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1. Introduction and main results

Let R’f] = R" x (0, 0o0) and ¢;(x) = t "@(x/t). The classical square function (Lusin area integral) is a familiar object.
If u(x, t) = P; * f(x) is the Poisson integral of f, where P;(x) = CHW denotes the Poisson kernel in ]R”Jr“, then we
define the classical square function (Lusin area integral) S(f) by

1/2
S()x) = ( f f VU OF dydt) ,
I'(x

where I"(x) denotes the usual cone of aperture one:
r@={w.onerf: |x—yl <t}

and
2 n

2

=

ou |2

Vu@. ) = | 2
uy, b = |— —
ot ay;

We can similarly define a cone of aperture § for any 8 > 0:
ryx ={@. 0 e RY" : [x—y| < Bt},

and corresponding square function
1/2
Se(H(x) = // [Vu(y, )|t "dydt | .
g
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The Littlewood-Paley g-function (could be viewed as a “zero-aperture” version of S(f)) and the g;'-function (could be viewed
as an “infinite aperture” version of S(f)) are defined respectively by

00 1/2
g = (f |Vu(x, t)|2tdt>
0

* — t " 24¢1-n
gx(f)oo—(//ﬂg . () wuonore dydt)

The modern (real-variable) variant of Sg(f) can be defined in the following way. Let v/ € C*°(R") be real, radial, have
support contained in {x : |x| < 1}, and f]R” ¥ (x) dx = 0. The continuous square function Sy, 4(f) is defined by

dydt 2
S0 = (//F()vwfw t;VH)
BX

In 2007, Wilson [1] introduced a new square function called intrinsic square function which is universal in a sense (see
also [2]). This function is independent of any particular kernel v, and it dominates pointwise all the above-defined square
functions. On the other hand, it is not essentially larger than any particular Sy, g(f). For 0 < o < 1, let ¢, be the family of
functions ¢ defined on R" such that ¢ has support containing in {x € R" : |x| < 1}, fR" @(x)dx = 0, and, for all x, X' € R",

and
1/2

lp(x) —pX)] < Ix — X%
For (y,t) € R and f € L} (R"), we set

Au(F)(y, t) = sup [f * ¢ (y)| = sup

9ECy PECy
Then we define the intrinsic square function of f (of order «) by the formula

2d d 1/2
5D = (//()(Aa(fxy, ) tfﬂt) |
I'(x

We can also define varying-aperture versions of 4§, (f) by the formula

1/2
2dyd
84 () (%) = (//F()(Aa(f)(y,t)) tfﬁt)
5x

The intrinsic Littlewood-Paley g-function and the intrinsic g} -function will be defined respectively by

o0 241\ /2
&N = ( fo (A 0) 7)
t A 2dydt ks
8. = (ffki“ (m) (Aa(f)(% f)) tn+1>

In [2], Wilson proved the following result.

oy —2)f (2) dz| .

RN

and

TheoremA. et 0 < @ < 1,1 < p < ooand w € A,(Muckenhoupt weight class). Then there exists a constant C > 0
independent of f such that

18Dy, < Clfllp -

Moreover, in [3], Lerner showed sharp [’ norm inequalities for the intrinsic square functions in terms of the A,
characteristic constant of w for all 1 < p < oc. As for the boundedness of intrinsic square functions on the weighted
Hardy spaces H? (R") for n/(n 4+ o) < p < 1, we refer the readers to [4-6].

Let b be a locally integrable function on R", in this paper, we will also consider the commutators generated by b and
intrinsic square functions, which are defined respectively by the following expressions

5 1/2
[b, 8. ](H(x) = / / sup dydt
I'(x) 9€Cq ¢+l '

) 12
[b.2.](F) (0 = ( / sup ‘“) ,
0 ¢€Cq t

/ bx) — b@) ey — 2 @) dz

/ [b(x) — b)]ee(x — y)f ) dy
Rn
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172
[b, & ] (N0 = // { " su ?ayac) !
ag)\,,ot - R1+1 t+ |X — y| (pe@l:()x tn+1 .

The classical Morrey spaces .£P* were first introduced by Morrey in [7] to study the local behavior of solutions to second
order elliptic partial differential equations. For the boundedness of the Hardy-Littlewood maximal operator, the fractional
integral operator and the Calder6n-Zygmund singular integral operator on these spaces, we refer the readers to [8-10]. For
the properties and applications of classical Morrey spaces, see [11-13] and the references therein.

In 2009, Komori and Shirai [ 14] first defined the weighted Morrey spaces [*“ (w) which could be viewed as an extension of
weighted Lebesgue spaces, and studied the boundedness of the above classical operators on these weighted spaces. Recently,
in [15-17], we have established the continuity properties of some other operators on the weighted Morrey spaces LP* (w).
In the meanwhile, it should be pointed out that in [18], weighted Morrey spaces of different types were defined and the
boundedness of some fractional integral operators in these spaces was also given.

The purpose of this paper is to discuss the boundedness properties of intrinsic square functions and their commutators
on the weighted Morrey spaces [P*(w) forall 1 < p < oo and 0 < ¥ < 1. Our main results in the paper are formulated as
follows.

and

/ [b(x) — b(2)]e:(y — 2)f (2) dz
]RYI

Theorem 1.1. Let 0 <o < 1,1 <p < 00,0 <k < 1and w € Ap. Then there is a constant C > 0 independent of f such that
180 ) ok wy < CUF ps -

Theorem 1.2. [et 0 < o < 1,1 < p < 00,0 < k < 1and w € A,. Suppose that b € BMO(R"), then there is a constant
C > 0Oindependent of f such that

1[5, 8] ) < CIF Nipscn-

Theorem1.3. et 0 < ¢ < 1,1 < p < 00,0 < k < land w € A,. If A > max{p, 3}, then there is a constant C > 0
independent of f such that

17 & )] ey < CIFllipe -

Theorem 1.4. [et 0 < o < 1,1 < p < 00,0 <k < landw € A,. If b € BMO(R") and A > max({p, 3}, then there is a
constant C > 0 independent of f such that

1. 85 ] ey < ClF lip-

In [1], Wilson also showed that for any 0 < o < 1, the functions 4§, (f)(x) and g, (f)(x) are pointwise comparable. Thus,
as a direct consequence of Theorems 1.1 and 1.2, we obtain the following.

Corollary 1.5. Let0 <o < 1,1 <p < 00,0 <« < 1and w € A,. Then there is a constant C > 0 independent of f such that

18 ) lp oy < CIIF llor (-

Corollary 1.6. Let 0 < ¢ < 1,1 < p < 00,0 < k < 1and w € A,. Suppose that b € BMO(R"), then there is a constant
C > 0Oindependent of f such that

1[5 ] | ey = CIFlipe -

2. Notations and definitions

The classical A, weight theory was first introduced by Muckenhoupt in the study of weighted L boundedness of
Hardy-Littlewood maximal functions in [19]. A weight w is a nonnegative, locally integrable function on R", B = B(xo, )
denotes the ball with center xo and radius rg. Given a ball Band A > 0, AB denotes the ball with the same center as B whose
radius is A times that of B. For a given weight function w and a measurable set E, we also denote the Lebesgue measure of
E by |E| and the weighted measure of E by w(E), where w(E) = fE w(x) dx. We say that w is in the Muckenhoupt class A,
with 1 < p < oo, if there exists a constant C > 0 such that for every ball B C R",

1 d 1 -1 g - <c
H Bw(x) X ﬁ Bw(x) X <C.
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The smallest constant C such that the above inequality holds is called the A, characteristic constant of w and denoted by
[w]a,- A weight function w is said to belong to the reverse Holder class RH; if there exist two constants r > 1and C > 0
such that the following reverse Holder inequality holds for every ball B C R".

1 1 1
(ﬁ/w(x)rdx> <C (H/w(x) dx).
B B

We state the following results that we will use frequently in the sequel.

Lemma 2.1 ([20]). Let w € A, with 1 < p < oc. Then, for any ball B, there exists an absolute constant C > 0 such that
w(2B) < Cw(B).

In general, for any A > 1, we have
w(AB) < C - A"w(B),

where C does not depend on B or A.
Lemma 2.2 ([21]). Let w € RH, withr > 1. Then there exists a constant C > 0 such that
(r—1)/r
()
w(B) |B|
for any measurable subset E of a ball B.

Given a weight function w on R", for 1 < p < 0o, we denote by [P (R") the space of all functions satisfying

1/p
||f||Lg)=(f If(X)I"w(x)dx> - oo,
Rﬂ

A locally integrable function b is said to be in BMO(R") if

1

Ib]l« = sup /Ib(x) — bg|dx < oo,
s |Bl Jg

where b stands for the average of bon B, i.e., by = % fB b(y) dy and the supremum is taken over all balls B in R".

Theorem 2.3 ([22,23]). Assume that b € BMO(R"). Then for any 1 < p < oo, we have

1 1/p
sup <* / Ib(x) — bgl|” dX) = Clibll+.
8 \IBl Jp

Definition 2.4 ([14]).let1 < p < 00,0 < k¥ < 1and w be a weight function. Then the weighted Morrey space is defined
by

P (w) = {f € L) : [f lpw) < 00},

where

1 » 1/p
ey = sup (w(B) /B F 0P () dx)

and the supremum is taken over all balls B in R".

Throughout this article, we will use C to denote a positive constant, which is independent of the main parameters and
not necessarily the same at each occurrence. Moreover, we will denote the conjugate exponentof p > 1byp’ = p/(p — 1).
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3. Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1. Fix a ball B = B(x,r3p) € R" and decompose f = f; + f,, where f; = fx,;, x,; denotes the
characteristic function of 2B. Since $,(0 < « < 1) is a sublinear operator, then we have

1 ) 1/p
w(B) P (/|5a(f)(x)| w(x)dx>

1/p
=< w(B)K/p </|/3 (f1)(X)|Pu)(X) dX) + — (B)K/P (/|5 (fz)(X)|pw(x) dX)
- Il +12.

1/p

Theorem A and Lemma 2.1 imply

1/p
h=cC- (mw</vuwmmw)

w(2B)</P
< ClIf llp w) - W
< ClIf e -

We now turn to estimate the other term I;. Forany ¢ € C,,0 < o < 1and (y, t) € I"(x), we have

If2 x| =

/ oy —2)f (2) dz

(2B)¢

C-t‘"/ If (@) dz
(2B)*N{z:ly—z| <t}

o0
c-r"Z/ If (2)| dz. (1)
k=1 J QB2 B)N(z:ly—z| <t)

Foranyx € B, (y,t) € I'(x) and z € (2¥"'B\ 2*B) N B(y, t), then by a direct computation, we can easily see that

IA

IA

2> x—yl+ly—z| > |x—z| > |z — x| — |x — xo| > 2K"r,

Thus, by using the above inequality (1) and Minkowski’s integral inequality, we deduce that

,dydt\ /?
Bl = sup Uf + ¢ ) 5
I (x) P€Cx t
([ s e
2k— ZrB |x—y|<t =1 2k+]3\2k8
© dr \"?

¢ d

(; /2k+13\2k8 [f(Z)| Z) </2k2r3 t2n+1>

. 1

C;; g If ()| dz.

2k+1 B\ZkB

1/2
dydt
tn+1

| /\

IA

It follows from Holder’s inequality and the A, condition that

1 1 1/p // 1/p
- - p —p/p
215 /zkHBIf(Z)Idz < 2 g, </2k+13lf(7.)| w(2) d2> </2k+13w(2) d2>

(k=1)/
Cllf Ml oy - w(2571B)™ 7P, )

/

IA

Hence

w(B)(1—K)/P
B < Clf s ) o oigy i

k=1
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Since w € A, with 1 < p < oo, then there exists a number r > 1 such that w € RH,. Consequently, by using Lemma 2.2,
we can get

w(B) . |B| (r=1/r 3
w(2k1B) =\ 21| ' ’
Therefore
00 1 (1=x)(r=1)/pr
L < Cllf e (w) kZ: <%>
—1
< Cllf Nlepe () »

where the last series is convergent since (1 — x)(r — 1) /pr > 0. Combining the above estimates for I; and I, and taking the
supremum over all balls B C R", we complete the proof of Theorem 1.1. O

Given a real-valued function b € BMO(R™), we shall follow the idea developed in [24,25] and denote F(£) = 5[P®—b@1
& € C. Then by the analyticity of F(£) on C and the Cauchy integral formula, we get

1 F
b —b@) = Fo) = — [ E&y
2mi |E]=1 E
2 .
_ [T b gy
27

Thus, for any ¢ € G4, 0 < o < 1, we obtain

1 2 i i ;
5 f ( / 0 (y — 2)e~¢" P Of (2) dz) ee"'b( =it d@'
T Jo R"

/ [b(x) — b(@)]e:(y — 2)f (2) dz
Rn

1 2 i
= o P / oy — 26" (2) dz| e do
0 peCqy R
1 2 i0
Sl B G ) [ R
T

So we have

2 )
|[b. 8] (H )| < % f 82 (€7 F) (x) - 0P g,
0

1 2 i
g JOw] <52 [ gule ™ n)w e .
' 21 Jo ’
Then, by using the same arguments as in [25], we can also show the following.

Theorem 3.1. Let 0 < o < 1,1 < p < oo and w € A,. Then the commutators [b, 8] and [b, g; , | are all bounded from
P (R") into itself whenever b € BMO(R").

Proof of Theorem 1.2. Fix a ball B = B(xo, r3) € R". Let f = f; + f>, where f; = f x,,. Then we can write

1p
w(B)K/p </|[b 8] wk) dx>

1/p 1/p
= w(B)K/P (/‘ (fl)(x)| w(X) dX) (B)K/P (/| (fz)(x)|p w(x) dx)

=h+k
Applying Theorem 3.1 and Lemma 2.1, we thus obtain

1/p
- ( | reorue dx)

w(2B)¥/P
= C”f”lﬂv"(w) . W

CIf llzpee () - (4)

N

A

IA
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We now turn to deal with the term J,. For any given x € Band (y, t) € I"(x), we have

sup
peCy

< [b(x) — bp| - sup

$eCy

/ [b@) — baler(y — 2)fa(2) ]
Rn

f [b(x) — b@)]e:(y — 2)f2(2) dz
Rﬂ

/ oy — 2)f2(2) dz
RTI

+ sup
pECy

Hence

|[b. 8] () ®)]

IA

/ [b@) — baleey — 2)(2) dz
Rn

dydt
1b(X) — bs| - Su () () + / / sup dyde
I'(x) P€Cx tn+
=1+I

In the proof of Theorem 1.1, we have already proved that for any x € B,

o0

(k—1)
1Se )] = Clf i - > w(2418) 7,
k=1
Consequently
! / Pumdx) < Clflewy—— i‘ (2+1) " / b6 — byPuG dx)
—_— X) dx X (w . . X) — x) dx
w(B)K/P A w = LP-k( )w(B)K/p k=1w . Bl W

B)(1=x)/p 1 1/p
Cllf llupe <w>Z (w2,5+33)(1_K)/p . (w(B) [B|b(x)—b3|l’w(x)dx> :

Using the same arguments as that of Theorem 1.1, we can see that the above summation is bounded by a constant. Hence

1 ) 1/p 1 ) 1/p
T ( fB P w() dx) < Cllf sy (W /B 1b(x) — b Pw() dx) :

Since w € A,, as before, we know that there exists a number r > 1 such that w € RH,. Thus by Hélder’s inequality and
Theorem 2.3, we deduce

! P v 1 o /') VoD
(@/;lb(x) ~ bl w(x)dx> = W@ </|b(x) — bg| dx) (/;w(x) dx)
1/(pr')
=c <|B| /|b<x> — by dx)

< C|b|lx- (5)

So we have

1/p
w(B)K/p (/B P U)(X) dX) = C||b||*||f||Lp~“(w)~ (6)

On the other hand
1/2
2 dydt
tn+l

Il = // sup
I (x) 9€Cq

f [b@) — bs]e(y — 2)f () dz
(2B)¢

o ) 1/2
_ dydt
scl [l Ib@) — ballf @) dz|
r =1 J @ H1B\2kB)N(z:y—z| <t} t
. 2 1/2
dydt
< / f ey / 1b@) — byesrgllf )] dz| 25
re =1 J @kHIB\2kB)N(z:ly—2| <t) t
. 2 1/2
dydt
+C // £ " Ibyke1p — b / F@ldze| e
re = @K+ 1B\2kB) N {z:ly—2|<t) t

I+ 1Iv.
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An application of Holder's inequality gives us that

1/p 1/p
f 1b@) — byes1gl f @)] dz < ( / 1b@) — byer1glP w(z) P dz) ( / F@Pw) dz)
2k+1B\2kB 2k+1p 2k+1p

/
< Cllf ey w(ZkHB)K ’ (/
2

If we set v(z) = w(z)*l[’/“‘J = w(z)Fp/, then we have v € Ay because w € A, (see [20]). Following along the same lines as
in the proof of (5), we can also show

1/p
|b(z) — byks1]” w(z) P /P dz) ) (7)
B

k+1

1 , 1/p
(W g |b(z) — bor1pl? v(2) dZ) < Clibll. (8)

Substituting the above inequality (8) into (7), we thus obtain

/ 1/p
/2 s b(z) — bys1gllf 2)| dz < ClIbILIf e cuy - w(2¥4'B) v (271B) 7P

(k=1)/p

IA

ClID Il lf Wlpoe cuy - 1257 Bw (244 1B)

In addition, we note that in this case, t > 2¥~2rg as in Theorem 1.1. From the above inequality, it follows that

9 1/2
o o dydt

m=<c / / t_"Z/ |b(z) — bys1g|lf ()| dz fﬂ
2k—2rB |x—y|<t =1 2’(+IB\2"B t

00 00 dt 1/2
<C b(z) — b d —
< ; /2 r«+15\2k3' (2) — byl If (2)] dz ( /2’<—2r5 t2”+1>

(k—=1)/
< ClbIIf Nl cuy - w(244'B) P
Hence

1 1/p 0 w(B)(lfK)/p
_ p . W
oy ( fB P w0 dx) < CIBIL Wl Y o e s

CUbIF e () - 9)
Now let us deal with the last term IV. Since b € BMO(R"), then a simple calculation shows that

|byesrg — byl < C- (k+ DIb]].. (10)

A

IA

2 1/2
dydt
tn+1

It follows from the inequalities (2) and (10) that
o0
t" b — bg| - z)|dz
> b =bal- [ ra T

o0
V< C / /
2k=2pp J|x—y|<t k=1

0 00 dt 1/2
C||b]|« k+1)- d _
e (D o0k+ /ZMB\M F(@) dz ( /2 t2”+1>

ClbIS Nipcuy e+ 1) - w(241B)“ 77,
k=1

IA

IA

Therefore
1 1/p o) w(B)(1—)/p
- P B e e,
WO ( /B IVP w (x) dx) < ClbIIf sy Yk +1) D@ IR

k=1

<.k
< bl ) Y 5
k=1

< ClUBINf llzpx ). (11)
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where we have used the previous estimate (3) with w € RH, and 8 = (1 — «)(r — 1)/pr. Summarizing the estimates (9)
and (11) derived above, we thus obtain

1 ) 1/p
— T (/Bu W dx) < ClIBILIf lpe - .

Combining the inequalities (4), (6) with the above inequality (12) and taking the supremum over all balls B C R", we
complete the proof of Theorem 1.2. O

4. Proofs of Theorems 1.3 and 1.4
In order to prove the main theorems of this section, we need to establish the following three lemmas.
Lemma4.1. Let 0 < o < 1and w € A, withp = 2. Then for any j € Z,, we have

IS0 D]z = C- 2" 1S (D)2, -

Proof. Since w € A, then by Lemma 2.1, we get
w(B(y.20) = w(ZBy, 1) < C-27"w(B(y. 1)) j=1.2,....

Therefore

50l = [ (fL 000 525
IR"

B 2dydt

B //Riﬂ (/x—y<2jt v dx) (Aa "o t)) e

' 2dyd

c.2¥ //]R"#‘ </xy<r v dx) (Aa(f)()’, t)> tfﬂt

= C- 27 ISP, -

IA

This finishes the proof of Lemma 4.1. O

Lemma4.2. [et 0 <o < 1,2 <p <ooand w € A,. Then forany j € Z,, we have

IS0l p < €22 UISe (D)5, -

Proof. Foranyj € Z., it is easy to see that

IS0 Ol = 15026z

Since p/2 > 1, then we have

S22 [ 272 sup /sa,wxx)zg(x)w(x)dx
]RH

ligll (/2 <1
L"]

2 dydt
= sup (A ) Koy ey | ECOWE di
Hg”L(p/z)/fl RN 1R”++1 t
2 dydt
= swp gwdx) (A0 0) =
Il ray <1 [/ R \J ey <2t t

For w € A,, we denote the weighted maximal operator by M,,; that is

(13)

My, (f)(x) = sup

1
d
u w(B)/Bm)mcy) y,
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where the supremum is taken over all balls B which contain x. Then, by Lemma 2.1, we can get

/ Cgw®) dx < C-2"w(B(y, 1)) - g w(x) dx
|x—y|<2/t

1

w(B(y, 2t)) Jpy.20r)
. 2inp i

C - 2™w(B(y, t))xe'g?yf,oM'”(g)(X)

IA

IA

c-2w / My, (g) () w(x) dx. (14)
[x—yl<t

Substituting the above inequality (14) into (13) and using Hélder’s inequality and the Lff/ 2 boundedness of M,,, we thus
obtain

IA

C-2™ sup
ligll (p/2)! <1
Lw

C . oinp ”ga(f)zulpw/z sup ||Mw(g)||l_(£/2)'

1
‘g”Lg)/z)/f
C- 2" [[Sa ()] g2
ji 2
= 2SI -

This implies the desired result. O

[52.2672] g2 [ a0 00w b
Rn

IA

IA

Lemma4.3. [et0 <a < 1,1 <p < 2and w € Ap. Then for any j € Z,, we have

ISPl < C- 2" 1Sl -

Proof. We will adopt the same method as in [26, pp. 315-316]. For any j € Z, set £2;, = {x e R": S,(fHH(x) > A} and
2,5 =1{x€eR": S, ,(H(®) > 1}. We also set

. n. Y TR TEET——
.QA - {X eR™: Mw(X-QA)(X) = 20@np+1) . [WJAp } )

Observe that w(2;) < w(£2;) + w($2,,; N (R™\ £7)). Thus
[oe]
IS0 = / pAP w($2;.5) dA
0

o0 o0

5/ p)\p’lw(fzf)d)\—l—f pAP T w (2N R\ £27)) dA
0 0

=I1+1L

The weighted weak type estimate of M,, yields

o0
I<cC- zf"”f PP w(82,) dh = C- 2™ IS, (DI, - (15)
0 w

To estimate II, we now claim that the following inequality holds.

/ Se (@ wx)dx < C- 2’“”/ Sa () (0*w(x) dx. (16)
RMQF RM\2;,
We will take the above inequality temporarily for granted, then it follows from Chebyshev’s inequality and (16) that

w(2:;N(R"\ 25)) < )\’2/ Sa.2 (N )*w(x) dx
25 iNERM25)

IA

A‘Zf Sa.2 () ®)?w(x) dx
RM 25

IA

C -2y ~2 f Se () () w(x) dx.
]R"\.Q;\
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Hence

n<c.2m / par~! (rz / Se () (®)*w(x) dx> da.
0 RM\£2;,

Changing the order of integration yields

(o]
n<c.2mw / Se (F)(x)? ( / pAP~3 dA) w(x) dx
R" 1S (F )
i p
<SC- 22— ISs(OI, (17)
2—p JiA

Combining the above estimate (17) with (15) and taking p-th root on both sides, we complete the proof of Lemma 4.3. So
it remains to prove the inequality (16). Set I5;(R" \ £2}) = UXER”\Q)’f Iy(x)and F(R"\ £2,) = UXE]Rn\QA I’ (x). For each
given (y, t) € I,i(R" \ £2;), by Lemma 2.1, we thus have

w(B(y, 2H) N(R"\ 25)) < C-2"w(B(y, 1)).

Itis not difficult to check that w (B(y, H)N2;) < 2292 and I3 (R"\£2}) € I'(R"\£2;).In fact, forany (y, t) € Iy (R"\$2}),
there exists a point x € R" \ £2} such that (y, t) € I;(x). Then we can deduce

U)(B(y, f) N QA)

IA

w(B(y, 2't) N £2;)

/ - Xe,@w(z)dz
B(y,2it)

< [wls, - 2w (B, 1)) -

1
DB, DO) Sy 12OV E O

Note that x € B(y, 2/t) N (R" \ £2}). So we have

w(B(y, DN 2) < W, - 2"7w(BY, O)Mu(Xe,) () = M

Hence

w(B(y. 1)) = w(By. 1) N2,) + w(By. ) N (R"\ £2,))
_ wBo.t)
-2
which is equivalent to
w(By. 1) <2-w(By, ) N[R"\ 2,)).

The above inequality implies in particular that there is a pointz € B(y, t) N (R"\ £2;) # @. In this case, we have (y, t) € I'(z)
withz € R" \ §2;, which yields I (R" \ £2§) € I'(R" \ £2;). Thus we obtain

+ w(By. 1) N R"\ £2,)).

w(B(y. 20) N(R"\ £27)) < C-2"w(B(y, t) N (R"\ £2,)).

Therefore

/ Su.2 (N w(x) dx
RM\ 2}

2 dydt
- Ay ,t d
fRn\QI (/ffzj(x)( N )) [t ) w(x) dx
2 dydt
dx | (A ,
: //F'(R"\Qf) </‘B(y,2jr)m(Rn\Q;:) LU(X) X) ( (f)(y t)) pr

2

. 2 dydt
<c.ov we) dx) (4. 0) T
r@En\2,) \JBy,0NEmN2;) t

<C.ow f 52 ()0 w () dx,
]Rn\ﬂ;L

which is just our desired conclusion. O
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We are now in a position to give the proof of Theorem 1.3.

Proof of Theorem 1.3. From the definition of g5’ ,, we readily see that

\ ) t s 2dydt
g0’ = [ /R ) (o) s

k 2 dydt

/ /I><y\<r <m> <A N, )) 1
t 2 dydt

" Z[ /21 Te<|x—y|<2t <l’ + |x — |) (Aa(f)(y’ t)) tn+1

<cC [éfa(f)(X)2 + ZZ‘“%,y(f)(x)z} :

=1

For any given ball B = B(xg, r3g) € R", then from the above inequality, it follows that

1/p
w(B)K/p </ |gA a(f)(x)|pw(x) dX)
! p d & —jAn/2 , J
= @) (fBIJa(f)(x)l w(x) x> +,;2 w(B)K/P </|5a2,(f)(x)| w(x) x)

2]
=lo+» 27"
j=1

1/p

By Theorem 1.1, we know that Iy < C||f||p.« (). Below we shall give the estimates of [; forj = 1,2, ...

f =fi+f.fi =fx,; and write

1/p
w(B)K/P (/ [84.2 (X Pw(x) dx>

1/p 1p
< o (/ Baa GOPLE) dx) + o (/ |80 1200 P () dX>
= j(]) +Ij(2)~

Applying Lemmas 4.1-4.3, Theorem A and Lemma 2.1, we obtain

1
10 < B “5a,zi(fl)HL"

< (24 2vr) Wil

n | w(2B)*/P
< Clf llps (21" 2an/2) Nkl
< Cllfllpr n (2" + w(B)T?

< Clf ey (27 + 2772).
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. As before, we set

We now turn to estimate the term Ij(z). Foranyx € B, (y,t) € I'(x) andz € (2¥''B\ 2¥B) N B(y, t), then by a direct

calculation, we can easily deduce
t+2t = x—yl+1ly—zl = x—z| = |z — x| — |x —x0| = 21

Thus, it follows from the previous estimates (1) and (2) that

lydt
8,5 ()W) = (//Fy_m sup I wf(y)ﬁt,,ﬂ)

0o 0o
2k=2=Drp J|x—y| <2t

" z)| dz
kz=; /2‘/(‘#13\2/(3 |f( )|

) 1/2
dydt
tn+l

IA
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0 00 Cdt 1/2
< F @) dz / o )
kz_;/;kﬂs\m k-2, £20F1
< 23]n/2 7 dZ
< ’le 2k+13| ——l
= (k=1)/
< Clf sy - 2772 Y S w(2441B)" 777

k=1

Furthermore, by using (3) again, we get

Clf lepoe uy - 2972 Z

Cllf e ) - 23j"/2~

w(B)(1—)/p

1@ L
J w(Zk“B)(l K)/p

IA

IA

Therefore

1/p o0 00
(B)K/p (/ |gm(f)(x>\pw<")d") < Clfllpscy | 14 Y 2742232 4 ) a2
w

j=1 j=1
=< ClIf lpx w)»

where the last two series are both convergent under our assumption A > max{p, 3}. Hence, by taking the supremum over
all balls B C R", we conclude the proof of Theorem 1.3. O

Finally, we remark that by using the arguments as in the proofs of Theorems 1.2 and 1.3, we can also show the conclusion
of Theorem 1.4. The details are omitted here.
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