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In this paper, we prove that the double inequality

λS11/4,7/4(1, r′) < E(r) < μS11/4,7/4(1, r′)

holds for all r ∈ (0, 1) if and only if λ ≤ π/2 = 1.570796 · · · and μ ≥ 11/7 =
1.571428 · · · , where r′ = (1 − r2)1/2, E(r) =

∫ π/2
0

√
1 − r2 sin2(t)dt is the complete 

elliptic integral of the second kind, and Sp,q(a, b) = [q(ap − bp)/(p(aq − bq))]1/(p−q)

is the Stolarsky mean of a and b.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

For r ∈ (0, 1), Legendre’s complete elliptic integrals [1] of the first kind and the second kind are given by

K = K(r) =
π/2∫
0

dt√
1 − r2 sin2(t)

,

E = E(r) =
π/2∫
0

√
1 − r2 sin2(t)dt,

respectively. It is well known that

K(0+) = E(0+) = π

2 , K(1−) = ∞, E(1−) = 1. (1.1)
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They are the particular cases of the Gaussian hypergeometric function

F (a, b; c;x) =
∞∑

n=0

(a)n(b)n
(c)n

xn

n! (−1 < x < 1),

where (a)n = Γ(a + n)/Γ(a) and Γ(x) =
∫∞
0 tx−1e−tdt (x > 0) is the gamma function. Indeed, we have

K(r) = π

2F
(

1
2 ,

1
2 ; 1; r2

)
= π

2

∞∑
n=0

( 1
2
)2
n

(n!)2 r
2n, (1.2)

E(r) = π

2F
(
−1

2 ,
1
2 ; 1; r2

)
= π

2

∞∑
n=0

(
−1

2
)
n

( 1
2
)
n

(n!)2 r2n. (1.3)

The complete elliptic integrals and Gaussian hypergeometric function have important applications in 
quasiconformal mappings, number theory, and other fields of the mathematical and mathematical physics. 
For instance, the Gaussian arithmetic–geometric mean AGM and the modulus of the plane Grötzsch ring can 
be expressed in terms of the complete elliptic integral of the first kind, and the complete elliptic integral of 
the second kind gives the formula of the perimeter of an ellipse. Moreover, Ramanujan modular equation and 
continued fraction in number theory are both related to the Gaussian hypergeometric function F (a, b; c; x). 
In particular, many remarkable inequalities and properties for the complete elliptic integrals and Gaussian 
hypergeometric function can be found in the literature [2–6,8,11,13,14,17].

Recently, the bounds for the complete elliptic integral of the second kind E(r) have attracted the attention 
of many researchers. In [15], Vuorinen conjectured that the inequality

E(r) ≥ π

2M3/2(1, r′) (1.4)

holds for all r ∈ (0, 1), where and in what follows r′ = (1 − r2)1/2, Mp(a, b) is the pth power mean of a
and b which is given by

Mp(a, b) =
(
ap + bp

2

)1/p

(p �= 0), M0(a, b) =
√
ab.

Inequality (1.4) was proved by Barnard et al. in [6]. In [18, Theorem 2.4] and [16, Corollary 3.1], the 
authors proved that the double inequalities

23A(1, r′) − 5H(1, r′) − 2M2(1, r′)
16

<
2
π
E(r) < (24 − 5

√
2π)A(1, r′) − (8 − π −

√
2π)H(1, r′) − (16 − 5π)M2(1, r′)

2π(3 − 2
√

2)
(1.5)

and

(9r′2 + 14r′ + 9)2

128(1 + r′)3 <
2
π
E(r) <

√
4r′2 + (π2 − 8)r′ + 4

π
(1.6)

hold for all r ∈ (0, 1), where A(a, b) = M1(a, b) = (a + b)/2 and H(a, b) = M−1(a, b) = 2ab/(a + b) are 
respectively the arithmetic and harmonic means of a and b.
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Very recently, Hua and Qi [9, Theorem 1.3] proved that the double inequality

1 + r′ + r′2

2(1 + r′) + 1 + r′

8 <
2
π
E(r) <

(
8
π
− 2

)
1 + r′ + r′2

1 + r′
+

(
2 − 6

π

)
(1 + r′) (1.7)

is valid for all r ∈ (0, 1).
Let p, q ∈ R with p �= q and pq �= 0, and a, b > 0. Then the Stolarsky mean Sp,q(a, b) [12] is defined by

Sp,q(a, b) =
[
q(ap − bp)
p(aq − bq)

]1/(p−q)

(a �= b), Sp,q(a, a) = a. (1.8)

The main purpose of this paper is to prove that the double inequality

λS11/4,7/4(1, r′) < E(r) < μS11/4,7/4(1, r′)

holds for all r ∈ (0, 1) with the best possible parameters λ = π/2 = 1.570796 · · · and μ = 11/7 =
1.571428 · · · , see Theorem 3.1. Moreover, the lower bound here is better than any of the lower bounds 
(1.4)–(1.7), see Remark 3.4. Some complicated computations are carried out using Mathematica computer 
algebra system.

2. Lemmas

In order to prove our main result we need several lemmas, which we present in this section.

Lemma 2.1. (See [4, Theorem 1.25].) Let −∞ < a < b < ∞, f, g : [a, b] → R be continuous on [a, b] and 
differentiable on (a, b), and g′(x) �= 0 on (a, b). If f ′(x)/g′(x) is increasing (decreasing) on (a, b), then so 
are the functions

f(x) − f(a)
g(x) − g(a) ,

f(x) − f(b)
g(x) − g(b) .

If f ′(x)/g′(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

Lemma 2.2. (See [10,19].) The double inequality

1
(x + a)1−a

<
Γ(x + a)
Γ(x + 1) <

1
x1−a

holds for all x > 0 and a ∈ (0, 1).

Lemma 2.3. (See [7, Lemma 1.7].) Let ψ(x) = Γ′(x)/Γ(x) be the psi function. Then the inequality

ψ(x + 1) > log
(
x + 1

2

)

holds for all x > 0.

Lemma 2.4. (See [20, Lemma 7].) Let n ∈ N and m ∈ N ∪ {0} with n > m, ai ≥ 0 for all 0 ≤ i ≤ n, 
anam > 0 and

Pn(t) = −
m∑
i=0

ait
i +

n∑
i=m+1

ait
i.

Then there exists t0 ∈ (0, ∞) such that Pn(t0) = 0, Pn(t) < 0 for t ∈ (0, t0) and Pn(t) > 0 for t ∈ (t0, ∞).
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Lemma 2.5. Let n ≥ 0, an, bn, cn, dn, Dn, g1(n) and gn be respectively defined by

an =
(5n + 9)

( 1
2
)2
n+1

n!(n + 3)! , bn =
( 7

8
)
n

n! , cn =
(n− 1)(n + 18)(2n + 1)

( 1
2
)2
n

n!(n + 3)! , (2.1)

dn = 8an +
n∑

k=0

bn−kck, Dn = 8
7dn+1 − dn, (2.2)

g1(n) =
n∑

k=2

(n− k)(k − 1)(k + 18)
(n− k + 1)(k + 1)(k + 2)(k + 3) (2.3)

and

g(n) = 4Γ(7/8)n(2n + 1)
π(n + 1)(n + 2)(n + 3) − 3n7/8

7(n + 1) + 128n7/8

7π(64n− 9)g1(n). (2.4)

Then

Dn >
g(n)
Γ
( 7

8
)

for n ≥ 4.

Proof. From (2.1) and (2.2) we clearly see that

b0 = 1, c0 = −3, c1 = 0, ck > 0 (k ≥ 2),

ak+1 = (2k + 3)2(5k + 14)
4(5k + 9)(k + 1)(k + 4)ak, bk+1 = k + 7/8

k + 1 bk,

ck+1 = k(2k + 1)(2k + 3)(k + 19)
4(k − 1)(k + 1)(k + 4)(k + 18)ck (k ≥ 2),

Dn = 8
7

[
8an+1 + bn+1c0 +

n+1∑
k=2

bn+1−kck

]
−

[
8an + bnc0 +

n∑
k=2

bn−kck

]

= 8
(

8
7an+1 − an

)
− 3

(
8
7bn+1 − bn

)
+ 8

7b0cn+1 +
n∑

k=2

(
8
7bn+1−k − bn−k

)
ck

= 8
[

2(2n + 3)2(5n + 14)
7(5n + 9)(n + 1)(n + 4) − 1

]
an − 3

[
8n + 7

7(n + 1) − 1
]
bn

+ 2n(2n + 1)(2n + 3)(n + 19)
7(n− 1)(n + 1)(n + 4)(n + 18)cn +

n∑
k=2

(
8(n− k) + 7
7(n− k + 1)

)
bn−kck

= 8n(5n2 − 6n− 29)
7(5n + 9)(n + 1)(n + 4)an − 3n

7(n + 1)bn

+ 2n(2n + 1)(2n + 3)(n + 19)
7(n− 1)(n + 1)(n + 4)(n + 18)cn + 1

7

n∑ n− k

n− k + 1bn−kck. (2.5)

k=2
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It follows from Lemma 2.2 and (2.1) together with Γ(1/2) =
√
π that

an = 5n + 9
n!(n + 3)!

[
Γ(n + 3/2)

Γ(1/2)

]2

= (5n + 9)(n + 1/2)2

π(n + 1)(n + 2)(n + 3)

[
Γ(n + 1/2)
Γ(n + 1)

]2

>
(5n + 9)(n + 1/2)2

π(n + 1)(n + 2)(n + 3)(n + 1/2) = (5n + 9)(2n + 1)
2π(n + 1)(n + 2)(n + 3) , (2.6)

1
Γ
( 7

8
) (

n + 7
8
)1/8 < bn = Γ(n + 7/8)

n!Γ(7/8) = 1
Γ(7/8)

Γ(n + 7/8)
Γ(n + 1) <

1
Γ
( 7

8
)
n1/8 , (2.7)

cn = (n− 1)(n + 18)(2n + 1)
n!(n + 3)!

[
Γ(n + 1/2)

Γ(1/2)

]2

= (n− 1)(n + 18)(2n + 1)
π(n + 1)(n + 2)(n + 3)

[
Γ(n + 1/2)
Γ(n + 1)

]2

>
2(n− 1)(n + 18)

π(n + 1)(n + 2)(n + 3) (n ≥ 2). (2.8)

Making use of the inequality (1 − x)p < 1 − px for all p, x ∈ (0, 1) we get

1
(n− k + 7/8)1/8

≥ 1
(n− 2 + 7/8)1/8

= 1
n1/8

(
1 − 9

8n
)1/8 >

64n7/8

64n− 9 (2.9)

for all 2 ≤ k ≤ n.
Note that

5n2 − 6n− 29 > 0 (2.10)

for n ≥ 4.
It follows from (2.5)–(2.10) that

Dn >
8n(5n2 − 6n− 29)

7(5n + 9)(n + 1)(n + 4) × (2n + 1)(5n + 9)
2π(n + 1)(n + 2)(n + 3)

− 3n
7Γ(7/8)(n + 1)n1/8 + 2n(2n + 1)(2n + 3)(n + 19)

7(n− 1)(n + 1)(n + 4)(n + 18) × 2(n− 1)(n + 18)
π(n + 1)(n + 2)(n + 3)

+ 1
7

n∑
k=2

[
n− k

n− k + 1 × 1
Γ(7/8)(n− k + 7/8)1/8

× 2(k − 1)(k + 18)
π(k + 1)(k + 2)(k + 3)

]

>
4n(2n + 1)

π(n + 1)(n + 2)(n + 3) − 3n7/8

7Γ(7/8)(n + 1)

+ 128n7/8

7πΓ(7/8)(64n− 9)

n∑
k=2

(n− k)(k − 1)(k + 18)
(n− k + 1)(k + 1)(k + 2)(k + 3) = g(n)

Γ(7/8)

for all n ≥ 4. �
Lemma 2.6. Let g1(n) be defined by (2.3). Then

g1(n) = n3 + 7n2 − 12n + 24
(n + 2)(n + 3)(n + 4) [ψ(n + 1) + γ] − n(11n2 + 8n + 21)

(n + 1)(n + 2)(n + 3)(n + 4) ,

where γ = limn→∞(
∑n 1/k − logn) = 0.57721566 . . . is the Euler–Mascheroni constant.
k=1
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Proof. It is not difficult to verify that

(n− k)(k − 1)(k + 18)
(n− k + 1)(k + 1)(k + 2)(k + 3) = − 17(n + 1)

(n + 2)(k + 1) + 48(n + 2)
(n + 3)(k + 2)

− 30(n + 3)
(n + 4)(k + 3) − n(n + 19)

(n + 2)(n + 3)(n + 4)(n− k + 1) . (2.11)

From (2.3) and (2.11) we have

g1(n) = −17(n + 1)
(n + 2)

(
n∑

k=1

1
k

+ 1
n + 1 − 3

2

)
+ 48(n + 2)

n + 3

(
n∑

k=1

1
k

+ 1
n + 1 + 1

n + 2 − 11
6

)

− 30(n + 3)
(n + 4)

(
n∑

k=1

1
k

+ 1
n + 1 + 1

n + 2 + 1
n + 3 − 25

12

)
− n(n + 19)

(n + 2)(n + 3)(n + 4)

(
n∑

k=1

1
k
− 1

n

)

= n3 + 7n2 − 12n + 24
(n + 2)(n + 3)(n + 4)

n∑
k=1

1
k
− n(11n2 + 8n + 21)

(n + 1)(n + 2)(n + 3)(n + 4)

= n3 + 7n2 − 12n + 24
(n + 2)(n + 3)(n + 4) [ψ(n + 1) + γ] − n(11n2 + 8n + 21)

(n + 1)(n + 2)(n + 3)(n + 4) . �
Lemma 2.7. Let g(n) be defined by (2.4), and g2(n) and g3(n) be respectively defined by

g2(n) = ψ(n + 1) + γ + 7Γ(7/8)n1/8(n + 4)(2n + 1)(64n− 9)
32(n + 1)(n3 + 7n2 − 12n + 24)

− 3π(n + 2)(n + 3)(n + 4)(64n− 9)
128(n + 1)(n3 + 7n2 − 12n + 24) − n(11n2 + 8n + 21)

(n + 1)(n3 + 7n2 − 12n + 24) (2.12)

and

g3(n) = log(n + 1/2) + γ + 7Γ(7/8)n1/8(n + 4)(2n + 1)(64n− 9)
32(n + 1)(n3 + 7n2 − 12n + 24)

− 192n4 + 2141n3 + 5069n2 + 4746n− 648
40(n + 1)(n3 + 7n2 − 12n + 24) . (2.13)

Then

g(n) = 128n7/8(n3 + 7n2 − 12n + 24)
7π(64n− 9)(n + 2)(n + 3)(n + 4)g2(n)

>
128n7/8(n3 + 7n2 − 12n + 24)

7π(64n− 9)(n + 2)(n + 3)(n + 4)g3(n)

for all n ≥ 1.

Proof. It follows from Lemma 2.3 and Lemma 2.6, (2.4), (2.12), (2.13) and 3π/128 < 3/40 that

g(n) = 4Γ(7/8)n(2n + 1)
π(n + 1)(n + 2)(n + 3) − 3n7/8

7(n + 1) + 128n7/8

7π(64n− 9)

×
[
n3 + 7n2 − 12n + 24
(n + 2)(n + 3)(n + 4)(ψ(n + 1) + γ) − n(11n2 + 8n + 21)

(n + 1)(n + 2)(n + 3)(n + 4)

]

= 128n7/8(n3 + 7n2 − 12n + 24)
g2(n) (2.14)
7π(64n− 9)(n + 2)(n + 3)(n + 4)
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and

g2(n) > log(n + 1/2) + γ + 7Γ(7/8)n1/8(n + 4)(2n + 1)(64n− 9)
32(n + 1)(n3 + 7n2 − 12n + 24)

− 3(n + 2)(n + 3)(n + 4)(64n− 9)
40(n + 1)(n3 + 7n2 − 12n + 24) − n(11n2 + 8n + 21)

(n + 1)(n3 + 7n2 − 12n + 24) = g3(n). (2.15)

Therefore, Lemma 2.7 follows easily from (2.14) and (2.15). �
Lemma 2.8. Let g3(x) be defined by

g3(x) = log(x + 1/2) + γ + 7Γ(7/8)x1/8(x + 4)(2x + 1)(64x− 9)
32(x + 1)(x3 + 7x2 − 12x + 24)

− 192x4 + 2141x3 + 5069x2 + 4746x− 648
40(x + 1)(x3 + 7x2 − 12x + 24) . (2.16)

Then g3(x) is strictly increasing on [10, ∞).

Proof. Let g4(x), g5(x), g6(x) and g7(x) be defined by

g4(x) = 80x8 + 2490x7 + 29 041x6 + 124 744x5 + 86 839x4

− 483 876x3 − 735 606x2 − 434 112x− 75 600, (2.17)

g5(x) = 896x7 + 7346x6 + 41 033x5 − 3438x4

− 149 813x3 − 227 064x2 − 40 824x + 864, (2.18)

g6(x) = log
[

g4(x)
40(2x + 1)

]
− log

[
7Γ(7/8)g5(x)

256x7/8

]
(2.19)

and

g7(x) = 1 003 520x12 + 6 215 360x11 − 76 861 608x10 − 194 717 340x9

− 1 129 301 614x8 − 7 502 136 933x7 − 1 325 597 720x6 − 6 754 007 727x5

− 29 245 627 200x4 − 18 436 239 066x3 − 4 240 833 192x2 − 348 047 280x− 19 051 200. (2.20)

Then it follows from Lemma 2.4 and (2.16)–(2.20) that

g′3(x) = 1
(x + 1)2(x3 + 7x2 − 12x + 24)2

[
g4(x)

40(2x + 1) − 7Γ(7/8)g5(x)
256x7/8

]
, (2.21)

g′6(x) = (x + 1)(x3 + 7x2 − 12x + 24)g7(x)
8x(2x + 1)g4(x)g5(x) , (2.22)

g4(10) = 74 721 936 680 > 0, (2.23)

g′5(10) = 12 667 971 966 > 0, (2.24)

g5(10) = 20 201 993 224 > 0, (2.25)

g6(10) = log 597 775 493 440
371 211 625 491 − 1

8 log 10 − log Γ(7/8) = 0.1027 · · · > 0, (2.26)

g7(10) = 471 458 730 683 390 800 > 0 (2.27)

and there exist x1, x2, x3 ∈ (0, ∞) such that the following statements are true:
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Statement A. g4(x) < 0 for x ∈ (0, x1) and g4(x) > 0 for x ∈ (x1, ∞).
Statement B. g′5(x) < 0 for x ∈ (0, x2) and g′5(x) > 0 for x ∈ (x2, ∞).
Statement C. g7(x) < 0 for x ∈ (0, x3) and g7(x) > 0 for x ∈ (x3, ∞).

From (2.23), (2.24) and (2.27) together with Statements A–C we know that

g4(x) > 0, (2.28)

g′5(x) > 0, (2.29)

g7(x) > 0 (2.30)

for x ≥ 10.
Inequalities (2.25) and (2.29) imply that

g5(x) > 0 (2.31)

for x ≥ 10.
It follows from (2.22) and (2.26) together with (2.30) that

g6(x) > 0 (2.32)

for x ≥ 10.
Therefore, Lemma 2.8 follows easily from (2.19), (2.21), (2.28), (2.31) and (2.32). �

Lemma 2.9. Let dn, Dn and g3(n) be defined by (2.2) and (2.13). Then

dn > 0

for all n ≥ 25.

Proof. From (2.13) and Lemma 2.8 that

g3(n) ≥ g3(25) = γ + log 51
2 + 16 471 623

16 410 368
8
√

25Γ(7/8)

− 27 934 813
5 128 240 = 0.00413 · · · > 0 (2.33)

for n ≥ 25.
It follows from (2.2), Lemma 2.5, Lemma 2.7, (2.33) and the numerical computation result

d25 = 19 971 006 130 817 673 428 973 665 371
158 456 325 028 528 675 187 087 900 672 > 0

that

Dn = 8
7dn+1 − dn > 0 (2.34)

for n ≥ 25.
Therefore, Lemma 2.9 follows easily from (2.34). �
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Lemma 2.10. Let r ∈ (0, 1), I1(r), I2(r), I3(r), I4(r) and I5(r) be respectively defined by

I1(r) = M3/2(1, r), I2(r) = 23A(1, r) − 5H(1, r) − 2M2(1, r)
16 , (2.35)

I3(r) = (9r2 + 14r + 9)2

128(1 + r)3 , I4(r) = 1 + r + r2

2(1 + r) + 1 + r

8 (2.36)

and

I5(r) = S11/4,7/4(1, r). (2.37)

Then the inequalities

I5(r) > I3(r) > I2(r) > I1(r) > I4(r)

hold for all r ∈ (0, 1).

Proof. It follows from (1.8) and (2.35)–(2.37) that

I5(r) − I3(r) =
7
(
1 − r11/4)

11
(
1 − r7/4

) −
(
9r2 + 14r + 9

)2
128 (1 + r)3

=
(
1 − r1/4)5

1408
(
1 − r7/4

)
(1 + r)3

h(r), (2.38)

where

h(r) = 5r4 + 35r15/4 + 140r7/2 + 420r13/4 + 966r3 + 1722r11/4

+ 2268r5/2 + 2415r9/4 + 2362r2 + 2415r7/4 + 2268r3/2

+ 1722r5/4 + 966r + 420r3/4 + 140r1/2 + 35r1/4 + 5, (2.39)

I3(r) − I2(r) =
√

2(1 + r2)
16 − 11r4 + 36r3 + 34r2 + 36r + 11

128(1 + r)3 , (2.40)

[√
2(1 + r2)

16

]2

−
[
11r4 + 36r3 + 34r2 + 36r + 11

128(1 + r)3

]2

=
(1 − r)6

(
7r2 + 18r + 7

)
16 384(1 + r)6 , (2.41)

I3
1 (r) − I3

4 (r) =
(
1 − r1/2)6 (3r3 + 18r5/2 − 3r2 + 28r3/2 − 3r + 18r1/2 + 3

)
512(1 + r)3 . (2.42)

Therefore, I5(r) > I3(r) for all r ∈ (0, 1) follows from (2.38) and (2.39), I3(r) > I2(r) for all r ∈ (0, 1)
follows from (2.40) and (2.41) and I1(r) > I4(r) for all r ∈ (0, 1) follows from (2.42). While the inequality 
I2(r) > I1(r) for all r ∈ (0, 1) follows from [18, Lemma 3.2]. �
3. Main results

Theorem 3.1. The double inequality

λS11/4,7/4(1, r′) < E(r) < μS11/4,7/4(1, r′)

holds for all r ∈ (0, 1) if and only if λ ≤ π/2 = 1.570796 · · · and μ ≥ 11/7 = 1.571428 · · · .
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Proof. Let r ∈ (0, 1), an, bn, cn and dn be respectively defined by (2.1) and (2.2), and G(r), f1(r), f2(r), 
f3(r), f4(r), f5(r), f6(r) and f7(r) be respectively defined by

G(r) =
1 − 2

πE(r)
1 − S11/4,7/4(1, r′)

, (3.1)

f1(r) = 11
(
1 − r′

7/4
)(

1 − 2
π
E(r)

)
,

f2(r) = 11
(
1 − r′

7/4
)
− 7

(
1 − r′

11/4
)
,

f3(r) = 1 − 2
π
E(r) +

8
(
r′1/4 − r′2

)
(K(r) − E(r))

7πr2 , f4(r) = 1 − r′,

f5(r) = 32K(r) − 32E(r) − 14r2K(r) − 3r4K(r) − 2r2E(r), (3.2)

f6(r) = 1
4
[
128K(r) − 128E(r) − 224r2K(r) + 93r4K(r) + 160r2E(r) − 21r4E(r)

]
(3.3)

and

f7(r) = f5(r) − r′
−7/4

f6(r). (3.4)

Then simple computations lead to

G(r) = f1(r)
f2(r)

, f1(0+) = f2(0+) = 0, (3.5)

f ′
1(r)
f ′
2(r)

= f3(r)
f4(r)

, f3(0+) = f4(0+) = 0, (3.6)

[
f ′
3(r)
f ′
4(r)

]′
= − 2f7(r)

7πr5r′
. (3.7)

It follows from (1.2), (1.3), (3.2) and (3.3) that

f5(r) = 16π
∞∑

n=0

( 1
2
)2
n

(n!)2 r
2n − 16π

∞∑
n=0

(
−1

2
)
n

( 1
2
)
n

(n!)2 r2n

− 7π
∞∑

n=1

( 1
2
)2
n−1

[(n− 1)!]2 r
2n − 3π

2

∞∑
n=2

( 1
2
)2
n−2

[(n− 2)!]2 r
2n − π

∞∑
n=1

(
−1

2
)
n−1

( 1
2
)
n−1

[(n− 1)!]2 r2n

= 3π
2

∞∑
n=3

n(5n− 6)(n− 1)(n− 2)
( 1

2
)2
n−2

(n!)2 r2n = 3π
2 r6

∞∑
n=0

anr
2n, (3.8)

f6(r) = 16π
∞∑

n=0

( 1
2
)2
n

(n!)2 r
2n − 16π

∞∑
n=0

(
−1

2
)
n

( 1
2
)
n

(n!)2 r2n − 28π
∞∑

n=1

( 1
2
)2
n−1

[(n− 1)!]2 r
2n

+ 93π
8

∞∑
n=2

( 1
2
)2
n−2

[(n− 2)!]2 r
2n + 20π

∞∑
n=1

(
−1

2
)
n−1

( 1
2
)
n−1

[(n− 1)!]2 r2n − 21π
8

∞∑
n=2

(
−1

2
)
n−2

( 1
2
)
n−2

[(n− 2)!]2 r2n

= −3π
16

∞∑ n(n− 1)(n− 2)(n− 4)(n + 15)(2n− 5)
(1

2
)2
n−3

(n!)2 r2n = −3π
16 r

6
∞∑

cnr
2n. (3.9)
n=3 n=0
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Note that

r′
−7/4 = (1 − r2)−7/4 =

∞∑
n=0

( 7
8
)
n

n! r2n =
∞∑

n=0
bnr

2n. (3.10)

Making use of (3.4) and (3.8)–(3.10) together with Cauchy product we get

f7(r) = 3π
2 r6

∞∑
n=0

anr
2n + 3π

16 r
6

( ∞∑
n=0

cnr
2n

)( ∞∑
n=0

bnr
2n

)

= 3π
16 r

6
∞∑

n=0

(
8an +

n∑
k=0

bn−kck

)
r2n = 3π

16 r
6

∞∑
n=0

dnr
2n. (3.11)

Numerical computations show that

d0 = d1 = d2 = d3 = 0, d4 = 35
32 768 , d5 = 903

262 114 , d6 = 7343
1 048 576 , (3.12)

d7 = 193 225
16 777 216 , d8 = 36 001 035

2 147 483 648 , d9 = 387 471 275
17 179 869 184 , (3.13)

d10 = 7 897 834 945
274 877 906 944 , d11 = 4 834 967 865

137 438 953 472 , d12 = 2 941 501 079 335
70 368 744 177 664 , (3.14)

d13 = 13 659 196 049 415
281 474 976 710 656 , d14 = 15 566 153 225 985

281 474 976 710 656 , (3.15)

d15 = 2 236 811 742 882 381
36 028 797 018 963 968 , d16 = 634 947 066 920 509 899

9 223 372 036 854 775 808 , (3.16)

d17 = 5 574 552 606 398 358 765
73 786 976 294 838 206 464 , d18 = 97 033 294 160 407 536 645

1 180 591 620 717 411 303 424 , (3.17)

d19 = 52 389 327 348 799 215 285
590 295 810 358 705 651 712 , d20 = 28 778 816 487 383 824 672 713

302 231 454 903 657 293 676 544 , (3.18)

d21 = 122 819 305 110 073 147 526 863
1 208 925 819 614 629 174 706 176 , d22 = 4 172 785 484 991 954 272 870 785

38 685 626 227 668 133 590 597 632 , (3.19)

d23 = 17 645 073 967 067 536 659 569 835
154 742 504 910 672 534 362 390 528 , d24 = 2 378 544 708 096 739 288 834 293 475

19 807 040 628 566 084 398 385 987 584 . (3.20)

From (3.7) and (3.11)–(3.20) together with Lemma 2.9 we clearly see that the function f ′
3(r)/f ′

4(r) is 
strictly decreasing on (0, 1). Then (3.5), (3.6) and Lemma 2.1 lead to the conclusion that G(r) is strictly 
decreasing on (0, 1).

From (1.1), (1.3), (1.8) and (3.1) we have

lim
r→1−

G(r) = 11(π − 2)
4π , lim

r→0+
G(r) = 1. (3.21)

It follows from (3.1) and (3.21) together the monotonicity of G(r) on the interval (0, 1) that

S11/4,7/4(1, r′) <
2
π
E(r) < 22 − 7π

4π + 11(π − 2)
4π S11/4,7/4(1, r′) (3.22)

for all r ∈ (0, 1).
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Note that

22 − 7π
4π + 11(π − 2)

4π S11/4,7/4(1, r′) −
22
7πS11/4,7/4(1, r′)

= −11(22 − 7π)
28π

[
S11/4,7/4(1, r′) −

7
11

]
< 0 (3.23)

for r ∈ (0, 1) due to 7π < 22 and the Stolarsky mean Sp,q(a, b) is strictly increasing with respect to its 
variables a and b.

Inequalities (3.22) and (3.23) lead to

π

2S11/4,7/4(1, r′) < E(r) < 11
7 S11/4,7/4(1, r′) (3.24)

for all r ∈ (0, 1).
Therefore, Theorem 3.1 follows from (3.24) and the fact that

lim
r→0+

E(r)
S11/4,7/4(1, r′)

= π

2 , lim
r→1−

E(r)
S11/4,7/4(1, r′)

= 11
7 . �

From Theorem 3.1 we get Corollary 3.2 immediately.

Corollary 3.2. The double inequality

π <
2E(r)

S11/4,7/4(1, r′)
<

22
7

holds for all r ∈ (0, 1).

Corollary 3.3. The inequality

E(r) < π

2S11/4,7/4(1, r′) + 22 − 7π
22

holds for all r ∈ (0, 1).

Proof. Let r ∈ (0, 1), G(r) be defined by (3.1) and H(r) be defined by

H(r) = 2
π
E(r) − S11/4,7/4(1, r′). (3.25)

Then we clearly see that

H(r) = [1 −G(r)]
[
1 − S11/4,7/4(1, r′)

]
. (3.26)

From the proof of Theorem 3.1 we know that G(r) is strictly decreasing on (0, 1). Then (3.26) leads to the 
conclusion that H(r) is strictly increasing on (0, 1). Note that

H(1−) = 2
π
− 7

11 . (3.27)

Therefore, Corollary 3.3 follows from (3.25) and (3.27) together with the monotonicity of H(r). �
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Remark 3.4. For all r ∈ (0, 1), from Lemma 2.10 we clearly see that the lower bound πS11/4,7/4(1, r′)/2 for 
E(r) given in Theorem 3.1 is better than all the lower bounds given in (1.4)–(1.7).

Remark 3.5. Let Ii(r) (i = 1, 2, 3, 4, 5) be defined by (2.35)–(2.37), 
i(r) = 2E(r)/π − Ii(r′) and r → 0+. 
Then making use of power series formulas we get


1(r) = 1
214 r

8 + o
(
r8) , 
2(r) = 3

220 r
12 + o

(
r12) ,


3(r) = 1
220 r

12 + o
(
r12) , 
4(r) = 263

216 r
8 + o

(
r8) , 
5(r) = 1

7 × 221 r
12 + o

(
r12) .

Remark 3.6. Let 
i(r) (i = 1, 2, 3, 4, 5) be defined as in Remark 3.5. Then (1.4)–(1.7) and Corollary 3.3
lead to

sup
r∈(0,1)


1(r) ≥ 
1(1−) = 2
π
− 2−2/3 = 0.00665924 · · · ,

sup
r∈(0,1)


2(r) ≥ 
2(1−) = 2
π
− 23 − 2

√
2

32 = 0.00625812 · · · ,

sup
r∈(0,1)


3(r) ≥ 
3(1−) = 2
π
− 81

128 = 0.00380727 · · · ,

sup
r∈(0,1)


4(r) ≥ 
4(1−) = 2
π
− 5

8 = 0.01161977 · · · ,

sup
r∈(0,1)


5(r) ≤
2
π
− 7

11 = 0.00025613 · · · .

Acknowledgments

The research was supported by the Natural Science Foundation of China under Grants 61374086, 
11371125 and 11401191.

References

[1] M. Abramowitz, I.A. Stegun, Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, 
U.S. Government Printing Office, Washington, 1964.

[2] H. Alzer, Sharp inequalities for the complete elliptic integral of the first kind, Math. Proc. Cambridge Philos. Soc. 124 (2) 
(1998) 309–314.

[3] G.D. Anderson, R.W. Barnard, K.C. Richards, M.K. Vamanamurthy, M. Vuorinen, Inequalities for zero-balanced hyper-
geometric functions, Trans. Amer. Math. Soc. 347 (5) (1995) 1713–1723.

[4] G.D. Anderson, M.K. Vamanamurthy, M. Vuorinen, Conformal Invariants, Inequalities, and Quasiconformal Maps, John 
Wiley & Sons, New York, 1997.

[5] S. András, Á. Baricz, Bounds for complete elliptic integrals of the first kind, Expo. Math. 28 (4) (2010) 357–364.
[6] R.W. Barnard, K. Pearce, K.C. Richards, A monotonicity property involving 3F2 and comparisons of the classical approx-

imations of elliptical arc length, SIAM J. Math. Anal. 32 (2) (2000) 403–419.
[7] N. Batir, Inequalities for the gamma function, Arch. Math. 91 (6) (2008) 554–563.
[8] N.J. Fine, Basic Hypergeometric Series and Applications, American Mathematical Society, Providence, 1988.
[9] Y. Hua, F. Qi, The best bounds for Toader mean in terms of the centroidal and arithmetic means, Filomat 28 (4) (2014) 

775–780.
[10] F. Qi, Bounds for the ratio of two gamma functions, J. Inequal. Appl. 2010 (2010) 493058.
[11] S.-L. Qiu, M.K. Vamanamurthy, Sharp estimates for complete elliptic integrals, SIAM J. Math. Anal. 27 (3) (1996) 823–834.
[12] K.B. Stolarsky, Generalizations of the logarithmic mean, Math. Mag. 48 (1975) 87–92.
[13] M.K. Vamanamurthy, M. Vuorinen, Inequalities for means, J. Math. Anal. Appl. 183 (1) (1994) 155–166.
[14] M. Vuorinen, Singular values, Ramanujan modular equations, and Landen transformations, Studia Math. 121 (3) (1996) 

221–230.
[15] M. Vuorinen, Hypergeometric functions in geometric function theory, in: Special Functions and Differential Equations, 

Madras, 1997, Allied Publ., New Delhi, 1998, pp. 119–126.

http://refhub.elsevier.com/S0022-247X(16)00169-4/bib31s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib31s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib32s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib32s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib33s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib33s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib34s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib34s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib35s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib36s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib36s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3139s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib37s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3135s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3135s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3138s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib38s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3136s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib39s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3130s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3130s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3132s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3132s1


888 Z.-H. Yang et al. / J. Math. Anal. Appl. 438 (2016) 875–888
[16] M.-K. Wang, Y.-M. Chu, Asymptotical bounds for complete elliptic integrals of the second kind, J. Math. Anal. Appl. 
402 (1) (2013) 119–126.

[17] M.-K. Wang, Y.-M. Chu, S.-L. Qiu, Y.-P. Jiang, Convexity of the complete elliptic integrals of the first kind with respect 
to Hölder means, J. Math. Anal. Appl. 388 (2) (2012) 1141–1146.

[18] M.-K. Wang, Y.-M. Chu, S.-L. Qiu, Y.-P. Jiang, Bounds for the perimeter of an ellipse, J. Approx. Theory 164 (7) (2012) 
928–937.

[19] J.G. Wendel, Note on the gamma function, Amer. Math. Monthly 55 (1948) 563–564.
[20] Zh.-H. Yang, Y.-M. Chu, X.-J. Tao, A double inequality for the trigamma function and its applications, Abstr. Appl. Anal. 

2014 (2014) 702718.

http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3134s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3134s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3131s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3131s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3133s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3133s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3137s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3230s1
http://refhub.elsevier.com/S0022-247X(16)00169-4/bib3230s1

	Accurate approximations for the complete elliptic integral of the second kind
	1 Introduction
	2 Lemmas
	3 Main results
	Acknowledgments
	References


