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In this article, we study a version of the Bishop–Phelps–Bollobás property. We in-
vestigate a pair of Banach spaces (X, Y ) such that every operator from X into Y
is approximated by operators which attain their norm at the same point where 
the original operator almost attains its norm. In this case, we say that such a pair 
has the Bishop–Phelps–Bollobás point property (BPBpp). We characterize uniform 
smoothness in terms of BPBpp and we give some examples of pairs (X, Y ) which 
have and fail this property. Some stability results are obtained about �1 and �∞
sums of Banach spaces and we also study this property for bilinear mappings.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

One of the most remarkable theorems in the ‘norm attaining function theory’ is the Bishop–Phelps 
theorem which says that every bounded linear functional can be approximated by norm attaining ones [5]. 
At the end of the article of Bishop and Phelps, they asked if it could be true a Bishop–Phelps type theorem 
for bounded linear operators, but Lindenstrauss [16] answered this question in a negative sense.

For more information, let us begin with some definitions and notations. Let X be a Banach space over 
a scalar field K which is the real field R or the complex field C. We denote by SX , BX and X∗ the unit 
sphere, the closed unit ball and the topological dual of X, respectively. We say that a bounded linear 
functional x∗ ∈ X∗ attains its norm if there exists some point x ∈ SX such that |x∗(x)| = ‖x∗‖. In this 
case, we say that x∗ is a norm attaining functional. We denote by NA(X) the set of all norm attaining 
functionals. Then the Bishop–Phelps theorem [5] says that NA(X) = X∗. For the set of all bounded linear 
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operators between the Banach spaces X and Y , we write L(X, Y ). In an analogous way, we define a norm 
attaining operator. Indeed, an operator T : X −→ Y is called norm attaining whenever there is x ∈ SX

such that ‖T (x)‖ = ‖T‖ := supx∈SX
‖T (x)‖, and we use NA(X, Y ) for the set of such operators. Note that 

X∗ = L(X, K) and NA(X) = NA(X, K).
In 1970, Bollobás [6] proved a strengthening of the Bishop–Phelps theorem. He proved that if a func-

tional x∗ almost attains its norm at a point x, then we can find a functional y∗ which is close to x∗ and a 
point y which is close to x such that y∗ attains its norm at y. We enunciate this theorem which is nowadays 
known as the Bishop–Phelps–Bollobás theorem.

Theorem 1.1 (Bishop–Phelps–Bollobás theorem [6], [8, Corollary 2.4]). Let X be a Banach space. Let 0 <
ε < 2 and suppose that x ∈ BX and x∗ ∈ BX∗ satisfy

Rex∗(x) > 1 − ε2

2 .

Then, there are y ∈ SX and y∗ ∈ SX∗ such that

|y∗(y)| = 1, ‖y − x‖ < ε and ‖y∗ − x∗‖ < ε.

To generalize this theorem to operators, Acosta, Aron, García and Maestre introduced the Bishop–Phelps–
Bollobás property. Recall that a pair of Banach spaces (X, Y ) is said to have the Bishop–Phelps–Bollobás 
property (BPBp, for short) when given ε > 0, there exists η(ε) > 0 such that whenever T ∈ L(X, Y ) with 
‖T‖ = 1 and x0 ∈ SX are such that

‖T (x0)‖ > 1 − η(ε),

there are S ∈ L(X, Y ) with ‖S‖ = 1 and x1 ∈ SX such that

‖S(x1)‖ = 1, ‖x1 − x0‖ < ε and ‖S − T‖ < ε.

In this case, we say that the pair (X, Y ) has the BPBp with the function ε �−→ η(ε). In recent years, 
many interesting problems were solved on this topic and so there is an extensive bibliography about it. For 
example, we refer to the papers [1–4,7–9,11,15,17] for more information and background.

In this article, we study a property for a pair of Banach spaces (X, Y ) which insures that it is possible 
to approximate an operator from X into Y by operators which attain their norm at the same point where 
the original operator almost attains its norm.

Definition 1.2. A pair of Banach spaces (X, Y ) is said to have the Bishop–Phelps–Bollobás point property
(BPBpp, for short) if given ε > 0, there exists η(ε) > 0 such that whenever T ∈ L(X, Y ) with ‖T‖ = 1 and 
x ∈ SX satisfy

‖T (x)‖ > 1 − η(ε),

there exists S ∈ L(X, Y ) with ‖S‖ = 1 such that

‖S(x)‖ = 1 and ‖S − T‖ < ε.

In this case, we say that the pair (X, Y ) has the BPBpp with the function ε �−→ η(ε).

Note that the BPBpp is stronger than the BPBp by definition. We also observe that in the definition 
of the BPBpp it is possible to choose T with ‖T‖ ≤ 1 instead of ‖T‖ = 1 by changing the parameters. 
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It is worth mentioning that a dual property, called the uniform strong Bishop–Phelps–Bollobás property 
(uniform sBPBp), was already considered [11]. The difference between that property and the BPBpp is that 
we perturb the operator not the norm attaining point.

Let X, Y and Z be Banach spaces. We denote by B(X × Y, Z) the set of all bilinear mappings from 
X × Y into Z. It is a Banach space equipped with the norm

‖B‖ = sup{‖B(x, y)‖ : x ∈ BX , y ∈ BY }.

Recall that the pair (X × Y, Z) has the Bishop–Phelps–Bollobás property for bilinear mappings (BPBp for 
bilinear mappings, for short) when given ε > 0, there exists η(ε) > 0 such that whenever B ∈ B(X × Y, Z)
with ‖B‖ = 1 and (x0, y0) ∈ SX × SY are such that

‖B(x0, y0)‖ > 1 − η(ε),

there are A ∈ B(X × Y, Z) with ‖A‖ = 1 and (x1, y1) ∈ SX × SY such that

‖A(x1, y1)‖ = 1, ‖x1 − x0‖ < ε, ‖y1 − y0‖ < ε and ‖A−B‖ < ε.

It was proved that the pair (�1 × �1, K) fails the BPBp for bilinear forms [9, Theorem 2] meanwhile the pair 
(�1, �∞) has the BPBp for operators [1, Theorem 4.1]. On the other hand, if X and Y are uniformly convex 
Banach spaces, then the pair (X × Y, Z) has the BPBp for bilinear mappings for any Banach space Z [2, 
Theorem 2.2]. For the bilinear case, we introduce the following stronger property.

Definition 1.3. We say that a pair of Banach spaces (X, Y ) has the Bishop–Phelps–Bollobás point property 
for bilinear mappings (BPBpp for bilinear mappings, for short) if given ε > 0, there exists η(ε) > 0 such 
that whenever B ∈ B(X × Y, Z) with ‖B‖ = 1 and (x0, y0) ∈ SX × SY satisfy

‖B(x0, y0)‖ > 1 − η(ε),

there exists A ∈ B(X × Y, Z) with ‖A‖ = 1 such that

‖A(x0, y0)‖ = 1 and ‖A−B‖ < ε.

In this case, we say that the pair (X × Y, Z) has the BPBpp for bilinear mappings with the function 
ε �−→ η(ε). When Z = K, we just say that the pair (X × Y, K) has the BPBpp for bilinear forms.

Now we summarize the results in this paper. In section 2, we study the BPBpp for operators. We prove 
first that the pair (X, K) has the BPBpp if and only if X is a uniformly smooth Banach space. Also, if we 
assume that X is a uniformly smooth Banach space and Y has the property β, then the pair (X, Y ) has the 
property. When H is a Hilbert space, we show that a pair (H, Y ) has the BPBpp for any Banach space Y . 
Another positive result appears when we assume that X is uniformly smooth and A is a uniform algebra. 
It is proved also that in some cases the property in preserved by direct sums. We finish this section by 
showing that there exists a 2-dimensional uniformly smooth real Banach space X such that the pair (X, Y )
fails the BPBpp for some Banach space Y .

In section 3, we deal with the BPBpp for bilinear mappings. We prove that if X is a uniformly smooth 
Banach space and H is a Hilbert space then the pair (X ×H, K) has the BPBpp for bilinear forms if and 
only if the pair (X, H∗) has the BPBpp for operators. Hence, the pair (H1 × H2, K) has the BPBpp for 
bilinear forms for all Hilbert spaces H1 and H2. Also we prove that if H1 and H2 are Hilbert spaces and 
Z has the property β, then the pair (H1 × H2, Z) has the property. We finish the paper by showing that 
the pair (H1 ×H2, C(K)) has the BPBpp for compact bilinear mappings whenever H1 and H2 are Hilbert 
spaces and K is a compact Hausdorff topological space.
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2. The Bishop–Phelps–Bollobás point property for operators

In this section, we study the operator version of the BPBpp for a pair of Banach spaces (X, Y ). First, 
we deal with the scalar valued case, when Y = K. In this case the property can be rewritten as follows. The 
pair (X, K) has BPBpp if and only if for a given ε > 0, there exists η(ε) > 0 such that whenever x∗

0 ∈ SX∗

and x0 ∈ SX satisfy |x∗
0(x0)| > 1 − η(ε), there exists x∗

1 ∈ SX∗ such that |x∗
1(x0)| = 1 and ‖x∗

1 − x∗
0‖ < ε.

We give a characterization for the uniformly smooth Banach space via the BPBpp as in [15, Theorem 2.1]
which gives a characterization for uniformly convex Banach spaces via the uniform sBPBp [11, Definition 3]. 
A Banach space X is said to be uniformly smooth if the limit

lim
t→0

‖z + tx‖ − 1
t

(2.1)

exists uniformly for all x ∈ BX and z ∈ SX . We recall also that every uniformly smooth Banach space is 
reflexive and X is uniformly smooth if and only if X∗ is uniformly convex. Recall that a Banach space X is 
said to be uniformly convex if given ε > 0, there exists a positive real number δ(ε) > 0 such that whenever 
x1, x2 ∈ SX are such that 

∥∥x1+x2
2

∥∥ > 1 − δ(ε), then ‖x1 − x2‖ < ε. In what follows we use the ideas from 
[18, Proposition 4.10]. By [13, Theorem V.9.5, p. 447] we have that

lim
t→0+

‖z + tx‖ − 1
t

= max{Re z∗(x) : ‖z∗‖ = z∗(z) = 1}. (2.2)

Proposition 2.1. The Banach space X is uniformly smooth if and only if the pair (X, K) has the BPBpp.

Proof. Suppose that X is uniformly smooth. Then X∗ is uniformly convex. So, given ε > 0, x∗
0 ∈ BX∗ and 

x0 ∈ SX such that |x∗
0(x0)| = |x0(x∗

0)| > 1 − η(ε), there exists x∗
1 ∈ SX∗ such that |x0(x∗

1)| = |x∗
1(x0)| = 1

and ‖x∗
1 − x∗

0‖ < ε [15, Theorem 2.1]. This proves that (X, K) has the BPBpp.
Conversely, let ε > 0 and consider η(ε) > 0 be the function in the definition of the BPBpp for the 

pair (X, K). We prove that the limit (2.1) exists uniformly for all x ∈ BX and z ∈ SX . Let x ∈ BX , 
z ∈ SX and 0 < t < η(ε)

2 . Define xt := z+tx
‖z+tx‖ ∈ SX and take x∗

t ∈ SX∗ to be such that x∗
t (xt) = 1. Since 

x∗
t (z) = ‖z + tx‖ − tx∗

t (x), we have that Rex∗
t (z) > ‖z‖ − 2t‖x‖ > 1 − η(ε). From the assumption that the 

pair (X, K) has the property, there exists z∗t ∈ SX∗ such that Re z∗t (z) = 1 and ‖z∗t − x∗
t ‖ < ε. Now by the 

definition of the element xt and by (2.2) we have, respectively, that

‖z + tx‖ − 1
t

= x∗
t (z + tx) − 1

t
≤ Rex∗

t (x) and lim
t→0+

‖z + tx‖ − 1
t

≥ Re z∗t (x).

Hence, we have

0 ≤ ‖z + tx‖ − 1
t

− lim
t→0+

‖z + tx‖ − 1
t

≤ Rex∗
t (x) − Re z∗t (x) ≤ ‖x∗

t − z∗t ‖ < ε.

This proves that X is uniformly smooth. �
Remark 2.2. We observe that we may take x∗

0 in BX∗ instead of SX∗ in the proof of Proposition 2.1, thanks 
to [15, Theorem 2.1]. So we can rewrite this result like this: X is a uniformly smooth Banach space if and 
only if given ε > 0, there is η(ε) > 0 such that if x∗

0 ∈ BX∗ and x0 ∈ SX are such that |x∗
0(x0)| > 1 − η(ε), 

then there exists x∗
1 ∈ SX∗ satisfying |x∗

1(x0)| = 1 and ‖x∗
1 − x∗

0‖ < ε.
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As a consequence of Proposition 2.1, we have the following examples.

(a) If H is a Hilbert space, then the pair (H, K) has the BPBpp.
(b) The pair (Lp(μ), K) has the BPBpp for a σ-finite measure μ and 1 < p < ∞.

Now we start to treat the vector valued case.

Proposition 2.3. Let X be a Banach space. Suppose that there is some Banach space Y such that the pair 
(X, Y ) has the BPBpp. Then X is uniformly smooth.

Proof. Assume that a pair (X, Y ) has BPBpp and for ε > 0, let η(ε) > 0 be the function in the definition 
of the BPBpp. We only need to show that the pair (X, K) has the property because of Proposition 2.1. Let 
x∗

0 ∈ SX∗ and x0 ∈ SX be such that

Rex∗
0(x0) > 1 − η

(ε
2

)
.

Define T : X −→ Y by T (x) := x∗
0(x)y0 for any fixed y0 ∈ SY . Since ‖T‖ = ‖x∗

0‖ = 1 and ‖T (x0)‖ > 1 −η( ε2 ), 
there exists S ∈ L(X, Y ) with ‖S‖ = 1 such that ‖S(x0)‖ = 1 and ‖S − T‖ < ε

2 . Take y∗0 ∈ SY ∗ so that 
Re y∗0(S(x0)) = |y∗0(S(x0))| = ‖S(x0)‖ = 1 and define x∗

1 := S∗y∗0 ∈ X∗. Then we see that

1 ≥ ‖x∗
1‖ ≥ Rex∗

1(x0) = ReS∗y∗0(x0) = Re y∗0(S(x0)) = 1.

Hence x∗
1 ∈ SX∗ and it attains its norm at x0. It remains to prove that ‖x∗

1 − x∗
0‖ < ε. By using that 

‖S − T‖ < ε
2 , we get that

‖x∗
1 − y∗0(y0)x∗

0‖ = ‖x∗
1 − T ∗y∗0‖ = ‖S∗y∗0 − T ∗y∗0‖ ≤ ‖S∗ − T ∗‖ <

ε

2

and since Rex∗
1(x0) = 1,

Re(1 − y∗0(y0)) ≤ Re(x∗
1(x0) − y∗0(y0)x∗

0(x0)) ≤ ‖x∗
1 − y∗0(y0)x∗

0‖ <
ε

2 .

These two inequalities imply that

‖x∗
1 − x∗

0‖ ≤ ‖x∗
1 − y∗0(y0)x∗

0‖ + ‖y∗0(y0)x∗
0 − x∗

0‖ < ε.

This proves that the pair (X, K) has the BPBpp as desired. �
In particular, all the pairs (X, Y ) whenever X is not uniformly smooth, for example X = c0 or X = �1, 

do not have the BPBpp for any Banach space Y . Because of that from now on we have to assume that the 
domain space X is uniformly smooth in order to get more pairs satisfying the property.

In the next result, we prove that for such X whenever Y has the property β, the pair (X, Y ) satisfies 
the BPBpp. To do so, we use similar arguments to [1, Theorem 2.2] and [17, Theorem 4.1]. Recall that a 
Banach space Y is said to have the property β with constant 0 ≤ ρ < 1 if there are sets {yi : i ∈ Λ} ⊂ SY

and {y∗i : i ∈ Λ} ⊂ SY ∗ such that

(i) y∗i (yi) = 1 for all i ∈ Λ,
(ii) |y∗i (yj)| ≤ ρ < 1 for all i, j ∈ Λ with i 
= j,
(iii) ‖y‖ = supi∈Λ |y∗i (y)| for all y ∈ Y .



1744 S. Dantas et al. / J. Math. Anal. Appl. 444 (2016) 1739–1751
Notice that c0(Λ) and �∞(Λ) are the most typical examples with property β. By [1, Theorem 2.2] we have 
that if Y satisfies the property β then the pair (X, Y ) has the BPBp for any Banach space X. We have the 
analogous result for the BPBpp.

Proposition 2.4. Let X and Y be Banach spaces. Assume that X is uniformly smooth and that Y has the 
property β. Then the pair (X, Y ) has the BPBpp.

Proof. Let ε > 0 be given. Proposition 2.1 says that there exists a positive real number η(ε) > 0 such that 
whenever x∗

0 ∈ BX∗ and x0 ∈ SX satisfy |x∗
0(x0)| > 1 − η(ε), there is x∗

1 ∈ SX∗ such that |x∗
1(x0)| = 1 and 

‖x∗
1 − x∗

0‖ < ε. Choose ξ > 0 such that

1 + ρ
(ε

4 + ξ
)
<

(
1 + ε

4

)
(1 − ξ). (2.3)

This gives that ξ < ε
4 . Let T ∈ L(X, Y ) with ‖T‖ = 1 and x0 ∈ SX be such that ‖T (x0)‖ > 1 − η(ξ). Since 

Y has the property β, there exists some α0 ∈ Λ such that y∗α0
(T (x0)) = (T ∗y∗α0

)(x0) > 1 − η(ξ). So there is 
x∗

1 ∈ SX∗ such that |x∗
1(x0)| = 1 and ‖x∗

1 − T ∗y∗α0
‖ < ξ. Define S : X −→ Y by

S(x) := T (x) +
[(

1 + ε

4

)
x∗

1(x) − T ∗y∗α0
(x)

]
yα0 (x ∈ X).

Then ‖S − T‖ < ε
4 + ξ < ε

2 . Also, we have

S∗y∗ = T ∗y∗ + y∗(yα0)
[(

1 + ε

4

)
x∗

1 − T ∗y∗α0

]
(y∗ ∈ Y ∗) .

Note that ‖S‖ = supα∈Λ ‖S∗y∗‖. On the one hand, we have that ‖S∗y∗α0
‖ = 1 + ε

4 and on the another hand, 
for α 
= α0, we have that

‖S∗y∗α‖ ≤ 1 + ρ
(ε

4 + ξ
)
<

(
1 + ε

4

)
(1 − ξ) < 1 + ε

4 .

This shows that S∗ attains its norm at y∗α0
∈ SY ∗ and consequently ‖S(x0)‖ = ‖S‖. So if U := S

‖S‖ , then 
‖U(x0)‖ = 1 and ‖U − T‖ < 2‖S − T‖ < ε. Thus the pair (X, Y ) has the BPBpp. �

As a consequence of Proposition 2.4, we have the following examples.

(a) If H is a Hilbert space, then the pairs (H, c0) and (H, �∞) have the BPBpp.
(b) The pairs (Lp(μ), c0) and (Lp(μ), �∞) have the BPBpp for a σ-finite measure μ and 1 < p < ∞.

When the domain is a Hilbert space we get a stronger result as it is showed in the next result.

Theorem 2.5. Let H be a Hilbert space and let Y be any Banach space. Then the pair (H, Y ) has the BPBpp.

Proof. Let H be a Hilbert space and let ε > 0 be given. Since H is uniformly convex, the pair (H, Y ) has 
the BPBp for all Banach spaces Y (see [15, Theorem 3.1] or [2, Corollary 2.3]). Hence, there exists some 
function ε �−→ η(ε) satisfying the BPBp for this pair. Let T ∈ L(H, Y ) with ‖T‖ = 1 and h0 ∈ SH be such 
that

‖T (h0)‖ > 1 − η
(ε

2

)
.

Then there are S̃ ∈ L(H, Y ) with ‖S̃‖ = 1 and h̃0 ∈ SH satisfying that
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‖S̃(h̃0)‖ = 1, ‖S̃ − T‖ <
ε

2 and ‖h0 − h̃0‖ <
ε

2 .

Since H is Hilbert, there is a linear isometry R : H −→ H with ‖R‖ = 1 such that

R(h0) = h̃0 and ‖R− IdH‖ <
ε

2 .

Define S := S̃ ◦R : H −→ Y . Then ‖S‖ ≤ 1 and

‖S(h0)‖ = ‖S̃(R(h0))‖ = ‖S̃(h̃0)‖ = 1.

So ‖S‖ = ‖S(h0)‖ = 1. Moreover,

‖S − T‖ ≤ ‖S̃ ◦R− S̃‖ + ‖S̃ − T‖ ≤ ‖R− IdH‖ + ε

2 < ε.

This proves that the pair (H, Y ) has the BPBpp as desired. �
Remark 2.6. In Theorem 2.5, we used the fact that Hilbert space H has transitive norm, i.e. for any fixed 
two norm 1 points x, y there exists an isometry R : H −→ H such that R(x) = y. Moreover, the other fact 
that we used is that if ‖x −y‖ is small, then R can be chosen so that ‖R−IdH‖ is also small. Concerning the 
transitivity, it is shown [14] that for homogeneous and non-σ-finite measure μ, Lp(μ) has transitive norm 
when 1 ≤ p < ∞ and p 
= 2. However, it is not possible to guarantee that the isometry used in [14] is close 
to the identity operator when the fixed two points are close. We don’t know how to extend Theorem 2.5 to 
Lp(μ) spaces.

Let K be a compact Hausdorff topological space. We denote by C(K) the space of all continuous functions 
defined on K and ‖ . ‖∞ denotes the supremum norm on this space. A uniform algebra is a ‖ . ‖∞-closed 
subalgebra A ⊂ C(K) endowed with the supremum norm that separates the points of K. It is known that 
the pair (X, C(K)) has the BPBp whenever X is an Asplund space [3, Corollary 2.6] and it was extended 
for the pair (X, A) when A is a uniform algebra [7, Theorem 3.6]. We use the ideas from those results to 
prove that the pair (X, A) has the BPBpp whenever X is a uniformly smooth Banach space and A is a 
uniform algebra.

Theorem 2.7. Let X be a uniformly smooth Banach space and A be a uniform algebra. The pair (X, A) has 
the BPBpp.

Proof. Indeed, adapt [7, Lemma 3.5] by using Proposition 2.1 instead of the Bishop–Phelps–Bollobás theo-
rem. Then apply it in [7, Theorem 3.6]. Since every uniformly smooth space is reflexive and every operator 
from a reflexive space into A is Asplund, the result follows. �

We have the following consequence.

Corollary 2.8. Let X be a uniformly smooth Banach space and let K be a compact Hausdorff topological 
space. Then the pair (X, C(K)) has the BPBpp.

Next we study the property on direct sums.

Proposition 2.9. Let X be a uniformly smooth Banach space and let {Yj : j ∈ J} be an arbitrary family of 
Banach spaces.
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(a) The pairs 
(
X,

(⊕
j∈J Yj

)
�∞

)
and 

(
X,

(⊕
j∈J Yj

)
c0

)
have the BPBpp if and only if, for all j ∈ J , 

the pair (X, Yj) satisfies it with a common function η(ε) > 0.

(b) If the pair 
(
X,

(⊕
j∈J Yj

)
�1

)
has the BPBpp, then the pair (X, Yj) satisfies it as well for all j ∈ J .

Proof. For (a), use [4, Proposition 2.4] adapting it for our property. For (b), do the same by using [4, 
Proposition 2.7]. �

We do not know if the converse of Proposition 2.9 (b) is true even for finite sums. We finish this section 
by commenting that there are 2-dimensional uniformly smooth Banach spaces X such that the pair (X, Y )
fails the BPBpp for some Banach space Y .

Example 2.10. It is proved in [15, Corollary 3.3] that a 2-dimensional real Banach space X is uniformly 
convex if and only the pair (X, Y ) has the BPBp for all Banach spaces Y . Let X0 be a 2-dimensional 
Banach space which is uniformly smooth but not strictly convex. Then, there is a Banach space Y0 such 
that the pair (X0, Y0) fails the BPBp and so it can not satisfy the BPBpp either.

3. The Bishop–Phelps–Bollobás point property for bilinear mappings

In this section our goal is to provide some results about the Bishop–Phelps–Bollobás point property for 
bilinear mappings. It is not difficult to see that the BPBpp for bilinear mappings implies the BPBp for 
bilinear mappings. Note by a routinely change of parameters that we may consider B ∈ B(X × Y, Z) with 
‖B‖ ≤ 1 instead of ‖B‖ = 1 in Definition 1.3 (we will use this in Theorem 3.3). It is worth to mention that 
the pair (�1 × �1, K) fails the BPBpp for bilinear forms since it fails the BPBp for bilinear forms.

Our first result gives a partial characterization for the pair (X × Y, K) to have the BPBpp for bilinear 
forms. It was proved in [2, Proposition 2.4] (and independently in [10, Theorem 1.1]) that if Y is a uniformly 
convex Banach space then the pair (X×Y, K) has the BPBp for bilinear forms if and only if the pair (X, Y ∗)
has the BPBp for operators. We will do the same to our property but assuming now that Y is a Hilbert 
space. It is easy to check that if the pair (X × Y, K) has the BPBp for bilinear forms then the pair (X, Y ∗)
has the BPBp for operators by using the natural identification between the Banach spaces B(X×Y, K) and 
L(X, Y ∗). The same happens in our case. So we have to prove the converse. That is what we do in the next 
result.

Theorem 3.1. Let X be a uniformly smooth Banach space and let H be a Hilbert space. Then the pair 
(X×H, K) has the BPBpp for bilinear forms if and only if the pair (X, H∗) has the BPBpp (for operators).

Proof. Let ε > 0 be given. Assume that the pair (X, H∗) has the BPBpp for operators with η(ε) > 0. 
Consider δH(ε) > 0 the modulus of uniform convexity of H. Let B : X ×H −→ K be a bilinear form with 
‖B‖ = 1 and (x0, h0) ∈ SX × SH be such that

ReB(x0, h0) > 1 − min {δH(ε), η(δH(ε))} .

Define the bounded linear operator T : X → H∗ by T (x)(h) := B(x, h) for all x ∈ X and h ∈ H. Then 
‖T‖ = ‖B‖ = 1 and

‖T (x0)‖ ≥ ReT (x0)(h0) = ReB(x0, h0) > 1 − η(δH(ε)).

There exists S ∈ L(X, H∗) with ‖S‖ = 1 such that
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‖S(x0)‖ = 1 and ‖S − T‖ < δH(ε) < 2ε.

Let h1 ∈ SH be such that Reh1(S(x0)) = ReS(x0)(h1) = ‖S(x0)‖ = 1. We prove that ‖h0 − h1‖ < ε. Note 
first that since

δH(ε) > ‖S − T‖ ≥ ReT (x0)(h0) − ReS(x0)(h0) > 1 − δH(ε) − ReS(x0)(h0),

ReS(x0)(h0) > 1 − 2δH(ε). Then
∥∥∥∥h0 + h1

2

∥∥∥∥ ≥ Re
(
S(x0)(h0) + S(x0)(h1)

2

)
>

1 − 2δH(ε) + 1
2 = 1 − δH(ε).

So ‖h0−h1‖ < ε as desired. Since H is Hilbert, we can find a linear isometry R : H −→ H with ‖R‖ = 1 such 
that R(h0) = h1 and ‖R−IdH‖ < ε. We define the bilinear form A : X×H −→ K by A(x, h) := S(x)(R(h))
for all (x, h) ∈ X ×H. Then ‖A‖ ≤ 1 and |A(x0, h0)| = |S(x0)(R(h0))| = |S(x0)(h1)| = ReS(x0)(h1) = 1. 
So ‖A‖ = |A(x0, h0)| = 1. Moreover, for all (x, h) ∈ SX × SH , we have that

|A(x, h) −B(x, h)| ≤ |S(x)(R(h)) − S(x)(h)| + |S(x)(h) − T (x)(h)|
≤ ‖R− IdH‖ + ‖S − T‖
< 3ε.

Since (x, h) ∈ SX × SH is arbitrary, we get that ‖A − B‖ < 3ε. This shows that the pair (X ×H, K) has 
the BPBpp for bilinear forms. �

As a consequence of Theorem 3.1, we have the following corollary.

Corollary 3.2. Let H1 and H2 be Hilbert spaces. Then the pair (H1 × H2, K) has the BPBpp for bilinear 
forms.

Proof. The pair (H1, H∗
2 ) has the BPBpp by Theorem 2.5. Hence, Theorem 3.1 gives the desired result. �

In the following, when the range space has the property β, we get a positive result as in the operator 
case.

Theorem 3.3. Let X, Y and Z be Banach spaces. Suppose that the pair (X×Y, K) has the BPBpp for bilinear 
forms and that Z has the property β. Then the pair (X × Y, Z) has the BPBpp for bilinear mappings.

Proof. Suppose that Z has property β with constant ρ ∈ [0, 1) and sets {zα : α ∈ Λ} ⊂ SZ and {z∗α :
α ∈ Λ} ⊂ SZ∗ . Let ε > 0 be given and consider ξ > 0 satisfying (2.3) in Proposition 2.4. Let B ∈ B(X×Y, Z)
with ‖B‖ = 1 and (x0, y0) ∈ SX × SY be such that

‖B(x0, y0)‖ > 1 − η(ξ),

where η(ε) > 0 is the constant for the pair (X × Y, K) which we are assuming to have the BPBpp. There 
exists some α0 ∈ Λ such that

Re(z∗α0
◦B)(x0, y0) = Re z∗α0

(B(x0, y0)) > 1 − η(ξ).

Then there exists Ã ∈ B(X × Y, K) with ‖Ã‖ = 1 such that
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|Ã(x0, y0)| = 1 and ‖Ã− (z∗α0
◦B)‖ < ξ.

Define A : X × Y −→ Z by

A(x, y) := B(x, y) +
[(

1 + ε

4

)
Ã(x, y) − (z∗α0

◦B)(x, y)
]
zα0

for all (x, y) ∈ X × Y . Notice that for all α ∈ Λ and (x, y) ∈ X × Y , we have

z∗α(A(x, y)) = z∗α(B(x, y)) + z∗α(zα0)
[(

1 + ε

4

)
Ã(x, y) − (z∗α0

◦B)(x, y)
]
.

So if α = α0, then z∗α0
(A(x, y)) =

(
1 + ε

4
)
Ã(x, y) and this implies that |z∗α0

(A(x, y))| ≤ 1 + ε
4 . On the other 

hand, if α 
= α0, then

|z∗α(A(x, y))| ≤ 1 + ρ
(ε

4 + ξ
)
<

(
1 − ε

4

)
(1 − ξ) < 1 + ε

4 .

Since |z∗α0
(A(x0, y0))| = 1 + ε

4 , ‖A‖ = ‖A(x0, y0)‖. Also, we have that ‖B −A‖ < ε
4 + ξ < ε. So if C := A

‖A‖
then we have that ‖C(x0, y0)‖ = 1 and ‖C −B‖ < 2ε, proving that the pair (X × Y, Z) has the BPBpp for 
bilinear mappings. �

As a consequence of Theorem 3.3, we have the following corollary.

Corollary 3.4. Let H1 and H2 be Hilbert spaces and let Z be a Banach space with the property β. Then the 
pair (H1 ×H2, Z) has the BPBpp for bilinear mappings.

Proof. This is just a combination of Corollary 3.2 and Theorem 3.3. �
Let us now consider compact bilinear mappings. Let X, Y and Z be Banach spaces. We say that the 

bilinear mapping B : X × Y −→ Z is compact if B(BX × BY ) ⊂ Z is precompact in Z. We denote 
by K(X × Y, Z) the set of all compact bilinear mappings from X × Y into Z. We define the BPBpp for 
compact bilinear mappings by using just compact bilinear mappings in Definition 1.3. Indeed, we consider 
compact bilinear mappings A and B in that definition. Our aim in the next lines is to prove that the pair 
(H1 × H2, C(K)) has the BPBpp for compact bilinear mappings whenever H1 and H2 are Hilbert spaces 
and K is a compact Hausdorff topological space. First, we prove two auxiliary results and our promised one 
will be a consequence of them.

For a function ϕ : K −→ B(X × Y, K), we say that ϕ is τp-continuous if the mapping t �−→ ϕ(t)(x, y) is 
continuous on K for each (x, y) ∈ X×Y . In the next lemma, we prove that there exists a natural (isometric) 
identification between the spaces B(X × Y, C(K)) and the space of all τp-continuous functions from K into 
B(X × Y, K) endowed with the supremum norm ‖ϕ‖ = supt∈K ‖ϕ(t)‖.

Proposition 3.5. [13, Theorem 1, p. 490] Let X and Y be Banach spaces. Let K be a compact Hausdorff 
topological space. Then,

(i) there exists an isomorphic isometry between B(X×Y, C(K)) and the set of all τp-continuous functions 
from K into B(X × Y, K) and

(ii) the subspace K(X × Y, C(K)) of all compact bilinear mappings from X × Y into C(K) corresponds to 
the set of all norm-continuous functions.
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Proof. We first prove (i). Let B ∈ B(X × Y, C(K)) and define ϕ : K −→ B(X × Y, K) by the relation

ϕ(t)(x, y) := B(x, y)(t) (t ∈ K and (x, y) ∈ X × Y ) . (3.1)

Then the function t �−→ ϕ(t)(x, y) is continuous on K for each (x, y) ∈ X × Y since B(x, y) ∈ C(K)
for each (x, y) ∈ X × Y . Conversely, if ϕ : K −→ B(X × Y, K) is a τp-continuous function, we define 
B ∈ B(X × Y, C(K)) as in (3.1) and it is not difficult to see that B is a continuous bilinear mapping such 
that ‖B‖ = ‖ϕ‖.

Now we prove (ii). Let B : X × Y −→ C(K) be a compact bilinear mapping. Consider ϕ : K −→
B(X×Y, K) defined by (3.1). We prove that t �−→ ϕ(y)(x, y) = B(x, y)(t) is norm-continuous. Let (tα)α ⊂ K

be such that tα −→ t0 ∈ K. Then

‖ϕ(tα) − ϕ(t)‖ = sup
(x,y)∈BX×BY

|ϕ(tα)(x, y) − ϕ(t0)(x, y)|

= sup
(x,y)∈BX×BY

|B(x, y)(tα) −B(x, y)(t0)| −→ 0

since B(BX × BY ) ⊂ C(K) is equicontinuous and bounded by the Arzelà–Ascoli theorem for C(K) [13, 
Theorem 7, p. 266]. This shows that t �−→ ϕ(t)(x, y) is norm-continuous for all (x, y) ∈ X×Y . On the other 
hand, let ϕ : K −→ B(X × Y, K) be a norm-continuous function. Define again B : X × Y −→ C(K) by 
the relation (3.1). Given ε > 0 and t0 ∈ K, there exists a neighborhood Ut0 of t0 such that if t ∈ Ut0 , then 
‖ϕ(t) − ϕ(t0)‖ < ε. So

sup
(x,y)∈BX×BY

|B(x, y)(t) −B(x, y)(t0)| = sup
(x,y)∈BX×BY

|ϕ(t)(x, y) − ϕ(t0)(x, y)|

= ‖ϕ(t) − ϕ(t0)‖ < ε.

Hence if t ∈ Ut0 , then |B(x, y)(t) − B(x, y)(t0)| < ε for all (x, y) ∈ BX × BY . This shows that the set 
B(BX × BY ) is equicontinuous in C(K) and since this set is already bounded, we may conclude that B is 
a compact bilinear mapping. �

In order to show that the pair (H1 ×H2, C(K)) has our property for compact bilinear mappings, we will 
prove first that it is possible to carry the property from the pair (X×Y, K) to the pair (X×Y, C(K)) by using 
Proposition 3.5. It is worth mentioning that this result is already known for the Bishop–Phelps–Bollobás 
property for compact operators by using a different technique that the one that we are using in here [12, 
Theorem 3.15(c)].

Theorem 3.6. Let X and Y be Banach spaces. Let K be a compact Hausdorff topological space. Suppose that 
the pair (X × Y, K) has the BPBpp for bilinear forms. Then the pair (X × Y, C(K)) has the BPBpp for 
compact bilinear mappings.

Proof. Given ε > 0, we consider η(ε) > 0 the BPBpp constant for the pair (X × Y, K). Let B ∈ K(X × Y,

C(K)) with ‖B‖ = 1 and (x0, y0) ∈ SX ×SY be such that ‖B(x0, y0)‖∞ > 1 − η
(
ε
2
)
. Now define ϕ : K −→

B(X × Y, K) by the relation (3.1). Since B is compact, ϕ is norm-continuous by using Proposition 3.5. 
Consider t0 ∈ K such that

|ϕ(t0)(x0, y0)| = |B(x0, y0)(t0)| > 1 − η
(ε

2

)
.

Then there is B̃ ∈ B(X × Y, K) with ‖B̃‖ = 1 such that
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|B̃(x0, y0)| = 1 and ‖B̃ − ϕ(t0)‖ <
ε

2 .

Consider the retraction r : B(X × Y, K) −→ BB(X×Y,K) defined for C ∈ B(X × Y, K) by

r(C) := C if ‖C‖ ≤ 1 and r(C) := 1
‖C‖C if ‖C‖ ≥ 1.

Now define the norm-continuous map ψ : K −→ B(X × Y, K) by

ψ(t) := r(ϕ(t) + B̃ − ϕ(t0)) (t ∈ K).

Then ψ(t0) = r(B̃) = B̃. Now consider A : X × Y −→ C(K) defined by A(x, y)(t) := ψ(t)(x, y) for every 
t ∈ K and (x, y) ∈ X × Y . Then A ∈ K(X × Y, C(K)) with ‖A‖ ≤ 1 and

1 ≥ ‖A‖ ≥ ‖A(x0, y0)‖∞ ≥ |A(x0, y0)(t0)| = |ψ(t0)(x0, y0)| = |B̃(x0, y0)| = 1.

Then ‖A‖ = ‖A(x0, y0)‖∞ = 1. It remains to prove that ‖A −B‖ < ε. To prove this, note first note that if 
C ∈ B(X × Y, K) is such that 1 ≤ ‖C‖ ≤ 1 + ε

2 , then

‖r(C) − C‖ =
∥∥∥∥ 1
‖C‖C − C

∥∥∥∥ = ‖C‖ − 1 ≤ ε

2

and then

‖A−B‖ = sup
t∈K

‖ψ(t) − ϕ(t)‖

= sup
t∈K

‖r(ϕ(t) + B̃ − ϕ(t0)) − (ϕ(t) + B̃ − ϕ(t0)) + B̃ − ϕ(t0)‖

≤ ε

2 + ‖B̃ − ϕ(t0)‖ < ε.

This proves that the pair (X × Y, C(K)) has the BPBpp for bilinear mappings. �
Corollary 3.7. Let H1 and H2 be Hilbert spaces and let K be a compact Hausdorff topological space. Then 
the pair (H1 ×H2, C(K)) has the BPBpp for compact bilinear mappings.

Proof. The proof is just a combination of Corollary 3.2 and Theorem 3.6. �
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