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1. Introduction

Let #, K denote complex Hilbert spaces, and B(#, K) the set of all bounded linear operators between # and K. We
write R(T) and N (T) for the range and the null space of T € B(#, K ). Recall that the adjoint T* of a linear operator T on
a Hilbert space # is defined as a linear operator satisfying the condition (Tx,y) = (x, T*y), x,y € J#. The orthogonal
projection onto closed subspace U C J# is denoted by Py. Let Py y denote the idempotent with R(Pyy) = U and
N(Pyy) = V.An operator T € B(H, K) is regular if there is an operator S such that (I) IST = T. The operator S is
not unique in general. In order to force its uniqueness, further conditions have to be imposed:

(1) STS =5, () (TS)* = T8, (IV) (ST)* = ST, (V) TS = ST, (1) T*ST = T*

with some k € Z*. Clearly, (I) = (I;). Elements S € B(J#, X) satisfying (I) are called inner inverse (or (I)-inverses) of T,
denoted by S = T~. We observe that both T~ T and TT ~ are idempotents. In this paper, B(#, K )~ will denote the set of all
regular elements of B(#, KX). Abounded linear T € 8(#) has a bounded inner inverse if and only if T has closed range. A
proof of this fact can be found in [1]. We call that (I, II, I, IV)-inverses, Moore-Penrose inverses (MP-inverse), denoted by
S = T7 (see [2]). The MP-inverse of T is unique and TT* = Pg(ry and TTT = Pg(r+). In fact, if S; and S, are two (I, II, II],
IV)-inverses of T, then

S1 = 51TSy = $1(TS;T)S1 = S1(TS)™ (TS1)* = S1(T5171S)* = $1(TS)* = 5;TS;

= S51(TS;T)S; = (51T)*(S2T)*Sy = (S:TS1T)*S, = (S5:T)*S; = 5,15, = S,

And (I, I, V)-inverses are called Drazin inverses, denoted by S = TP, where k is the Drazin index of T [2,3]. The uniqueness of
the Drazin inverse can be seen as follows. If S; and S;, are two (I, II, V)-inverses of T, then P := TS| = S;Tand Q := TS) = ST
are idempotents. Moreover

P =TS; = T*(S)¥ = T*SST(SDX = TS,T*(S)H* = QTS = QP
and

Q = ST = (SFT* = (SH¥T*SIT = (S))*T*P = S)TP = QP.
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Hence P = Q and
Si= T(SQ)2 = PS; =QS; = S,TS; = S,P = S,Q = S,TS, = S,.

Similarly, (I, II, V)-inverses are called group inverses, denoted by S = T#. For A, B € B(#, X), the & -related, the R-related
and J¢-related are defined, respectively, by

(1) AyB = N(A) = N (B),
(2) AgB =: R(A) = R(B), (1.1)
(3)AxB=:AyB and AgzB.

Parallel with these equivalent relations we have the preorder relations:
(1NA<yB=:N(A) D N(B),
2YA<xB=: R(A) C R(B), (1.2)
(3)A<yB=A<yB and A<gzB.

The solutions of operator equations involving generalized inverses are fundamental in the theory of operators. They have
attracted considerable attention. Much progress has been made on the study of matrix equations for finite matrices [4],
Hilbert space operators [5], elements of C*-algebras [6] and elements of C*-modules [7,8]. This paper studies the equation
CAX = C = XAC for bounded linear operators between Hilbert spaces. We derive general existence criteria and properties
of solutions, give necessary and sufficient conditions for the uniqueness of solutions, and obtain the formula for the general
form of these solutions. It appears that these solutions, which are called the inverse of A along C, encompass the classical
generalized inverses but are of richer type. That is to say, for some given C, the solution X € B(#) with additive condition
X <4 C reduces as the classical generalized inverses: group inverse, Drazin inverse and MP-inverse.

2. Some lemmas and relations

In this section some auxiliary lemmas are given. Suppose that every bounded linear operator is defined on convenient
Hilbert spaces. We start with a known elementary result which was given in [7] for Hilbert C*-modules.

Lemma 1 ([7, Proposition 2.1]). Suppose that A € B(J)~. AX = C has a solution X € B(#) if and only if R(C) C R(A). In
this case, the general solution has the form

X=AC+(I—-AAT, (2.1)
where T € B(F) is arbitrary.
Let A € 8(J¢). By Remark 1.1 in [8] we know that
R(A) is closed <= R(A") is closed <= R(AA") is closed <= R(A*A) is closed. (2.2)

If R(A) is closed, we have the following result.

Lemma 2 ([2][5, Lemma 2.1] and [9]).
(i) Let A € B(H)". Then AA~ and A~ A are idempotents with
RAAT) = R(A) = N(AH)T, N@AA) = N(A) = RA.
(ii) If AC € B(H), then
C(AC)"AC =C < N(AC) = N(0), ACAC) A=A < R(AC) = R(A).
(iii) If £ and M are closed subspaces of # and P, is an idempotent on £ along M, then
PeuT =T = R(T) C £, TPey =T &= N(T) D M.
Throughout this work the next well-known criterion due to Douglas [10] (see also [11]) about range inclusions and
factorization of operators will be crucial.
Lemma 3 (Douglas). If A, B € B(J¢), then the following are equivalent:

(i) A = BC for some operator C € B(¥);
(ii) |A*x|| < k||B*x|| for some k > O and allx € J¢;
(iii) R(A) C R(B).
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If one of these conditions holds then there exists a unique solution G, € B(#) of the equation BX = A such that
R(Cy) C R(B*) and N (Cy) = N (A). This solution is called the Douglas reduced solution.

If A and C are n x n complex matrices, the Cline’s formula is (AC)°? = A[(CA)P]?C (see [12]). For A, C € B(¥#),if CAis
group invertible, then it is easy to get the following results.

Lemma 4. Let A, C € B(#). If CAis group invertible, then AC is Drazin invertible with (AC)P = A[(CA)# ]2C and ind(AC) < 2.
If CA and CA are group invertible, then

(AC)*A = A(CA)*, C(AC)* = (CA)*C. (2.3)
Next, we give some equivalent forms of definition (1.1) that we will frequently use in the sequel.

Theorem 5. Let A, B € B(F).

(i) AxB <= There exist X, Y € B(#) such that AX = Band A = BY.
(ii) ARB = A’ B*. Moreover, if R(A) and R(B) are closed, then AzB <= A%, B*.

Proof. (i) By Lemma 3.
(ii) By item (i), if AzB, then there exist X, Y € B(#) such that AX = Band A = BY. It follows that X*A* = B* and
A* = Y*B*. We get N (A*) C N (B*) and N (A*) D N (B*). Thus A%B* holds. If R(A) and R(B) are closed, then

A% B = N(A*) = N(B") = R(A)" = R(B)" = R(A) = R(B) = AgB. O

We consider two special cases: (i) CAX = 0; (ii) CAX invertible. As for case (i), it is easy to get the general solution X. If
CA € B(#), then

CAX =0 X =T — (CA)"CAT, T € B(H).

In fact, if X = T satisfying CAT = 0, then also (CA)~CAT = 0,and X = T — (CA)~ CAT. The converse is clear.

Let M be a closed subspace of #¢ with orthocomplement M. According to the orthogonal decomposition # = M & M*,
every operator M € B(#) can be written in a block-form M = (’2 g). It is well-known that, if A € B(M) is invertible,
then M is invertible if and only if the Schur complement S = D — CA~'B of A in M is invertible. The inverse of M is
M- = Al +a7lBsTlca™! —aTlgsT!

= _s—1lca! 51
be found in standard textbooks on linear algebra. In the following we study the inverse of CAX. We give the equivalent
conditions which ensure that CAX is invertible. The explicit expression for the inverse of CAX is obtained.

). This expression is called the Banachiewicz-Schur form of the operator M and can

Theorem 6. Let A € B(X, #) be invertible, X, C € B(H, K)~.Denote S = CTCAXXT and T = (I — XXHA™1( — C*0).
(i) CAX isinvertible if and only if X is injective, C is surjective, S (or T ) is MP-invertible and one of the following conditions holds:
(1) Sst =cc; (2)STSs = xx+; B) TTT + XX = Ix; @ TTT +CTC = Iy
(i) If CAX is invertible, then (CAX)~! = X+S*C™. An interesting result is that
(CAX) ' =XTA1q —TtA™ DT,
This second relation shows that there always exist some S, T € B(X, #) such that SA™'T is an inverse of CAX.

Proof. (i) The invertibility of CAX implies that X is injective and X = R(CAX) C R(C). In the following, we suppose that
X is injective and C is surjective.

It is clear that # = R(C*) & N(C) and X = R(X) & N(X*). There exist invertible operators Xy, C; such that
C,X,A,Ct, XT,CCT, XX, CTC and XX have the operator matrix representations as

-1
c=(c o), x:(’g>, A:@; 2;) c+:(cb>, Xt = (" 0).

CCt = Iy, XTX = Iy, CTC = Igc+) ® 0 and XXT = Igx @ O, respectively. Using these matrix representations,
CAX = C1A11X; is invertible if and only if A;; is invertible. Note that S = CTCAXX™ = A;1 © 0,

=S, A2A}; So
andT = (I —XXHA (I —CtC) = 0@ S; !, where the Schur complement Sy = Ay, — A21A1’11A12. So Ay, is invertible if and
only if S (or T) is MP-invertible and SS* = C*C,or S*S = XX*, or TTT + XX* = Iy, or TTT 4 CTC = I.
On the other hand, if one of (1)-(4) holds, then Ay, is invertible, which is equivalent to, Sy is invertible, because A is
invertible. Note that X; and C; are invertible. Hence, CAX = C;A11X; is invertible.
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(ii) By item (i), we get

-1
_ A A X _
a0 =[ie o3 42)(5)] = emar s

_ _ 4| (1 o 0 0\ /A +ATARS 1AyAT  —ATALST! c!
XTA VI = TTA Dt = xTA~! _ 11 1141290 4121431 11711299 1
( ) 0 I 0 SO _561A21A1711 Sal 0

-1 -1 -1 -1 -1 -1 -1
i (B ) ()
—Sy 1AnAT, S; AnATG

= XA = (@A) O

and

Now, let CAX neither be zero nor invertible. The equation CAX = C = XAC is solvable if there exists a bounded linear
operator Xy such that CAXy; = C = XpAC. We get the following result.

Theorem 7. Let A € B(J¢)" . The equation A~AX = A~ = XAA™ is solvable if and only if A~ is a {1, lI}-inverse of A. In this case,
the general solution is

X=A"4+U—-AASI—AA"),
where S € B(J) is arbitrary.

Proof. It is clear that X = A~ is one solution if A~ is a {I, II}-inverse of A.
On the other hand, A € B(#)~ implies that R(A) is closed. Then A can be written as A = (’%1 8) where A; €

-1
B(R(A*), R(A)) is invertible. Since AA"A = A, we get that A~ = (A/L ﬁ;’), where A;, i = 2, 3, 4 are corresponding

arbitrary bounded operators. We consider the partition X conforming with A as X = (2 §;) whereX;, i = 1,2, 3,4 are

corresponding bounded operators. A“AX = A~ = XAA™ implies that

ATY A\ (A O\ (X1 X3\ _ (A7' A3\ _ (X1 X3\ (A1 O\ [(A]' As
Ay A)\0 0)J\Xs Xo) T\ A A)” \Xa X)J\0 o)\ A A)

So
X Xs ) _ (A7' A3\ _ (X1 XiAiAs
A4A]X] A4A1X3 - A4 A2 - X4 X4A]A3 :
-1

Comparing two sides of above equations, it follows that A~ = (AAl4 Azx A3> is the {I, II}-inverse of A and

(A A A g A AST — An-

_(A4 X =A"+(U—-AASI—AA")
for arbitrary S € 8(#). O
Theorem 8. Let A, C, X € B(H#). Then

CAX =C=XAC and X <4 C <= X = XAX and X4C. (2.5)

Moreover, for given A, C in (2.5), if X exists, then X is unique.
Proof. Suppose that CAX = C = XAC and X <y C. By definition (1) in (1.2) and CAX = C, we deduce that & (C) C
N (X) C N(C). By definition (2") in (1.2) and C = XAC, we deduce that R(X) C R(C) C R(X).Hence, & (C) = & (X) and
R(X) = R(C), i.e., X4C holds by definition (1.1). Moreover, (I — XA)C = 0 and R(X) C R(C) imply that (I — XA)X = 0.
Conversely, let X = XAX and X4 C. We have & (C) = N (X) and R(X) = R(C). Hence, X <4 C and

I-XAX=0= RX) C NI —XA) = R(C) C NI — XA) = C = XAC,

XI—-AX)=0—= RUI—AX) CNX) = R — AX) C N(C) = C = CAX.
For given A, C in (2.5), if X, X’ satisfy the right hand side of (2.5), then & (X) = & (C) = N (X') and R(X) = R(C) = R(X"),
which imply

I-XAX=0= (I-XAX =0= X' = XAX',

X'(I—-AX)=0= X —AX) =0 = X = XAX'.
Hence,X =X'. O
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The equivalency (2.5) was originally obtained by Mary [ 13, Lemma 3] on semigroups by means of Greens relations. In [13],
Mary defined X as an inverse of A along C and studied its properties. Theorem 8 implies that, under the condition X <y C,
the solution of CAX = C = XAC is an out inverse of an operator A over complex field with prescribed range space R(C) and
null space & (C) (see [1,2]).

3. The solutions of operator equation CAX = C = XAC

In this section, we will study the general solution to the equation
CAX = C = XAC (3.1

and the unique solution X of Eq. (3.1). We say that the solution X is an inverse of A along C. The technique results are
Lemmas 1-4, which are crucial in our study of the solutions to Eq. (3.1).
First, we consider some particular cases. If AC € 8(#)~, by Lemmas 2 and 3,

C*'A*X* = C* = R(C*) = R(C*A*) = N (C) = N(AC).

So X = C(AC)~ is one solution of the equation C = XAC; if AC and CA are idempotents, then CAX = XAC implies that
(I — CA)XAC = 0. Hence, X is the solution of CAX = XAC if and only if there exists S € 8(#) such that X = SAC — (I — CA)S.
Moreover, we have the following result.

Theorem 9. Let A, C € B(H). If there exist orthogonal projections P and Q such that C <z QA*P and PAQ € B(J#)". Then
X = (PAQ)™ is one solution of Eq. (3.1).

Proof. let T = (PAQ)™*. We have R(T) C R(Q) and R(T*) C R(P). Hence QT = T and TP = T. From C <, QA*P we
obtain

N(P) C N(QA*P) C N (O), R(C) C R(QA™P) C R(Q).
By Lemma 2, we get

CP=C, QC=C, CPAQ(PAQ)" =C, (PAQ)TPAQC =C.
Hence,

CAT = CAQ(PAQ)* = CPAQ(PAQ)* = C
and

TAC = (PAQ)TPAC = (PAQ)"PAQC = C,

i.e., T is one solution of Eq. (3.1). O

Theorem 10. Let A, C € B(H#), AC and CA € B(H)". The following conditions are equivalent:
(i) Eq.(3.1)is solvable;
(ii) CA(CA)"C(AC)~AC =C;
(iii) R(C) = R(CA) and R(C*) = R(C*A*).
Proof. (i) =— (2) If the equation CAX = C = XAC is solvable then, by Lemma 3, we know R(C) C R(CA) C R(C) and
N(C) D N(AC) D N(C), which implies R(C) = R(CA) and N (C) = N (AC). By Lemma 2, it is straightforward that
CA(CA)~C(AC)~AC = C for every inner inverse, (CA)~, (AC)~, of CA and AC, respectively.
(2) = (3) Since R(AC) and R(CA) are closed, R(C*A*) and R(C*) are closed by (2.2). N (C) = N (AC) if and only if
R(C*) = R(C*A*). 1t s trivial that (iii) holds.
(3)= (1) By Lemma 1, R(C) = R(CA) implies CAX = C is solvable with one solution

Xo = (CA)TC + (I — (CA)TCA)C(AC)™. (3.2)
R(C*) = R(C*A*) implies that & (C) = N (AC) and, hence
XoAC = (CA)YCAC + (I — (CA)TCA)C(AC)TAC
= (CA)*CAC + C(AC)TAC — (CA)TCAC
=C.
It follows that Eq. (3.1) is solvable and Xy = (CA)TC + (I — (CA)TCA)C(AC)™ is one solution. O
Remark. In Theorem 10, if AC and CA ¢ B(#), then (i) = (iii) but (iii) = (i) holds. Even though (C*A*)* & B(#), we get
(C*A*)*C*A* = Prgey and (C*A*)TC* = (C*A*)TC*A*X® = PoX°® € B(H), e, C(AC)T € B(H). Similarly, we have

(CA)*C € B(#).Xpin(3.2) is bounded and it is straightforward that CAX, = C = XoAC. In this paper, we only consider the
case in which AC and CA have closed range.
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Theorem 11. Let A, C € B(#),AC and CA € B(H)~ such that Eq. (3.1) is solvable. Then the general solution is
X = (CA)"C+[I — (CA)"CA]JC(AC)™ + [I — (CA)” CA]S[I — AC(AO)],
where S € B(J) is arbitrary.

Proof. By Lemma 1, the equation CAX = C has the general solution X = (CA)~C + [I — (CA)~ CA]U, where U € B(¥#) is
arbitrary. If X is also the general solution of the equation C = XAC, then

(CA)"CAC + [I — (CA)" CAJUAC = C.

We get [I — (CA)~CA][C — UAC] = 0. Hence, C — UAC = (CA)~CAW, where W € B(¥) is arbitrary. Now, we get
UAC = C — (CA)~ CAW. Taking *x-operation, we get

CrA*U* = C* — WHA*C*(A*C*)™.
Since C*A*(C*A*)~ is idempotent and R(C*A*(C*A*)™) = R(C*A*) = R(C*), by Lemma 1, U* exists if and only if
C*A*(C*A*)"[C* — W*A*C*(A*C*)™] = C* — W*A*C*(A*C*)".
We get C*A* (C*A*)~W*A*C* (A*C*)~ = W*A*C*(A*C*)~ and
U* = (C*A")T[C* — C*A*(C*A") " W*A*C*(A*C*) "] + [I — (C*A*)~C*A*]S*,
where S € 8(J) is arbitrary. Hence, U = C(AC)~ — (CA)"CAW(AC)~AC(AC)~ + S[I — AC(AC)" ] and
X = (CA)™CH[I — (CA)"CAJU
= (CA)"C +[I — (CA)" CAIC(AC)” +[I — (CA)"CAJS[I — AC(AC)"]. O

Since R(CA) is closed, CA and (CA)™ as operators from # = R((CA)*) @ N (CA) into # = R(CA) & N ((CA)*) can be
writtenas CA=T; ® 0 and (CA)* =T, 1 @ 0, respectively. By the definition of (I)-inverses,

(CA)™ = (Tvl\;: %) = (CA)T + W — (CA)TCAWCA(CA)*,

where W = (m w;> is arbitrary.

If AC and CA are group invertible, by Lemma 4, C(AC)* = (CA)*C and A(CA)* = (AC)*¥A. Theorem 11 implies that

X = (CA*C + I — (CA*CAIC(AC)* + [I — (CA)*CAISII — AC(AC)*]
= (CA)*C + [I — (CA*CAISII — AC(AC)*]
is one solution of CAX = C = XAC. Let A, C € B(H#) satisfy Eq. (3.1). If C is group invertible and AC = CA, then we can
deduce that AC is group invertible.
Theorem 12. Let A, C € B(H).
(i) If Cis group invertible and AC = CA in Eq. (3.1), then AC is group invertible and any solution of Eq. (3.1) has the form
X = C(AO)* + [I — (CA*CAIS[I — AC(AC)*] for arbitrary S € B(J¢).

(i) If AC and CA are group invertible, then the unique solution X of Eq. (3.1) which satisfies X <, C is X = C(AC)*.
Proof. (i) Since C is group invertible, C can be written as C = C; @ 0, where C; € B(R(C)) is invertible. We consider
the partitions A and X conforming with C. Since AC = CA, A can be written as A = ('cg AOZ) Let X = (2 ig) From
CAX = C = XAC we get

G 0\ (A1 0\ (X: X3\ (G 0\ _ (Xi X3\(Ar 0)\[(C ©

0 O 0 AJ\Xy X)) \0 0] \Xy X, 0 A 0 0)°
Then

GAXs GAXs\ _ (G 0) _ (XiAG 0

0 o J—\o o) \XAC 0)°
Comparing two sides of the above equations and, using the invertibility of C;, we have A1X; = I = X;A1, X4A; = 0 and
A:X3 = 0. These imply that A, is invertible and X; = A]', X3 = 0,Xs = 0 and X; is arbitrary. Hence, (AC)* = (CA)* =
A7'c;'@0and
X=X ®X, =A]' ®X, = C(AO)* + [I — (CA)*CAIS[I — AC(AC)*]

for arbitrary S € B(#).



670 C. Deng /. Math. Anal. Appl. 398 (2013) 664-670

(ii) Let X = C(AC)*.If AC and CA are group invertible, then R(X) C R(C) and ¥ (X) = N (C(AC)*) = N ((CA*C) D
N (C). So, X <4 C. Moreover, we have CAX = CAC(AC)* = C(AC)*AC = CA(CA)*C = C by Lemmas 2 and 4. Hence
XAC = C(AC)*AC = CA(CA)*C = C = CAX.By Theorem 8 we know X = C(AC)* is the unique solution. O

Example. We will show that, for some special C such thatX <, C, the unique X € B (J¢) reduces as the classical generalized
inverses: group inverse, Drazin inverse and MP-inverse. This can be seen from the following table.

C X<4xC The unique solution X of
(RX) C R(C)), NX) D N(O) CAX = C = XAC
C=1I RX) = H, NX) = {0} X=A"1
C = A (A group invertible) RX)=RA), NX) = N(A) X =A*
C =A™, ind(A) = m (A Drazin invertible) RX) = RA™), N X) = N(A™) X=AP
C = A* (A MP-invertible) RX) = RA*), NX) = N(A¥) X =At
Acknowledgments

A part of this paper was written while the author visited the Department of Mathematics, the College Of William and
Mary. He would like to thank Professors Chi-Kwong Li, Junping shi and Gexin Yu for their useful suggestions and comments.
The author would like to express his hearty thanks to the referee for his/her valuable comments and suggestions which
greatly improved the presentation of this paper.

This work was supported by the National Natural Science Foundation of China under grant 11171222 and the Doctoral
Program of the Ministry of Education under grant 20094407 120001.

References

[1] M.L. Arias, G. Corach, M.C. Gonzalez, Generalized inverses and Douglas equations, Proc. Amer. Math. Soc. 136 (2008) 3177-3183.
[2] A.Ben-Israel, T.N.E. Greville, Generalized Inverses: Theory and Applications, second ed., Springer-Verlag, New York, 2003.
[3] C.W. Groetsch, Generalized Inverses of Linear Operators, Marcel Dekker, Inc., New York, Basel, 1977.
[4] Z.P.Xiong, Y.Y. Qin, On the inverse of a special Schur complement, Appl. Math. Comput. 218 (2012) 7679-7684.
[5] A.Daji¢, ].J. Koliha, Positive solutions to the equations AX = C and XB = D for Hilbert space operators, J. Math. Anal. Appl. 333 (2007) 567-576.
[6] D.S. Cvetkovié-Ili¢, A. Daji¢, ].J. Koliha, Positive and real-positive solutions to the equation axa = c in C*-algebras, Linear Multilinear Algebra 55 (2007)
535-543.
[7] Q. Xu, Common Hermitian and positive solutions to the adjointable operator equations AX = C, XB = D, Linear Algebra Appl. 429 (2008) 1-11.
[8] Q. Xu, L. Sheng, Positive semi-definite matrices of adjointable operators on Hilbert C*-modules, Linear Algebra Appl. 428 (2008) 992-1000.
[9] G.Wang, Y. Wei, S. Qiao, Generalized Inverses: Theory and Computations, Science Press, Beijing, New York, 2004.
[10] R.G. Douglas, On majorization, factorization and range inclusion of operators on Hilbert space, Proc. Amer. Math. Soc. 17 (1966) 413-415.
[11] P.A. Fillmore, ].P. Williams, On operator ranges, Adv. Math. 7 (1971) 254-281.
[12] R.E.Cline, An application of representation of a matrix, MRC Technical Report, 592, 1965.
[13] X. Mary, On generalized inverses and Green’s relations, Linear Algebra Appl. 434 (2011) 1836-1844.



	On the solutions of operator equation  C A X = C = X A C 
	Introduction
	Some lemmas and relations
	The solutions of operator equation  C A X = C = X A C 
	Acknowledgments
	References


