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1. Introduction

In general, it is difficult to get the number of limit cycles for differential equations. The well-known Hilbert’s 16th
problem is just about the number of limit cycles and their relative locations for polynomial vector fields. This problem
attracts many famous mathematicians in world to do a lot of important works. In this paper, we consider the following
Liénard system [1]

x=y, y=-gx)—ef®y, (11)

where ¢ is a small parameter, f(x) and g(x) are polynomials of x with deg f =m and degg = n. The maximal number of
limit cycles of (1.1) is denoted by H(m,n). There are many results on the problem. For example, Han [2] proved H(m,2) >
[Z21] for m > 2. Christopher and Lynch [3] proved H(m,2) > [2%] for m >3 and H(m,3) > [W] for 3 <m < 50.
Yang, Han and Romanovski [4] proved H(3,3) > 5, H(4,3) >6, H(5,3) >6, H(6,3) >8, H(7,3) >8, H(8,3)>9. Han,
Yan et al. [5] proved Hm,4) >m+3,form=2,...,8, m#4 and H(4,4) > 6.

The above results are on n =2, n =3 and n = 4. Now we study the case on n = 5. Take g(x) = x(x* — 1)(x? —?) in (1.1)

with 0 <« < @ that will ensure the local maximum of the Hamiltonian function of (1.1)|¢—¢ at the value x =1 will be

positive and two heteroclinic orbits exist for € =0 as described in assumption (A4) in the next section.
For the convenience of computation, we will take o = 1 from now on. Then (1.1) becomes

. .1 5

k=y,  y=gx— 0+ —efx )y, (1.2)
where

f(x,8) =ag + a1x* + azx* + asx® + agx® (1.3)

is a polynomial of degree 8, § = (ag, a;, az,as,as) € R>.
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Fig. 1. The phrase portrait of (2.2) with assumptions (A1)-(A4).
For the system (1.2), we get the following result.
Theorem 1.1. Let a4 #~ 0 in (1.3), the system (1.2) has at least 10 limit cycles.
2. Preliminaries

In this section we introduce some known results used by this paper.
Consider the system

X=Hy(x,y)+€ep(x.y,6,8), y=—Hx(x,y)+€q(x,y,¢,0), (2.1)

where H(x, y), p(x,y,¢,8) and q(x, y, €, 8) are analytic functions, & > 0 is small enough and § € D C R™ is a vector param-
eter with D compact. When ¢ =0, (2.1) becomes a Hamiltonian system

X=Hy,  y=—Hy (2.2)

So, we will call Eq. (2.1) a near-Hamiltonian system.
We make the following assumptions on system (2.2):

(A1) The system (2.2) is y-axis symmetric.

(A2) The system (2.2) has a double homoclinic loop L =Ly U Ly consisting of two homoclinic loops L1 = L|y>o and Ly =
L|x<o with hyperbolic saddle 0(0, 0), where L is defined by the equation H(x, y) =0.

(A3) The center Cj(x, ¥¢,), | =1, 2 is surrounded by the homoclinic loop L;, where H(C;) =7 <O0.

(A4) A 2-polycycle I'> composed of 2 hyperbolic saddles S; and S, and 2 heteroclinic orbits T1 and I connecting them
r’=@us)u@Usy),
where I'? is defined by the equation H(x, y) = j > 0. (See Fig. 1.)
Then there exist three families of periodic orbits given by

L(h): Hx y)=h, he@,0),1=1,2,

Lth): H(x,y)=h, he(O,pw). (2.3)
Let
M(h, 8) = 7§ (qdx—pdy)le=0, hemn,0),1=1,2, (24)
Li(h)

and



W. Xu, C. Li /. Math. Anal. Appl. 389 (2012) 367-378 369

M(h,s) = ?{ (qdx — pdy)le=o, he(O,w), (2.5)
L(h)

which are called Melnikov functions. By the symmetry, we have My (h, §) = M3 (h, J).
From [6], for (x, y) near the saddle O (0, 0), we have

Lemma 2.1. (See [6].) Suppose

A .
H(x,y)zi(yz—xz)vL > hx'yl, a0

i+j>3
and

pxy,0.8)= Y ayXy,  qxy08= > by,

i+)>0 i+j>0

then

Mi(h,8) = co1 + cihIn|h| +coth +csh?In|h| + O (h?), 0<-h <1,

M(h, 8) = co + 2cihIn |h| + c2h + 2c3h*In|h| + O (h?), 0<h <1, (2.7)
where

Co1=M1(0,5)=fqu—PdYIe=o, co = 2co1,

Ly

1 1
c1 = —m(aw +bo1) = —W(Px +4y)(0,0,0,9),

C21 = %(Px +qy — a10 — bo1)|e=o dt|¢;—o0, c2 =201,
Ly

1
c3 {(—3030 — b1 +ai2 + 3bo3) — 3 [(2boz + a11)(3ho3 — ha1) + (2az0 + b11)(3h3o — h12)]}-

~2h

Lemma 2.2. (See [7].) In Lemma 2.1, denote

Co = Cot, c1=cy, C2 = (a1, €3 = C3]¢;=0. (2.8)
If there exist 8o € D and 1 < k < 3 such that
Cj(6p) =0, j=0,...,k—1, Cx #0,
a(Co, .., Ck—1)

k——————(8g) =k,
ke om0

then system (2.1) can have [57"] limit cycles near L for some (g, §) near (0, 8p).
From [8], for (x, y) near (x,, yc,), we have

Lemma 2.3. (See [8].) Suppose

1 . _
Hey) =m+ 5 (0= xe)? + (0 = ye)d) + D hijx—xe) (v = ye,)!

i+j>3
and
(Px+aple=o= Y cijX—Xe)' (¥ = ¥e,)'.
i+j>0
then for 0 <h — n1 < 1, we have
My (h,8) =bo1(h — 1) + bir(h — n1)® + -+ + bea (h — )+ + 0 (1h — 1 [F2), (29)

where

bo1 = 2mcoo, b11 = —c107 (h12 + 3h30) — co17w (h21 4 3ho3) + c207 4 Cop7.
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From [6], for (x, y) near (x5, ¥5,), [ =1, 2, we have
Lemma 2.4. (See [6].) Suppose

A . .
Hooy) =t (0= ye)? = = x)%) + 30 hijx—x)'(y = ys)) 2 #0,

i+j2>3
then for 0 < u — h <« 1, we have
M(h,8) =Co+Ci(h — ) Inlh — p| +Ca(h — w) +C3(h — > Infh — | + 0((h — w?), (2.10)

where

?0(8)=/qu—pdy|s=o+/qu—pdyls=o,

/L\1 Ly
T1(8) =C1(51,8) +C1(52,8),  T3(8) =7C3(51,8) +C3(52,9),

T2(8) = %(Px +4y)le=o0dtle 5)=0 = /(Px +4y)le=o0dtle; (s,,8=0 + /(Px +4y)le=0dtlg; (s,,8)=0-
2 Ta T

Summarizing the above lemmas, we can get the following theorem.

Theorem 2.1. Let the system (2.1) satisfy the assumptions (A1)-(A4) and (2.6), (2.7), (2.8), (2.9) and (2.10) hold. Suppose that there
exist 5o € D and k1 > 0, ky > 0,1 <k < 3 such that

bs1(60) =0, s=0,....,k1 —1, by, 1(80) #0,
T0) =0, s=0,....ks—1, T, (80) £0,
¢s=0, s=0,...,k—1, cx #0,
and
d(bot, ..., bk, —1,1.Co, .-, Ck—1,C0s - -, Cky—1)
rank = 277 (80) =k1 +ky + k.
(81, ...,0m)

k
Let p1 = (=D, 1 (80)E(0), p2 = (—DFHE1-16,(80)%, (80). Then system (2.1) can have 2k; +ka + [%1+ 3 limit cycles for
some (¢, 8) near (0, 8p) if p1 and p; are both positive.

Proof. We only prove the theorem for ko = 1, k = 3. The proof for the other cases is similar. When (2.6), (2.7), (2.8), (2.9)
and (2.10) hold, we have

M (h, 80) = biy 1B0)(h — ) 1 + O (Jh—m[M172), 0<h—m <1,
Mi(h, 80) = ¢3(80)h* In|h| + O (h?), 0<—h<«1,
M(h, o) = 2¢3(80)h?In|h| + O (h?), 0<h<1,
and
M(h, 80) =C1(8o)(h — ) Infh— |, 0<p—h<1.
If by, 1(80)C3(80) > 0 and €3(80)C1(80) > 0, then there exist hy € (11,0) and h € (0, ) such that

Mj(h1,80) =0, M1 (h1 — €0, 80)M1(h1 + €0, 80) <O,

M(h,80) =0,  M(h — &9, 80)M(h + &9, o) <0, (2.11)
when g is sufficiently small.
For definiteness, we take ¢3(8g) > 0. By the assumptions, we can choose by, ..., by, 1,1, Co, C1, €2, Co as free parameters.

Then (2.6), (2.7), (2.9) and (2.10) under (2.8) can be rewritten as
Mi(h, 80) =bo1(h — 1) + - -+ + by, 1.1 (h — np)k +Ek1,1(h —ppltt 4 O(th— 771)k1+2), O0<h-m<«1,
Mi(h, 80) =Co + CihIn|h| +Eh + C3h?Injh| + O (h?), 0<—h <1,
M(h, 89) = 280 + 2€1hIn|h| + 262k + 2¢3h% In |h| + O (h?), 0 <h <1,
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and

M(h,8) =To+Ci(h—w)In|h— ul+0(h— ), O<p—h<1,

where

bi,.1 = bi,,1(80) + O(lbot., ..., bk, —1.1. €0, €1, C2, Col).

€3 =203(80) + O(lbot, - .., bk, —1,1. €0, C1. €2, Col ).
€1="C1(0) + O(lbot. ..., bk, —1,1. Co. €1, C2, o).

Then it is easy to see that if

bky—11bk.1 <0, big—s—1.1bky—s1 <0, S=1.2,....k — 1,

0<bor| K |b11] K-+ KL by —1,11 K 1, (212)
then My (h, 8) has k; zeros near h = n;. If

O<(pK K01, (213)
then Mj(h, §) has 3 negative zeros and M(h, §) has 1 positive zero near h = 0. And if

0<Cr<k1, (2.14)

then M(h, §) has 1 zero near h = . Moreover, it follows from (2.11) that under (2.12), (2.13) and (2.14) there exist h}
near h; and h* near h such that

M](h’{,(So)ZO, M](h’{—So,(So)Ml(hq-l-So,(So)<0,
M(h*,80) =0,  M(h* — &g, 80)M(h* + &0, 80) <O.

Then for 0 < |gg| « 1, system (2.1) can have at least 2k1 +1+ 7 +3 =2k1 +ky + %"] 4+ 3 limit cycles. O
3. Main results

In this section we prove our main result Theorem 1.1.
We consider the system (1.2). For ¢ =0, the system (1.2) is a y-axis symmetric Hamiltonian system with

1 1 5 1
Hx, y)=—y% — x> + —x* — —xb 3.1
@ y)=5y" - X + ¢ 5 (3.1)
and has 5 equilibria: centers Cl(%,O), Cy —%,O) and saddles 0(0,0), S1(1,0), Sy(—1,0). Note that H(C)) = _1T18'

H(0)=0, H(S) = 41—8, I =1,2. The equation H(x, y) =0 defines a double homoclinic loop L = L1 ULy with Ly = L|x>o0,
Ly = L|x<o and the equation H(x,y) = 41—8 defines a 2-polycycle I'? consisting of 2 hyperbolic saddles S1, S, and 2 het-
eroclinic orbits ﬂ and fz satisfying a)(ﬂ) =51, oc(/L\1) =S, and w(/L}) =Sy, oa(/L}) = S, respectively. Then the equation
H(x,y) = h defines three families of periodic orbits L;(h), [=1, 2 for —% <h<O0and L(h) for 0<h < 41—8. (See Fig. 2.)
By (2.4) and (2.5), we have the Melnikov functions as follows
11
M;(h, 8) = — x,8)ydx, ——— <h<0,1=1,2,
1(h, 8) % fx.8)y 768
Li(h)
1
M(h,(S):—?gf(x,(S)ydx, 0<h<E, (3.2)
L(h)
where M1 (h, 8§) = My (h, d).

Proof of Theorem 1.1. By Lemma 2.1, for 0 < —h <« 1, we have
M (h,8) = co1 + cihIn|h| + c21h +¢3(0, )k In|h| + O (h?),

where A = % denotes an eigenvalue of O. By (3.1), the homoclinic orbit L1 has the expression:

1 1
Lq: yiziﬁx\/36—90X2+48x4, 0<x< Ty, TOZZ 15 —+/33.
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v

H=-11/768

Fig. 2. The phrase portrait of (1.2) for £ =0.

Then by Lemma 2.1 and (1.2) we have

To 4
o1 =—?§f(x, 8)ydx=—2/(a0 +a1x2+a2x4+a3x6+a4x8)y+dx=22ajlj, (3.3)
Ly 0 j=0
with
To
15 11 11
Io=— dX=—— 4 — /30 — — /305,
0 /” x=—128 * 2028 V3?1 ~ 3028 V3%
To
97 165 165
Lh=— | ¥y, dx=———t+ ——/30; — 30,,
! /Xy+ X 2048+32768[ ! 32768f 2
To
4395 10263 10263
L=— | x*y dx=— 3 — —— i
2 /X I+ ax 131072+2097152f 1 2097152‘[ 2
0
To
1——/;«6 iy 312483 164835 164835 o
3= Y+ 0% =" 10485760 ' 33554432 '~ ' 33554432 V" %
0
To
1968507 5447079 5447079
[qg = — XS dx=— - 39 ’
4 / Y+ 67108864+1073741824“/— ! 1073741824\/_ 2
0
c1 = 2aop, (3.4)
To
Cy1 = — ?{(f(x’ 8) — ag) dt}cl _o="2 /(a1x2 + axx* + a3x® + aqx®) dt
Ly 0
:—2/(a1x2+a2x4~|—a3x6+a4x8)y—dx:22ajjj, (3.5)
+ :
0 j=1

with



W. Xu, C. Li /. Math. Anal. Appl. 389 (2012) 367-378 373

To
]1:— —dX———\/_¢]+ \/_¢25
Y+
TO .
X 15
Jo=— | Z—dx= ———fq>1+ f@z,
y+ 4
0
To 6
X 135 483
o [(Eg 13598 gy 8 A,
I3 v T 128 T 2048 P17+ 5045 V32
0
To 3
X 2607 8235
o [ 2807 885 gy, BB
Ja ve 7T 2048 ~ 32768 32768 " °
0

where @1 =In(5+v/3 + 8), &2 =In(5+3 — 8).
In order to find c3(8) we make a change of variables of the form x = 2u, y = v. Then the system (1.2) becomes

.V . u

=5, V=3 —10u® 4+ 32u° — e f 2u, §)v. (3.6)
For € =0, the Hamiltonian function of (3.6) is

1, 5, ) 5,4 16 g 1
H - —u*— —u’=-H(2 .
u,v)= (v u)—i—zu 3 =3 Qu, v)

Let

Wi (h, 8) = — f fu, 8)vdu

H(u,v)=h

denote the Melnikov function of the new system (3.6). Then by Lemma 2.1, we have

M1 =Co1 +CihIn|h| +¢2h +Th? Infh| + O (|h[?),

where
¢3(0, 8) = —8ay.
Note that
Mi(h, §) = 2M; <%h 5),
we have
c3(0,8) = lE3(075) = —4a;. (3.7)

Next, we discuss the property of Mq(h, ) for 0 <h + 768 <« 1. We move the center C](%, 0) into the origin by letting

X=x1+ 7, y= ‘[y1 and t = fr system (1.2) becomes

ClX] dy1 5 ) 10 3 8 5 4 1

—_— = s —_ ==X ——X —_— X7 —€&— X _,8 . 3.8

dt Y1 dr 1 1+ 1+ +31 \/gf l+2 Y1 (3.8)
For &€ =0, the Hamiltonian function of (3.8) is

_ 1 5 5 4 4 8 1 V6

H(x1, =—— X Ix o x— x8 =2 H(«x -, — .

*1.y1) 288+2( +y1)+91 g3 gh =gt g0

From Lemma 2.3, we have

bo1 = 2w coo = 27 4 a—|—1a—|—1a+1 !
01 =27 Cop = NG 0t Jai+ et ast o) |,

b11 = (ca0 — 3h30C10) =7 4 2a +2a +5a +1a
11 =m(c20 30C10) = 7 30 T30+ gastgaa) |
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Let

— 4 1
M = — _ _
1(h, 8) i ?g NG <X1 + 2,5>Y1dxl

H(x1,y1)=h

denote the Melnikov function of the new system (3.8). Then by Lemma 2.3, we have

2
_ 11 - 11 11
M1 =boi|h+ — biith O((h+ —=
1 01< +288>+ 11( +288> + <( +288>)
Note that
3 8
Mi(h, ) = —M1<§h,8>,

we have

_ 4 1 1 1 1
b01(5)=b01(5)=2”[(_%>(a0+Zal+16a2+6 256 >:|
b = 5bu) =57 (~— ) (301 + 302+ 203 + 3

@)= 3bn®) =3 7 301t 302+ a3+ oas )

Then by Lemma 2.4, for 0 < 41—8 —h « 1, we have

2
1 1 —~ 1

1
M(h, 6)—co+c1<h—&>ln

1
h——|+0

48

((

1
h— —
48

where & = 3 NG denotes an eigenvalue of S1. By (3.1), the homoclinic orbits L1 and L2 have the expressions:

-~

Ly: :—l(xz—l) 48x2+6, —-1<x<1
1 Y+ 12 ) IAx L,

I y_= l(x2 —1)V48x2 +6, —1<x<1.

12
By (1.2), we have

1

4
To= % fx, S)ydx_—Z/(ao+a1x + azx® + a3x® + agx )y+dx_ZZaJKJ,
T+, -1 j=0
with
p 15 1
Ko = — dx=——6— — /30 3%,
0 /y+x 128 512“/—1+ 513 V3%
-1
' 97 17 17
Ki=— [ ¥y dx=———-V6+— /301 — —— /30U,
1 /x Y+ ax 2048f+24576[ ! 24576f 2

-1
1

2859 23 23
Ky=— | ¥ty dx=— 6 — 3P + ————/3Y,
2 / Y+ 131072f 524288\/_ l+524288\/_ 2

-1

1
135843 29
K3=— | By, dx=— 6 EYZ Uy,
3 /x Vi dx=—1oaee=50 "6+ 3383608 V2V 8388608\/_ 2
-1
p 574331
Ki=— | By, dx=— 6— W+ /30,
4 /X Y+ ax 67108864f 805306368f 1+805306368f 2
-1

where ¥; =In(3 + 2+/2), ¥ = In(3 — 2+/2).

)

(3.9)

(3.10)

(3.11)
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By (3.3), (3.4), (3.5) and (3.9), letting co; = c1 = c21 = bo1 =0, we can obtain

3a N a N N
4 ><—1, a2:—4><—2, as :—20a4x—3 (3.12)
2048 Ny 512 Ny No

ap=0, a=—
with
No=3927 968«/§(KD] — &) —439230(P1 + Py — P1D) — 19657984,
N1 =769843 360«/5(4’1 — &y) —205998870(D1 + Py — P1Dy) — 3225305344,
= 3405444064\/§(¢1 — &) —828827010(P1 + @3 — D1P,) — 14696514304,
N3 = 477191\/§(®1 — &y) — 87846(d1 + &y — P1Dy) — 2206896,

where @1 =In(5+/3 +8), &, =In(5+/3 - 8).
Then substituting (3.12) into (3.7), (3.10) and (3.11), we have

3(14 N1
(3= = x — ~2.122151961a4,

512 No

7 (3N; + 4N> — 38400N3 + 1024No)a
byy = — T8N N2 3t 0% _ 0593087363644,
768+/6Ng
N 3K1N; — 4K2N> + 40960K3N3 — 2048K4No)a
& = Bl 22+ ooaN 375 aN0)s 5 0164348984, (3.13)
0

Define Co = co1, €1 =1, C2 =C21 and C3 = ¢3. By (3.3), (3.4), (3.5) and (3.9), it is obvious that
21y 214 21 215

det 9(Co, €1, C2, bo1) _ 2 0 0 0
d(ap,a1,az,a3) | O 2] 2] 2]3
_ 46 _& _6n _&
3 12
V6 2.6 861
=—(11]2—]112)——(11]3—1113)+ 3 (I2]3 — J213)

A 0.00004580684306 #0.

Then by (3.12), we have ap = aj, a; =aj, a; =a; and a3 = a3. Let us take 8o = (a5, a7, a3, a3). Thus, with a4 # 0, we
have ¢3(809)b11(80) < 0, which indicates that there exist no roots h € (— 768, 0). And we also have ¢3(8g)Co(8g) > 0, which
indicates that there exists a root h* € (0, 4z) such that M(h*, 8g) =0 under (3.12). O

’ E
From the above theorem, we get the following corollaries.

Corollary 3.1. Let a4 = 0 and a3 # 0 in (1.3), the system (1.2) has at least 10 limit cycles.

Proof. Define co = cg1, C1 =1, C2 =21 and ¢3 = c¢3. According to (3.3), (3.4), (3.5), (3.9) and (3.11), we get

i 15 11 11 97  165v3 165+/3
co=2||—"—=—=+—~ \/_ by — f@z ap+ | — f¢1— \/—sz a,

128 ' 2048 2048 2048 ' 32768 32768

4395 10263+/3 1026343

— + 1— D, ay

131072 ' 2097152 2097152

312483 +164835«/§ 164835«/§(p .

10485760 ' 33554432 | 33554432 2) |
€1 =2ao,
i} V3 V3 3 1543 1543 135 48343 48343

=2 (-0, + Lo S 2,4+ 2 = _ @ @

Cz [( s Ity 2) +<4 62 ' T6a 2>a2+<128 2048 ' 2048 2)‘13]’
C3 = —4aq,

bo1 =27 4 a—i—la—i—]a—i—la
01 = 7 0 1+ 1521 54

=y 1546 11f3lp+11ﬁw .. 976 173 17ﬁq/ .
0= 128 512 ' 512 2)70 ! 2 )5

2048 ' 24576 ' 24576
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28594/6 234/3 234/3
(— V6 V3 ¥+ V3 ‘1/2>az

131072 524288 524288
135843./6 293 293
_ + 1 — ¥, |as (3.14)
10485760 = 8388608 8388608
where @1 =In(5+3 +8), @5 =In(5+/3 — 8), ¥; =In(3 +2+/2) and ¥ =In(3 — 2+/2).
In (3.14), letting co = ¢1 =c2 =0, we can obtain
3a3N N
W=0, aj=—25 @ @ g=_BT (3.15)
2560N4 80N,
with
N4 = —99328 + 726(P;1 + @3 — O1P2) + 18160+/3(D1 — D5),
Ns = —31053568 — 39930(P; + Py — P1Py) + 5727840v/3(P1 — D),
Ng = —11174400 + 54450(P1 + Py — B1P2) + 2020 144y/3(D1 — D),
where @1 =In(5+v/3 + 8), &3 =In(5+/3 — 8).
Then substituting (3.15) into (3.14), we have
_ 3a3Ns5
C3=— ~ —0.5980230234as,
640N4
_ w(1280N4 + 3N5 — 4Ng)a
boy = — ¢ 4+ 305 6)93 . _0.0026713759464as.
1280+/6N4
. (3Ns5Kj —32NgK3 + 5120N4K3)a
5 = BNk 6%2 + 4K3)83 . 0.0062255328005. (3.16)
1280N4
By (3.14), it is obvious that
21y 217 2Dy
d(Co,
det 43520 21 22)) 2 0 0
0,041,042 0 2]1 212

=8Uz2J1—11]2)
~ —0.01714723524 # 0.

Then by (3.15), we have ap = a, a1 = aj, a = aj. Let us take §o = (ap,aj,a3). Thus, with a3z # 0, we have
€3(80)bo1(80) > 0, which indicates that there exists a root hj € (_W’O) such that Mq(h}, 89) =0 under (3.15). And we
also have ¢3(80)Co(8p) > 0, which indicates that there exist no roots h € (0, E)' O

Corollary 3.2. Let a3 = a4 = 0 and a; # 0 in (1.3), system (1.2) has at least 5 limit cycles.

Proof. Define Co = cp; and ¢1 = ¢q. According to (3.3), (3.4), (3.9), (3.10) and (3.11), we get

) 11[ 113 97 16543 1653
Co=2 —+ D1 — ——Dy |ag+ | — D1 — D, |ay
128 2048 2048 2048 32768 32768
4395 1026343 1026343
+| - + \/_Cbl— \/—d’z a |,
131072 2097152 2097152

() (oo o)]
SRIENER)

8

3
- 15v6  11/3 114/3 976 1743 1743
0= 2[(— — ¥+ lIfz)ao + (— 2)01

128 512 512 2048 24576 %1 - 24576

28596 2343 233 o\
131072 524288 ' ' 524288 %)™

where @1 =In(5+/3 +8), &2 =In(5+/3 — 8), ¥; =In(3 + 2+/2) and ¥, = In(3 — 2v/2).

(3.17)
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In (3.17), letting co = bg1 =0, we can obtain

_ay _ 454884/3+22869(P; — P1)
T 256 " 59243+ 3630 — 1)
3a 18320+/3 + 9559(®; — P1)
64 5923 +363(®; — ®1)
Then substituting (3.18) into (3.17), we have

ao

a =— (3.18)

¢1~ —0.2647515758a,,

b11 = —6.571186554a;,

To ~ —0.05915704115a;. (3.19)
By (3.17), it is obvious that

det 2C0-bov) _ 2lo 21
d(ag,ay) | -%ox _/ox
24/6m 8+v6m
=— { o+ \/3— Ih

~ 0.0529496805 # 0.

Then by (3.18), we have ag = aj, a; = aj. Let us take & = (ay, a}). Thus, with a; # 0, we have ¢1(80)b11(0) > 0, which

indicates that there exist no roots h € (—%, 0). And we also have ¢1(8)Co(80) > 0, which indicates that there exists a root

h* € (0, 75) such that M(h*, 80) =0 under (3.18). O
Corollary 3.3. Let ay = a3 = a4 = 0 and ay # 0in (1.3), system (1.2) has at least 3 limit cycles.

Proof. Define ¢p =cp; and ¢; = c1. According to (3.3), (3.4), (3.9) and (3.11), we get

15 11/3 11/3 97 165+/3 165+/3
60:2[( \/_QD f¢2>ao+< f¢ f¢2>a1:|,

128 T 2048 ©1 T 2048 2048 ' 32768 | 32768
C1 = 2ao,

)

. 15V/6 113 11/3 97v6 173 17/3
co=2||— — v+ ¥ lag+ | — 1— ¥y |aq |. (3.20)
128 512 512 2048 24576 24576
In (3.20), letting co = 0, we can obtain
a;  —15524 165+/3(P1 — &3)
ap=—— X . (3.21)
16 —240+11/3(®1 — @))
Then substituting (3.21) into (3.20), we have
1~ —0.4407890354a1,
bo1 ~ —0.3037640503a+,
To ~ —0.0392280783a;. (3.22)

Then by (3.21), we have ap = ag. Let us take 8o = aij. Thus, with a1 # 0, we have ¢1(30)bo1(60) > 0, which indicates that

there exist no roots h € (—%, 0). And we also have ¢1(89)Co(8g) > 0, which indicates that there exists a root h* e (0, 41—8)
such that M(h*, §g) =0 under (3.21). O
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