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Abstract

This paper deals with the eigenvalue problem involving the p(x)-Laplacian of the form

{ —div(|VulPP72Vu) = ul?® 72 in 2,
u=0 onods2,

where £2 is a bounded domain in RY | p € CY(2), infyen p(x) > 1, ¢ € L®(2), 1 < q(x) <qg(x) +& < p*(x) forx € 2, ¢ is
a positive constant, p*(x) is the Sobolev critical exponent. It is shown that for every ¢ > 0, the problem has at least one sequence
of solutions {(uy,s, An,¢)} such that fQ ﬁ |Vup ¢ |P(") =t and A, ; — 00 as n — oo. The principal eigenvalues for the problem
in several important cases are discussed especially. The similarities and the differences in the eigenvalue problem between the
variable exponent case and the constant exponent case are exposed. Some known results on the eigenvalue problem are extended.
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1. Introduction

In this paper we consider the eigenvalue problem of the form

_di POI-29, ) — 3 1[40 —2,, -
{ d1V(|Vu| Vu) MMu| u in $2, (1.1

u=0 onads2,

where £2 is a bounded domainin R¥, . e R, p € C%(2), infen p(x) > 1,q € L¥(2),1 < q(x) < q(x)+& < p*(x)
for a.e. x € £2, ¢ is a positive constant and

Np(x)
p*(x) — ) N—p if p(x) <N,
o) if p(x) > N.
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Problem (1.1) involves the variable exponents p(-) and ¢(-). The variable exponent problems are interesting for
some applications; see e.g. [23,32]. The study of various mathematical problems with variable exponent has been
received considerable attention in recent years; for a survey see [3,6,22,33].

There are many essential differences between the variable exponent problems and the constant exponent problems.
In the studies of the variable exponent problems many singular phenomena occurred and many special questions were
raised. For example, Zhikov [37] has gave some examples of the Lavrintiev phenomenon for the variational problems
with variable exponent. It is well known that in the constant exponent case the Lavrintiev phenomenon cannot occur.
Zhikov’s examples also show that, in general, smooth functions are not necessarily dense in the variable exponent
Sobolev space, and the regularity for the variational problems and differential equations with variable exponent is a
very complicated problem. For the study of the regularity for variable exponent problems see e.g. [1,11,12,18,37-39].
Kovacik and Rékosnik [26] have specially investigated the variable exponent Lebesgue—Sobolev spaces. In [26] many
new questions, different from classical Lebesgue—Sobolev spaces, were raised, for example, it was proved (see [26,
Theorem 2.10]) that when p(-) is continuous and nonconstant, space LP) does not have the mean continuity property.
Pick and Rizi¢ka [31] have given an example of a space L”*) on which the Hardy-Littlewood maximal operator is not
bounded. In recent years many researchers (see e.g. [3—7,10,15,19,22,24,25,33]) have studied the basic properties of
variable exponent Lebesgue—Sobolev spaces and the boundedness of some classical operators in the variable exponent
spaces, such as Hardy-Littlewood maximal operators, singular integrals, commutators and fractional integrals. These
research results reflect the characteristics of the variable exponent problems very well.

The operator —div(|Vu|P©=2Vy) is called the p(x)-Laplacian which is a generalization of the p-Laplacian and
possesses more complicated nonlinearities than the p-Laplacian, for example, it is inhomogeneous. From the study
of the p(x)-Laplacian equations (see e.g. [2,3,8,16,17,28-30]) we can see that, the inhomogeneity is a main difficulty
to generalize the results in the constant exponent case to the variable exponent case and it is also a main cause of the
occurrence of some singular phenomena in the variable exponent problems. Jikov (=Zhikov), Kozlov and Oleinik [23]
have studied the homogenization of differential equations and variational problems with variable exponent.

The aim of the present paper is to study eigenvalue problem (1.1). Put

A= A@p()q0) = {r €R | Ais an eigenvalue for (1.1)},
AT = A&(_)’q(_)) = {A eR ’ A is a principal eigenvalue for (1.1)},

where A is called a principal eigenvalue for (1.1) if there exists a nonnegative eigenfunction corresponding to A. In
this paper we will restrict ourselves to the subcritical case, i.e., the case when g (x) + & < p*(x) for a.e. x € 2. We
will use the notations such as g_ and g, where g_ = essinf e g(x) and g4 =esssup, .o q(x).

It is well known that problem (1.1) in the constant exponent case, i.e., when p(-) = p (a constant) and ¢(-) =
g (a constant), has been studied sufficiently (see e.g. [21,27] and references therein). On the eigenvalue problems
involving the p(x)-Laplacian, some interesting results have been obtained (see e.g. [2,8,13,14,17,28-30]), from which
we can also see the differences between the variable and the constant exponent cases.

In [17] problem (1.1) with g (x) = p(x) was studied and it was shown that, in this case, in general, inf A, (), p(.)) =0.
This is a singular phenomenon, different from the constant exponent case, since when g(-) = p(-) = p, inf A(,, p) is
the first eigenvalue which is positive. In [17] some sufficient conditions for inf A, (.), p(.)) > 0 were also given.

When g4 < p_, by Theorem 4.3 in [16], for every A > 0, the energy functional I, corresponding to (1.1) is coercive
and has a global minimizer which is nontrivial and nonnegative, and hence AT = (0, 00).

When g_ > py, by Theorem 4.7 in [16], for every A > 0, the energy functional [, corresponding to (1.1) has a
Mountain Pass type critical point which is nontrivial and nonnegative, and hence A™ = (0, c0).

Mihdilescu and Rédulescu [29] have studied problem (1.1) under the basic assumption

l<qg-<p-<gq+ (1.2)

and proved that there exists Ag > 0 such that any A € (0, A¢) is an eigenvalue for problem (1.1).

In [14] it was proved by using the sub—supersolution method that, roughly speaking (see Theorem 3.7 in the present
paper for more details), if p is Lipschitz on 2, qeC 0(£2) and there exists xg € §2 such that q(xp) < p(xp) (note
that the assumption g(x) < p*(x) is needless), then AT is nonempty and connected, and inf A* = 0. Moreover,
for any Ay, Ay € AT with A1 < X, there exist u 1, and u;,, the positive eigenfunctions corresponding to A; and A2,
respectively, such that u;, < uy, in £2.
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Alves and Souto [2] have studied the corresponding eigenvalue problems in RY and obtained interesting results.
In [8,13,28,30] some eigenvalue problems of other form, different from (1.1), have been studied.

For problem (1.1), when p(-) = p (a constant) and ¢(-) = ¢ (a constant), there are only three cases: 1) g = p;
2) g < p; 3) g > p. However, in the variable exponent case the situation is more complicated. In the general case,
for given p(-) and g(-), the sets 290 = {x € £2: q(x) = p(x)}, 2_ ={x € £2: q(x) < p(x)} and 24 = {x € £2:
q(x) > p(x)} can have all positive measure at the same time. In this paper we will consider the general case (note that
condition (1.2) does not necessarily hold), also consider the case that £2 = £2_ (but g+ < p_ does not hold) and the
case that £2 = 2 (but g— > p4+ does not hold). In particular, the main results of [17] and [29] are extended.

In Section 2, we study the eigenvalues for problem (1.1) by a constrained variational method. It is proved that for
every ¢t > 0, problem (1.1) has at least one sequence of solutions {(u,¢, An,r)};- ; such that fQ ﬁ [Vu, |PO) dx =1¢
and A, ; — oo as n — o0o. In Section 3, we study the principal eigenvalues for problem (1.1) in the general case, in
the case 2 = £2_ and in the case §2 = §2, respectively. The similarities and the differences in problem (1.1) between
the variable and the constant exponent cases are exposed. In the end of this paper it is pointed out that our main results
on problem (1.1) can be generalized to the following problem that has more general form

{ —div(IVulP™2Vu) = Af (x,u) in £,
u=0 onads2,
provided f satisfies appropriate conditions (see Theorem 3.8 in Section 3).

(1.3)

2. Eigenvalue problems

Let £2 be a bounded domain in RY . For a measurable function ¢ : 2 — R and E C £2, define

qg—(E) =ess iélfq(x) and g4 (E)=-esssupgq(x),
xXe

xekE
and write g_(£2) = g— and ¢4 (£2) = g+ simply. Now let p € L°°(£2) satisfy condition 1 < p_ < p4 < 00.
The variable exponent Lebesgue space LP()(£2) is defined by

L”(')(.Q)z{u‘u:QeRismeasurable, /|u|p(x)dx<oo}
2

with the norm

px)
|“|LP(-)(_Q) = ulpe =inf{a >0 ‘ /
2

u
— dx < 1}.
o
The variable exponent Sobolev space W !:7()(£2) is defined by
WhrO(@2) ={u e LPO(2) | |Vul € LPO (£2)}
with the norm
lullwrro 2y = lullt,pey = lulpey + Vil pe).
Define Wé‘p(‘)(.Q) as the closure of C3°(£2) in whre)(£2). |Vulp() is an equivalent norm on Wol'p(')(.Q). We
refer to [3,6,10,15,19,22,26,33] for the elementary properties of the space W17 (£2).

Proposition 2.1. (See [19].) Let p,q € C°(2) and 1 < q(x) < p*(x) for all x € 2. Then there holds a compact
imbedding WI'P(X)(Q) s Lq(X)(Q).

Let p € CO(£2) and ¢ € L>(£2). Writing ¢ < p* we mean that there exists & > 0 such that

g(x)+&< p*(x) forae. xe .

It is easy to see that, when g € C%R), g <« p* if and only if g(x) < p*(x) for all x € 2. It is also easy to see that,
for g € L®(£2), ¢ <« p* if and only if there exists r € C?(£2) such that ¢ < r < p*. Thus Proposition 2.1 can be
extended as follows.
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Proposition 2.2. Let p € CY(2) and q € L®(2) with g_ > 1. If ¢ < p*, then there holds a compact imbedding
Wl»P(X)(Q) N Lq(X)(_Q)'

In what follows, it will be assumed that:

(po) peC%2)and p_ > 1.
(qo) g € L™(£2),q- > 1and g < p*.

Let us consider problem (1.1). Below we write X = Wol’p(')(.Q) and ||u|| = |Vulp) foru € X.
Definition 2.1. Let A e R and u € X. (u, A) is called a solution of problem (1.1) if

/|Vu|p(")_2Vqudx=A/|u|q(")_2uvdx, Yv e X.
2 2

If (u, A) is a solution of (1.1) and u € X \ {0}, as usual, we call A and u an eigenvalue and an eigenfunction corre-
sponding to A for problem (1.1), respectively.

It is easy to see that, if (u, 1) is a solution of (1.1) and u € X \ {0}, then

Jo [Vu|P™) dx

)\:)\,(M): W’

2.1)

and hence A > 0.
Set

A= A(p()q¢) = {+ € R| A is an eigenvalue for (1.1)}.
Define J, ¢ : X — R by

1 1
J(u):/—Wul"(")dx, w(u)=f |9 dx, VueX,
J p(x) J q(x)

then J and i are even, J, Y € Cl(X, R) and

(J’(u),v)=/|Vu|p(x)_2Vqudx, Yu,v e X,
2

(1//’(14), v) = / u|f92yvdx, Vu,veX.
Q

For any ¢ > 0, define
MO =J"'O={ueX|Jw =t}
Then M(t) is a C' submanifold of X because ¢ is a regular value of J. Denote by 1/; the restriction of ¥ to M (t):

Ve =YIme:M@) — R

Then v, is a C! functional defined on M (r).

It is well known (see e.g. [36, p. 292]) that, if u is a critical point of v, on M(¢), then, by the Lagrange multiplier
rule, (u, A) is a solution of (1.1), where A = A(u) is as in (2.1).

We know (see [16]) that J': X — X* is a monotone homeomorphism, and is of type (S4), namely,

up —u inX and Iim (J'(un),up —u) <0 = wu,—>u inX,
n—0oo
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where u,, — u and u, — u denote the weak convergence and the strong convergence in X, respectively, the mappings
J’ and (J')~! are bounded, and ¥ : X — X* is weakly-strongly continuous. From this, by a standard argument (see
[13,21,34]), it follows that 1, satisfies the (P.S)™ condition on M (¢).

Define

XY= {A c X\ {0} | A is compact and —A = A},
T,={AeX |y =n}, n=12 ...,
where y (A) is the genus of A (see e.g. [36]), and

cp(t) = sup inf Y(u), n=1,2,.... (2.2)
A€X,, ACM (1) 4EA

Obviously, ¢, (t) > 0 and

ci(t) Zeat) 2 Zen(t) Z cppr(t) 2 -+
By the Ljusternik—Schnirelmann theory on C'-manifolds (see [34]) we have the following
Theorem 2.1. Let (po) and (qo) hold. Then, for each t > 0, the following assertions hold.
(1) Foreachn=1,2,..., ¢,(t) is a critical value of V; on M (t) and the Ljusternik—Schnirelmann multiplicity result
holds.

2) cp(t) > 0asn— oo.

Define fort >0andn=1,2,...,

K, () = {u e M(t) | u is a critical point of ¥; and ¥, (1) = ¢, (t)}, (2.3)

An@)={Aw) |u € K,(t)}, where A(u) is as in (2.1), (2.4)
t

Mn(t) = o) (2.5)

By Theorem 2.1, foreach t >0 and n = 1,2, ..., K,(t) # @, and for each ¢ > 0, u,(t) > 400 as n — co. As
noted above, if u € K,,(t), then (u, A(u)) is a solution of (1.1), where A(u) is as in (2.1). Thus A, (t) C A for each
t>0andn=1,2,....

Note that, in general, the set A, (#) needs not be a singleton. For brevity, we shall adopt the usual agreement about
the notations for set-valued mappings. For example, an inequality A, (#) < C means that A < C for every A € A, (),
and a limit A, (1) - +o00 as n — oo means that given any L > 0, there exists ng > O such that A > L forall A € A, (1)
provided n > ny.

Now let any ¢ > 0 be given. For any A € A,(¢), there exists u € K, (¢) such that

Jo |VulP® dx

=

and consequently

1
A< P+ o mVulPdx — p oy

= = — (1),
4 Jo 51O dx — q-en® g "
r b Vs e
4+ Jo %IMIW‘) dx  qrea®) gy
Thus we have that, foreacht >0andn=1,2,...,
pP— P+
_Hn(t) < An(t) < _Mn(t)~ (26)

q+ q—
In particular, since u, (t) — 400 as n — 00, we have that, for each t > 0, A, () - +o00 as n — oo. Let us formulate
these in Theorem 2.2.
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Theorem 2.2. Let (po) and (qo) hold. Then, for eacht >0andn = 1,2, ..., the sets K,(t) and A, (t) are nonempty,
Ay(t) C A, and for any u € K, (t), (u, M(u)) is a solution of (1.1), where A(u) is as in (2.1). For each t > 0,
A, (t) > 400 asn — o0.

In the following two remarks we point out two differences between the variable and the constant exponent cases.

Remark 2.1. In the case when p(-) = p (a constant) and ¢(-) = ¢ (a constant), by (2.6), for each # > 0 and n =
1,2,..., the set A, (t) = {g un(2)} is a singleton. However, in the variable exponent case, we cannot guarantee that
the set A, () must be a singleton.

Remark 2.2. It is well known that, in the case when p(-) = p (a constant) and g(-) = ¢ (a constant), to consider
problem (1.1) by the constrained variational method, thanks to the homogeneity of J, v, J' and ', it suffices to
consider a constrained variational problem on M) ={ueX|J (u) = 1}. In fact, if (u, 1) with u € M(1) is a

1
solution of (1.1), then for given any ¢ > 0, tP ueM(@)and (tru,t 5 A) is also a solution of (1.1). However this is
not the case when p(-) and g(-) are variable exponents due to the inhomogeneity.

Now let us observe the dependence of ¢, (t), i, () and A, (¢) on t. We first give a lemma as follows.

Lemma 2.1. Let t > 0 be given. Then for any u € X \ {0}, there exists a unique s(u) > O such that s(u)u € M(t). The
function s : X \ {0} — (0, 00), defined by u +— s(u), is continuously differentiable. The mapping h; : X \ {0} — M (),
defined by h;(u) = s(u)u, is continuously differentiable. For any t| > 0, the restriction of h; on M(t1), denoted by
Rty = helm@y, 15 a Cl-homeomorphism of M(t1) with M(t). When t — t1, |h¢ () — ull — O uniformly in
u e Mf(ty).

Proof. Let + > 0 and u € X \ {0} be given. Define a function ¢ : (0,00) — (0,00) by ¢(s) = J(su) =

Jo Sp] )((;)) |Vu|P®™ dx. It is clear that the function ¢ is continuous and strictly increasing, ¢(s) — 0 as s — 0 and
¢(s) — oo as s — 0o. Hence there exists a unique s = s(u) > 0 such that ¢(s(u)) = ¢, i.e., s(u)u € M(t). Define
F:(X\{0}) x (0,00) = (0,00) by F(u s) = J(su). Obviously F € C!. For any ug € X \ {0}, letting so = s(uo),
then F (ug, so) =t. It is easy to see that 2£ (uo, s0) = fQ ) pe0)= 1|Vuo|p(x) dx # 0. By the implicit function theorem,
the function s : X \ {0} — (0, 00), deﬁned by u — s(u), is continuously differentiable, and consequently, the map-
ping h; : X \ {0} — M (¢), defined by &, (u) = s(u)u, is continuously differentiable. Now let #; > 0 and consider the
mapping A, 1) = helpy) : M(t1) — M (). It is obvious that the mapping h, s : M(t1) — M(t) is a bijection. The
mapping /i, ) and its inverse mapping A ,) are of class C'. Hence Ry : M(t1) — M(t)isa Cl-homeomorphism.
Letu € M(t1) and h, ) (u) = s(u)u € M(t). Then

= (swu) = (@)™ I ) = (s@)"™n

where p, € [p—, p+] is a constant depending on u. From this it follows that, when t — t1, s(u) — 1 uniformly in

1 1
u € M(t). Noting that ||u]| < max{(p+t1)?+, (p+t1) -} for u € M(t;), we have that, when t — 11,
||h(t1,t)(u) — u|| = |s(u) — 1|||u|| — 0 uniformly in u € M (t7).

The lemma is proved. O
Proposition 2.3. For each fixed n, c,(t) and wu, (t), as the functions of t, are continuous on (0, 00).

Proof. Let any positive integer n be given. Take any #p € (0, c0). Let us prove that ¢, (¢), as a function of ¢, is
continuous at t = #y. To see this, let any ¢ > 0 be given. By Lemma 2.1 and the uniform continuity of ¥ on every
bounded set in X, there exists § > 0 small enough such that when [t — ty| < 8, [V (h,,n () — Y (u)| < ¢ for all
u € M(ty). By the definition of ¢, (#y), there exists A C M (ty) such that A € X, and inf,c4 ¥ (1) > ¢, (tp) — €. For
any t > 0 with |t — 19| < &, we have that A, 1) (A) C M(1), hqy,n(A) € X, and
inf ~ Y(u) > inf ¥ (u) —e > cp(to) -
ucA

”Gh(ro,t) (A)
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which shows that ¢, (t) > ¢, (tg) — 2¢ provided |t — | < &. Thus we have that lim t—1yCn (1) = ¢, (19). On the other
hand, for each ¢ > 0 with |t — #p| < §, there exists A; C M (¢) such that A; € X, and inf,ca, ¥ (u) = ¢, (t) — . Then
ht,19)(Ar) C M(t0), h1,19)(Ar) € Xy and

inf Y (u) > inf Y (u) —e > c,(t) — 2¢,
ueh(,,,o)(A,) UEA;

which shows that ¢, (f9) > c¢,(t) — 2¢ provided |t — 9| < 6. Thus we have that l'?n,_)toc,, (1) < ¢, (t9). Hence
lim; 4, ¢, (t) = ¢, (to). This shows that the function ¢, () is continuous on (0, 00). Since 1, (t) = Lntm the function
Un () is also continuous on (0, 0c0). O

Proposition 2.4. Let n be any positive integer. Then for each t > 0, the sets K, (t) and A,(t) are compact, and the
set-valued mappings K, (-) and A, (-) are upper semicontinuous on (0, 00).

Proof. Let any positive integer n be given. Then for each ¢ > 0, since v, satisfies the (P.S)™ condition on M (¢),
K, (1), the set of critical points of ¥, with critical value ¢, (¢), is compact. Take any #ty > 0. Let us prove that
the set-valued mapping K, (¢) is upper semicontinuous at ¢ = ty. Arguing by contradiction, assume that this is not
true. Then there exist an open neighborhood U of K, (), {t,} C (0, 00) and {u,,} C X \ {0} such that t,, — 1y as
m — oo, uy, € K,(ty,) and u,, ¢ U for every m. Note that u,, € K, (t,,) implies that u,, € M(ty,), ¥ (un) = ¢y (tm)

. |Vitm |7 d
and J (i) = At () With Jpy = W

a subsequence if necessary, that u, — ug in X and A,;, — Ag. Since ¥ and v are weakly-strongly continuous, we
have that v (i) — ¥ (ug) and ¥/ (u,,) — ¥/ (ug). By Proposition 2.3, ¥ (i) = ¢ (tn) — ¢n(f0), S0 ¥ (o) = ¢, (fo).
It is easy to see that A9 > 0. Because that J'(un) = A ¥ (un) — Ao (up) and J' is of type (S4), we have that
uym — uo in X. Thus J (uy) — J(ug), J' () — J'(ug) and J'(ug) = Ao’ (up). This shows that ug € K, (tp) which
contradicts with u,, ¢ U. Hence the set-valued mapping K, (-) is upper semicontinuous on (0, co). If we define a
function A : X \ {0} — (0, c0) as in (2.1), then the function A(-) is continuous, and A, () = A(K,(¢)) for every ¢t > 0,
namely, A, = X o K,,. From this it follows that the set-valued mapping A, (-), as a composition of K, (-) and A(-), is
also upper semicontinuous on (0, c0). O

. Obviously, {||lu, ||} and {),,} are bounded. We may assume, taking

Remark 2.3. We do not know whether for any n, the set-valued mapping A, () (or K, (-)) has a continuous selection,
i.e., there exists a continuous mapping A, (-) such that 1, (t) € A,(¢) for every t € (0, 00). In general, the relation
between ¢, (t) and A, (¢) is complicated. For the relation between critical values and eigenvalues in nonlinear minimax
problems we refer to Tintarev [35].

3. Principal eigenvalues

Let us continue to use the notations as in Sections 1 and 2. Because the positive solutions of (1.1) possess special
significance, the following definition is reasonable.

Definition 3.1. An eigenvalue A € A for (1.1) is called principal if there exists a nonnegative eigenfunction corre-
sponding to A, i.e., if there exists a nonnegative u € X \ {0} such that (u, 1) is a solution of (1.1).

Remark 3.1. In the case when p € C'(£2), by a strong maximum principle for the p(x)-Laplacian equations of [20],
every nontrivial nonngative solution # of (1.1) must be positive in §2. Note that, in fa_ct, from [20] we can see that
the condition p € C!(§2) can be replaced by a weaker condition that p is Lipschitz on £2.

Define
AT = Az;(.)’q(_)) = {A eR | A is a principal eigenvalue for (1.1)}.

In this section, if no special explanation, it will always be assumed that (pg) and (qo) hold.

Proposition 3.1. A{(t) C AT for every t > 0.
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g 0 (x)
Proof. Letr > 0and A € A;(¢). Then there exists u € M (¢) such that ¥ (u) = c1(t) = SUP (s Y and A = %.
2

Put v(x) = [u(x)| for x € 2. Then J(v) = J(u) =1, Y(v) =Y @) =i (1), [, |Vv[PPdx = [, |[Vu|P*) dx and

VolP® d .
[g 1Vl * . This

fg [w]9®) dx = fg [u|?®) dx. Thus v is nonnegative and nontrivial, v € M (t), v € K{(¢t) and X = e

shows that (v, 1) is a solution of (1.1) and so A € A™. The proof is complete. O
Theorem 3.1. Assume the following condition is satisfied:

(A1) There exist an open subset U of §2 and a compact subset E of U with positive measure |E| such that
q+(E) < p—(dU).

Then whent — 0, w1 (t) — 0 and A1(t) — 0, and consequently inf AT = 0.

Proof. For any § > 0, define
Us = {x eU | dist(x, dU) < 8}.

Then there exists 6 > 0 small enough such that ENUs =@ and g4 (E) < p—(Us). Putting ¢ = p_(Us) — g+ (E), then
e > 0. Let ug € X be such that ug(x) =0 for x € 2 \ U and ug(x) =1 for x € U \ Us. Given any ¢ > 0 there exists a
unique s = s; > 0 such that sug € M(¢) and s, — 0 as t — 0. Now let 7 > 0 be small enough such that s = s, € (0, 1).
Then

sP) sP)

! < f-(? p(x) |Vuo|"® dx < fUa p(x) |Vug ") dx
- = ) = &)
) [ Sayluolt®dx [p s luole™ dx
p—(Us) _1 p(x) 1 p(x)
K ng 200 [Vug| dx - sts 200 [Vug| dx

s9+(E) [ ﬁmmqm dx [s ﬁmmqm dx

From this it follows that ;1 () — 0 as t — 0. By (2.6), A1(¢) < f;—jp,] (t),and hence A1(t) > 0ast— 0. O
Theorem 3.2. Assume the following condition is satisfied:

(A2) There exist an open subset U of 2 and a compact subset E of U with positive measure |E| such that
qg—(E) > p4+(dU).

Then when t — oo, wu1(t) — 0 and Ay(t) — 0, and consequently inf AT = 0.
The proof of Theorem 3.2 is similar to the proof of Theorem 3.1 and it is omitted here.
Remark 3.2. In [17] a special case of Theorems 3.1 and 3.2 when ¢ () = p(-) has been proved.
Remark 3.3. Condition (A}) holds if the following condition is satisfied:
(A1)’ There are xg € £2 and an open neighborhood G such that g € C 9(G) and q(x9) < p(xp).
Indeed, when (A;)’ holds, there exists an open ball B(xg,r) such that B(xo,r) C G and g4 (B(xo,7)) <

p—(B(xo,r)) and hence (A;) holds by taking U = B(xg,r) and E = B(xo, %). Analogously we can see that con-
dition (A7) holds if the following condition is satisfied:

(Ap) There are xo € §2 and an open neighborhood G such that ¢ € C 0(G) and g (xg) > p(xo).

Note that, when g € C 0(£2), condition (A) (respectively (Aj)’) is just the condition that there exists xg € 2 such
that g (xg) < p(xg) (respectively g(xo) > p(x0)).



X. Fan/J. Math. Anal. Appl. 352 (2009) 85-98 93

Put

s = inf 11 ((0, 00)), w* =sup u1((0, 00)),
Ay =inf AT, A =supAt,

Theorems 3.1 and 3.2 show that, if either (A1) or (A>) holds, then u, = 0. It is easy to see that, if (A1) and (A») hold,
then u* < 00. Note that uy, =0= 1, =0, and u* = 00 = A* = o0.

By Proposition 2.3, the function w1 (+) is continuous on (0, co) and so w1((0, 00)), the image set of ©1(-), is con-
nected. However we do not know whether A1((0, 00)), the image set of the set-valued function A1 (-), is connected. As
noted in Introduction, Mihdilescu and Rédulescu [29, Theorem 2.1] have proved that, under the basic assumption (1.2)
there exists Ao > 0 (small enough) such that any A € (0, Ap) is an eigenvalue for problem (1.1). The following theorem
is a generalization of [29, Theorem 2.1] because condition (1.2) implies condition (A1), and ;* may be larger than A¢
mentioned in [29, Theorem 2.1].

Theorem 3.3. Let (A}) hold. Then for any A € (0, u*), there holds A € AT and there exists a nonnegative eigenfunc-
tion u) corresponding to A such that u;_is a local minimizer of the energy functional I) associated to problem (1.1)
and I (uy) < 0, and moreover, J(uy) — 0as L — 0.

Proof. Let (A;) hold and any A € (0, u*) be given. Consider the energy functional

IA(u):J(u)—w(u)Z/quW) dx—x[LW(X)dx, Yu € X. (3.1)
p(x) q(x)

By Theorem 3.1, p1(t) — 0 as t — 0 and so u, = 0. Since ©1((0, 00)) is connected and A € (0, u*), there exists

to > 0 such that A < u1(f) = clt(oro)' Put D ={u € X: J(u) <tp}. Then D is a bounded, convex and closed subset

of X and D = J~!(ty) = M(tp). Noting that ¢ (o) = SUpPps(s,) ¥» We have that, for any u € 9D,

Acy(to) A
Liw)=JWw) —Ap) =t —rci(to) =to{ 1 ———— | =1 1— >0
1 w1 (o)
Because the functional I, : D — R is (sequentially) weakly lower semicontinuous and D is (sequentially) weakly
compact, there exists ug € D such that I, (ug) = inf,ecp I (1). We claim that I, (ug) < 0. Indeed, taking #; € (0, t9)
such that p1(#1) < A, then there exists v € M (¢1) C D such that ¥ (v) = c¢1(#1) and consequently

rci(t) A
Lw)y=J@W) =AYy @) =1 —Aci(t) =11 | 1 - =nf{l1- <0,
1 p1(ty)
which shows I (ug) < 0. Putting u; (x) = |ug(x)| for x € £2, then I, () = I (up) = inf,ep I (u) <0, u) # 0 and
u), € int D. Thus u, is a local minimizer of [, and hence I)/\ (1) = 0. This shows that (u;, A) is a solution of (1.1) and

L € AT . Ttis easy to see that J (u;) — 0 as A — 0. The proof is complete. [

Now let us consider the case that g(x) < p(x) fora.e. x € 2. It is well known that, in the constant exponent case,
when g < p, u* = 0o and for every A > 0, the corresponding problem (1.1) has a unique positive solution u (see
e.g. [9]). The following example shows that, in general, this is not the case when p(-) and g(-) are not constants.

Example 3.1. Let 2 = B(0,2) := {x ¢ R | [x| <2} CRY, p(x) =10 — |x|* and g(x) =9 — |x|*. Then p.q €
c! (£2) and g(x) < p(x) for all x € £2. Obviously, the condition (A|) holds because condition (A})’ is satisfied. By
Theorem 3.1,

u1(t)—0 and A1(t)—>0 ast—0.

Taking U = 2 = B(0,2) and E = B(0,1), then g_(E) =9 —1=8 and p,(dU) =10 — 22 = 6. Thus q—(E) >
p+(0U). This shows that condition (A3) holds. By Theorem 3.2,

u1t)—0 and A;(t) >0 ast— oo.
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Thus, by the continuity of w(-) on (0, 00), ws = 0 and u* < oco. Let * € (0, 0c0) be such that w(#*) = u*. Take
t; > t* large enough such that p(t)) < Z—;u* = %u* = %,u*. Then there exists a nonnegative u; € M(t1) such that

@)
Y(u1) = ci(t1). Putting A = %, then (11, A1) is a solution of problem (1.1) and A; € A™. Noting that
2

A < 5—j u1(t1) < p*, from the proof of Theorem 3.3 we can know that there exists a nonnegative eigenfunction u;
corresponding to A such that uy € M(tp) with #, € (0, t*). Since 1, < t* < t, u| # uy. Thus for A = A, problem (1.1)
has two different positive solutions u1 and u5.

In [17] it was shown that when g (-) = p(-), in general,

e At
At (p(rp) = IEAG ) ) =0,
and in the case when p(-) satisfies some monotonicity conditions, A« (p(), p(-y) > 0.

Theorem 3.4. Suppose that Ly (p(),p()) > 0, and q K p, that is, there exists € > 0 such that

q(x)+e< px) forae xeSf2. (3.2)

Then for any A > 0, problem (1.1) has a nontrivial nonnegative solution u; which is a global minimizer of the energy
functional I, associated to problem (1.1) and I (u;) < 0, and consequently A* = (0, 00).

Proof. Let any A > 0 be given and I, be as in (3.1). Note that the condition Ay (p(.), p(-y) > 0 implies that

1 p(x)
[Vu| dx
inf f.Q p(x)

= (3.3)
ueX\10} [, ﬁlul”m dx
From (3.2) it follows that there exists R > 0 large enough such that
pATCAS A PV 4CY)
11 < Al for |f] > Rand a.e. x € £2. (3.4
q(x) 2p(x)
By (3.3) and (3.4) we have that, for any u € X,
1 ) L e
Liw)= | —|Vul”Pdx — 1 | —|ul?""dx
p(x) q(x)
2 2
1 x) L g L g
= —|Vu|Pdx — ——|u|? dx — A ——u|?" dx
p(x) q(x) q(x)
Q [u(x)|>R [u(@)I<R
1 m 1
> [ —— | Vu)P® dx — ﬁf  wPWdx -
p(x) 2) pk)
2 Q
>— | —|VulPMdx - Cq, (3.5)
29 px)

where C| is a positive constant. (3.5) shows that [ is coercive, namely I, (1) — oo as |ju|| — oco. Hence I, has a
global minimizer ug. It is obvious that (3.2) implies (Aj). By Theorem 3.3, we know that [ (1g) < 0. Thus ug # 0.
Putting u; (x) = |ug(x)| for x € £2, then uj, is a global minimizer of I;. Thus A € AT, and consequently AT = (0, 00).
The proof is complete. O

The following theorem, Theorem 3.5, is a generalization of Theorem 3.4.

Theorem 3.5. Suppose that (A1) holds and the following condition is satisfied:
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(A3) Given any § > 0, there exists a positive Cs such that

1 1
/—|u|q(x)dx<8/—|Vu|p(")dx+C5 forallueX.
J q(x) p(x)

Then the assertions of Theorem 3.4 remain in force.

Proof. Let any A > 0 be given. Taking § = % and using condition (A3), we can see that I is coercive and hence I,
has a global minimizer ug. From (A1) it follows that I) (o) < 0. Putting u; (x) = |ug(x)| for x € £2, we can see that
the assertions of Theorem 3.4 hold. O

Remark 3.4. It is easy to see that, if the hypotheses of Theorem 3.4 are satisfied, then (A1) and (A3) hold. Hence
Theorem 3.4 is a special case of Theorem 3.5. Another special case of Theorem 3.5 is the case when ¢4+ < p_. It is
clear that when g+ < p_, (A1) and (A3) hold.

Now let us turn to consider the case when p(x) < ¢g(x) for x € 2. It is well known that, in the constant exponent
case, when p < ¢, u1(t) - oo as t — 0, in particular, u* = co. If we denote by (u;, A;) with r > 0 the solutions
of (1.1) such that u; € M(¢) and u; > 0 in 2, then, in the constant exponent case, A; — oo as t — 0. The following
example shows that, in general, this is not the case when p(-) and g(-) are not constants.

Example 3.2. Let 2 = B(0,2) C R with N =2, p(x) = [x|* + 2 and ¢(x) = |x|> + 3. Then p,q € C'(2) and
p(x) < g(x) < p*(x) = oo for all x € 2. Then condition (A,) holds because condition (Aj)’ is satisfied. By Theo-
rem 3.2, we have that

u1(t) >0 and A(t) >0 ast— oo,

which is the same as in the constant exponent case. Taking U = 2 = B(0,2) and E = B(0, 1), then g+ (E) =4 and
p—(@U) =6. Thus g+ (E) < p_(dU), that is, condition (A1) holds. By Theorem 3.1,

u1(t)—0 and A1(t)—>0 ast—0,

which is different from the constant exponent case. Thus . = 0, u* < oo and problem (1.1) has a family of solutions
{(us, Ay) |t € (0,00)} such that u; € M(¢t) and u; > 0in 2 forevery t > 0,1, - 0ast — 0,and A, — 0 as t — oo.
Let t* € (0, 00) be such that p1(t*) = n*. Analogously to Example 3.1, we can see that, for some A € AT, there are
two different positive eigenfunctions corresponding to X.

Under additional assumption Ay (p(.), p(-)) > 0, we give the following theorem, Theorem 3.6, which is a generaliza-
tion of the corresponding result in the constant exponent case (see e.g. [21]).

Theorem 3.6. Suppose that Ly (p(),p(.)) > 0 and there exists € > 0 such that

px)+e<qx) forae xef2. (3.6)

Then wi(t) — 0 as t — oo and pu(t) — oo as t — 0, and consequently p, =0, u* = oo, inf At =0 and
sup AT = oco.

Proof. It is obvious that (3.6) implies (Ay) and consequently, by Theorem 3.2, p1(¢) — 0 as t — oo. This shows
that p, = 0 and inf AT = 0. Now let us prove the assertion that () — oo as t — 0. Suppose by contradiction that
there exist a sequence {#;} C (0, 1) and a positive constant L such that ty — 0 as k — oo and w1 (#¢) < L for all k.
Then there exist {u;} C X \ {0} and {A} C (0, 00) such that for each k, uy € M(#), ¥ (ur) = c1(#) and (ug, Ax) is a
solution of (1.1). By (2.6),

<P <PEL forall k. (3.7)
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By the L regularity for the weak solutions of the p(x)-Laplacian equations (see e.g. [18]), we know that uy €
L*°(£2) and |ug| () depends only on |ul|l, p+, p—, ¢+, g—, Ak, $2 and N. Noting that J (ug) = tx — 01is equivalent
to that [luy || — 0, we can see that |uy|;~2) — 0 as k — oo. Let [t is the positive constant defined by (3.3). It follows
from (3.6) that there exists § > 0 small enough such that

|s|P&) 21|59

Z—

p(x) g (x)

Take k¢ large enough such that |uy, |7~ (o) < 8. Then

for |s| < S and a.e. x € £2. 3.8)

oty Jopi | VuklPY dx o ey kg 1P dx _o 2L
Ml(tko)—c T 1 dr T Y > —=2L,
1 (kg Jo 700 ko x fo 700 ko x I

which contradicts with p(#) < L. Hence () — oo as t — 0, and consequently, u* = oo and sup AT = o00. The
proof is complete. O

Remark 3.5. Let the assumptions of Theorem 3.6 hold and let any A > O be given. It is easy to see that [, satisfies
Mountain Pass Geometry. Indeed, since u* = oo, there exists #; > 0 such that (¢;) > A. Then for any u € M(¢),

Lw)=JW) —Ay@) =21 —iei(t)) =1 (1 __* > =a >0,
m1(t)

which shows that 7, |3y > a > 0, where U = {u € X: J(u) < t1} is a bounded open set in X with boundary 0U =
M (t1). Since m(tl—> 0 as t — oo, there exists f, > 1 such that p1(#2) < A. Let up € M(z) be such that ¥ (u) =
c1(t2). Then uy ¢ U and

A
L(up) = J(u2) — Ay (u2) =t — Aci1(2) = tz(l - ) <0
wni(t2)

Hence I, satisfies Mountain Pass Geometry. However, because of lack of (P.S) condition (we cannot prove that any
(P.S).-sequence with ¢ > 0 is bounded), it is not proved that for every A > 0, I, has a nontrivial critical point though
it is known that inf AT =0 and sup AT = 0.

In the present paper, in order to study problem (1.1) the variational method is used. In [14] the basic principles
on the sub—supersolution method for p(x)-Laplacian equations have been established. It is well known that, the sub—
supersolution method, when it is applicable, has some distinctive advantages. For example, it usually allows more
flexible requirements on the growth conditions and can also give some order properties of the solutions. Applying
Theorem 4.1 of [14] to problem (1.1) we have the following theorem, Theorem 3.7, in which the assumption ¢ < p*
is needless.

Theorem 3.7. Suppose that p is Lipschitz on 2, p_ > 1, g € C%(2), g_ > 1. If the condition (A1) is satisfied, then
the following assertions hold.

(1) Ifu e Wy"O(2) NL™(Q) is a solution of (1.1), then u € C'-*(2) for some a € (0, 1),
() Put

A:o = {k eAt ’ there exists a nonnegative eigenfunction u € L (82) corresponding to )»}

(note that A, = AT if ¢ < p*). Then AY is nonempty and connected, and inf AL, = 0. For any A1, A2 € AL
with A1 < A, there exist uy, and u,, the positive eigenfunctions corresponding to A1 and Ay, respectively, such
that uy, <uy, in §2.

(3) For any A € (0, sup AL), problem (1.1) has a positive solution u; which is a local minimizer of I in the c!
topology (in the case when q K p*, u,, is also a local minimizer of I, in the Wé’p(')(.Q) topology). Moreover,
””k”Cl(s_‘z) —0as i — 0.



X. Fan/J. Math. Anal. Appl. 352 (2009) 85-98 97

Theorem 3.7 is a complement to Theorem 3.3.

In the end of this paper, let us point out that, the main results about problem (1.1), obtained in this paper, can
be generalized to problem (1.3) provided f satisfies the appropriate conditions. We give the following theorem. The
proof is omitted because it is similar to the previously-presented proof for the case when f (x, u) = [u|7®) 2y,

Theorem 3.8. Let (po) hold. Suppose f satisfies the following conditions.

(f1) f:$2 x R— R is a Carathéodory function and

|fe, )] <CrL+Caot| ™! forae x € 2 andallt €R,

where q satisfies (qo), C1 and Cy are positive constants.
(f2) fx,t)t >0 forae xe€$2andt #0.
f3) f(x,—t)=—f(x,t)forae. x €82 andallt € R.

Then the following assertions hold, where F(x,t) = fot f(x,s)ds,

w(u)=/F(x,u)dx foru e X,
Q
Jo IVulP® dx

:fg fl, wudx’

and the meanings of other notations, as J, I, M(t), c,(t), un(t), A, K, (1), A(t) and A™, are similar to those
defined for f(x,u) = |u|9 =2y above.

Au)

(1) Foreacht>0andn=1,2,..., c,(¢t) is a critical value of Yy on M(t) and the Ljusternik—Schnirelmann multi-
plicity result holds. Moreover, ¢, (t) — 0 as n — oo.

(2) Foreacht >0 and n=1,2,..., the sets K,(t) and A, (t) are nonempty, A, (t) C A, and for any u € K, (¢),
(u, A(n)) is a solution of (1.3). For each t > 0, A,(t) — 400 as n — oo.

(3) For each fixed n, c,(t) and u, (1), as the functions of t, are continuous on (0, 00).

(4) Foreacht > 0, the sets K, (t) and A, (t) are compact, and the set-valued mappings K, (-) and A, (-) are upper
semicontinuous on (0, 00).

(5) Assume the following condition (A{ ) is satisfied:
(A‘lf ) There exist an open subset U of $2, a compact subset E of U with positive measure |E|, and positive

constants ro and C, such that 1 <rg < p_(0U) and

fx, )= Ci"™ " forae xeEandallt € (0,1).

Then when t — 0, w1 (t) — 0 and A1(t) — 0, and consequently inf AT = 0. Moreover, for any A € (0, u*),
there holds ). € AT and there exists a nonnegative eigenfunction u;, corresponding to ) such that u; is a local
minimizer of the energy functional I, associated to problem (1.3) and I (u;) < 0, and furthermore, when . — 0,
J(u;) — 0.

(6) Suppose that (A{) and (A3) hold (note that this is the case if s (p(),p()) > 0 and g <K p). Then for any A > 0,
problem (1.3) has a nontrivial nonnegative solution u, which is a global minimizer of the energy functional I
associated to problem (1.3) and I (uy) < 0, and consequently AT = (0, 00).
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