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1. Introduction

Let (£2, #, #) be a complete probability space equipped with a right-continuous filtration {%};>o, on which a
d’-dimensional mutually independent standard Brownian motion B = {w(t)};>0 = {wi(t), ..., wy(t)} is defined. For
fixed 0 < T < o0, denote by & the o-algebra of predictable sets on £2 x (0, T) associated with {%#;}. Let @ be an open
subset in R" with a smooth boundary I".LetT < +ocandQ = @ x (0,T), ¥ = I" x (0, T). When X is a topological space,
B(X) stands for the o -algebra of all Borel subsets of X.

In the present paper, we consider the following stochastic distributed optimal control system with R-value control
processes in 2 x X':

{dy(x, t) = [Ay(x, t) + f(x, t, y(x, t))]dt + [By(x, t) + g(x, t, y(x, ))]dw(t) inQ,
Ay (x, t) = h(x, t, y(x, 1), u(x, t)) on %, (1.1)
y(x,0) = yo(x) in©®
where yo € [2(0) (a.s.) is a random function and adapted to .%y, A, B are defined in the next section. The free terms f, h are
R-value functions and g is an R?-value function. An adapted solution of the state equation (1.1) is a B(R") x B([0, T])-

measurable and {.# };>¢-adapted function satisfying (1.1) under some appropriate sense.
We introduce the following cost functional

JOoY, u) = E/ L(x, t, y*(x, t))dxdt + E/ I(x, t, y" (x, t), u(x, t))dp(x)dt + E/ r(x, y*(x, T))dx, (1.2)
Q b)) O

where y" is the adapted solution of (1.1) associated with u, p denotes the usual (n — 1)-dimensional measure on I",and L, |
and r are R-value functions.
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The space of feasible controls U is the set of u satisfying (1)u : 2 x (0, T) x I" — Ris B(R""!) x B([0, T])-measurable
and {7 };>0-adapted, (2) E [ Ju(x, t)[*dp(x)dt < oo.

The set of admissible controls Uq is a closed, convex subset of U.

Our optimal control problem can be stated as follows:

Problem (C). Find a u € U,qq such that

Joh = inf Jo"w). (1.3)
ueUaq

Any u(-, ) € Ugq satisfying the above equality is called an optimal control, and the corresponding state Y, D) =y,
Yo, 1) is called an optimal state. The pair (y*(-, -), u(-, -)) is called an optimal pair.

The boundary control problem (1.1)-(1.3) is extensively studied in many papers in the case of determinate control
systems, for example, we can see [1,2] and the reference in that papers. But in random cases, there are very few papers
concerning this problem. One of the difficulties is that properties of the solution of state equation (1.1) seems not clear
compared to the determinate cases. Another difficulty is the existence and uniqueness of the backward partial differential
equations. The purpose of this paper is to study necessary conditions of an optimal boundary control problem for the control
systems governed by stochastic parabolic equations with Neumann boundary conditions through convex perturbation. We
know that the main method is spike perturbation in similar problems, but if we use this method, stronger regularities of the
state are necessary. So the conditions we need must be stronger than we will give in the next section.

The optimality conditions for stochastic control systems have been considered in many papers. In finite dimensional
spaces, see [3-14], etc. For the cases of infinite dimensional spaces, to our knowledge, in general cases, there are very
few papers to treat this problem. In [15], the author considered the case in which the system is a semilinear evolution
control system and the infinitesimal operator is strongly elliptic by the variational method. For a general Cy-semigroup, the
stochastic maximum principle has been established in [16]. Zhou [17] studied this problem for a linear stochastic partial
differential equation, and obtained the corresponding maximum principle without state constraints. In [15], more than half
of the paper is devoted to obtaining the existence and uniqueness of the adjoint equation. By introducing an extension of the
martingale representation theorem, in [16], the authors derived the existence and uniqueness of the adjoint equations for
the Cy-semigroup. This method is extensively applied to many backward differential systems, for instance, see [18]. In [17],
the author used the Galerkin approximation to get the existence and uniqueness of the adjoint equations.

The paper is organized as follows: In Section 2, we state various assumptions and the main results. Sections 3 and 4 are
devoted to the proofs of the existence and uniqueness of the state and adjoint equations. In Section 5, we will give the proof
of the main results that are given in Section 2.

2. Notation and statement of the main results

Let H'(©9) be the Sobolev space W12(©9). We denote
H°(0) =1*(0) and H'=[%(2 x (0,T); H'(0)).

In addition, we denote the norm of the spaces H* and H' by || - lo = || - ||yo and || - ||y = || - || 41, respectively. Moreover, for
a function y € H!, we denote

T
II? = E f Iy DI,
0

Similarly, we can define H° and ||y||o. Throughout this paper, unless a special explanation is given, the positive constant C
will have different val/ues on different occasions.
A,B= (B', ..., B%) are linear operators defined by

Ay, 1) =Y dldT(x, D3y, 1) + D (x, Dy, D]+ Y d (X, D3y (x, 1) + cx, DY, ), (2.1)
ij=1 j=1
BYy(x, ) = ) o™ (6, D3y ) + 0k, 0y, 0, k=1,....d (2.2)
i=1
and
By, ) =y 1 D lal(x, D)y, O]+ D (x, y(x, r)} V() (23)
j=1 Li=1

v(x) being the outward unit normal vector to I" at the point x. For an interpretation of this Neumann condition in a trace
sense we can see [1].
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The results of this paper rely on the following assumptions:

Hypothesis 2.1. The coefficients a = (a¥), b = (b)), d = (&), c,0 = (6%), and n = (5*) are measurable in (x, t) with
values in the set of real symmetric n x n matrices, R", R™", R, R"™? and R¢, respectively. The real function yq is %o x 8(R")-
measurable and E||yq(x) ||(2) < K, where K is a constant. Furthermore, the functions a’, b/, ¢, &, o™ and n* do not exceed K

in absolute value. Also the matrix S = (a7 — 1 Y% o*o7*) is uniformly positive definite:
£TSe > A|€)* forany (t,x) and any £ € R",
for a fixed constant A > 0.
Hypothesis 2.2. f : 2 xR" X [0, T xR —> R, g = (g1,...,8¢) : 2 XR"x [0, T] xR — RY andh : 2 x R x [0, T] x
R x R — R are mappings such that the following properties are satisfied:
(i) fis P @ BR") ® B(R)/B(R)-measurable, g is P @ B(R") ® Q(R)/:B(Rd/)—measurable andhis » ® BR" ) @
B(R) ® B(R)/B(R)-measurable.
(i) f¢, -, 0), g(-, -, 0) € H° andEfOT [ Ih(x, £,0, u(x, t))[Pdxdt < oo (k=1,...,d,Vu(,) € ).
(iii) There exists an M > 0 such thatVy,y’ € R
d/

Fxt.y) = f&EY)] + D lgex. t.y) — gelx. t.¥)| <My —y'| uniformly in (@, t,%) € 2 x Q
k=1

forevery k € (1,...,d) and

<M uniformlyin (w, t,x,u) € 2 x X X R.

3h( ; )
— X0y u
ay y
(iv)

oh
a—(x, t,y,u) <0 foralmostevery (w,t,x,u) € 2 x X xR.
y

Hypothesis 2.3. f : 2 xR"x [0, T]xR —> R, g = (g1,...,8¢) : 2 xR"X[0, T xR — R andh : R"1x[0, TIxR — R
are mappings such that the following properties are satisfied:
(i) fis P RB(R") @ B(R)/B(R)-measurable, g is P ® B(R") ® £(R)/£(Rd/)—measurable andhis BR"H RSB0, T)H®
B(R) ® B(R)/B(R)-measurable.
(i) f(, -, 0), g(-, -, 0) € H°. For almost every (x,t) € X, h(x, t,y, -) is a continuously differentiable function for every

fixed (x,t,y) € ¥ x Rand /OT [ Ih(x, t,0,0)?dxdt < oo.
(iii) f, g, h are continuously differentiable functions with respect to state. Also there exists an M > 0 such that

af d
— (&, y)’ +
5 2

foreveryk € (1,...,d) and

9
ﬂ(x, t,y)

3 <M uniformlyin (w, t,x) € 2 x Q
y

<M uniformlyin (t,x,u) € ¥ x R.

oh
+ ’(x, t,y,u)
ou

ah
— &, t,y,u)
ay

oh
a—(x, t,y,u) <0 foralmostevery (t,x,u) € ¥ x R.
y

Hypothesis2.4. L : R" x [0, T] xR — R, [: R ! x [0,T] xR x R — Randr : R" x R — R are mappings such that the
following conditions are satisfied:
(i) Lis B(R") ® B8([0, T]) ® B(R)/B(R)-measurable, [is B(R" ) ® B([0, T]) ® B(R) ® B(R)/B(R)-measurable and
ris B(R") ® B8(R)/B(R)-measurable.
(ii) L(-, -, 0) € I?(Q), I(-, -, 0, u(-, -)) € [2(X) forevery u(-,-) € U and r(-, 0) € [*(O).
(iii) L, I, r are continuously differentiable functions with respect to state. Also there exists an M > 0 such that

<M uniformly in (t,x) € Q

oL ar
—& |+ | =&y
ay ay

and

<M uniformlyin (t,x,u) € ¥ x R.

al(xt u)
3y LY,
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Next, we give the necessary condition of control systems (1.1)-(1.3):

Theorem 2.5. Let Hypotheses 2.1, 2.3 and 2.4 hold. Let (y(-, -), u(-, -)) be an optimal pair of Problem (C). Let (p(-, -), q(-, -)) €
H! x [H°]? be the solution of the following adjoint equation:

) . o af ) a
dp(x, ) = —| A"B(x, ) + ) BiGi(x, t) + gy ® B DD + (x5 )
k=1

d 9 _ B _
+ ; %(x, £, §(x, )i, f):|dt +G(x, Odw (o) inQ,

_ dh _ _ _ ol _ _
0y p(X, t) = @(x, t,y(x, t), u(x, ))p(x, t) + @(x, t,y(, t), u(x, t)) onx,
B Qe(x, £) =0, ke (1,2,...,d} on Xy,
k

(2.4)

_ ar  _ )
p(x, T) = —(x,y(x,T)) in©
ay

where

q(x7 t) = (q] (X7 t)’ RN Qd/(x, t))?

Apx, )= ax,.{Z[a”(x, £)dgp(x, ] — d'(x, OP(, r)} — D D DK, ) + cx, Pk, 1),
j=1

i=1 j=1 j

Brgi(x, ) = — ) dlo™(x, Dqu(x, D]+ 1*(x, D@, 1), ke (1,2,...,d},
i=1

By P(X, 1) = Z{Z[af%x, 0)dyp(x, )] — d'(x, Dp(x, r)}v,-(x),
i=1 Uj=1
and

aUB; qr(x, t) = — Z[a”‘(x, O, HIvi(x) kef1,2,...,d}.

i=1

Then

E / Ho(x, £ 5(x, 0, §x, 0., G(x, 1), (x, 0)dp(ode
)
= (mgnUE/ Hy(x, t,p(x, t), y(x, t), u(x, t), u(x, t))dp(x)dt (2.5)
u(-,-)e >

where the Hamiltonian H,, : ¥ x R x R X R x R — R is defined by
oh al
Hyx, t,p,y,u,v) = [p—& t,y,u) + —(x,t,y,u) | v.
ou Jau

In the following, we apply this result to an example.

Example 2.1. Let the cost function be

T(u) = E/(y“(x, t) — zg(x, t))2dxdt —|—E/ lu(x, t)|2dp(x)dt, zq € [*(Q). (2.6)
Q x

Then the adjoint state (p, q) is given by

d/
0
dp(x, 1) = — | A"p(x. ) + ) Byi(x. 1) + af{/(x, £,y O)p&, t) +2((x, t) — za(x, 1))
k=1

¢ agk _ _ _
k; gy YD ai baw (2.7)

oh
O P(X, 1) = ?(X’ £ y(x, 0), u(x, £)p(x, ) on X,
y
Oy Qr(x, £) = 0, ke{1,2,...,d} on X,
k
p(x,T)=0 in©
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and the optimality condition is
/ [p(x t)— (x t,yx, t), ulx, t)) + 2u(x, t)} (ux, t) —ux, t))dpx)dt >0 Vu € Ugq. (2.8)

(i) The case where there are no constraints (Ugg = U).
Then (2.8) reduces to the equation

p(x, r) (x t,y(x,t),u(x,t)) +2u(x,t) =0 on X as. (2.9)
(il) Ugg = {v|v > 0 almost everywhere on X a.s.}.
Then (2.8) reduces
p(x, t)a x, t,y(x, t), u(x, t)) + 2u(x,t) >0 on X as.,
u
ulx, t) > O on X as., (2.10)

[p(x t)— (x t,y, t), ux, t)) + 2u(x, t)] u(x,t) =0 on X as.

(iii) Ugq = {v]&o(x, t) < v(x,t) < &1(x, t) almost everywhere on X a.s., & € L*°(X)}.
From (2.8) we then deduce

p(x, t) (x t,y(x, t), u(x, t)) + 2ux, t) >0, ux,t) =&x,t),
p(x, t) (x t,y(x, t),ulx, t)) +2ux,t) <0, u,t)==~&(x,t)), (2.11)

p(x, t) (x t,y(x, t), ulx, t)) +2ulx,t) =0.

3. State equations

In this section we will give the existence of unique solutions of state equations for a fixed control u(x, t) (we will omit it
for simplicity). The main method is Galerkin approximations. To avoid notational complexity, we prove the results ford’ = 1
(there is no essential difficulty when d’ > 1). We assume the functions e; = e;(x)(k = 1,2, ...) € H'(0), and, for the sake
of nonessential simplifications, we let

{ex}2, is a basis of H'(0), (3.1)
and
{ex}re; is an orthogonal basis of HY(0). (3.2)

First, the definition of solution of the state equation is given as follows:

Definition 3.1. We say afunctiony € H'(®) is a weak solution of the non-homogeneous Neumann boundary value problem
(1.1), if it satisfies

/y(x D@ x)dx = [yo(X)¢(x)dx— Z/ / a’(x, )8 y(x, 5) Dy (X)dxds

l]—

— Z/ /bi(x, S)y(x, s)axj¢(x)dxds+2/ /di(x, s)axjy(x, S)¢(x)dxds
j=1 0 €] j=1 0 [¢]
t t
+f [c(x, S)y(x, s)¢>(x)dxds+/ ff(x, s, ¥(x, 5))¢(x)dxds
0 [ 0 [¢]

t n t
+ f / h(x, s, y(x, $)$X)dp(ds + ) / / o' (x, $)d,y(x, ) (X)dxdw (s)
o Jr i1 J0 Jo

t t
—1—/ /n(x, S)y(x, s)¢(x)dxdw(s)+f /g(x, s, y(x, 5))d(x)dxdw(s), a.s. (3.3)
o Jo o Jo

for every ¢ € H'(®) and almost every t € (0, T].
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Our main aim now is to prove the following theorem.

Theorem 3.1 (Existence and Uniqueness of State Equation). Under Hypotheses 2.1 and 2.2, state equation (1.1) has a unique
(weak) solution y in H' for every control u € U. Moreover, there exists a constant C > 0 such that

OsupTEuy(t)né + llyll; < C. (3.4)
<t=<

Remark 3.1. By this theorem we can denote J(y*, u) by J(u).

We shall divide the proof of Theorem 3.1 into two cases which considers a simple version of Eq. (1.1).

Lemma 3.1. Suppose that f, g € % (2 x (0, T); H(0)), h € [%,(£2 x (0, T); H°(I")) and Hypothesis 2.1 holds. Then,

dy(x, t) = [Ay(x, t) + f(x, ©)]dt + [By(x, t) + g(x, )]dw(t) inQ,
{BvAy(x, t) = h(x, t) on X, (3.5)
y(x,0) = yo(x) ino

have a unique solution y in H' satisfying (3.4).

Proof. Fix now a positive integer m, we look for a function y,, : 2 x R" x [0, T] — R of the form

m
Y 1) =Y rh(©er(x). (36)
k=1
We hope to select the coefficients r,’,‘l(t) of y,; such that
k() = / yoexxdx (k=1,...,m) (3.7)
o
and
n m t .
HMOESNOESEY / / a’ (x, )3y, e, (x)dy e () dxr? (s)ds
ij=1p=1Y0 JO
n m t )
- ZZ / f b (x, s)ey (x)dy e (x)dxrp, (s)ds
=1 p=170 7O
n m t m t
+ ZZ/ /dj(x, s)axjep(x)ek(x)dxrﬁ(s)ds—|—Zf /c(x, s)ep(X)ex(x)dxrP (s)ds
=1 p=170 Jo p=170 7O
t t
+ f /f(x, s)ex(x)dxds +f / h(x, s)ex(x)dp(x)ds
0 [¢] 0 r
n m t
+Y N / f o' (x, 5)0xep (X)ex (X)dxrP (s)dw(s)
i=1 p=170 JO
m t t
+ Z/ /n(x, s)ep(x)ek(x)dxri(s)dw(s)+/ /g(x, s)ex(x)dxdw(s) (3.8)
=170 Jo 0 Jo
fork =1, ..., mand almost every (w, t) € £ x [0, T].
By the results of [13], we can get that the Eq. (3.8) have a unique {.%};~o-adapted continuous solution (r}, ..., r™) for
everym € R.

Next, we shall give the energy estimates of y,;,. Applying Ito’s formula to |r,’§l(t) |2, and adding up in k from 1 to m, we have

n t
E / Vm(x, 6)2dx = E / Vm(x, 0)Pdx — 2E ) / / a¥ (X, 5) 3, Ym (X, 5) 3 Ym (x, 5)dxds
O O 0 Jo

i,j=1

n t
+2E Z[ /[di(x, $) — B (x, $)1ym (X, $)3Ym (X, 5)dxds
j=1 0 [¢]

t t
—I—ZE/ fc(x, ) |ym(x, s)|2dxds+25/ /f(x, S)ym(x, s)dxds
0o Jo 0o Jo
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t
+ZE/ /h(x, S)ym(x, s)dp(x)ds
r
n 2
+E/ Z|:Z/Gi(x’s)3XiYm(XaS)ek(X)dX:| ds
— i=1 YO

t m 2 t m 2
+E/ Z[/ nx, $)ym(x, s)ek(x)dxi| ds—i—Ef Z[/ g(x, s)ek(x)dx] ds
0 k= 0 j=1L/0

E/ Z|:<Z/o"(x, $)OxYm(X, s)ek(x)dx)/n(x, S)Ym(X, s)ek(x)j|dxds
0 o o

k=1 i=1

t m n
2E Z|:<Z/a"(x, $)0x,Ym(X, s)ek(x)dx)/g(x, s)ek(x)dxj|dxds
i=1 YO o

0 k=1

+ 2E /[ Z [/ nx, 8)ym(x, s)ek(x)dx/ g(x, s)ek(x)dx] ds. (3.9)
o o

0 k=1
By Yong's inequality and Hypothesis 2.1, we get
t t t
Elym(©I < C(e) — 20E / Iym(s)|12ds + CeE / ym()12ds + CE / ym() 1265, (3.10)
0 0 0

where the constant C and C(¢) depend on f, g, h, ¢, K and the imbedding theorem constants. Let ¢ = 1/C in (3.10), we get

t t
Elym(®Il5 + )\E/ lym(s)lIds < C + CE/ [ym(s) lIds. (3.11)
0 0
Hence, Gronwall’s inequality yields

sup Ellym (Ol + llymllf < C. (3.12)

0<t<T

So the sequence {yn )., is bounded in H'. Consequently, there exists a subsequence (still denoted by itself) and a function
y € H' such that

ym — y weakly in H'. (3.13)
Next, we prove that y satisfies (3.5). For this end, we take ¥ to be an absolutely continuous function mapping [0, T] to R
with ¥’ = dy/dt € I*([0, T]) and ¥ (T) = 0. Let ¥ (t) = v (t)e; multiply y,, by ¥*(t) and using Ito’s formula, we get

/ / Y, )0 (s = Y Om(®) — 3 / f a7 (x, )8, Ym (X, 5) By e (Y (5)dxds

ij=1

- Z f / B (x, $)ym(x, 5)dyex(0 (s)ds
j=1 0 [¢]
n T )
+y / f & (x, 5) 3y ym (%, 5)e(x) ¥ (s)dxds
i 0 o

T
+ / / [C(%, )Y (X, 5) + F (% 5)lex (0 (s)dxds
0 ]
T
+ / / h(x, $)ex()v (s)dp ()ds
0 r

n T
+ Z/ /ai(x, $) 0%, Ym (X, S)er(X) ¥ (s)dxdw(s)
0 o

T
+/ f[n(x,S)ym(x, s) + g, s)lex () (s)dxdw(s). (3.14)
0 [¢]
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By (3.13), letting m go to infinity, we conclude that

T
_ / f Y%, 96V (s)dxds = 1 (0) / $(0Y(x, 0)dx
0 O 1]
n T .
-y f / al(x, ),y (x, )y P (X) Y (5)dxds
ij=1 0 o
n T )
- / f (X, 9)y(x, $)dd ()9 (s)ds
i=1 0 o
n T
+30 [ [ daonyisocou s
j=1 0 €]
T
+ / / [, )Y(x, 5) +F (x, )19 (0 (5)duds
0 ]
T
+ / / h(x, s)pX) ¥ (s)dp(x)ds
0 r

n T
+> / f o' (x, )34y (x, )P ()Y (s)dxdw (s)
i=1 /0 JO

T
+ / / [n(x, $)y(x, 5) + g(x, 5)]p(X) ¥ (s)dxdw (s) (3.15)
0 [¢]
forany ¢ € H'.Forany t € (0, T), let
1 ifs<t—eg/2,
Ve (s) = {1/8-(t—$+8/2) ift—¢e/2<s<t+e¢g/2,
0 ifs>t+¢/2.

Substituting (3.15) with ¥, and letting ¢ — 0, we get thaty € H' is a solution of (3.5).

Next we shall prove the uniqueness of solution of (3.5). It is easy obtained by the linearity of (3.5) and Gronwall’s
inequality. So we omitit. O

In the following, we complete the proof of Theorem 3.1:

Proof. (1) Uniqueness. We suppose that y' and y? are two solutions of state equation (1.1). Let y = y; — y,. Then applying
Ito’s formula to [|y||3, we get

n t
E / [y(x, £)|2dx = —ZEZ / / al(x, $)3J (x, )3, (x, 5)dxds
[¢] 0 [¢]

ij=1

+2E ; /0 | /0 [d/(x. 5) — b/ (x. $)],F (x. )y (x. 5)dxds

+2E /0 t /0 {e, )T )P+ [F (%, 5,5 (1, 5) = F(%, 5, Y (x, )1 (x, 5)}dxds
o /0 | /F[h("’ 5,91 (x,9) = h(x, s, y* (x, )Y (x, )dp (x)ds

+E ; /o | /@ o' (x, )07 (x, )3, I (X, 53y (x, 5)dxds

t
—l—E/ f[n(x, s)y(x, s)]2 + [g(x, s,y1(x, s)) —g(x, s, yz(x, s))]zdxds
0o Jo

n t
+2E Z/ / o' (x, $)n(x, 5)dY(x, $)J(x, s)dxds
i=1 Y0 O
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n t
+2E) f / o' (%, )8 I (X, )(EX, 5,y (x,9) — &KX, 5, ¥ (%, 5)))dxds
i=1 70 JO

+2E / f nx, )y, s)(g (X, s, y1(x, 5)) — g(x, s, y*(x, 5)))dxds. (3.16)
0 ¢}

Using the Hypotheses 2.1 and 2.2, and Yong’s inequality, similar to Lemma 3.1, we obtain that

t t
EIF®O)15 + /\E/ I5(s)l1ds < CE/ 17(s)llgds. (3.17)
0 0

Hence Gronwall’s inequality yields the uniqueness of state equation (1.1).
(2) Existence. Let y° = 0 and define recursively by using Lemma 3.1 the following equation:

dy"(x, £) = [AY"(x, £) + f(x, £, y" ' (x, )1t + [By"(x, ) + g(x, £, y" ' (x, ))ldw(t) inQ,

B )" (%, £) = h(x, t,y" (%, 1)) on X, (3.18)
Y'(x,0) = yo(x) ino

for n > 1. By using Lemma 3.1 we know that the solution y" lies in H' for each n > 1 and satisfies (3.4).
By applying Ito’s formula, denote by Y™ = y™*1 — y" it follows that

n t
E / Y™, 0)Pdx = —2E ) / / al(x, )0, Y™ (x, $)0 Y™ (x, 5)dxds
[ 0 [

=
+2E ; /0 t /@ [d(x,5) — D/(x, )] Y™ (x, )Y (x, s)dxds

+2E fot/@{c(x, SIY™(x 9) + [F(x. 5. 5" (x, ) — (6, 5,y (x, $))]¥™ (x, $)}dxds
+2E /Otfr[h(x, 5, 9" (%, 5) = h(x, 5, y"~' (%, )Y (x, 5)dp(x)ds

+E/0[/0[77(X, Y™ (x, 92 + [g(x, 5, Y'(x, 5)) — g(x, 5, Y"1 (x, 5))]2dxds

+25§ fo [ f@ o' (x, $)n(x, )0 Y™ (x, $)Y™ (x, s)dxds

+25iZn;/otf00i(X, Y™ (%, 5) (g (X, 5, Y'(x,5) — g(x, 5, Y (%, 5)))dxds

+2E / / nx, )Y (x, 5)(g(x, s, Y'(x,5)) —g(x, s, Y"1 (x, 5)))dxds. (3.19)
0 o

Using Hypotheses 2.1 and 2.2, and Yong’s inequality, we have

t t t
BV 13458 [ V@)1 < 8 [ v iRds+ e [ v s (3:20)
0 0 0
Let
t
P () = / E|lY"™(s)]|3ds.
0
Observe from (3.20) that

d
EP”H“) < CP"(t) + CP""(v),

for each t, this yields that

t
Pty < / eC=9pn(s)ds.
0
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Hence iterating this inequality gives
tn
Pn+1 (f) < (CeCT)npl (T) 7' .
n!
This implies > -, P™1(T) is convergent and as a result of this, the definition of P"*! and (3.20), we conclude that {y"} is
a Cauchy sequence in H', and so it is convergent. Let y denote the limit of this sequence. This convergence together with
Hypotheses 2.1 and 2.2 allows us to let n — o0 in the weak solution form of (3.18), in other words, y satisfies (3.3). It follows

that y is a solution of (1.1). O

4. Adjoint equations (BSPDE with non-homogeneous double boundary conditions)

In this subsection, we will give the existence and uniqueness of the adjoint Eq. (2.4). For simplicity, it is denoted by

d d
dp(x, 1) = — | A'p(x. 0) + Y Biqe(x. ) + F(x, Op(x, ) + L(x, ) + D Glx, D)qi(x. t)} d
k=1 k=1
+q(X, t)dwgt) _ in Q, (4-1)
0y P(x, t) = h(x, t)p(x, t) + I(x, t) on X,
Buge Qi(x, t) = 0, ke{1,2,...,d} on X,
k
p(x,T) =1(x,T) ino®

where

_ 9 _ oL
fx,t) = a—f(x, 6Lyx,t), Lx t)=_—&tyx1),
y ay

— agk — - oh — —
x, t) = af(x, t,y(x, t)), h(x,t) = —(x, t,y(x, t), u(x, t)),
y ay
and
- ol _ _ _ air _
l(X, t) = 7(Xs ta y(x’ t)7 U(X, t))s r(xv T) = 7(Xay(xs T))
y ay

First we give a definition of backward stochastic partial differential equations with non-homogeneous boundary
conditions. It is important for the research of our problems. As we know, this is new in this area.

Definition 4.1. (p, q) € H' x [H°]? is called a weak solution pair of (4.1) if it satisfies

n T
/p(x, Hpx)dx = / r(x, T)¢x)dx — Z/ /a”(x, $)0xp(X, s)axj¢(x)dxds
) o t Jo

ij=1

n T
+ Z/ /[di(X, $)P(x, $)dy,d(x) — b (x, )3y P(x, $)¢ (x)]dxds
i=1 Jt JO
T d T
+f /c(x, s)p(x, s)¢(x)dxds+2/ /nk(x, s)p(x, S) (x)dxds
t [ k=1t [¢]

d n T
+ Z/ / o (x, $)qk(x, $) 0y (x)dxds
¢t Jo

k=1 i=1

T d
oy [f(x,s>p(x,s>+i(x,s>+ngoc,s)qk(x,s)]¢(x)dxds
t o _

k=1
T _ ~ d T
+ / / [A(x, )p(x, 5) + 1(x, )P X)dp(x)ds — / f Qi (X, )@ (x)dxdwy(s) (4.2)
t r k=1 Yt €]

for every ¢ € H'(O).

In the following we also assume that d = 1. Now, we give a result of existence and uniqueness of the backward
differential equation in the finite dimensional case, which was originally obtained by Bismut [19], see also [17,7,15];

Lemma 4.1. Let m be a fixed positive integer. Let Ay, My, € LG (2 x [0, T]; R™™), F, € L?g (2 x [0, T;R™),and r,,, €
[*($2, #r, R™). Then there exists uniquely a pair (p™, q™) € %, (2 x [0, T]; R™) x [%, (2 x [0, T]; R™) satisfying the following
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backward SDE:

{dp'"(t) = —[ATp™(t) + M! ()q"(t) + Fn(D)1dt + q™(t)dw(t), t € [0,T),
pm(xs T) = rm~

(4.3)

Theorem 4.1. Under Hypotheses 2.1, 2.4 and 2.4, there exists a unique solution pair (p, q) € H' x HC satisfying BSPDE (4.1).

Proof. (1) Uniqueness. Assume that (p, q) € H' x H? satisfies

dp(x, t) = —[A*p(x, ) + B*q(x, ) + f(x, Op(x, ) + E(x, )(x, D)1dE + q(x, H)dw(t) inQ,

p(x,T) =0 in 0.

Consider the following equation, which admits a unique solution & € H' by Lemma 3.1:

aUAg(X» t) = h(X, t)g(xﬂ t)
E(x,00=0

Applying Ito’s formula to (p(t), £(t))yo, we obtain

T
E/ P15 + lg©®lIzdt = 0.
0

This implies

llpll} = 0.

So we have the uniqueness.
(2) Existence. Also let {ex}72 ; be a basis of H'(0), which is orthonormal as a basis of H°(©). Fix a positive integer m. Let

Pt =Y pi)e and q"(t) =Y g (b,
k=1

k=1

such that

n m T
o =M =33 [ [ e waemdplod
t [¢]

ij=11=1

n m T
+ ZZ /t f@ [d'(x, s)e; (x)yex(x) — B (x, $)dye; (X)ex(x)1dxp™ (s)ds

i=1 =1

m T m T
+> f / c(x, s)e; (Ve (X)dxpl ()ds + ) / / n(x, s)e: (X)ex(x)dxqy (s)ds
=17t JO =17t JO
n m T
+Y Y / / ol (%, )e; (x) 0y e (x)dxq™ (s)ds
i=1 t=17t JO

T m T
+/ [I_,(x, s)ek(x)dxds+Z/ /g(x, s)e (x)ex(x)dxq’ (s)ds
t €] =1Yt o

m T
! Z/r fr h(x, s)e: (X)ex(x)dp ()P (s)ds

T T
+f fi(x,s)ek(x)dp(x)ds—/ qare)dw(s), k=1,2,...,m,
t r

t

Oy P(X, 1) = h(x, )p(x, ) onx,

dE (x, t) = [AE(x, 1) + f(x, DE(x, 1) + p(x, D]t + [BE (x, £) + E(x, )E(x, ) + q(x, O)]dw(t) inQ,

on X,
in0o.

where Z;(":l i (Meg(:) =r"(-,T) = 7(-,T) in H®(¥) asm — oo. By Lemma 4.1, there exists a unique pair

and

@7, ....pM" e %(2 x [0, T]; R™)

@, ....qm" € (2 x [0, T; R™)

(4.4)

(4.6)
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satisfying (4.6). Applying Ito’s formula to (4.6) and adding in k from 1 to m, we get
n T
E/ Ip™(x, t)|?dx = E/ 7™ (x, T)|2dx—ZEZ/ /aU(x, 5)0y D™ (X, 5)Byp™ (x, 5)dxds
[¢] [¢] ij=1 t [¢]
n T ) )
+2EZ/ /[dl(x, s) — b'(x, )19, p™ (x, s)p™ (x, s)dxds
i=1 Jt JO
T
+2E / / (c(x, ) + n(x, 9)|P" (x, )| dxds
t [
n T .
+2EZ/ /a'(x, $)q" (X, )3, p™ (%, s)dxds
i=1Jt JO
T o, T
+2E/ /L(x, s)p™(x, s)dxds—l—ZE/ /g(x, s)p™(x, $)q™ (x, s)dxds
¢ Jo ¢ Jo

T T
+2E / / h(x, s)|p™(x, s)|>dp(x)ds + 2E / / 1(x, $)p™ (x, s)dp (x)ds
t r t r

T
—E / f lq™ (x, 5)|*dxds. (4.7)
t €]

Hence by Yong's inequality we have that

Elp™(©)I5 + AE /tT Ip™ ($)lI3ds < C + CE/tT Ip™ (s) ll5ds (4.8)
where C depends only on K, M, A and the constant in the imbedding theorem. So Gronwall’s inequality yields

Sup EIp" (O + llp" IF<c. (4.9)
Now let ™ = (", &, ..., EMT € [% (2 x [0, T]; R™) be the solution of the following equation:

gty = —>_ ) / a’(x, £) 3y (x) 0y, er (x)dxE]" ()dt
O

ij=11=1

+y > /0 [ (x, )y e: ()ex(x) — b (x, t)er (X)dyex(x)dXET" (t)dt

j=1 =1

+ 3 [ et vecwamar o+ Y [ i e wetodp el e
=170 =1Y1

+ [ o newdp@de + 3" [ o 00, el Odu )
r i=1 =170

+ Z/ n(x, t)e: (X)er(x)dxé;" (t)dw(t)
=1Y0

+y / E(x. e (Wer(X)dXEM ()dw(t) + g ()dw (0),
=1Y0

') =0, k=1,2,....,m. (4.10)
By a calculation similar to the above, we get
T T
sup EI§™(0)]5 +E / IE™@©)117dt < CE / llg"™ (O li5dt. (4.11)
te[0,T] 0 0

On the other hand, Ito’s formula gives

dY prOE) = — / L(x, DE™ (x, ydxdt + [|g™ (D) IIFde + {- - -}dw(©). (4.12)
k=1 c
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Integrating from O to T and taking the expectation, we get

T
E/ g™ (6)|l3dt = E/ L(x, t)E™(x, t)dxdt+E/ p™(x, T)E™(x, T)dx
0
¢ T 1/2 7
< C(E/ IIS(t)Ilédt> + ENF™M P AENE™(T) 1)
0

T 1/2
<c (E / ||q'“(t>||§dt> (4.13)
0

where the constant C depends on M. Consequently

T
E/ g™ (t)|I2dt < C. (4.14)
0
By (4.9) and (4.14), there exists a subsequence (also denoted by itself) and a pair (p, q) € H'! x H° such that
p™ — p weaklyin H' (4.15)
and
q"™ — q weaklyin H® asm — oo. (4.16)

Next we show that (p, q) satisfies (4.1). To this end, similar to Theorem 3.1, let ¥ be an absolutely continuous function from
[0, T] to R with ¥’ = dyr/dt € [2(0, T), ¥ (0) = 0 and

0 ifs<t—eg/2,
Ye(s) ={1/e-(s—t+¢e/2) ift—e/2<s<t+e/2,
1 ifs>t+¢e/2.

Then the proof is completed. O

5. The proof of necessary conditions

In this section, we present the proof of our necessary conditions. The proof is divided into two steps. Let 1 € Uyq be an
optimal control and let y(-, -) be the corresponding optimal state. And u € U,y be fixed. Because of the admissible controls
set Uqq is a convex set, thenuy = u+ 6(u — u)(@ € (0, 1)) also belongs to U4 and let yy (-, -) be the corresponding state.
In this section, we using the convex perturbation to obtain the main results.

First we give some lemmas for our needs.

5.1. Some lemmas

Lemma 5.1. Under Hypotheses 2.1 and 2.3, there exists a constant C such that

sup Ellyq(¢) = y(©llg + llys — JlIT < CO. (5.1)
te[0,T]

Proof. Let £ =y, — y, then by the state equation we have

d&(x, t) = [AE(x, t) + f(x, t, ¥o (x, 1)) — f(x, t, y(x, £))]dt

+I[BEX, ) +g(x, £,y (X, 1)) — g(x, t, ¥(x, t))]dw(t) inQ,
0,6 (x, t) = h(x, t,ys(x, 1), ug(x, t)) — h(x, t, y(x, t), u(x,t)) on X,
Ex,00=0 in©.

(5.2)

By Lemma 3.1, we know that (5.1) has a solution in H', and

n t
E/ |E(x, t)|%dx = —ZEZf /aij(x, $) 0y (x, s)axjé(x, s)dxds
) 0 Jo

ij=1

n t
+2E) / f [d(x,5) — D (x, $)]E (x, $)d& (x, $)dxds
j=1 0 [¢]

t t
+ZEf /c(x,s)|$(x, s)|2dxds+2Ef /[f(x, s, Yo (x,5))
0o Jo 0 Jo
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t
—f&x, s, y(x, $)& (x, S)dxd5+2E/ /C[h(x,s,ye(x, s), up(x, s))
0 r

d t
—h(x,s,y(x,s), ux, s)]Ex, s)dpo(x)ds + E Z/ / [n"(x, )& (x, s)]zdxds
k=170 JO

n d t
+EY Y /0 f@ o™ (x, $)0™ (x, 5)By & (X, 5)3y,& (x, 5)dxds

ij=1 k=1

d t
+EY [gk(X, 5, Y5 (x, ) — &k(X, 5, Y(x, 5))Pddxds
k=170 JO

n d t
+2E) /0 /0 o™ (x, S)n*(x, 5)d,E (x, 5)& (x, s)dxds

i=1 k=1

n d t
+2E) ) fo /{9 o™ (x, 5)0E (%, 5)(G(X, 5, Yo (X, 5)) — &k(x, 5, J(x, 5)))dxds

i=1 k=1
+2E Z /0 t /@ n*(x, )E (X, 5) (g (X, S, Yo (X, 5)) — g(X, 5, Y(X, 5)))dxds. (5.3)
Using the Hypotheses 2.1 and 2.3, and Yong's inequality, we obtain that
ElE@®2 < (—2A+C8)E/: ||g(s)||§ds+c(g)gf0t 1E(5)I2ds
+2E/0t/r[h(x, S, Yo(x,5), Up(x,5)) — h(x, s, y(x, 5), U(x, 5))1& (x, s)dp(x)ds
— -2n+ Co [ 6 2ds + Co)E | lelds
+2E/0t/F[h(x, s, ¥o(x,5), ug(x, 5)) — h(x, s, J(x, 5), ug(x, 5)) 1§ (x, s)dp(x)ds
+2E/0t /F[h(x, S, 7%, 5), ug (x, 5)) — h(x, s, j(x, 5), W(x, $))]E (x, S)dp (X)ds

t t
< (_2,\+c8)5/ ||g(s)||§ds+c(s)/ 1€ (s)lI5ds
0 0

1/t [ Ton )
+ *E/ / / —(x,5,¥(x,5),0(x,5) + T(up (x, 5)
e Jo Jr|Jo 0u

2
—u(x,s)))dr(ug(x,s) — u(x, s))i| dp(x)ds

t t
1
< (=274 Ce)E f IE(s)lI7ds + C(e) / € ()llgds + C_6”. (5.4)
0 0
Letting ¢ = A/C in the above inequality, we get

t t
EE®)|I§ + AE / I€(s)ll7ds < CO + CE f 1 (s) 15 ds.
0 0

Hence by Gronwall’s inequality we get that

T
sup E||5(t>||§+£f I (0)]7ds < €O,
0

te[0,T]

where constant C depends on A, M, K. The proof is completed. O



668 H. Yu, B. Liu /J. Math. Anal. Appl. 395 (2012) 654-672

Lemma 5.2. Suppose Hypotheses 2.1 and 2.3 are satisfied. Let z(-, -) be the solution of the following equation:
of _
dz(x,t) = |Az(x, t) + a—(x, t,y(x, £)z(x, t) [ dt
y

+ |:Bz(x, t)+ Z—i(x, t,y(x, t))z(x, t)] dw(t) inQ,

oh _ _ (5.5)
0yz(x, t) = @(x, t,y(x, t), ulx, t))z(x,t)
+ %(x, t,y(x, t), ulx, t))(ux, t) — u(x, t)) on X,
z(x,0) =0 in@©.
Then we have
1 [t 2
lim [ sup E H(Ve(t) —y@®) —z@®)| + ‘H(ye -y —z } =0. (5.6)
00 |tero,r) | € 0 0 1
Proof. We denote
1
¢9(X, t) = 50’9()(5 t) _J_}(x7 t)) - Z(X, t)
Then by the state equation and (5.5), we have
1 _ of _
d¢9(xa t) = |:A¢9(Xa t) + g(f(xa ta y@(xv t)) —f(X, t? y(X7 t))) - aiy(x5 t,y(X, t))Z(X, t)i|dt
1 a
+ {Bd)g (x7 t) + g(g(x7 t7 y(;(X, t)) - g(X7 t7 .‘_/(X? t))) - £(x’ t’ }_/(Xv t))Z(X, t):|dw(t) in Q7
; (5.7)
Oy o (x, ) = g[h(x, t,¥o(x, £), Uug(x, £)) — h(x, t,y(x, t), u(x, t))]
— %(X’ t,yx, t), ulx, t)zx,t) — %(x, t,y(x,t), ulx, t))(ux, t) — u(x, t)) on X,
¢9(X70)=0 in .

Hence, similar to Lemma 5.1, we obtain

n

t
E / |pe (x, £)|%dx = —2E / / a’(x, 5)0y,Ps (X, 5) By o (X, 5)dxds
o 170 O

ij=

n t
+2E) f f [d/(x, ) — D/ (x, 5)1¢by (X, )3y b0 (x, 5)dxds
=170 Jo

t t
4 2E f / ¢(x, 9)lo (x, ) Pdlxds + 2E / / [1()‘(x,s,ye(x,s))
0 ¢} 0 ¢} 9

0
—F (s Fx9))) — a—i(x, 5, 2, 5):|¢9 (x, s)dxds

t 1
+25/ f¢e(x, S){Q[h(X, S, Yo (X, 8), Up(x, 5)) — h(x,s,y(x,5), u(x, s))1
o Jr

dh _ _ dh _ _
——(x,5,Y(x,5), ux,5)z(x,8) — —(x,5,J(x, ), u(x, 5)) (u(x, s)
ay ou

nd t
—ii(x, s))}dp(x)ds +EY Z/ / o™ (x, )07 (x, )3, P
0 Jo

ij=1 k=1
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d t
X (x, s)aqu’)g (x, s)dxds + E Z/ / [nk(x, $)o (x, 5)1%dxds
k=1 0 o

d t 1
" ;/o /@[e(g"("’ 5. Yo (%, 9)) — 8(x, 5, I (x. 9)))

2 n_d t
_ %(x, s, (X, $)z(x, s):| dxds+ZEZZ/ /gik(x, )1 (x, 5) 3 o
0 Jo

i=1 k=1
X (x, S)@g (X, s)dxds

n d t ) 1
v Y3 [ [ ot on s [egk(x, 506, 5)) — 8(x, 5, 7, 5)

i=1 k=1

d t
— %(x, s, y(x, )z (x, s):|dxds + 2E Z/ / n"(x, )Py (X, S)
8y k=170 o

1 _ ag _
X [ng(x, S, Yo (X, 5)) — &(x, s, ¥(x,5)) — T;(x, s, y(x,5))z(x, S)]dxds.
Hence, we have

t t
Ellgo (0)1I3 + AE/ ligo (s)l13ds < CE/ llgo (5)ll5ds + 0(8, ©),
0 0

where
t 1 of ’
0(6.1) = CE f / s, yo e 9) — s, 50 5)) — x5, 7 9)2(x,5) | dads
0o Jo| 0 dy
d t ] agk B 2
+CEZ/ / =@, 5. y9 (X, 5)) — g(X, 5. (X, 5))) — ——(x.5,¥(X, 5))z(x,5) | dxds
k=10 JO 0 ay
t
1
+CE/ /fﬁe(x, S){e[h(x,s,ye(x, s), up(x,s)) — h(x,s,y(x,s), u(x, s))]
0 r
ah _ - ah . _ _
- @(x, s, y(x, 5), u(x, 5))z(x, s) — a(x, s, y(x, 5), u(x, 5))(u(x, s) — u(x, 5))}dp(9<)ds.
We define g, (0, t) by
t 1
on(0,t) = CE/ /d)e(x, S)[O[h(x, S, Yo (x,5), Ug(x,8)) — h(x, s, y(x, ), U(x, 5))]
0 r

— z—;(x, s, y(x,8), u(x,s))z(x,s) — %(x, s, y(x,9), u(x, s))(u(x, s) — u(x, s))}dp(x)ds.

By Hypothesis 2.3 and some simple computations we get

t 1 t lah
0n(0, ) < CoE / o (®)|2ds + CLE / / / M 5. y0(x, 9), Wk, )
0 & 0o Jr 0 u

2
+ t(ug(x,s) — u(x,s)))dr — Z—Z(x, S, Vo(x, 5), u(x, s))) (u(x,s) — u(x, s))i| dp(x)ds

t
+C1Ef /[(%(x,s,ye(x, s), u(x, S))—%(x, s, y(x, ), u(x, S))>
& Jo Jr ou Ju
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(5.8)

(5.9)
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_ T 1 {( Von
X (u(x, s) — u(x, s)) dp(x)ds—{-CfE/ / f —(x,s,¥y(x,5)
e Jo Jr|\Jo 9y

2
+1(e(x, ) —y(x,59)), ux, s))dr — %(X’ s, y(x, ), u(x, s)))z(x, s):| dp(x)ds.

Let e = 2C/X, we get

)\' t
on(6, 1) < 5E/ I (5)12d5 + 01 0. 0),
0

where

Qh(¢9 t) = CE/ /[(/ —(x S, Vo (x,5), u(x,s) + t(uy(x,s) — u(x, s)))dr

2
_ %(X, S, Yo (x, 5), u(x, s)))(u(x, s) — i(x, s))i| dp(x)ds

! dh ) o )
+CE/ /.|:<(x7 s, Yo (X, 5), u(x,s)) — —(x, s, y(x, s), u(x, 5))>
x (u(x,s) — u(x, s)):| d,o(x)ds—l—CE/ /|:</ O x5, 5(x.5)

2
+ (e (x,8) —y(x,59)), ux, s))dr — %(x, s, y(x,s), u(x, s)))z(x, s):| dp(x)ds.
Next, we let

t 1 3 2
or(0,t) = CE/ / |:9 f(x,s,y0(x,5)) —f(x,5,¥(x,5)) — a—f(x, s, y(x, s))z(x, s)] dxds.
0o Jo y

Then, we have

t
0r(6.1) < CE/ 160(5) 245 + 0} 0. ).
0

where

0l(6.1) = CE/ /[(/ U .5, 5069 + T0ax, 5) — 5%, )

2
— g—f/(x, s, y(x, s, y(x, s))))z(x, s):| dxds.

Similarly we also have

d ¢ 1 i 8 { i 2
0:(0.6) = CEY / / [9<gk<x, 5, Yo(X, 9)) — Z(x, 5, (%, 9))) — ai%x, 5, J(x, )z (x, s)} dxds
k=170 Jo y

t
< CE/ 160 112ds + 01 6. 1),
0

where

08y B
.= EY / /{(/ 98 (v 5., 5%, 9) + TBax, 5) — Jx, 1)

2
— % (x,s,y(x, s, y(x, s))))z(x, s)i| dxds.

(5.10)

(5.11)

(5.12)
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Hence by (5.9)-(5.12) we get that
)\' t t
Ellgo (0115 + 55[ ll o (s)[I3ds < CE/ lge(s)[I3ds + 040, 1) + 0} (0, 1) + 0, (6., 1). (5.13)
0 0
So by Gronwall’s inequality, we know that
T
S[l(l)pT]E||¢9(f)||(2) +E / lgo (©)113de < Cloa(8, T) + 0/ (6, T) + 04 (6, T)1. (5.14)
telo, 0
Clearly, limg_.o 0, (0, T) = 0, limg_o 0/ (0, T) = 0 and limy_.¢ 04 (6, T) = 0, so by (5.14), we complete the proof. [J

Lemma 5.3. Suppose Hypotheses 2.1, 2.3 and 2.4 are satisfied. Let z(-, -) be the solution of Eq. (5.5). Then we have the following
inequality:

0< E/ %(x,t,y(x, t))z(x, t)dxdt+Ef a—l(x, t,y(x, t), u(x, t)) (ux, t) — u(x, t))dp(x)dt
Q By > 8u
—I—E/ il(x, t,y(x, £), i(x, )z(x, t)dp(x)dt—l—E/ ﬂ(x,j/(x, T))z(x, T)dx. (5.15)
5 dy o 9y

Proof. Also let
1
Po(x,t) = 50'9 (x,t) =y, 1)) —z(x, t).

Because (y, u) is an optimal pair, then we have
1
0= 5[1(”9) —J(W)]
= %E / [L(x, t,yo(x, t)) — L(x, t, y(x, t))]dxdt
Q
+ %E/ [I(x, t,yg(x, t), ug(x,t)) — l(x, t, y(x, t), u(x, t))ldp(x)dt
X
1
+ 55 / [rx, yo(x,T)) —r(x,y(x, T))]dx
[¢]
1oL _ _
= Ef [ —x, t,y(x, t) + (e (x, t) — Y(x, t)))dT g (x, t)dxdt
oJo 9y
oL _ _
+ E/ / —x, t,y(x, t) + T(ye(x, t) — y(x, t)))dtz (X, t)dxdt
oJo 0y
1
+E/ / g—lll(x, t,yo(x, ), u(x, t) + t(up(x, t) — u(x, t)))dr(u(x, t) — u(x, t))dp(x)dt
X Jo
1
L / / g—y'(x, 706 £) + T (6, £) — F(x, 1), 108, £)drey (v, Ddp(0 e
Y Jo
1
+E / / %(x, £, ) + T00(x ) — §x, D), B, O)drz(x, Ddp(ode
X Jo
1
vef [ O (6, 506, T) + T (x, T) — 706 T)drey (v, Tex
oJo 0y
1
T f / %(x,y(x, T) 4 (e, T) — §0x, T drz(x, Thdx. (5.16)
O JO

By Hypothesis 2.4, Lemmas 5.1 and 5.2 we can deduce (5.15). O

5.2. Duality analysis

In this subsection, we complete the proof of the Theorem 2.5.
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Letz(-, -) € H! be the solution of Eq. (5.5) and (p(-, -), §(-, -)) € H! x [H]? be the solution of the adjoint equation (2.4).
Then using Ito’s formula for (z(t), p(t)), where (-, -) denotes the inner product in H', we get

E/ z(x, T)p(x, T)dx = E/ %(x, t,y(x, t), ulx, t))[ulx, t) —ulx, t)]p(x, t)do(x)dt
o z

oL
—E/ —(x, t,y(x, t))z(x, t)dxdt
Q 9y

— Ef ﬂ(x, t, y(x, t), i(x, )z(x, Hdp(x)dt. (5.17)
s dy

By p(x, T) = ar/dy(x, y(x, T)) and (5.15) we obtain

E/ [m(x, t,yx, t), u(x, t))+8—h(x, t,y(x, t), ux, t))p(x, t)] u(x, t)ydp(x)dt
x| du ou

> E/ [al(x, t,y(x,t), ux,t)) + @(x, t,y(x, t), ux, t))p(x, t)] u(x, t)ydp(x)dt. (5.18)
x| du au

Then we get the results of Theorem 2.5.
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