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to so-called flat-limits. Previously it had been shown that the classical Paley—Wiener
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functions can be recovered by such cardinal interpolations as the parameter tends
to infinity. In this article, we extend the results by relaxing the requirements on the

geifﬁggiliﬁterpolation approximand functions from several points of view. The radial basis functions that
Radial basis function we are concerned with and which are of special interest contain the celebrated
Band limited multiquadrics, inverse multiquadrics and shifted thin-plate spline radial basis
Multiquadric functions for instance. We also generalise the classes of admitted approximands

as well as the radial basis functions to generalised multiquadrics in place of the
well-known ordinary or for example inverse multiquadrics. An interesting analytical
aspect of this work is that — unlike the classical Whittaker—Shannon theorem —
functions (approximands) may be reproduced for the parameter ¢ — oo in the
generalised multiquadrics cardinal approximands, where the usual Shannon series
does not converge with theses approximands due to the slow decay of the sinc-
function which does not allow e.g. polynomials as approximands. In contrast to
the latter, the generalised multiquadrics cardinal functions employed here decay
sufficiently fast for each fixed parameter ¢ that even polynomials may be admitted
as approximands and are reproduced when then the parameter tends to infinity.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Approximation and interpolation in multiple dimensions of d-variable functions and data by computa-
tionally simpler expressions is a task that is often addressed for instance by using linear combinations of
shifts of a single kernel function. This is because the computation of the aforementioned approximant or
interpolant is greatly simplified in this way especially when the said kernel function has certain symmetries
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for example. Especially in high dimensions d > 1, one type of symmetry is resulting from using a radially
symmetric kernel (]| - ||) : R — R. Here and anywhere else the norm || - || is Euclidean and the radial part
¢ : Ry — R is called the radial basis function.

Various different approaches to approximate the approximand f may be taken. When going back to the
radial basis functions, for instance one may work by varying on the positions of the shifts — here called centres
because of the radial symmetry about them — and among them we wish to study cardinal interpolation on
equally spaced data. Indeed, the problem of interpolating to a multivariate function on an integer grid using
the radial basis function ¢ : Ry — R is formulated classically in the following way: given the continuous
function f : R? — R (the approximand), find a set of real coefficients {dj }1cze such that

If(x) =Y dwp(lz—k[), weR?,

kezd

is well-defined (the sum converges at a minimum quadratically, that is, in the £2-sense and not, e.g., uniform,
thus we may not in certain cases evaluate pointwise everywhere) and agrees with f everywhere on Z<.
Alternatively, and this is our approach here, we may initially try to find coefficients {cj}ecz¢ such that the
so-called cardinal function

x@) =Y apllz—k), xR (1.1)
kezd

is an absolutely pointwise with respect to « convergent sum with the cardinality conditions x(j) = do,; for
all multi-integers j € Z¢, where § is the Dirac functional, that is, 0sp =1if s=tand 65+ =0if s #¢. We
then set

If(z)= > flk)x(z—k), weR? (1.2)

kezd

whenever the approximant’s sum (1.2) converges absolutely with respect to x or at a minimum in an
L?-sense. In the latter case we may be unable to evaluate pointwise but may consider the error

1f = Ifll2

nonetheless.

This approach provides a useful and flexible family of approximants for many choices of ¢. For instance,
the famous multiquadric radial basis function (MQ) ¢(r) = p.(r) = Vr?2 + ¢2, further inverse multiquadrics
(IM)

inverse quadratics (IQ)

which all unify and generalise in

~
900"/(7") = (742 + Cz) ) v ¢ Ly

nonnegative integers are forbidden because they force the radial function composed with the Euclidean
norm to be simply a polynomial of degree 2v in d unknowns. Finally, among the most often used radial
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basis functions are the popular Gaussians (GA) ¢(r) = exp(—(cr)?), the Poisson kernel (1) = exp(—cr)
and shifted thin-plate spline radial basis function (1) = (r? + ¢?) log(r? + ¢2).

However, in this article we will focus mostly on the multiquadrics ¢.(r) = VrZ + 2 with real parameter
c and its aforementioned generalisation for v not a nonnegative integer

per(r) = (12 +¢2) .

In this case, the existence of the cardinal function y = x. defined by (1.1) was confirmed for example by
the first author [3], where it is furthermore proved that for instance beginning in one dimension and for the
multiquadrics proper it is true that at a minimum

xe(@)| = Ozl %) = Ozl ) as |lz] — oo,

with the constant absorbed in O = O, being dependent on ¢ but not on x. This is a first indication that
the convergence of the infinite series for the cardinal interpolants may also be hoped for in the context of
some polynomially increasing approximands f or indeed polynomials p = f of certain degrees themselves.

Continuing now, from the broad theory in Chapter 4 in [4], and when ¢ is not zero, it follows that for
the generalised multiquadrics function we get further decay estimates of

Xe(@)] = Oc(llz]|~7%),  as [lz]| = oo, (1.3)
for 2 € R? so long as 27y + d is an even positive integer, and in all other cases
Xe(@)] = Oc(llz]|757729),  as ||| = oo. (1.4)

Then, a frequently occurring question is whether the limits of interpolants (1.2) will recover the origi-
nal function on the whole space either immediately or indeed asymptotically when the parameter ¢ tends
to infinity — which makes the radial basis functions “increasingly flat” in a term coined by Fornberg and
Larsson [6]. This aspect of radial basis function interpolation and its numerical solution is useful because
it also concerns the numerical problem with ill-conditioned matrices when solving the mentioned interpo-
lation problems for extreme parameters and how to solve the interpolation problems for the interpolation
coeflicients efficiently in the face of this ill-conditioning. An interesting feature of the so-called “flat limits”
is that they are often as simple functions as polynomials. The reproduction of polynomials happens also
in our context, see for instance the last theorem of this section or the polynomial reproduction on infinite
grids by interpolation or quasi-interpolation, see for instance the standard references (but there are many
others) [4] or [3] or [5].

An earlier paper [2] by Baxter gave out certain sufficient conditions on functions f such that (1.2)
uniformly converges to f on R? when the parameter ¢ tends to infinity. More precisely, the result is stated
in the following theorem.

Theorem 1.1. [2] Given a continuous function f € L?(R?), whose square-integrable Fourier transform f 18
compactly supported in [—m, 7|%, so that it is band-limited, then the interpolant

(Lef)(@) =Y fk)xe(x — k), zeR, (1.5)

kezd

is well-defined in L*(R?), where x. denotes the cardinal function for the integer grid using the classical
multiquadric radial function (v = 1/2) with parameter c. Furthermore, it is true that

Please cite this article in press as: M.D. Buhmann, H. Feng, On the convergence of cardinal interpolation by parameterized
radial basis functions, J. Math. Anal. Appl. (2017), http://dx.doi.org/10.1016/j.jmaa.2016.12.029




Doctopic: Applied Mathematics YJMAA:20969

4 M.D. Buhmann, H. Feng / J. Math. Anal. Appl. e e e (e eee) e o e—0oe
lim (I.f)(x) = f(x) (1.6)
c—o0

uniformly for all arguments on R?.

In another recent article [9] by Ledford, the author established the result (see [9, Theorem 2]) with
respect to a relatively general family of basis functions. But in [9] it is still required all approximand
functions satisfying the same conditions. However, Powell [12, Section 5] had pointed out that (1.6) holds
for f(z) = 2?2, which, obviously, as an approximand does not in fact satisfy the conditions of Theorem 1.1.
Therefore, the central purpose of this paper is to extend the uniform approximation property (1.6) by
relaxing the requirements on the approximands much further.

When the approximand is again the sinc-function, this theorem implies that the limit of the cardinal
functions with respect to the ¢ parameter (the “flat limit”) as the parameter ¢ tends to co is the sine-function
pointwise, for this and other radial basis functions as in [9]. Our first main result establishes the uniform
convergence of (1.6) for LP-integrable functions, 1 < p < oo, with limited support of Fourier transforms.
Also, it is shown that such approximation is true under the corresponding derivatives.

Theorem 1.2. Let f € LP(R?), 1 < p < oo, with a Fourier transform f in the distributional sense. If the

radial basis function in use is the generalised multiquadric function and f is supported in [—m, 7]%, we have
that
lim (I.f)(z) = f(x) (1.7)
Cc—» 00
uniformly on R®. More generally, for any o € Z‘fr,
lim 0%(I.f)(x) = 0% f(x) (1.8)

c— 00

uniformly on R, where 0% is a short notation for the partial derivative

olel

g Q2 g
0x{" 0zy* - - - Oxy

d
of order a € Z .

Remarks.

(i) In this sense, . can be seen as a generalisation of the sinc function which provided the famous sampling
theorem (see [7]). However, the sinc function decays far too slowly, so it is not very well localised, and
it has to be used employing the tensor product form in the high dimensional case.

(ii) By Paley—Wiener’s theorem, the functions satisfying the conditions in Theorem 1.2 can be extended
to entire functions of exponential type at most 7. For details, one can refer to [15] and [11].

(iii) The conclusions of Theorem 1.2 are still justified for any radial basis function with its Fourier transform
using the modified Bessel functions K, in the form of

m
R K, (cr)
- (P)eSi
6ulr) = Y1 =
where for each j = 1,...,m, v; being always positive, s; € R4, and g; are univariate functions which

have continuous derivatives with g; and g} possessing at most polynomial growth.
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Notice that when p = oo, (1.6) may not be true. To see this, one can consider f(x) = sin 7 as an example,
which is nonzero but vanishes at every integer. In this view, we turn to establish (1.6) as well for approximand
functions, which are in some special forms-Fourier transform of Borel measure, Fourier—Stieltjes integral and
multivariate polynomials, respectively.

Theorem 1.3. Let f be a multivariate function on R which is band-limited and defined by a Fourier transform
of any Borel measure, that is

f(z) = / exp(iz - u) dpu(u), (1.9)

{_ﬂ'ﬂr]d

where p is a Borel measure on R with u([—m,7|?) < co. The - denotes the usual inner product. Then we
still have for the generalised multiquadric radial basis function

lim (I.f)(x) = f(x)

c—00

uniformly for all x € R?.

Theorem 1.4. Let f be a multivariate function on R? defined by a Fourier-Stieltjes integral, that is

flz) = / exp(iz - u) daq (uy) - - - dag(ug), reRY uw=(uy,... ug), (1.10)

[_ﬂ"ﬂ']d

where each aj(u;), 7 = 1,...,d, is of bounded variation in [—m, 7] with oj(—m 4+ 0) — o (—7) = aj(m) —
aj(m—0). The cardinal interpolation in multiple dimensions using the aforementioned cardinal function x.
with radial basis functions @ey, = (r? + ¢*)Y will then in fact satisfy for all v that are not non-negative
integers

lim (I.f)(z) = f(x)

c— 00

uniformly for all x € R?.

Theorem 1.5. If f is a multivariate polynomial on R® of degree componentwise less than 4y + 3d — 1 when
2v+d is even or 2y+2d—1 for all other cases, it enjoys for the generalised multiquadric function the identity
(1.6) pointwise with an absolutely convergent infinite sum. For a polynomial of degree componentwise less
than 4y 4+ 3d — 1/2 when 2y +d is even or 2y + 2d — 1/2 for all other cases, the same is true in the sense of
L? with a square summable series. So the L?-error of the difference between approzimand and approzimant
vanishes.

We remark that the generalisation also could be seen easily by applying Theorem 1.4 to the example
f(x) = cosma as approximand for which therefore Theorem 1.1, Theorem 1.3 and Theorem 1.5 are not
applicable. Also the observation of Powell [12, Section 5| about f(x) = 2? is justified by Theorem 1.5.

In the papers [2] and [9], the authors essentially accomplished their proofs by applying the limit behaviour
of X¢, the Fourier transform of cardinal function y.. However, in our cases it is no longer enough for the
proofs. Hence, in the next section after recalling some well known facts we will first give an estimate of x..
Then, in particular, taking into account special properties of the modified Bessel functions we gave an
estimate of a sum of x. and its derivatives, which are crucial for the proofs of our main results. Finally, we
will complete that section by proving Theorem 1.2, Theorem 1.3, Theorem 1.4 and Theorem 1.5.
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2. Limit for the parameter of cardinal interpolation with RBF

Again, the radial basis function we consider is called the generalised multiquadric with a parameter ¢ > 0
and a nonzero parameter 7, not a positive integer, where incidentally for positive exponent v also ¢ = 0 is
explicitly allowed,

¥
Yy (1) = (7"2 +c2) , 7>0.

So we now have two parameters in our radial basis function.
As it is well known, the Fourier transform preserves the radial symmetry property; that is, if f is a radial
function on R?, its Fourier transform satisfies that

~ ~

&) =rfm), it el = lnll. &neR™

So for convenience, given a fixed dimension d, we define
Por(r) = @y(2), =zl zeR,

with @ (z) = ey (||z]]). Here and in what follows, we specify the Fourier transform normalised incidentally
as

:/f(x)exp(fixf)d:r, £ eRY (2.1)

So long as we have the classical case v = %, ey can be formulated as

_— _— (2me) HD2K 444y o (cr)
@c*y(r) = Qac,l/2(7a) - ard+1)/2 )

where K(411)/2 is modified Bessel function with degree (d+1)/2. In particular, for the one-dimensional case
with v = 1/2, we have the simple expression

oo

2/exp —c|lz||t)(2 = 1)z dt. (2.2)

1

2K (cllz]l)

ey (1) = @eapz(llel) = 2l

Now, in the general d-dimensional case for v not a nonnegative integer and ¢ > 0,
Py (1) = =2 (y + a2 (2¢/r)1+d/2 sin(my) Ky 4q/2(cr)

which has an integral representation as

oo

o (@12, 2y4+al' (7 + 1) sin(my) /exp —ert)( 71)~/+ tdt, (2.3)

d+1
F ’y+ 1

and for the case ¢ = 0, v > 0, not integral,

= d
Poy(r) =T <7 + 5)1“(1 +7) sin(ww22~/+d7rd/2—1r_27_d.

For further details of above formulae, one can refer to [8] for instance.
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Especially the exponential decay of @, for large argument is essential for our proofs, that is, for 0 <
€]l < ||| in particular

[P (IInlD)] < exp| —c(|lnl| — II€II)} ey (€11 (2.4)

which is in fact a slight generalisation of Lemma 2.1 in [2| and is guaranteed by an asymptotic behaviour
of modified Bessel functions (see [1, 9.7.2]); that is, for any degree v € R,

—T

e
V'

where A ~ B means there is a positive constant 6 independent of z such that 671 A < B < §A. Apart from

Ky(z) ~ T — 400, (2.5)

this, we need two more facts on modified Bessel functions. Namely,

me 1
K, >\ =, , > =, 2.
@232 w50 b2 26
and the formulas for derivatives (see for instance [1, 9.6.28]), that is
d K, K,
dBG) __KEnE) ¢ (2.7)

dz zv zZv

Furthermore, due to [3], with respect to the generalised multiquadric radial function again, the cardinal
function defined by (1.1) in R? exists, and its Fourier transform is given by

- el
) = 5 Bl + 2xtl) 25

where the sum is taken over all d-dimensional multi-integers ¢. Based on this, the following two lemmas

provide us with further details about the cardinal function x. and its Fourier transform.
Lemma 2.1. For any u € (—m,7),
1= Re(u)] < emelml, (2.9)
and for u € R\ [—m, 7], say u=C + 27k with k > 1 and ¢ € (-7, 7),
IRe(u)] < e 4 emedm=l, (2.10)

Remarks.

(i) Lemma 2.1 can be seen as a deeper characterisation of Proposition 2.2 in [2]. For the clarity of presen-
tation, it is convenient to rewrite it as a lemma.

(ii) This result can be easily extended to any high dimensional case R¢ by replacing |7 — (| and k in (2.9),
(2.10) by 04(¢) and |k|c respectively, where |k|o = max |k;| and

04(¢) = min{|re — ¢| : e € {~1,0,1}, e £ 0}, (€ (-7, )% (2.11)
(iii) By employing the inverse Fourier transform, this lemma immediately implies that
[0%xc(z)] < A, a€Zl, zeRY (2.12)

where A is a constant independent of ¢ and =x.
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(iv) Tt is a particular consequence of this result that the pointwise convergence of the cardinal function with
respect to ¢ as ¢ — oo to the sinc-function is exponential.

Proof. By using (2.8), we get

7o (12 — ul)

IXe(2m —u)| < —=
Per(lul)

Since |27 — u| — |u] > |7 — u| for u € [0, 7), by (2.4) we have (2.9) immediately.
Similarly, when k& > 2, notice that

|2k —u| = |2k — D7+ 7 —u| > (2k — 1),
which means |2k7 — u| — |u| > (2k — 2)7 > kn, and therefore (2.10) holds by (2.8) and (2.4). O

Lemma 2.2. For any ¢ > 0,

> ez +4)]'F < A < o, (2.13)
jezd

where A is a constant independent of ¢ and x. Furthermore, for any « € fo_,

> 0%Xe(x + 4)|'H < A’ < o0, (2.14)

jeza
where A" is a constant independent of ¢ and x € R?,

Proof. It will be instructive to consider first the one dimensional case where the arguments can be transferred
to the higher dimensional situation easily under a slight change.
By combining (2.8), (2.2) and (2.7), after a straightforward calculation, we have that

Ki(c Ks(c 2nl|)H 27l Ks(c Ki(c 27l
c[ 1|(5||€|)Z£ 2(clé+2ml|) H(E+2mL) 2|(5||€|)212 1(clé+ \)}

~ [E+2m0] |€+2ml
X/c(f) = 2
Z Ky (clé+274))
TSR]
c | Kalelgl ) Ko(clé+2nl))H(E+2ml)  Ka(clg]) D Ki(c|é+2me])
. €] £#0 [E42m| €] L£0  [ét2n]
= 5 ,
K (c|é+2me])
|:ZE 1\§+27TZ| j|
where H(x) =1 for £ > 0 and H(x) = —1 otherwise. Now, suppose that the parameter c is sufficient large,

by using (2.5) and (2.6), we have that

ce=elm =l |k < 1

2.15
cke=cm |kl > 1, (2.15)

X < {

for £ = ¢ + 27k with ¢ € (—m,7) and k € Z and || > e. Here and in what follows we use < to denote that
there is an extra constant independent of ¢ in the proposed upper bound.

Note that in case of choosing £ = 7 for example, the first infinite sum in the numerator in the pen-ultimate
display cancels, that is
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Z Ky(c|€ + 2ml|)H (€ + 27¢)

7 |€ + 27/

vanishes, which results in a nonzero numerator, because the two series no longer cancel each other asymp-
totically, and explains the ¢ factor for +m as arguments in X7.(£).
Therefore, by symmetry,

/| \dg_QZ /\ (¢ + 27k)|d¢ < B < o0, (2.16)
[—m,7]

where B > 0 is independent of the parameter c. It turns out that

[ neer B
@) < 5 Zo R < (2.17)

which, by combining with (2.12), implies the desired (2.13) for d = 1.
Then, for the general d-dimensional case, using the same argument we can obtain that for £ = { 4+ 27k
with ¢ € (=7, 7)% and k € Z4,

—coa(Q) k| < 1
aﬂ/\c < ce ) oo = 4y
| €X (£)| ~ {Cecﬂ—k’ |k_|oo > 17

where 8%1 = 651?%%85(1 and o4 is as defined in the remarks after Lemma 2.1. This immediately implies that

/

d
Hj:l ;]

1 o ~
o) £ g | [ 06 <
27TH;‘:1 |51 Ra

with B’ independent of ¢ and = — and thus (2.13) is justified.
Finally, to prove (2.14), when d = 1 we notice that (2.15) implies the analogues of (2.15), (2.16) and
(2.17); that is, for any a € Z, we have that

—elm=cl k| < 1;
a ! < ce ) ‘ = 14
|§ XC(§)| ~ {Ckae—cﬂk’ ‘k| > 17

for ¢ = ( + 27k with ¢ € (=7, 7), k € Z, and there is a constant B” independent of ¢ such that

/ €9RL()]de < B (2.18)
and
da T a  tx€ > B”
o) < g | [ oressioe < o > (2.19)

Consequently, with (2.12) we can conclude (2.14) for one dimension and indeed for any higher dimension. 0O
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Now we are in the position to prove Theorem 1.2.

Proof of Theorem 1.2. Suppose that f € LP(RY), 1 < p < oo, with its Fourier transform supported in
[—m, 7% Let f, € LP(R%) N L2(R?) such that supp f C [—m, 7] and f,, — f in LP(R%). Here n € N. For
instance, one can set

fn(@) = [ gn(2)

with g, (z) = (n/ﬂ)d/Qe*"“‘”“Q. Here, the star denotes the classical convolution by integrals on R?. Noticing
indeed the Nikolskii type inequality for exponential type obtained by Nessel and Wilmes [10, Theorem 3],
frn also converges to f uniformly as n — oco.

Then by Holder’s inequality, for any z € R? and p > 1 with p’ = p/(p — 1), we have

1/p 1/p’

[Le(fn)(2) = Ie(f)(@)| < Zlfn(j) - f@I lec(ﬂs—j)Ip' ,

which, with Lemma 2.2 and Plancherel-Pélya’s theorem (see, for instance [11]), implies that

[Le(fn) (@) = Le(f)(@)] < Cllfn = fllp,

where C is a constant dependent on p but not dependent on z, n and neither on c. Therefore, since

[Le(f)(@) = f(@)] < [e(£)(@) = Le(fo)(@)] + [Le(f) (@) = fol@)] + | fu(2) = f(2)],

by applying Theorem 1.1 to f,, we conclude (1.7), and the same is true for (1.8) by a similar argument
using the statement about the sum of partial derivatives from the previous lemma. O

Next we turn to prove Theorem 1.3, Theorem 1.4 and Theorem 1.5, which will be essentially relying on
the following Lemma 2.4. However, for more clarity of the presentation, before that we state a corollary of
Lemma 2.1 since it will be used many times in the proof of Lemma 2.4.

Corollary 2.3. Let my, my be any two nonnegative integers with my + mo = d. Then for u € (—m,m)%, the
series

Z Xe(2mky 4+ u, 7ks) < e~ g5 ¢ — 0, (2.20)
k1€A; or koEAs

where Ay = Z™ \ {0} and Ay =Z™2\ {0,—-1,1}™=.

Lemma 2.4. Let x. be the cardinal interpolation function as above, employing the said generalised multi-
quadric function .. Then for any x = (z,,2,) € R? with x, € R™ |, x, € R™2, and my +may = d, my, msy
being nonnegative integers, if u € (—mw,m)™1,

S 1)y — iz — ja) — €1 cos(may)| S e e, (2.21)
J1EZ™1 joeZ™2

as ¢ — 00, where oq(u) is as defined in (2.11). Here and anywhere else we adopt the convention that for
some nonnegative integer m we have (—1)* 1= (=1)* .- (=1)*" if a = (a1,...,Qm) € Z™ and x -y, for
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z,y € R™, is the inner product as before, and cosz denotes the componentwise product cosxy ---cosx; if
z=(z1,...,25) €RY, any d € N.
In particular, when mqy vanishes, one can simplify (2.21) as the estimate

Z ey (z — j) — et S ey e (—m, )¢, z e RL (2.22)
Jjez?

Proof. Recall that with the specification of the Fourier transform (2.1), the Poisson summation formula
states that, if for example — see e.g. [16] also for weaker requirements —

|f(z)| + ’f(m)’ = O(l + ||x||_d_5) with some € > 0, (2.23)
then it is true that
S fa—j)= Y ferke?E peRY (2.24)
JEZA kezd

Now, the proof is the same in all dimensions, but the description is simpler for R?, so first our proof is carried
out for R?, and next we indicate the necessary changes to the desired generalisation to higher dimensions.

Obviously, the decay properties (1.3), (1.4) and (2.4) guarantee the requirement (2.23). Therefore, for
fixed 1,29 € R, since

>N (1) Xe(w1 — 1w — o) =

J1EL j2€Z

; i(m—i ) T ) ) x2—1
ewmuz Ze (w1 ]1)u|:XC(£L‘1—j1,2<?2—]2)>—XC<.Z‘1—_]1,2< 22 —jg))]

J1EZ j2 €L

and by using the stated Poisson summation formula (2.24) with

f(@) = e 1y (21, 222),

we have that

D> e (=1 xe(@n — iy — )

J1EL j2 €L
eimlu . ) )
_ E § 55(:(27”{1 +u ﬂ_kz)e—mﬂklxl e—zwkgacz _ e—’L‘ﬂ'kz(ﬂCz—l)
2 b
k1E€Z ko €Z

=1 + I,

where
I = e [Relu, m)e™ ™ 4 Ko, —m)e' ™2
and
6ia:1u . . .
[2 —_ E )/(\C(27Tk'1 + u77_rk2)672z7rk1x1 [67271']6212 . 6727Tk22(£v271)i| )

k170 or |ka|>1
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Notice that by using the symmetry of (2.8),

~ 1
|Xc(ua 71—) - 5’

[Reu, ~m) — |

75 (I m)l) 1
>0y taez Doy (I(u 4 2mly, 7 4 27l3)||) 2

(2.25)

1 P Z @(||(u—|—27r€1,7r+2w€2)||)

a1 Py (11, ™))
05#0,—1

N | =

—1

|gll>1 SZC\“/(H(UWT)H) 2
£27#0,£1

=o(1), (2.26)

by Ellrzmhan)) |1

IN

which uniformly approaches zero as ¢ — oo after a straightforward calculation by using (2.4).
For I, using (2.8) again, we have that

LI< Y Re(2nky +u,mhy) S ee ), (2.27)
k1#0 or |k2|>1

where the last step follows from Corollary 2.3.

Then, with a slight modification, the proof works equally well for the remaining cases when for instance
my = 2 and my = 0, and therefore we have completed the proof now for 2-dimensional case.

In the general R? case, with m; + mg = d, m;, my being both nonnegative integers, and u € (—m, 7)™,

e (=1 xe(@y — i,z — o)
e
J2€Z™2

=emm Y Y e EmTII ()2 (g — i, ay — s2 — 2)2)
s2€{0,1}™m2 51 €Z™1
jo€Z™2

_ eigl-u Z 556(271']{71 tu, ﬂ_k2)ei27@1~k1 ei‘;rg2~k2 Z (_1)526—1'7732%2. (2.28)

2mz2
ki€2™1 326{0,1}7"2
ko€Z™2

Then one can check that for any nonnegative integer m, if k € {1,—-1}™,

Do (= Y (<P =2 (2.29)

56{071}77:. 86{0,1}"”

and if k € {0,1,-1}™\ {1,-1}™, say k;y = ki, = - =k;, = 0,1 < iy < --- < iy < m with a positive
integer 0 < t < m,

Z (—1)Seiﬂk's _ Z (_1)5i1+"'+5it = 0.

se{0,1}m™ Siq geees 5, €{0,1}
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By applying these equalities to (2.28), it implies that

S @)Xy — g ay — j2) = €N Re(u,me) Y e, (2.30)
J1EZMT jo€Tm2 koe{—1,1}m2

= 2M2e 1Y cog (T, ) Ne (U, me) + Jo. (2.31)

Here recall that e = (1,1,...,1) € R™2 and J> equals

eill'u . . -
2
ki€Aior ko€ Ao SZE{O:I}mQ

satisfying that, with A; = Z™ \ {0} and Ay = Z™2 \ {0,1, —1}"2, as before

|Jo| < Z Xo(2mky 4 u, 7ks) < e~ ¢ 00,
ki€A1 or kso€As

by using Corollary 2.3. Moreover, in a similar way as in (2.26), we obtain that uniformly in w,

lim X(u, me) =272,
Cc— 00

Then consequently (2.31) yields the desired (2.21). O

Now we are in the position to prove Theorem 1.3, Theorem 1.4 and Theorem 1.5. Beginning by using
Lemma 2.4 and the dominated convergence theorem, we can obtain Theorem 1.3 directly, basically in the
same way as in the following

Proof of Theorem 1.4. For the sake of convenience and being concise, we shall carry out the proof only for
d = 2, while the general case follows in a most similar way.
For each j = 1,2, let

a;j(—7+0), ifu=-—m,
ajo(u) = ¢ aj(u), if —r<u<m,
aj;(m—0), ifu=m;

and define furthermore
Aj=a;(-7+0)—a;j(—7) =B; =aj(m) —aj(r—0) and C;=A,+ B; =2A,.

Then using that A; = B;, j =1,2

) 9

™

f)=1] /eizjuj dovjo(u;) + Cj cos(mz;)

i=1 7

where u = (u1,u2), = (z1, z2).
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Then, by expanding f(k) for each k = (ki, ko) € Z2, we have

((Lef) (@) = ()]
| > fR)xe(e — k) = f(o)]

kez?

IN

Z eik~uxc(x —k) — A doy 0(U1)da2 o(uz2)

kez?

[—m,m]?

|01|/
+|02|/

+]C1Cal Y (1) *xe( — k) — cos(mz)),

kez?

Frgikauzy (z — k) — €272 cos i | devg o (ug) +

keZ2

kzeiklul)(c(x _ k:) — i1l g T dOé1,o(U1) +

keZ2

which, by applying Lemma 2.4 and the continuity of a9, a2, allows us to claim that
lim [f(2) ~ (If)(x)| =

uniformly on z € R? and therefore — using the analogous arguments in the general multivariate case —
conclude the proof of Theorem 1.4. O
In order to prove Theorem 1.5, it is sufficient to notice that for example

1—
G0 (2.32)
u—0+t U
and
2 — lim 2sin(zu) — sm(Zzu).
u—0+ u3
Moreover,
A lim 6 — 8 cos(zu) + 2 cos(2zu) 7
u—07F ut

and similarly for all other powers. Then, by applying Lemma 2.4 again and choosing certain linear combi-
nations, we arrive directly at Theorem 1.5. O

We remark that the idea of Theorem 1.4 using Fourier—Stieltjes integrals follows from the work of
I.J. Schoenberg in [14], where it concerns the spline interpolation. Moreover, in [13], he also proved the
necessity of the condition (1.10). Nonetheless, this problem is still open for our case.

We also remark a straightforward generalisation of the Corollary 2.3, where the decay property and the
existence of the Lagrange functions are needed and guaranteed by the work in Chapter 4 in [4], and the
remaining part of the proof follows the same lines as above.

Corollary 2.5. Let @, be any radial basis function, depending on a positive parameter c, that possesses a
generalised Fourier transform E which is positive, decays exponentially with
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P (r)= O(exp(—&cr)), ¢y — 00, (2.33)
and
/g (r) = O(exp(gcr)), e, — 00,

for some positive a, @, and has a singularity of positive order [ at the origin. Then the identities of the
previous Lemmas 2.1 and 2.2 hold. If moreover, the standard conditions in [4], p. 59, are satisfied, namely
for M > d+ T that @ € CM(R ) with all its derivatives satisfying (2.33) and having singularities

—

PO (r) ~ it
at the origin, £ = 0,1,..., M, then the cardinal function satisfies the decay estimate that at a minimum
—d—T
IXe(@)] = O([|l=]|7*7*)

for large argument. Therefore in particular

>

jezd

Xe( —j)‘

s uniformly convergent and bounded for all arguments.

Note that the proof of Theorem 1.4 essentially only relies on the decay property of radial basis function @,
given in Corollary 2.5. Naturally we extend our results to this more general class of radial basis functions.
A typical example is the generalised shifted thin-plate spline radial basis function

@, (r) = (r* + ) log(r® + %)

with Fourier transform

22m) 2 Lol 2 T (B2)| Koy (o) (cfr) V2,
ds s

see for example [5] Example 2.7.

Corollary 2.6. Let f be an entire multivariate function on C? defined by a Fourier-Stieltjes integral, that is
flx) = / exp(ix - u) dag(uy) - - - dag(uq), zeRY u=(ug,..., uq),
[777171'](1

where each oj(uj), j = 1,...,d, is of bounded variation in [—m, x| with oj(—m +0) — a;(—7) = o (m) —
aj(m —0). The cardinal interpolation in d dimensions using the aforementioned cardinal function x. with

radial basis functions ®, as given in Corollary 2.5 will then in fact satisfy

lim (I f)(x) = f(x)

c— 00

uniformly for all x € R?.
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