem 1.2. For a node set X = {x1,...,Xxx} on S¢, we construct a “fooling function” made up
of a bump that is supported on a “spherical collar” contained in the largest hole of X . The outer radius
of this collar is chosen to be p = p(Xx). The function f, is defined so that it is zero at every point of Xy,
thus providing a lower bound for the worst-case error (cf. (1.4)):

ch(Q[XN];W;(Sd)) > L) (2.2)

~ o llws ey

We shall show that the right-hand side can be lower bounded in terms of p.
For the precise definition of f,, we appeal to results of Hesse [12] by starting with the symmetric C*°(R)
function with support [—1,1],

1 .
(1) = {exp (1-7=5) if-1<t<1, (2.3)
0 otherwise.

We rescale this function to have new support [cos p, cos(p/2)] using the linear bijection g, that maps this
interval onto [—1, 1] giving ®,(t) := ®(g,(t)) and then lift it to the sphere to get the zonal function

fo(x) :=D,(y0 - x) = ®(9,(y0 - X)), X,y € s?. (2.4)

The point yq is chosen to be the center of a largest hole and thus achieves the maximum in (1.2). It is easily
seen that f, € C>(S?) and that f,(x) vanishes unless cos(p/2) > yo - X > cos p, so that the support of f,
is a collar within the spherical cap

S(yo;p) == {x € S%:yq-x > cosp}.

We now estimate the quantities on the right-hand side of (2.2). For I(f,), the Funk-Hecke formula and
a change of variable gives (also cf. [12, Eq. (32)])

p
Wa— , _
1) = [ £p0x) o) = 2 [ @(g(cos0)) sin6)" " a6 = 4", (2:5)
Sd p/2
where w, is the surface area of S?. The Sobolev norm of f,, computed as ||prW;;(sd) = |(1 = A%*2 £,

is first estimated for even s. The result for other s is then obtained from the even case using Lemma 2.1.
Let s be a non-negative even integer. Since f, is zonal, use of spherical cylinder coordinates (cf. [18]) gives
for d > 1:

s/2

(1 =AD" f(x) = (1+dtD; — (1-2) D) @, (1), t=1yo-x, (2.6)

where D, := d/dt. Expansion of the differential operator and term-wise estimation gives

(1— A2 fp(x)‘ < s (cosg — cos p) <doap?, x € S
The details involve a slight modification of the arguments in [12], where a different constant is used in the
differential operator (1 — Afi)s/ 2. The computations can also then be extended to include d = 1, a case not

considered in [12]. Thus for p = oo,

*\S/2 —s
sl o) = 528 (1= 2D (0] < chap™,
xE
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while for 1 < p < oo, since f, is supported in S(yo; p),

s

”fl’Hg)W;(Sd) = / } (1- A;)S/Q fp(x)|pda',1(x) < (C;,d)p p P04(S(yo;p)) < (c;/d);ﬁ pP s+d
Sd

Hence
1l gay < €lap™*¥P, 1< p< oo, 520 even. (2.7)

For general s, write s = 2L + 20 with 0 < 6 < 1 and L a non-negative integer. Then we can apply the
interpolation inequality (2.1) with so = 2L and s; = 2L 4 2 to obtain again

1Follyws ga) < cCap™*P, 1<p<oo, 520, (2.8)
Finally, using the estimates (2.5) and (2.8) in (2.2), we get
wee(Q[Xn]; Wi (%)) > et 4 p*H 49,
where 1 < ¢ < oo is such that 1/p + 1/¢ = 1. The proof is now complete. O
2.2. A generalization of the upper bound

We now provide a generalization of Theorem 1.2. Another way of describing the covering radius p(Xy)
is as the largest hole radius — more precisely, as the geodesic radius of the largest open spherical cap on S%
that does not contain a point of Xy. A (spherical cap shaped) hole of X can be any open spherical cap
on S? that does not contain points of X . Of particular interest are maximal holes, which are ones that
lie “above” the facets of the convex hull of X . They are said to be maximal as they cannot be enlarged.
Indeed, the supporting plane of a facet divides the sphere into an open spherical cap that contains no points
of X and a closed one that contains all the points of X . These maximal holes provide a natural covering
of the sphere with, in general, differently sized spherical caps of maximal radii. Among these maximal holes
one can select a sequence of pairwise disjoint holes ordered with respect to non-increasing radii. This is a
particular example of what we will call an “ordered X y-avoiding packing on S%”
Definition 2.2. Given an N-point set Xy = {x1,...,xy} on S% a sequence (s, ),>1 of open pairwise disjoint
spherical caps with cap radii p; > p2 > p3 > - - - such that no s, contains points of Xy is called an ordered
X n-avoiding packing on S¢.

The next theorem gives an upper bound of the nth-largest spherical cap radius in an ordered X y-avoiding
packing of S<.

Theorem 2.3. Let d > 1, 1 < p,q < 0o such that 1/p+1/q=1 and s > d/p. Given an N-point set Xy on
S? and an ordered X n-avoiding packing on S¢ with spherical cap radii p1 > p2 > p3>---, then

pn < csqn”/astd) [wee(Q[Xn]; WS (ST))] 1/(+d/q) ,

where the constant cs q depends on s and d but not on p or q or the packing.

Proof. We proceed along the same lines as the proof of Theorem 1.2 but use now a fooling function of the
form

Fu(x):=Y fp(x), xes
k=1
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that is the sum of all the contributions of functions f,, (x) := ®,, (yx-x) of type (2.4) fitted to holes centered
at yr € S%, 1 < k < n, in the ordered X y-avoiding packing on S¢.
From (2.5) we obtain that

W) =D [(fo)l = ca)_ pi = ncapy. (2.9)

k=1 k=1
Observe that the supports of any two of f,,,..., f,, intersect at most on their boundaries. It follows that
for even s > 0 this property also holds for any two of J_4[f,,],...,J_s[f,,], where J_[f,] = (1 — A;)S/Q fo

(see (2.6)). The estimate (2.7) gives for p = oo,

/" /11

[y s(se) = Jax ||fpm||ws(§d) 1211324 Cod P = Card Pr">

while for 1 < p < oo,

n

p
e 59 Z ( " —s+d/p> < n( " p;s—&-d/p)

m=1

1Bl o) = Z 1 I
Hence
| En |y ss) < nt/p iy pstdlp, 1<p<oo, s>0 even. (2.10)
The result for other s is then obtained using the interpolation inequality (2.1):
||Fn||wg(§d) < nt/P %y potdlp, 1 <p< oo, s>0not even. (2.11)
Substituting the estimates (2.9), (2.10) and (2.11) into (2.2), we get
wee(QUXN]; W3(S%) > n/4 ¢t pitd/s,
where 1 < ¢ < 0o is such that 1/p + 1/gq = 1. This completes the proof. O
2.3. Lower bound

Proof of Theorem 1.9. Let (Zy,) be a sequence of well-separated spherical t-designs on S¢ with N; =< t<.
The existence of such a sequence is established in [5]. Fix € € (0,1] and ¢ > 0. For each Zy, we select a

spherical cap with radius oy, = ¢ N, (1—e)/d

and an arbitrary center, and remove all the points in this cap.
This gives a new set X, s, with Ny — M, points, where M, depends on the cap and on «; and thus on N;.
It follows from the well-separation property of (Zy,) that 6(Xn,—nr,) > ¢ Nt_l/  for some ¢ > 0, thus for

some ¢’ > 0, we have
M, < " Ny for all Zy,.

The removal of the M; points generates a hole of radius oy, so that the covering radius of Xn,_as, satisfies
p(Xn,—a1,) > o = c N, 1794, (2.12)

Next, we quantify the quality of Xn,_as, as a set of cubature points by estimating the worst-case error
for the QMC method Q[Xy,—a,]. Let f € W5(S?), s > d/p, with [1f llws se) = 1. The error of numerical
integration, R[Xw, -, ](f) == Q[Xn,—ar,|(f) = I[Xn,—ns,](f), can be written as
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N M,

RIXNe-m(f) = =37 RN = 531

[ZNt \XNf Mt}(f)

Since (Zy,) is a sequence of spherical t-designs with N; < t? and N;/(N; — M) — 1 as N; — oo, it follows
from Proposition 1.3 that for some C' > 0 we have

Ny

—s/d
N, n{t| [ Nt}(f)‘—CNt

Furthermore, the fact that WZS,(Sd) can be continuously embedded into C(S?) for s > d/p (Proposition 3.6)
gives that for some ¢, s 4 > 0 (embedding constant)

IRIZN A\ Xn-aaJ(N] <2 sup [f(X)] < 2¢p,5,0 | fllws sa) = 2¢p.s.a-

xe8d
Since M;/(Ny — My) = O(Nt_(l_s)), we get
S [RIZy\ X ) ()] < 26500 5 < 0N 079,
We conclude that
wee(Q[Xn, -ar,]; W(S?) < C N7 ¢/ N9, (2.13)
Until now we have allowed ¢ € (0,1] to be arbitrary. If we now force ¢ := 1 — s/d, then (Xy,_p,) is a

2
well-separated QMC-design sequence for W;(Sd). From (2.12) we have p(Xn,—n,) > cN;S/ d , completing
the proof. O

A more precise analysis of the effects on the worst-case error when one or more points are removed from
a circular design (i.e., a spherical design on S') is given in Section 7.

3. The function space setting and embedding theorems
In this section we set up the machinery needed to prove the worst-case error results. Let d be a positive

integer. Our manifold is the unit sphere S? in the Euclidean space Rt provided with the normalized
surface area measure o4. For future reference we record that

1
Wd—1 _ F((d+1)/2) d—1Wd— 1/ d/2 1dt:1
Wd \/EF(d/Q) ’ Wd

—1

where I'(z) denotes the gamma function, and wy is the surface area of S%.
3.1. Spherical harmonics

The restriction to S of a homogeneous and harmonic polynomial of total degree ¢ defined on R4+ is
called a spherical harmonic of degree £ on S%. The family 7—[? = Hg(Sd) of all spherical harmonics of exact
degree ¢ on S has dimension

T((+d—1)

Z(d,0) == (20 +d—1) OIS
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Each spherical harmonic Y, of exact degree /£ is an eigenfunction of the negative Laplace—Beltrami operator
—A% for S¢, with eigenvalue

—((l+d—1), £=01,2.... (3.2)

As usual, let {Y, : k=1,...,Z(d,£)} denote an La-orthonormal basis of %¢. Then the basis functions Yy
satisfy the following identity known as the addition theorem:

Zm Wory) = Z(d,0) PP (x-y),  xyes’, (3.3)

where Pe(d) is the normalized Gegenbauer (or Legendre) polynomial, orthogonal on the interval [—1, 1] with
respect to the weight function (1 —¢2)%2=1 and normalized by Pe(d)(l) =1.

The collection {Y; 1 : k=1,...,Z(d,¢);£=0,1,...} forms a complete orthonormal (with respect to oq)
system for the Hilbert space Ly(S?) of square-integrable functions on S¢ endowed with the usual inner
product

(f,9)La(s4) —/f x)dog(x),

as well as a complete system for all the Banach spaces L, (S?) of pth power integrable functions on §? with
1 < p < oo provided with the usual p-norm

1/p

LI = U, o) = / FEPdoax) |
gd

and for the Banach space C(S%) of continuous functions on S¢ endowed with the maximum norm

[flle := max |f(x)]-

xesd

(For more details, we refer the reader to [2,18].)
The Funk—Hecke formula states that for every spherical harmonic Yy of degree ¢ (see [18]),

/ oy -2) Y(y) doa(y) = 9(0) Ye(),  z € S%, (3.4)
Sd

where

_ Wd—1 (d) 42 d/2—1
- /1 o) POty (1 — )Y L ar, (3.5)

(This formula holds, in particular, for the spherical harmonic Y;(y) = Pe(d) (a-y),acS%)
3.2. Convolution

We shall frequently use the convolution of a zonal kernel, i.e. one that depends only on the inner product
of the arguments, “against” a function f on S¢. With abuse of notation we write G(x,y) = G(x -y) for



J.S. Brauchart et al. / J. Math. Anal. Appl. 431 (2015) 782-811 793

x,y € S%. For 1 < p < oo, let L, 4([—1,1]) consists of all functions of the form g,(x) := G(z - x), x,z € S%,
with finite norm ||G||p.a := ||gallp- Of course, this norm does not depend on the choice of z € S¢ since, by
the Funk-Hecke formula with £ =0 (see (3.4) and (3.5)),

1/p

1
Wd— d/2—1
IGllpa = loally = | 22 [1GOP (=) ae| (3:6)
Z1

W

Definition 3.1. The convolution of the zonal kernel G € L 4([—1,1]) against f € L,(S?) is the function G * f
given by

(G f)(x):= /G(z -x) f(z) dog(z), x € S
Sd
The convolution of the zonal kernel K € L 4([—1, 1]) against G € L; 4([—1,1]) is the kernel K % G given by
(K+G)x-y) = [ Klz-x)Gla-y)douta),  xy €5
Sd

If g € Lya([-1,1]), 1 <p,g < ooand f € L,(S?), then the convolution g f exists o4-almost everywhere
on S and Young’s inequality holds; i.e.,

o111
lg * fll, < llgllg,a 71, forallr with — = p g 120 (3.7)
In particular, one has
lg = fll, <llgllyq I, and g fll, < llgllgq 1 - (3.8)

3.8. Sobolev function space classes

The Laplace-Fourier series (in terms of spherical harmonics) of a function f € L;(S?) is given by the
formal expansion

SAx) ~ D Yilflx),  xes, (3.9)
=0
where Yy[f] is the projection of f onto H{. It can be obtained by the convolution
ViAo = [ 2.0 PO xy) fy)douly), xS (3.10)
Sd

Application of the addition theorem yields

Z(d0)
Yilflx) = > fexYer(x), xeS% (3.11)
k=1

and ]?&k are the Laplace—Fourier coefficients of f defined by

For ::/f(xm,k<x)dad(x), k=1,...,2(d,0), £=0,1,2,.... (3.12)
Sd
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Definition 3.2. The generalized Sobolev space W;(Sd) may be defined for s > 0 and 1 < p < oo as the set
of all functions f € L,(S%) with

ST+ M) Vil

£=0

< 00, (3.13)

p

||fHW§(§d) =

where the A\, are given in (3.2) and formulas for Y;[f] are provided in (3.10) and (3.11).

Remark. The definition implies that Zf:o (1+ )\g)s/ Y,[f](x) converges pointwise as L — oo for almost all
(in the sense of Lebesgue measure) points on S?, since otherwise the sum is not in L, (S%).

We note that Wg(Sd) = L,(S?%). In the case of p = 2, Parseval’s identity yields the following equivalent
characterization: a function f € Lo(S9) is in W5(S9) if and only if the Laplace-Fourier coefficients fg,k of f
given in (3.12) satisfy the condition

oo Z(d,6)
> (14" Z ’fu’ < oo, (3.14)
£=0 =

but a characterization of this kind in terms of the Laplace—Fourier coefficients does not hold for general p.
8.4. The space W;(Sd) as a Bessel potential space
The Bessel operator of order s,
J_,=(1-A5"* = seR, (3.15)
is a pseudodifferential operator of order s with symbol (bgs)) (>0 given by
B = 1+ M) =< (1+0)°, (=0,1,2 (3.16)
y = =0,1,2,.... .
For s > 0 it is an operator from W (S?) to L, (S%) defined by
i b$ Yilf 3.17
o Yelf (3.17)
£=0

We shall also need the inverse operator Js : L,(S?) — W;(Sd), which, in contrast to J_; for s > 0, is a
smoothing operator. The Bessel operator satisfies the following identities:

I I 5=T (arp, (o) '=Ja, Jo=I1d, a,feR (3.18)

The generalized Sobolev space W;(Sd) of Definition 3.2 can be interpreted as a Bessel potential space and
we can use the following equivalent characterization.

Proposition 3.3. Let s > 0 and 1 < p < 0o. Then W;(Sd) is the set of all functions f € L,(S%) for which
J_s[f] € Lp(8Y), and ||fllwssa) = [IT=s[f]ll,-
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For s > 0 we define the zonal Bessel kernel

BO(x-y) =Y 0" 2(d,0) PV (x-y), xyest (3.19)
=0

Then we can use the following characterization of W5(S%).

Proposition 3.4. Let s > 0 and 1 < p < co. Then f € WZ(Sd) if and only if f is a Bessel potential of a
function g € L,(S%); that is,

ﬂ@=/B@W«M@MwM=@WUw@% x e s (3.20)
Sd

Moreover, we have J_4[f] = g and ||f||w;(§d) = lgllp-

Indeed, any convolution (3.20) is in W} (S%) by Young’s inequality together with the following boundedness
result. (The proof will be postponed until the end of Section 5.)

Lemma 3.5 (Boundedness of the L,(S®)-norm of the Bessel kernel). Let d > 1, 1 <p,q < co such that
1/p+1/g=1 and s > d/p. Then there exists a constant ¢ > 0 such that

59,1+

a < (3.21)

c
1 — 2d/p=s’
We remark that for p = 2, the generalized Sobolev space W;(Sd) is a reproducing kernel Hilbert space

with reproducing kernel B(%) (cf. [9, Sec. 2.4]). For further reading on Bessel potential spaces, we refer to
the classical paper [29] and the more recent paper [15]. For the spherical case, we rely on [6].

3.5. Embedding results

For the reader’s convenience, we briefly summarize some relevant embedding results (see, e.g., Aubin [1]).

Proposition 3.6 (Continuous embedding into C(S%)). Let d > 1. The Sobolev space WZ(Sd) is continuously
embedded into C(S?) if s > d/p.

For fixed p, smoother Sobolev spaces are included in coarser ones:

Proposition 3.7 (Continuous embedding, p fized). Let d > 1. For fized p with 1 < p < oo, Wzl (S?) s
continuously embedded into W3 (S?) if 0 < s < s’ < oo.

The standard embedding results for L,-spaces immediately yield the following embedding of WZ/(Sd)
into W‘;(Sd), p<p:

Proposition 3.8 (Continuous embedding, s fized). Let d > 1. For fived s with 0 < s < oo, W}, (S is
continuously embedded into W;(Sd) if1<p<yp <oo.
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4. Worst-case error and QMC-design sequences for W7 (8%)
4.1. Worst-case error

We recall that the definition of worst-case error is given in (1.4). Let vy := v[Xy] be the atomic measure
associated with Xy = {x1,...,xy} that places the point mass 1/N at each point in Xy; i.e.,

N
VN = l/ XN Z
Then the error of integration of a continuous function f on S¢ can be written as

QX (f / £ dpu (x

with the signed measure py defined by uy = vy — o4. For the Sobolev space WZ(Sd) with s > d/p, the
worst-case error has the following form in terms of the Bessel kernel: let

BO(t) = BO(t) — 1= 0" z(d, )PV (t), -1<t<1, (4.1)
=1

then the worst-case error is equal to the L,(S?)-norm of the following function,

N
BE\?)( ) = B¢ )[XN XJ y)—1= ZB(S) X;-Y), y € se. (4.2)

uMz

For each fixed y € S% this function represents the error of numerical integration of the zonal function
x — B (x-y), x €S of the QMC method based on the node set Xy = {x1,...,xx} C S%

Theorem 4.1. Let d > 1, 1 < p,q < oo with 1/p+1/qg=1 and s > d/p. Then, for a QMC method Q[X ]

with node set X = {x1,...,xn} C S?,

wee( QX Wi () = || [ B 6x-Jduneo)| = B4

Sd q

Remark. In the Hilbert space setting p = ¢ = 2, one has the closed form representation

1/2

N N
2: ZZ (25 x “Xp) , (4.4)
j=1k=1

&

which follows from the relation

/B(a)(x 2)BP(y-2z)dog(z) = B (x-y), xyeS a,f>0. (4.5)

Sd
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Proof of Theorem 4.1. First, note that the last expression in (4.3) follows from substituting uy = vy — oy
into the middle expression in (4.3). Since s > d/p, the Sobolev space Wy (S%) is continuously embedded into
C(S%) by Proposition 3.6, and every element in W;(Sd) has a continuous representative. For f € W;(Sd)
the following inequality, due to [6, Corollary 2.4], can be derived from (3.20) together with Fubini’s theorem
and Holder’s inequality,

q 1/q

[ 0w <4 [| [ B vdnn ] douts) b 17 lugion (46)

Sd, Sd Sd

These integrals are well defined and finite. Therefore,
wee( QU W3EY) < || [ B ()| = B8 (47)
a
sd q

We complete the proof by constructing a bad function fhaq with || fbadHW.;(Sd) = 1 whose absolute

integration error is equal to the right-hand side above when 1 < ¢ < oo, and giving a lower estimate
argument for wee(Q[Xy]; W5(S%)) in the case ¢ = oo. Let 1 < ¢ < oo and 1/p+1/q = 1. Consider the

function BY from (4.2). As B € L, (S%), there exists a function u € L, (S%) such that
N N q p

ful, =1 and | [ B0 ) ulydoaty)| = B8
Sd

q

one can choose

Y| (B )

BY (y) #0,

_ -1 s d
u(y) = HBJ(\?) Z Bj(v)(Y) y € 8%
0 if BY (y) = 0,
Now, set v = J,[u]. Then v € W5(S?). In fact, by definition of u,
[Vllvys gay = 19 =s[V]ll,, = 19— [Ts[ullll,, = llull, = 1.

The bad function fpaq With || foad|lws(s¢) = 1 is now the continuous representative of v in W5 (S9). Because

of the convolution formula J,[u] = B®) % u, we obtain for the absolute error of numerical integration by the
QMC method Q[Xy],

[ fonal) ()| = | [ [ B 6 yyuty) doa(y)din )
Sd §d §d

= / u(y) BY (y) doa(y)| = HBJ(?)

Sd

q

This lower bound of wee(Q[Xn]; W5 (S%)) matches the upper bound in (4.7).
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Let ¢ = oo (i.e., p = 1). By the definition of the L., (S?)-norm, to every ¢ > 0 there exists a subset
E. C S% of positive og-measure such that [BS (y)] > [|B|lec — ¢ on E. and a function u. € Ly(S%)
satisfying

—E&.
oo

luell, =1 and /Bg{;)(y) u:(y)dog(y)| > HBE\?)
Sd

One can choose

e(y) BV
us(y) = § oq4(E.) 55\?)(3’)

if B (y) # 0, yest

if By (y) = 0,

o

where x. := xg. is the characteristic function of the set E.. Similarly as before, one shows that v, = Js[uc]
is in W3 (S?) and ||velw; g2y = 1. Taking fpaa,c to be the continuous representative of v. in W3 (S?), we
arrive at

—&.
9]

wee( QU] W (8) [ 89 wv)outy)| = B9

V
e

"
o
a
o0
XeJ
o,
=
=4
Ne)

I

Since € > 0 is arbitrary, we have

wee(QUX ] Wi(s)) > |BY

oo

The result follows. O
4.2. WCE inequalities

The following property holds for the worst-case error of a QMC method for generalized Sobolev spaces
with the same s but different p.

Theorem 4.2. Let d > 1, 1 < p < p’ < o0 and s > d/p. For every N-point set Xy C S,
wee(Q[Xn]; WS, (S9)) < wee(Q[Xn]; Wi (S)). (4.8)

Proof. Let 1 < p < p’ < oo and s > d/p. Then one has the continuous embedding inclusions
W2, (S%) € Wi(S%) ¢ C(S%) and, in particular, 1f llws sy < C||f||w;,(gd) with ¢ = 1 because of [;, dog =1
(Proposition 3.3 and Jensen’s inequality). Thus, the unit ball in W5(S?) is larger than the one in W;,(Sd)
and the result follows from (1.4). O

As a consequence of Theorem 4.2 we provide the following proof.

Proof of Theorem 1.10. Let (Xy) be a QMC-design sequence for W5 (S%), where 1 < p < oo and s >
d/p. Then, there exists a constant ¢ > 0 such that ch(Q[XN];W;(Sd)) < ¢N7%/% for all Xy. Suppose
p < p’ < co. Then by Theorem 4.2,

wce(Q[XN];Wf,,(Sd)) < ch(Q[XN];W;(Sd)) < NS/ for all Xy.

Hence by Definition 1.4, (Xy) is a QMC-design sequence for W7, (4. o
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Next, we consider worst-case error interrelations for generalized Sobolev spaces with the same p but
different s. In the Hilbert space setting p = 2 the reproducing kernel Hilbert space method gives a heat
kernel representation of the worst-case error which leads to the following result.

Proposition 4.3. (See [9, Lemma 26].) Let d > 1 and s > d/2. If wee(Q[Xn]; W5(S9)) < 1, then
wee(QUX N W3 (87)) < ca v [wee(QUXNL WSS, d/2<s <, (4.9)
where cqsy > 0 depends on the norms for W5(S?) and W3 (S?), but is independent of N.

The proof of Theorem 1.11 is based on the following L, (S%)-Bernstein type inequality.

Lemma 4.4. Letd > 1,1 <p,q < oo with 1/p+1/qg=1 and s —d/p > 7 > 0. Then the function Bg\‘;) for
an N-point set Xy = {x1,...,xny} C S? with mesh ratio v(Xy) satisfies

where ¢ > 1 depends only on d, p or q, s and T.

<e [’Y(XN)]d/p NT/d HBE\?)

4.10
W"'(Sd q ’ ( )

We will provide a proof of (4.10) in Section 6.

Remark. Mhaskar et al. [17, Theorem 6.1, p. 1669] prove (4.10) for quasi-uniform X . Our estimate holds
for general sequences (X ) but is specific to the kernel B](\?). An essential feature of (4.10) is the explicit
dependence on the mesh ratio of the point set. This is of importance for determining the stability and error
estimates, and thus is of independent interest.

Proof of Theorem 1.11. First, we note that for fixed x € S the function ¢ (y) := B&)(x - y), y € S¢, is
in L,(S?) for s > d/p by Lemma 3.5. Then the identity (4.5) (with o = s’ and 8 = s — ') gives

o) (y /B<“><z ¥) ) (2)doa(z),  y €S-

Consequently, B](\f) given in (4.2) is the Bessel potential of B](\f,) € L,(S%) in the sense of Proposition 3.4.
Hence, by Theorem 4.1, Proposition 3.4 and Lemma 4.4 (with 7 = s — s'),

wee(Q[X n]; \Wq (Sh) HB(S

H B

w3~ (89)

< ely(xw) "7 N0 B

= e[y (XN N wee(QUX ] Wi (), (4.11)
where the constant ¢ depends on d, s, s’, p. This completes the proof. O
5. Filtered Bessel kernel and proof of Lemma 3.5

In this section we use a filtered Bessel kernel to prove Lemma 3.5. Let d > 1, s € R. Given a filter h (i.e.,
a smooth function on Ry with compact support), we define the filtered Bessel kernel

BI(T;x - y) Zh )05 2(d, PP (x-y), T>1,xyes (5.1)
=0
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In the special case s = 0, so béfs) = 1, the following results are known from [20]. The more general
filtered Bessel kernel in (5.1) satisfies the following localization estimate.

Proposition 5.1 (Localized upper bound; cf. [6, Lemma 2.8]). Let h be a filter with support [1/2,2]. For every
positive integer n, there exists a constant ¢, > 0 such that for every T > 1 and s > 0,

Tdfs

n/2’
(1472 x—y*)

B;(LS) (T;x- Y)‘ <ecp x,y € S%. (5.2)

Note that the upper bound is a zonal function, since |x — y|> = 2 — 2x -y for x,y € S%. The localized
upper bound gives the following estimate in which s > d/p to ensure that we are dealing with continuous
functions.

Lemma 5.2 (L, (S?%)-norm of filtered Bessel kernel). Letd > 1,1 < p,q < oo with 1/p+1/q =1 and s > d/p.
Suppose h is a filter with support [1/2,2]. Then there exists a constant ¢ > 0 such that

18Tl < 7, T2 5.3
The constant ¢ depends only on h, d, s and q.

Proof. First, let 1 < ¢ < oo. Then

[P D ——— /|B (1)) (1 -2 ar.

The change of variable 2u = 1 + ¢ and the localized estimate (5.2) give

1
_ q Tq(dfs) B
HB}(LS)(T§ e, <G - gd-1Wd-1 el w21 (1 — )32 g
q,d Wd (1 4+ AT2 — 4T2 u)qn/Q

for T > 1 and positive integers n. Rewriting the integral as

1
i W 1/ ud/2— 1 )d/2—1d

wd 1_ arz /2
0 1+4772

Cn Tdfs

o= W

we express G(T') in terms of a Gauss hypergeometric function (cf. [22, Eq. 15.6.1])

e T4 r . <qn/2,d/2_ AT? )
201 T a0 |

T)=|—"
¢T) (1+472)"/? d 14472

A linear transformation of hypergeometric functions [22, last of Eq. 15.8.1] yields

caTi=s 1T 1 ¥R g, (/2d/2 AT
(1+472)"%| \1+472 2 d 1+4T2

Now choose n to be a fixed integer satisfying n > 2d/q. Because d — gn/2 < 0, the hypergeometric function

G(T) =

part is strictly monotonically decreasing on [0,00) as a function of T. This can be seen from the integral
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representation (cf. [22, Eq. 15.6.1]) of the hypergeometric function and the fact that 472 /(1+47?) is strictly
increasing on [0, c0). Then

2.d/2  AT? 2.d/2

d "1 4477 d
We arrive at

Td—s

| B (T —npd(-1/a=s for T > 1,

;')Hq,d Cn (1+4T2)d/(2q) = 2d/q

The result follows for 1 < g < cc.
Let ¢ = oo. Using the localized estimate (5.2), we get for any fixed positive integer n,

X n Tdfs
||B}(Lé)(T = max ’B( )(T t)‘ max ¢ =, T

")Hoo’d —1<t<1 —1SES1 (1 4 272 — 2772 75)%/2
for T > 1. This completes the proof. O
In order to show that the L,(S?)-norm of the zonal Bessel kernel is bounded, we now strengthen the

requirement on the filter h with support [1/2,2] occurring in the filtered Bessel kernel (5.1), by assuming
that

h(2t) +h(H)=1  on[1/2,1]. (5.4)

This condition is equivalent to saying that h has the partition of unity property (see [19]), namely

doh(zm)=1 forallz>1. (5.5)
m=0

Proof of Lemma 3.5. Let h be a filter with support [1/2,2] and the partition of unity property. Then using
(5.1) and (5.5), we get

SRR ol popte

m=1 =1

)) b 2(d, )PP () = BO(t) =1, —1<t<1.

Then for s > d/p the triangle inequality and the filtered Bessel kernel estimate (5.3) yield

s s m— > > 'm —s C
oo -] = |5 ot = 3 ], <o 5 e -

where ¢ is the constant in Lemma 5.2. On observing that ||1|/4,4 = 1, we get

1B9], 0 < |B€ =1, +Mtlga <1+

&
1—2d/p=s"

This completes the proof. O
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6. Proof of Lemma 4.4

In this section, we prove the Bernstein type inequality (4.10) for the function

N
Z (3) y € Sd,

which is central to the computation of the worst-case error (see Theorem 4.1).
In order to establish this result, we make use of the well-known Bernstein inequality for spherical poly-
nomials (see [16, Proposition 4.3] and [27, Theorem 2]).
Proposition 6.1. Ford> 1,1 < q < oo and 7 > 0, there holds
1Plly; sy < cqran”IPll,, P e, (6.1)

where 1% denotes the family of spherical polynomials on S of degree at most n.

We follow the general approach of [17], but with the crucial difference that we are able to replace a
positive-definite assumption in [17] by the precise lower bound

which follows from Theorem 4.1 and the lower bound of Proposition 1.6. Our strategy is to approximate

= wee(Q[X n]; WE(SY)) > sd >0, s> g, =1, (6.2)

Ns/d

Bg\?) by spherical polynomials on S% of degree 2™ =< N1/ that are convolution approximations of Bg\f) with
filtered Bessel kernels. For a smooth filter h with support [0, 2], to be specified below, we define (see (5.1)
and (3.16))

M=1, M i=,5=BU@TT), m> 1
Then it can be readily seen that n,, * Bg\f) is a spherical polynomial of degree 2™ — 1. By (4.5), Bﬁ) is the

Bessel potential of Bg\?fﬂ € Ly(S?) for s —d/p > 7 > 0, so BS) € Wy (S%). The triangle inequality then
gives

By < [ 85 |BY = . 6.3
H N llwy (se) hm * W (s9) PN Wr (S) (6:3)
From (6.1) and (3.8) we deduce the following bound for the polynomial part:
Hnm*rs(s) < g 2™ nm*B(S)H < qrd 2™ ||7mll HB(S) (6.4)
wrse) — COT N ||, = Com Ld ||PN|,

The challenging part is to control the error of approximation ||B§§) — Ny, * Bg\?) ||w; (s¢)- For this purpose

we decompose the convolution of 7,, against a function f € L,(S%),

M * f =3 tpxf,  to=1, tp=vpa=BY ), k>1, (6.5)

k=0
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where h is a filter with support [1/2,2] and range [0, 1] that also has the property (5.4). We now specify h
in terms of h as follows?

~ . 1 if t € [0, 1],
LA ift > 1.

Then it can be readily verified that

which in turn implies (6.5). Furthermore, we note that by [19, Lemma 2.11]

izpk xf— f as m — oo in L, (S%). (6.6)
k=0

Now, let s —d/p > 7 > 0 and for x € S? set ¢(*)(y) := B(*)(x - y). First, observe that

T[0T =600, Tl 6] = 5 T[] = 1y 0.

By linearity, these relations also hold for Bg\?). Hence, by Proposition 3.3,

HBJ({;) — T * BJ(\?)

= [ 1B= 3 B

=l st
q q

LHED

Application of the decomposition relations (6.5) and (6.6) and the triangle inequality gives

(®) ®) RS (s=17) S (=)
|BY = B WT(Sd)H S owsBy V| < > |une By q (6.7)
a k=m+1 q k=m+1
Defining
v = ol = BIY (@), k>, (6.8)
we deduce
(s—7) Lo (som) ( (s—7)
s—T s—T $—T) o s—T k—1.
S o R L
Lemma 5.2 then yields (since s — 7 > d/p and 2™ =< N1/9)
(s) _ (s) / S kyd/p—(s—1)
B B, ¢ D0 @
k=m+1
< " (Qm)d/pf(sz) < " Nl/pf(sz)/d' (69)

2 The partition of unity property implies smoothness at the transition point t = 1. The requirement that his 1 on [0, 1] implies
that convolution with n,, reproduces a spherical polynomial of degree < om-1



804 J.S. Brauchart et al. / J. Math. Anal. Appl. 431 (2015) 782-811

The upper bound in (6.9) is not strong enough to give the result in Lemma 4.4 except in the case ¢ = 1.
The following result will enable us to settle the other extremal case ¢ = co; however, it requires geometric
information about the point set.

Lemma 6.2. Let s’ > d > 1. Then there is a constant c such that for every point set Xy = {x1,...,xy} C S¢,
1N
NZ 'xj y)| Scly(XpINTT2RE =Dy e st k=mom o+ Lm 42,

where m = | log, N| and 1/1(5,) is given in (6.8).
d 2 k

Proof. The point set Xy uniquely determines a Voronoi cell decomposition { Ry, ..., Ry} of S with x; € R;.
It has the property that mini<;j<y 04(R;) > Ba [0(Xn)]¢ for some constant B4 depending only on d. Utilizing
a Marcinkiewicz—Zygmund type inequality from [17, Corollary 4.6],

[+

N
(s") ‘ -
L ;Ud(R )

d s
;3| ¢ [25(X0)]) Bar (BD), yes?,

where E,,(f) := infpepa | f — P||, is the error of best L1 (S%)-approzimation by spherical polynomials on S¢
of degree at most n, we obtain

N
(x; < i ‘ () X; - ‘
Z¢ i Y)| < min <<y 0a(R g Rj) ¢y (x5 y)
< ey oatiy U], e o] B ) )
- m1n1<J<N O'd k 1,d
Now, by Lemma 5.2,
(s") _ HB(S/) gk—1. H < 2_ks/
“¢k d h ( ) ) 1.d = c

and proceeding similarly to the derivation of (6.9), we get

EQkfl(B(s/)) < HB(S/) Mg * B(s/) < C///2_k8/.

’1,d

Hence

S oy y)| < S [2*p(xX )] ¢ 27k
- Ba [6(Xn )4

_i p(XnN) ¢ c’ ARSI
B L(XN)} <[2’“p(X ) ! ) i |

The parenthetical expression is bounded because (recalling k > m) 27% < 27™ < N=Vd < ¢p(Xy). O

Lemma 6.3. Let d > 1, 1 < p,q < oo with 1/p+1/¢ =1 and s —d/p > 7 > 0, and Xn an N-point set
on S%. Let m = | log, N|. Then we have
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< (XN P N, (6.10)

HB§5> — D % B wen S

where the constant ¢ depends only on d, p, s and T.

Proof. The case ¢ = 1 is given by (6.9). It suffices to consider the case ¢ = oo, for then the case 1 < g < 00
follows from the Riesz—Thorin theorem. By Lemma 6.2,

——

N
]‘ S—T — —k(s—17—
= sup | = > Uy (x;y)| S el (X)) N 2T ez,
o yesd j=1

and substitution into (6.7) gives as before

B9~ 59

DD RVl 015 %) L S e Rl
k=m+1 > k=m+1

Wz, (54)

< iy [’Y(XN)]d Nf(sf'r)/d.
This completes the proof. O
We are now ready to prove Lemma 4.4.

Proof of Lemma 4.4. For N > 1, let m = [4log, N]. First, observe from (6.2) that ||BJ(\}S)Hq is positive.
Hence, by (6.3) and (6.4),

() HBSLW*B(S) Wy G | 1 a(e)
s . m NT/d q H s
18] g = [ comalimmll g v+ EE 57,
q

By Lemma 6.3 and (6.2), the ratio is upper bounded by

C[’Y(XN)}d/p N(T—s)/d
C;/D od N-—s/d

19

| = o B — & [y (X N,

BY| <
w;(Sd)/H Nilg =

Therefore

|

d T/d (s)
Wa (8) = (qusvd [7mll1,q + " [Y(Xn)] /p) N/ HBN

q

The result follows by observing with the aid of Lemma 3.5 that ||77m||17 4 is bounded uniformly in m. O
7. Example: the unit circle

In order to gain more insight into the covering problem, we turn to the unit circle S := S' and exploit
the fact that this one-dimensional manifold is more accessible than its higher-dimensional counterparts and
appeal at the same time to the general principle that certain fundamental features are shared across changing
dimensions. Circular designs (i.e. equally spaced points) on S are exact for all trigonometric polynomials
with degree strictly less than the number of points. They form QMC-design sequences, that is, give rise to
optimal order worst-case error for QMC methods that integrate functions from the Sobolev space W3 (S) for
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every p > 1 and every s > 1/p. One question then is: How much of the QMC-design property is destroyed
when just one point is removed from each configuration?

We interpret W5 (S) as a Bessel potential space (see Section 3).” The Bessel kernel for S then reduces to
the Fourier cosine series

B®)(cos p) = B (cos¢p) —1 =2 Z % (7.1)

The L,(S)-norm of B is bounded if s > 1/p with 1/¢ 4+ 1/p = 1 (Lemma 3.5). The worst-case error of
Q[Xn] of anode set Xy C S can then be expressed in terms of an appropriate Bessel kernel (see Theorem 4.1
and the remark following this theorem). For the asymptotic analysis of the worst-case error we express the
Bessel kernel in terms of generalized Clausen functions; i.e.,*

s/2)

m)!

B (eos ) = 2Cin() +2 3 (-1 2 i (0), (7.2
m=1

where for Re z > 1 the generalized Clausen cosine and sine functions are defined as

Cirfe) = 3 PO s ()= Y IE0)
/=1 =1

which may be extended to the complex z-plane by analytic continuation.

Remark. By mapping the unit circle to the interval [0, 1), the functions in W;(S) become Fourier series

_ Z ]?(k) o2k

keZ

In the Hilbert space setting (p = 2), a slight modification of the coefficients in (7.1) ((1+¢2)~%/2 is changed
to 75(0) := 1 and rs(¢) := |[¢|~° for £ > 1), gives the standard Korobov space [28], which is a reproducing
kernel Hilbert space with reproducing kernel

_ Z ’I"S(f) eQﬂ'i@(ﬂf—y) =142 Z COS(27T£(:L‘ - y)) )

gs
LEL (=1

Since £° < (1 + £2)%/2 < 25/2¢% for ¢ > 1, we have that the change of coefficients yields a space with
equivalent norm. Numerical integration in (tensor-product) Korobov spaces is discussed in many papers,
see [11, Section 5].

It is natural to study the Hilbert space setting (when p = 2) and the general non-Hilbert space setting
(when p > 1), separately.

7.1. Hilbert space setting
As described in [9], the strength (more precisely, the 2-strength) of a sequence (X ) of N-point sets on S

is the supremum of the indices s > 1/2 for which (Xy) is a QMC-design sequence for W§(S). In particular,
the 2-strength of a sequence of circular designs X with N equally spaced points as N — oo is infinite.

3 Alternatively, for p = 2 one can use the approach in [9].
4 We use the Pochhammer symbol to denote rising factorials: (a)g :=1, (a),, 1, == (n+a)(a),.
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Theorem 7.1. Let s > 1/2. A sequence of configurations of N equally spaced points after one point is removed
(or a uniformly bounded number of points are removed) from each configuration is a QMC-design sequence
for W5(S) for every 1/2 < s <1 but not for s > 1; i.e., such a sequence has 2-strength 1.

Proof. Let s > 1/2. Then the Bessel kernel B©®%) is a reproducing kernel for the Bessel potential space
W5(S) and by the reproducing kernel Hilbert space approach the squared worst-case error of Q[Xy] of a
node set Xy = {(cos ¢;,sin ¢;) ;V;Ol C S has the form

N—-1N-1
[wee(QUXN: W) = 13 > O B (cos(; — ox). (73)
§=0 k=0

Let the points in Xy be the equally spaced Nth roots of unity so that ¢; = 27j/N, j =0,...,N — 1.
Such points are circular (N — 1)-designs and satisfy the following identities: let £ = 0,1,2,..., then

N-1 N-1

. 2nlk 27r€k N if N | ¢,
Z sin —-— = 0, cos ——— {O N (7.4)
k=0 k=0

where N | ¢ means that £ is an integer multiple of N (“N divides ¢”) and N t ¢ means that ¢ is not
divisible by N. Substituting (7.2) into the worst-case error formula (7.3) and using (7.4), straightforward
computation gives

0o 1/2
wee(Q[Xn]; W3(S)) = ]\1 <2g 25+ (- m, 24(2;,; 2’”)) ; (7.5)
m=1

i.e., we recover the fact that equally spaced points, indeed, form QMC-design sequences for W5(S) for each
s>1/2.

Now, let Zn_ s denote the collection of Nth roots of unity with the first M points omitted. Using (7.4),
it is readily verified that

N-1

q k o (N M—1 . 2k
o (5 ) = 5 S o) o
k=0

=

=M

Substituting into the worst-case error formula (7.3), we get

N—1 N—1 .
1 2k 2wy
[wee(QUZy-ml: W5©)* = 73 B (e -5
(N - M) =S N N
DS Y 5 (eon (B - 2
(N — M)2 (1+v2N?%)* (N — M 2 N
1/:1 k=0 j=M
A second application of (7.6) gives
s a2 2N (N —2M) & 1 M? (25)
[wee(Q[Zn—n]; W5(S))]” = (N = M)? ,; 152 N2)s + N =) By e

where
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M—1M-1 — k)

2s

BE\”Q = M2 Z Z B(Qs cos N )
7j=0 k=0
M— 1
2 . 2
= B - 2 y=1 [B@s)( ) B(%)(COS%)}
and

B®)(1 253 ¢(25+2m) = zw-——L——. (7.7)

m=0 =1 (1+2)s/2

Observe from (7.1) that the square-bracketed expression above is non-negative. Furthermore, one has

M—1
s 2 s s 2mv
0<B2)(1) - 81(3134 < (W E (M — 1/)) O<$I<r1227mr>§wN [8(2 )(1) - B® )(cos T)} .

v=1

Since the parenthetical expression is bounded by 1 and the maximum tends to zero when M/N — 0, we

arrive at

sz 2N (N —2M) & 1 M? (2)

wee(@UZv-wl WEO) = =37 2 ey - 3 {BEI (1) +o(1)}.
Rewriting the infinite series, we finally arrive at
M? N(N —2M) (2¢(2s)
W 2 _ (2s) . .
ee(QLZn— VYO = e B0+ } o+ e | e )
Let M = 1. Then for 1/2 < s < 1 we obtain the asymptotics
s QC(QS) 6(25)(1) 25—2
weelQUzwv- i w3(6) = Me {14 Bl v ape g,

whereas for s > 1 we have that

WCQ(Q[ZN 1] Wé(S)) =

BEI(1) ¢(2s)
N-1 {1 + 1

We conclude that (Zy_1) is a QMC-design sequence for W5(S) if and only if 1/2 < s < 1; i.e., the 2-strength
of (Zn_1) is 1. This completes the proof when one point is omitted. O

A similar but more tedious argument provides the leading term behavior of the asymptotics of the
worst-case error when a finite number (uniformly upper bounded) of points are removed from a circular
design.

Let Zn_jr denote a configuration of N equally spaced points on S with M consecutive points removed.
The hole thus generated in Zn_ s has covering radius

7r(M+1)'

PZn-m) = ——5

(7.8)

(Note that w/N is the packing radius of the N equally sized circular arcs making up S which is half of the
minimal geodesic separation distance of points in Zx_s.) For our discussion we want to assume that the
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hole size shrinks as N grows, so M/N — 0 as N — oo. Theorem 7.1 covers the case when M is uniformly
bounded. We now consider the case M — oo which is equivalent to Np(Zn_p) — 00 as N — oo. Then the
sequence (Zy—_pr) does not have the optimal covering property. The next theorem shows that, despite bad
covering, (Zy—pr) has 2-strength 1 if the artificially generated holes shrink rapidly enough. Interestingly,
the sequence (Zn_ys) is not a QMC-design sequence for W5(S) for s = 1. Moreover, if the hole size shrinks
too slowly, then (Zn_js) is not a QMC-design sequence for any s > 1/2. However, one can choose the
asymptotic behavior of the covering radius to get as close as one likes to a QMC-design sequence for W5(S)
for 1/2 < s <1 (e.g., when the covering radius behaves like (logo---olog N)/N¥).

Theorem 7.2. Let s > 1/2 and (Zn_n) be as above with M — oo and M/N — 0.

(@) If N°p(Zn_p) — ¢ for some real ¢ > 0, then (Zn_nr) has 2-strength 1 but is not a QMC-design
sequence for s = 1.

(b) If N*p(Zn—_pm) — o0, then (Zn—_nr) is not a QMC-design sequence for W5(S) with s > 1/2. In partic-
ular, when 1/2 < s < 3/2,

s _ o PUZN-nr)
wee(Q[Zn—m]; W3(S)) = / B9 (1) - {1+0(1)} as N — oo,
where BZ#)(1) is the constant in (7.7).

Proof. We proceed along the same lines as the proof of Theorem 7.1 and determine the asymptotic (large N)
behavior of the worst-case error for QMC methods based on node sets Zy_ps for functions in W§(S) with
s > 1/2. Let Zy_p denote the collection of Nth roots of unity with the first M points omitted. For
M/N — 0 as N — oo, we obtained the following asymptotics in the proof of Theorem 7.1:

[wee(Q[Zn—u]; W(S))]* =

Now, let M grow with N such that M/N — 0 and M — oo as N — oo. The unboundedness of M implies
that Np(Zn_n) = 7#(M + 1) — 0o as N — oo and thus (Zy_js) does not have the optimal covering
property. However, for N* M/(N — M) — ¢ as N — oo for some real ¢ > 0, we still have that

2 12(2s 1/2
weelQUZy s W5(®) = LELIFEED) o) ws v o,

where B(2*)(1) is given in (7.7). Thus (Zy_y) is a QMC-design sequence for W(S) for 1/2 < s < 1. (The
upper bound on s is imposed by the unboundedness of M.) On the other hand, when N* M /(N — M) — oo,
then

wee(Q[Zn—n]; W5(S)) = 4/ B29)(1) NJL4M {1+0(1)} as N — oc.

The last convergence relation for M is automatically satisfied for s > 1 and gives a suboptimal convergence
rate for the worst-case error when 1/2 < s < 3/2. The result follows by using the covering radius instead
of M (see (7.8)). O

7.2. The general case p > 1

We now leave the Hilbert space setting and consider W5 (S) for p > 1. Let s > 1/p. By Theorem 4.1
the worst-case error for Q[Zy] for a circular design consisting of the Nth roots of unity for W5 (S) is
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given by the L,(S)-norm of the function BJ(\‘;) of (4.2). On the unit circle one can write with the help of
(7.6),

B( (cos @) = Z l’)’(9 cos —_— —(;5 2 i cos(Ng)
Ns y:1 1/2 + 1/N2 (1,2 L 1/N2)s/2°

Hence
1/q

do

2

72 1/
N 2

0

wee(Q[Zn]; W(S)) = HB )

i cos(N¢)
(V2 + 1/N?) 9/2

v=1

Dividing the integration domain into N parts and using the 2m-periodicity of the integrand, it follows
that

1/q

do

Z cos ¢
V2 + 1/N2 s/2

1/:1

wee(Q[ZN]; W(S)) = Ns 27r/

For large N, the series can be approximated by the generalized Clausen cosine function. A mean value
argument ((22 4 €)9/2 = |z|? + $qe(z? +£)9/27! for 0 < &’ < €) gives that

o 1/q
wee(QIZn]; WE(S)) = Nl % / 1Cia(6)[4 dé + O(N~2) as N = oo, (7.9)
0

Let Zn_ar be the set of Nth roots of unity with M consecutive points omitted. Then (7.6) gives that

1 Y 2k
BﬁlM(coscé) = N Z B(S)(cos (T - 9))
k=1
N 2O cos(Ng) 1= (s) 2k
“N-M ;(VQJrl/NQ)S/?_N—MI;)B (cos (Z = 9))-

Similarly as before, we get

o

N-1 1
s 1 N 2 cos 27m:
WCG(Q[ZNfM]aWp(S» = (N / N M Ns Z 1/2 1/N2 s/2
0

u:l
q 1/q
dx) .

2 Cig(2mx) + O(N~2)
N-M Ns

SQﬁ(x—l—k‘—j))
N

1 Nl ;
WCQ(Q[ZN M] = (
!

M—
Z_: (cos %‘J))

q 1/q
dx) .
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The asymptotic behavior of the worst-case error is determined by the limiting behavior of N*p(Zn_y) as
N — oo. Similar results to the Hilbert space setting can be derived. We leave this to the reader. (Particular
care is needed when both contributions between the absolute value signs are in “balance” for large N; e.g.,
when M =1 and s =1.)
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