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Stolarsky mean elliptic integral of the second kind, and S, 4(a,b) = [g(a? — b?)/(p(a? — b2))]*/(P=a)

is the Stolarsky mean of a and b.
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1. Introduction

For r € (0,1), Legendre’s complete elliptic integrals [1] of the first kind and the second kind are given by

E=E&(r)= / 1 —r2sin®(¢)dt,
0

respectively. It is well known that

™

KOt) =¢&(0M) , K17)=00, &17)=1. (1.1)
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They are the particular cases of the Gaussian hypergeometric function

F(a,b;c;x) = ;}%% (-l<z<l),

where (a), =T(a+n)/T(a) and I'(z) = [;°t*"'e~"dt (z > 0) is the gamma function. Indeed, we have

o] 1 2
o0 5o (4 o) - 55 W
> (-1 1
&)= TF (; L Mz) -ty 3), (5 2 (1.3)

The complete elliptic integrals and Gaussian hypergeometric function have important applications in
quasiconformal mappings, number theory, and other fields of the mathematical and mathematical physics.
For instance, the Gaussian arithmetic-geometric mean AGM and the modulus of the plane Grétzsch ring can
be expressed in terms of the complete elliptic integral of the first kind, and the complete elliptic integral of
the second kind gives the formula of the perimeter of an ellipse. Moreover, Ramanujan modular equation and
continued fraction in number theory are both related to the Gaussian hypergeometric function F'(a, b; ¢; x).
In particular, many remarkable inequalities and properties for the complete elliptic integrals and Gaussian
hypergeometric function can be found in the literature [2-6,8,11,13,14,17].

Recently, the bounds for the complete elliptic integral of the second kind £(r) have attracted the attention
of many researchers. In [15], Vuorinen conjectured that the inequality

E(r) = 5 Myyn(17") (1.4)

holds for all » € (0,1), where and in what follows r’ = (1 — r2)'/2, M,(a,b) is the pth power mean of a
and b which is given by

a? + bP
2

My (a0 = ( )W (b #0), Mo(a,b) = Vab.

Inequality (1.4) was proved by Barnard et al. in [6]. In [18, Theorem 2.4] and [16, Corollary 3.1], the
authors proved that the double inequalities

23A(1,7') — 5H(1,7") — 2M>(1,7")

16
2 (24— 5v2m)A(L, ") — (8 — m — V2m) H(1,7") — (16 — 5m) My(1,7")
< ;5@) < G 2v3) (1.5)
and
(9" + 141" +9)? 2, \/4r’2 + (72 —8)r' +4 6
T G . (1.6)

hold for all r € (0,1), where A(a,b) = Mi(a,b) = (a +b)/2 and H(a,b) = M_y(a,b) = 2ab/(a + b) are
respectively the arithmetic and harmonic means of a and b.
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Very recently, Hua and Qi [9, Theorem 1.3] proved that the double inequality

T+ +72% 140 2 8 1+ + 02 6
— -2 2——)(1 / 1.7
214" * 8 <7T (T)<<7T ) 14 +( 77)( +7) (1.7)

is valid for all r € (0,1).
Let p,q € R with p # ¢ and pg # 0, and a,b > 0. Then the Stolarsky mean S, ,(a,b) [12] is defined by

aP — bP 1/(p—q)
al b )] (a #b), Spqla,a)=a. (1.8)

Spqla,b) = {m
The main purpose of this paper is to prove that the double inequality

AS11/a7/a(1, ") < E(r) < pSi1ya7/4(1,7")

holds for all » € (0,1) with the best possible parameters A = /2 = 1.570796--- and u = 11/7 =
1.571428 - - -, see Theorem 3.1. Moreover, the lower bound here is better than any of the lower bounds
(1.4)-(1.7), see Remark 3.4. Some complicated computations are carried out using Mathematica computer
algebra system.

2. Lemmas

In order to prove our main result we need several lemmas, which we present in this section.

Lemma 2.1. (See [}, Theorem 1.25].) Let —oo < a < b < oo, f,g : [a,b] = R be continuous on [a,b] and
differentiable on (a,b), and ¢'(xz) # 0 on (a,b). If f'(x)/g'(x) is increasing (decreasing) on (a,b), then so
are the functions

f(z) = f(a) f(z) = f(b)

g(x) —gla)”  g(x)—g(b)

If f'(x)/g' (x) is strictly monotone, then the monotonicity in the conclusion is also strict.

Lemma 2.2. (See [10,19].) The double inequality

1 - I'(z+a) 1
(x4+a)t= T(x+1) al-e

holds for all x > 0 and a € (0,1).

Lemma 2.3. (See [7, Lemma 1.7].) Let ¢(x) = I'(z)/T'(x) be the psi function. Then the inequality

1
Y(x+1) > log <x+ 5)
holds for all x > 0.

Lemma 2.4. (See [20, Lemma 7].) Let n € N and m € NU {0} with n > m, a; > 0 for all 0 < i < n,
ApQy >0 and

m n
Po(t) ==Y at'+ Y ait',
1=0 i=m+1

Then there exists tg € (0,00) such that P,(tg) =0, P,(t) <0 fort € (0,tg) and P,(t) > 0 for t € (tg,00).
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Lemma 2.5. Let n > 0, ayp, by, ¢, dn, Dn, g1(n) and g, be respectively defined by

649 (@), (@), . -Dnr8)Et(3);

fn = nl(n+3)! = nl(n + 3)! ’

8
Zdpy1 — dn, (2.2)

dn = 8ay, + anfkcka Dn = 7

k=0

Z k)(k — 1)(k + 18) 23)

n—k+1 (k+1)(k+2)(k+3)
and

4T(7/8)n(2n + 1) 3n7/8 128n7/8

g(n) = rn+1)(n+2)(n+3) Tn+1) + 7m(64n — 9

) g1 (Tl) (24)
Then

g(n)
I (g)

forn > 4.

Proof. From (2.1) and (2.2) we clearly see that

bo=1, co=-3, c1=0, ¢t >0 (k‘ZQ),

A (2k + 3)2(5k + 14) - k+7/8
PTGk )k + Dk + 4 M T T

k(2k + 1)(2k + 3)(k + 19)
Ak-DE+ )kt HE+18)*

bka

(k > 2)a

Ck41 =

n
8an + anO + Z bnkck]

8 n+1
D, = ? [8an+1 + anrICO + Z anrlfkck:
k=2

k=2

8 8 8 2. /8
=8 <?an+1 — an> -3 <?bn+1 — bn> + ?b00n+1 + kZ:2 <?bn+1k - bnk) Ck

2(2n + 3)%(5n + 14) 8n+7
8[7(5n+9)(n+1)(n+4) _1] "_3{7(71—#1) B ]b”

2n(2n + 1)(2n + 3)(n + 19) " (8(n—k)+T7
Tn—1)(n+ D(n+4)(n+18)" Z(?(n—k—i—l))b” kCk

8n(5n? — 6n — 29) 3n
= a, — b
75n+9)(n+1)(n+4) 7(n+1)

2n(2n 4+ 1)(2n + 3)(n + 19)
-+ D(n+4)n+18)™" 7Zn—k+1 €k (2.5)
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Tt follows from Lemma 2.2 and (2.1) together with I'(1/2) = /7 that

549 [F(n+3/2)r_ (5n +9)(n +1/2)? {F(n—i—l/Q)r
T n+3) | D(1/2) |  wm+Dn+2)(n+3) | Dn+1)

(5n +9)(n + 1/2)?  Bn+9@n+1)

wn+ )(n+2)(n+3)(n+1/2)  2n(n+ (n+2)(n+3) (2:6)
1 _T'(n4+7/8) 1 T'(n+7/8) 1
YO e (75 M (75 MY CES VR Y AT (2.7)
_ (n—1D(n+18)(2n+1) {r(m 1/2)}2
o= nl(n + 3)! I(1/2)
C(n=1)n+18)2n+1) [T(n+1/2)] 2(n —1)(n + 18)
" w4 1)+ 2)(n+3) { T(n+1) } > rn+ D+ Dm+s 22 (28)
Making use of the inequality (1 — z)P < 1 — pz for all p,x € (0,1) we get
1 1 1 64n7/8
(n—k+7/8)1/8 - (n—2+7/8)1/5 ~ Lis (1—2)"° ~ 6dn 9 (2:9)
forall 2 <k <n.
Note that
5n% —6n —29 >0 (2.10)
for n > 4.

It follows from (2.5)—(2.10) that

8n(5n? — 6n — 29) (2n +1)(5n +9)
Dn > o+ D+ )~ 2rn+ Dn+ D + 3)
3n 2n(2n 4+ 1)(2n + 3)(n + 19) " 2(n—1)(n+18)
T(7/8)(n+ D)n/8 T Tn—1)(n+ D(n+4)(n+18)  a(n+ 1)(n+2)(n+3)
L1 [ n—k 1 2(k — 1)(k + 18)
? ~ {nkJrl “T/8)n—k+ 788~ w(k+ 1)k + 2)(k + 3)
- An(2n + 1) B 3n7/8
m(n+1)(n+2)(n+3) 70(7/8)(n+1)
128n7/8 s (n—k)(k—1)(k+18 n

Z k)(k —1)( ) _ g(n)

7r(7/8)(64n — 9 (n—k+1)(k+1)(k+2)(k+3) T(7/8)

k=2
foralln>4. O

Lemma 2.6. Let g1(n) be defined by (2.3). Then

NP+ Tn® —12n+24 n(11n? + 8n + 21)
9= e anry TV S e n o v

where v = lim, o0 (> p—; 1/k — logn) = 0.57721566 . . . is the Euler-Mascheroni constant.
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Proof. It is not difficult to verify that

(n—k)(k—1)(k+18) _ 17(n+1) 48(n + 2)
n—k+Dk+1)E+2)(k+3) (+2)(k+1)  (n+3)(k+2)
. 30(n+3) n(n+19) (2.11)
m+4)k+3) nm+2)n+3)(n+4)n—-k+1) '
From (2.3) and (2.11) we have
_ 1T(n+1) ("1 1 3\, 48n+2) (1 11
() =779 (I;k+n+1 2) EEEE (;k j 6)
30(n+3) [~ 1 1 1 1 25 n(n + 19) "1
(n+4) (;k+n+1+n+2+n—|—3 12) (n+2)(n+3)(n+4) <Zk n)
P4 Tn? —12n+24 il_ n(11n® + 8n + 21)
C (n+2)(n+3)(n+4) k: E (n+1D)(n+2)(n+3)(n+4)
_n?’+7n2—12n+24W}(n+1)+ - n(11n? 4+ 8n + 21) .
T+ 2)(n+3)(n+4) D+ )+ +3)n+4)
Lemma 2.7. Let g(n) be defined by (2.4), and g2(n) and gs(n) be respectively defined by
T0(7/8)n'/3(n + 4)(2n + 1)(64n — 9)
= 1
g2(m) =0+ 1) 474 o T (05 TnZ — 120 + 20)
_ 3r(n+2)(n+3)(n+4)(64n - 9) n(11n? + 8n + 21) (2.12)
128(n+1)(n3 + 2 —12n+24) (n+1)(n3+7n2 — 12n 4 24) ’
and
70(7/8)n/®(n 4+ 4)(2n + 1)(64n — 9)
=1 1/2
ga(n) =log(n +1/2) +7 4+ =5 ooy 0 - 7nZ — 120 + 20)
192n* + 21410° 4 50690 + 47461 — 648 (2.13)
40(n + 1)(n3 + Tn? — 12n + 24) '
Then
128n7/8(n3 + Tn? — 12n + 24)
g(n) = g2(n)
Tr(64n —9)(n +2)(n+ 3)(n + 4)
128n7/8(n3 + Tn? — 12n + 24)
> g3(n)
Tr(64n —9)(n +2)(n+ 3)(n + 4)
for alln > 1.
Proof. Tt follows from Lemma 2.3 and Lemma 2.6, (2.4), (2.12), (2.13) and 37/128 < 3/40 that
(n) = AU(7/8)n(2n+1)  3n7/8 N 128n7/8
T i+ )+ 2)(n+3) T(n+1)  Tr(64n—9)
n® +7Tn? —12n + 24 n(11n? + 8n + 21
((n+1) ) — )
(n+2)(n+3)(n+4) (n+1)(n+2)(n+3)(n+4)
128n7/8(n® + Tn? — 12n + 24
_ AT A et 2) (2.14)

Tr(64n —9)(n+2)(n+3)(n+4)
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and

T0(7/8)n/3(n + 4)(2n + 1)(64n — 9)
32(n+1)(n? 4+ ™2 — 12n + 24)

3(n+2)(n+3)(n+4)(64n — 9) n(11n? + 8n + 21)

T A+ )P+ T2 —12n+24) (Rt 1)(nd +7n2 — 12n+24) g3(n).

g2(n) > log(n+1/2) + v+

Therefore, Lemma 2.7 follows easily from (2.14) and (2.15). O
Lemma 2.8. Let g3(x) be defined by

T0(7/8)x /8 (x + 4) (22 + 1)(64x — 9)
32(x + 1) (23 + Tx? — 122 + 24)
1922 4 21412° 4 50692 + 47462 — 648
40(z + 1)(x + 722 — 122 + 24)

g3(x) =log(x +1/2) + v+

Then gs(x) is strictly increasing on [10, 00).
Proof. Let g4(x), g5(x), go(x) and g;(z) be defined by

ga(z) = 80x® + 249027 + 29 0412° + 124 74425 + 86 839z*
— 48387623 — 73560622 — 434 1122 — 75600,

gs(z) = 89627 + 73462° + 41 0332° — 3438z*
— 14981323 — 22706422 — 40 824z + 864,

(z) 71(7/8)g5(x)
9o(2) = log {40(g£1m+ 1)} ~log [ 25675 }
and

g7(x) = 10035202 4 6215360z — 76 861 608x° — 194 717 3402
— 112930161422 — 7502136 9332”7 — 1325597 7202° — 6 754 007 7272°

— 29245627 200x* — 18 436 239 0662° — 4240833 1922% — 348 047 280z — 19051 200.

Then it follows from Lemma 2.4 and (2.16)-(2.20) that

Foon 1 94(x) 7L(7/8)g5(z)
950) = TR s T 1o 1 207 |W0@e+ 1) 2627 |
, (z +1)(2® + T2 — 122 + 24)g7(x)

o) = T e+ D))
94(10) = 74721 936 680 > 0,
g4(10) = 12667971966 > 0,
g5(10) = 20201 993224 > 0,
96(10) = log P9TTT5493440 1 log 10 — logI"(7/8) = 0.1027 - -- > 0,

371211625491 8
g7(10) = 471 458 730 683 390 800 > 0

and there exist x1, z3,x3 € (0,00) such that the following statements are true:

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
(2.23)
(2.24)
(2.25)
(2.26)
(2.27)
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Statement A. g4(z) < 0 for z € (0,21) and g4(x) > 0 for z € (x1, 00).
Statement B. g5(x) < 0 for z € (0,z2) and gi(z) > 0 for z € (22, 00).
Statement C. g7(x) < 0 for = € (0,z3) and g7(x) > 0 for z € (z3,0).

From (2.23), (2.24) and (2.27) together with Statements A-C' we know that

ga(z) >0
gs(z) >0,
gr(z) >0
for x > 10.
Inequalities (2.25) and (2.29) imply that
gs(z) >0

for x > 10.
It follows from (2.22) and (2.26) together with (2.30) that

gs(z) >0

for x > 10.

Therefore, Lemma 2.8 follows easily from (2.19), (2.21), (2.28), (2.31) and (2.32).

Lemma 2.9. Let d,,, D), and gsz(n) be defined by (2.2) and (2.13). Then
dy, >0
for all n > 25.

Proof. From (2.13) and Lemma 2.8 that

51 16471623 . —

> g5(2 log TEA10 26R /8
93(n) 2 g3(25) =7 +log o + 1 raee (7/8)
27934813

AT 0.00413 - - -
5128240 0.00413--- >0

for n > 25.

Tt follows from (2.2), Lemma 2.5, Lemma 2.7, (2.33) and the numerical computation result

o _ 19971006130817673428 973665371 _
%57 158456 325 028 528 675 187 087 900 672

that

8
Dn - ?dn+1 - dn > 0
for n > 25.

Therefore, Lemma 2.9 follows easily from (2.34). O

O

(2.28)
(2.29)
(2.30)

(2.31)

(2.32)

(2.33)

(2.34)
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Lemma 2.10. Let r € (0,1), I1(r), Iz(r), Is(r), I4(r) and I5(r) be respectively defined by

L(r) = Mys(Liv), L(r) = 23A(1,r) —5H(1,r) — 2M2(1,r)’

16
(9r2 + 14r 4+ 9)? l+r+7r* 147
I = I =
3(r) 128(1+7)3 ar) 21+ 8

and
Is(r) = 511/4,7/4(17T)~
Then the inequalities
I5(r) > Is(r) > I2(r) > I (r) > 14(r)
hold for all v € (0,1).
Proof. It follows from (1.8) and (2.35)—(2.37) that

T(1—r14) (9r2 4 14r 4 9)°
11(1—r7/1) 128 (1+7)°

(1 —r1/4)°

- 1408 (1 — 7"7/4) (1 + ,r)gh(r)a

Is(r) = I3(r) =

where

h(r) = 5r* + 35r'5/% 4 140r7/2  420r'3/% 4 9661 + 1722711/4
+2268r°/2 + 24150%/* + 236207 + 241507/ + 2268r%/2
+ 1722r%/* 4 9661 + 420r3/* + 140112 + 35714 4 5,

2(1+72)  11r' +36r° + 34r% + 36r + 11
16 128(1 +r)3 ’

Ig(T) — 12(7") =

16

2(1+17r2)
[ 128(1 + )3 N 16 384(1 + )¢

(1= r1/2)° (3r3 4 18r%/2 — 3r2 4 287%/2 — 3 + 1871/2 4 3)

2
[11r4 +36r3 + 34r2 + 36r + 117 (1 —7)° (7r2 + 187 +7)

If(?‘) - 14:13(7") = 512(1 +7~)3

883

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

Therefore, I5(r) > I3(r) for all r € (0,1) follows from (2.38) and (2.39), Is(r) > I3(r) for all r € (0,1)
follows from (2.40) and (2.41) and I;(r) > I4(r) for all r € (0,1) follows from (2.42). While the inequality

I(r) > I1(r) for all r € (0,1) follows from [18, Lemma 3.2]. O
3. Main results

Theorem 3.1. The double inequality

AS11/a7/a(L ") < E(r) < pSi1yazya(L,r")

holds for all v € (0,1) if and only if A < w/2 =1.570796--- and p > 11/7 = 1.571428 - - ..
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Proof. Let r € (0,1), ay, bs, ¢, and d,, be respectively defined by (2.1) and (2.2), and G(r), f1(r), f2(r),
f3(r), fa(r), f5(r), fe(r) and f7(r) be respectively defined by
1—2E(r)
G(r)= 1= Stara (L)’ (3.1)
Al =11 (1 - r’7/4> (1 - %5(@) :
) =11 (1= ") =7 (1=,
8 (" —17) (K(r) - £(r))
fa(r)=1- %5(7“) + ( 77>TT2 , falr) =117,
f5(r) = 32K(r) — 32E(r) — 147K (r) — 3r*K(r) — 2r2E(r), (3.2)
fo(r) = % [128KC(r) — 128&(r) — 224r%K(r) + 93r*K(r) 4+ 160r*E(r) — 21r*E(r)] (3.3)
and
fa(r) = f5(r) =" (), (3.4)
Then simple computations lead to
") = fi(r) +y +y _
f{(?") 7]03(7”) o 4y
s(r) ] 2f2(r)
[ i) - &0
It follows from (1.2), (1.3), (3.2) and (3.3) that
oo (1)2 oo (1 1
folr) =16m Y (2—')3 M —16m 7( 2)7 EQ)WQ”
— (n!) —= (n)
>, (%)i_1 on  OT N (%)i_z on = (7%)71—1 (%)n—l 2n
REAP 2 TV Y (e i e T
n(5n — 6)(n — 1)(n — 2) (1) T o
_ 37 ( )( (n'))( ) (2)77,72 ,r277, _ 37"“6 Z an,rQn, (38)

P>
n=3
N (1)2 2 l)
folr) =16y 25mp2n 167TZ S 2Ino2on g2 98 Z
n=0
8

(n!
937 (%)i—2 on = (_%)n—l (%)n—l om  21m = (_%)n—2 (%)n—2r2n
S Lo ”O”n; CEREE 2 CEPIE
gr Sl —1)(n-2(n—Hn+15)2n -5 ()2 5 . sr X
TS e ) 3p2n — —1—67‘6ch7‘ . (3.9)

n=3 n=0
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Note that

o 7
A (1- r2)_7/4 _ Z ( \8/n,2n _ Z b2 (3.10)

n=0

Making use of (3.4) and (3.8)(3.10) together with Cauchy product we get

3T g = on |, ST ¢ = 2n = 2n
=—7 Z anr-" + 1—67” E CnT Z bnr
n=0 n=0 n=0

= 3—27“6 Z <8an + Z bnkck> r2n 377 7o Z d,r*" (3.11)
n=0 k=0
Numerical computations show that
%:d“:@:d“ﬂxd“zég@ %:2£im 621&?&& (3.12)
193225 36001035 387471275
&= Torrrae ® T 31a7as3608’ P T 17179869184 (3.13)
h_ TBOT8BA0M5 - AS3A6TSG5 o 2041501079335 (3.14)
274877906 944 137438953472 70368 744 177 664
13659 196 049 415 15 566 153 225 985
187 981474976 7106567 4~ 281474976710656 (3.15)
4y, _ 22308I1742882381 —  631947066920509899 (316)
36028 797 018 963 968 9223372036 854 775 808
4y, — DOTAB2006398358765 - 97033294160407536645 (317)
73786 976 204 838 206 464 1180591620 717 411 303 424
4y, _ D2389327348700215985 | 287T88IGASTISIEAUET2TI3 (318)
590205 810 358 705 651 712 302 231 454 903 657 293 676 544
4y — 122819305 110073 147526863 4172785484991 954272870785 (319)
1208925819614 629 174 706 176 38 685 626 227 668 133 590 597 632
, _ LT645073967067536650569835 2378544708096 73 288834203 475 (3.20)

154742504910 672 534 362 390 528’ 19807 040 628 566 084 398 385 987 584

From (3.7) and (3.11)-(3.20) together with Lemma 2.9 we clearly see that the function f}(r)/fi(r) is
strictly decreasing on (0,1). Then (3.5), (3.6) and Lemma 2.1 lead to the conclusion that G(r) is strictly
decreasing on (0, 1).

From (1.1), (1.3), (1.8) and (3.1) we have

lim cxr)::llﬁlifﬁy lim G(r) = 1. (3.21)

r—1- 47 r—0t+

It follows from (3.1) and (3.21) together the monotonicity of G(r) on the interval (0,1) that

22—7r  11(7m —2)
+

e i Si1jazja(1,r") (3.22)

2
Si1/a77a(1,7") < ;5(7’) <

for all » € (0,1).
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Note that

22 — 7w n 11(mr —2)
47 47
11(22 — 7m)

7
BT — 511/4,7/4(1a7"/) -—| <0 (3.23)

22
Sll/4,7/4(1a 7'/) - %511/4,7/4(1a T/)

for » € (0,1) due to 7w < 22 and the Stolarsky mean S, 4(a,b) is strictly increasing with respect to its
variables a and b.
Inequalities (3.22) and (3.23) lead to

11

v
5511/4,7/4(177“/) <&(r) < 7

511/4,7/4(177“/) (3~24)

for all r € (0,1).
Therefore, Theorem 3.1 follows from (3.24) and the fact that

fim &) _m o E0) 1L
r—0+ 511/4,7/4(177"') 27 o1 S11/4,7/4(11T/) 7

From Theorem 3.1 we get Corollary 3.2 immediately.
Corollary 3.2. The double inequality

2E(r) < 22

T —
Strjaza(lr’) 7

holds for all r € (0,1).

Corollary 3.3. The inequality

22 —-Tm
22

m
E(r) < 5511/4,7/4(177"’) +
holds for all v € (0,1).

Proof. Let r € (0,1), G(r) be defined by (3.1) and H(r) be defined by

2
H(’f‘) = ;5(7") — 511/477/4(1,7J). (325)
Then we clearly see that
H(T) = [1 — G(’I")] [1 - S11/4’7/4(1,T‘/)} . (326)

From the proof of Theorem 3.1 we know that G(r) is strictly decreasing on (0,1). Then (3.26) leads to the
conclusion that H(r) is strictly increasing on (0,1). Note that

HO™) = % _ 1—71 (3.27)

Therefore, Corollary 3.3 follows from (3.25) and (3.27) together with the monotonicity of H(r). O
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Remark 3.4. For all r € (0,1), from Lemma 2.10 we clearly see that the lower bound 7Sy, /4,7/4(1,7")/2 for
E(r) given in Theorem 3.1 is better than all the lower bounds given in (1.4)—(1.7).

Remark 3.5. Let I;(r) (i = 1,2,3,4,5) be defined by (2.35)(2.37), Ai(r) = 2E(r)/m — L;(r') and 7 — 0.
Then making use of power series formulas we get

1
M(r) = 57 8 4+0(r®), La(r)= 220" 240(r'?),
As(r) = o Zyo(r'?), Agr)= 63r8+0( 5, A ()= —_ r'? 4o (r'?).
3 920" 4 216 ' 5 7 % 921

Remark 3.6. Let A;(r) (i = 1,2,3,4,5) be defined as in Remark 3.5. Then (1.4)-(1.7) and Corollary 3.3
lead to

2
sup Ap(r) > A (17) = = = 2723 = 0.00665924 - - - ,
re(0,1) ™
2 23-22
sup Aa(r) > An(1-) = 2~ B=2V2 g hocansia.
re(0,1) @ 32
sup Ag(r) > As(17) = 2 — SL _ g.00380727.
ey o0 T 128
.25
sup Ay(r) > Ay(17) = = — = =0.01161977- - - ,
re(0,1) T 8
Asr) < 2 = L~ 0.00025613
sup 5(r) < - 7=

re(0,1)
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