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1. Introduction

Let H = L*(O) be the real separable Hilbert space of square integrable functions on some convex
polygonal domain O of R? d > 1, equipped with the usual inner product denoted by (-,-) and induced
norm || - ||. For T > 0, we consider the following stochastic Volterra type equation written in the abstract
It6 form as

AX(t) + (/b(t s)AX (s) ds> dt =dWe(t), te(0,T];  X(0) = Xo, (1.1)
0

where —A = A is the Dirichlet Laplacian with domain D(A) = H?(O) N H(O) and W is an H-valued
Wiener process on the probability space ({2, F,P) endowed with the normal filtration {F;};>0 generated
by W with possibly unbounded covariance operator Q. We note that, strictly speaking, the process W<
is H-valued if and only if @ is a trace class operator. The initial condition X (0) = Xj is H-valued and
Fo-measurable. The convolution kernel b is given by

bt)=t""2/I'(p—1), 1<p<2, (1.2)

or could be somewhat more general which is made precise later in Section 2. Such equations are called
stochastic Volterra equations and can be used in the modeling of diffusion of heat in materials with memory
or in viscoelasticity (see [3,15] and references therein). Because of the weak singularity of the kernel b at
0, the deterministic equation exhibit certain smoothing characteristics similar to that of parabolic type
evolution equations.

We study the numerical approximation of {X(t)},ci0,r7 by an implicit Euler scheme and a Laplace
transform convolution quadrature in time together with a finite element method in space. Let N > 1 and
At =T/N. We set t,, = nAt, n =0,...,N. Let {Tp}o<n<1 denote a family of triangulations of O, with
mesh size h > 0 and consider finite element spaces {Vj}o<n<1, where Vj, C H}(O) consists of continuous
piecewise linear functions vanishing at the boundary of O. Let X}’ € V}, be the numerical approximation of
X (t,) defined via the difference equations

(X,?,vh) - (X,?_l,vh) + Atan_k (VX;’f,Vvh) = (w",vh), (1.3)
k=1

for any n > 1, with the initial condition

(Xga Uh) = (X07Uh)a

for any v;, € V},, where we have set w” = W®(t,,) — W(t,_1).

Our specific choice of the weights {wk}r>0 is stemming from the deterministic framework of [12.13].
Indeed, it can be easily seen that most of the qualitative properties of the solution of (1.1) with @ = 0
depend heavily on the way the frequencies of the time kernel b are distributed. For example, in the case
where b is a Dirac mass at 0, we formally recover the heat equation and if b is regular enough, we recover the
wave equation. For that reason, the weights {wg }r>0 in (1.3) have been chosen such as to mimic, at the level
of the backward Euler scheme, the spectral properties of the time kernel b. Using the Laplace transform b
of b, these weights can be obtained via the relation

- 1—Z k
b( Az )szkz, |z] < 1. (1.4)

k>0
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Introducing the “discrete Laplacian”

Ah . Vh — Vh; (Ahw7X) = (V1/’7VX), ’l/JaX S Vh, (15)

and the orthogonal projector

Ph:H_>Vh7 (th7X):(f7X)v XEth

we rewrite (1.3) in the operator form as

X;;—XZL_l‘l‘At(an_k AhX;1§> :Phw", n = 1, (16)
k=1

with X)) = P, X,.

If ¢ is a twice differentiable real functional on L?(Q), not necessarily bounded and with not necessarily
bounded first derivative but with bounded second derivative and A®~#)/2Q'/2 is a Hilbert-Schmidt operator
on H, then our main result can be stated as follows. Denoting the expectation by E, the so-called weak
error can be estimated as

T

|Ep(X7)) — Ep(X(T))] < Cln(m

) (At + h*), (1.7)

where C may depend on T', ¢ and the initial condition X (0) but not on h and N. Hence even in the presence
essentially twice the strong order, where the latter was studied in [10]. Note that in (1.7) we may even allow
the test function ¢(z) = ||z||?.

In particular, when @ = I (white noise), v has to be chosen in such a way that AW=1/p)/2 ig a Hilbert—
Schmidt operator on H. Taking the asymptotics of the eigenvalues of the Laplacian into account we must
have v < 1/p — d/2. This yields d = 1 and a rate of convergence in time of (1 — p/2)_ and in space of
(2/p—1)-.

A popular method used in the study the weak convergence of approximations of stochastic equations
relies on the associated Kolmogorov equation (see [7,16,18]). The global weak error Eo(X}N) — Eo(X(T))
is usually decomposed in a sum of local weak errors which are then expressed using the solution of the
associated Kolmogorov equation.

Unfortunately, the presence of a non-local term in time in (1.1) prevents us to use the same method
directly because the process { X (t)}+c[o,7) is not Markovian and hence no Kolmogorov equation is associated
with (1.1). However, since the equation is linear and the non-local term is in the drift part, we use the same
kind of method as in [5,8,9,11] to remove the drift and obtain an equation which has a Markovian solution.
Hence there is an associated Kolmogorov’s equation with no drift but with a time-dependent covariance
operator.

The outline of the paper is as follows. In Section 2 we introduce basic notations and the main assumptions
on b, together with the existence, uniqueness and regularity properties of { X (t)}/cj0,7]. In Section 3 we recall
and prove some deterministic estimates concerning the solutions of (1.1) and (1.6) with @ = 0. In particular,
we recall the discrete mild formulation of (1.6) and establish its regularizing properties (Theorem 3.1). In
Section 4 we introduce the results which are needed in order to accommodate random initial data and
unbounded test functions . This section ends with a representation formula of the weak error (Theorem 4.3)
which symmetrize the role played by the discrete and the continuous solutions. Finally, in Section 5, we
state and prove the main convergence result (Theorem 5.1).
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2. Preliminaries

In this section we introduce notation and collect some preliminary results. We also state the hypothesis
on the convolution kernel b. We denote the set of bounded linear operators on H by B(H) endowed with
the usual norm || - || 3(zr), where we drop the subscript from the norm if it is clear from the context. Let HS
denotes the Hilbert-Schmidt operators on H; that is, T € HS if T is linear and for an orthonormal basis
(ONB) {ek}keN of H

ITlfs = D |1 Terl® < oo
keN

In this case the sum is independent of the ONB. If a linear operator T' on H can be written as

Tx = Z(x,ak)bk, r € H,
keN

with D, oy [lax]|||bx|] < oo, then T'is called a trace-class operator. The trace-norm of 7" is then defined as

1T = inf{z llag||llbk]]: Tx = Z(x,ak)bk, T € H}

keN keN

If T is a trace class operator then for any ONB, the trace of T is defined as

TI"(T) = Z(Tek, ek)
is finite and the sum is independent of the ONB. Both Hilbert—Schmidt and trace class operators are
bounded. If T > 0 is a symmetric trace class operator then, Tr(T) = ||T|lw. It is well-known that if
Ty, T5 € HS, then T1T5 is trace class and
|Te(Th To)| < | T1[|ws || T lws- (2.1)

Furthermore, if T € HS and S € B(H), then T'S and ST are in HS and

max{[|TS|us, |ST||us} < [Tllus S|l (2:2)
For 1 < p < oo we denote by LP(§2, H) the space of H-valued random variables X such that

1/
1X | 2o,y = (B[ X|P) P < o,

It is well known that our assumptions on A and on the spatial domain O implies the existence of a
sequence of nondecreasing positive real numbers {A; }x>1 and an orthonormal basis {ex}xr>1 of H such that

Aey, = Apeg, lim Mg = +oo. (23)

k—+oco

Next, we define, by means of the spectral decomposition of A, the fractional powers A® of A for s € R.
That is, for s > 0 we set

Az = Z A (x, er)ex, (2.4)

k>1
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with domain D(A®) being all z € H for which the sum converges in H. In particular, D(A%) = H. For s < 0
we define A®x as in (2.4) for all x € H and D(A?®) to be the completion of H with respect to the norm of
Joll, = 142l

Next we state the main hypothesis on the convolution kernel b.

Assumption 1. The kernel 0 # b € L}OC(RJF), is 3-monotone; that is, b, —b are nonnegative, nonincreasing,
convex, and lim; ., b(t) = 0. Furthermore,

M), Red >0} € (1,2). (2.5)

9 .
pi=1+ - sup{’argb(

In the special case of the Riesz kernel given in (1.2) one can easily show that p in the exponent coincides
with the one defined in (2.5). In order to obtain non-smooth data estimates for the deterministic equation
we need the following additional hypothesis.

Assumption 2. The Laplace transform b of b can be extended to an analytic function in a sector Xy with
0 > /2 and [0 (2)] < C|z|'~P7* k=0,1, z € 5.

In the sequel we discuss properties of the solution of (1.1). The weak solution of (1.1) is a mean-square
continuous H-valued process satisfying

t r t
+// r—s)(X(s), A*n) dsdr = (Xo,n) +/ (n,dW<(s)
0 0

for all n € D(A*) almost surely for all ¢ € [0, T]. Under Assumption 1, if W% = 0; that is, the deterministic
case, then there exists a resolvent family {S(¢)}i>0 C B(H) which is strongly continuous for ¢ > 0, differ-
entiable for ¢ > 0 and uniformly bounded by 1, see [17, Corollary 1.2 and Corollary 3.3]. The unique weak
solution in the deterministic case is given by X (t) = S(¢)Xo, t € [0,T].

The next result, which can be found in [3] and [10] summarizes the existence, uniqueness and regularity
of weak solutions of (1.1).

Proposition 2.1. Let b satisfy Assumption 1 and let ||A(”7%)/2Q% lus < oo and A% Xy € L%(2, H) for some
v >20. Then (1.1) has a unique weak solution given by the variation of constants formula

X(t) = S(t) Xy + / S(t—s)dW9(s), t >0, (2.6)
0

with ||A2 X ()| 12(0,m) < C, for some C > 0 and for all t > 0. Furthermore, X has a version which is

Hélder continuous of order less than min(%, 27).

Remark 2.1. In particular, the stochastic integral in (2.6) makes sense since SQ/2 € L?((0,T), HS) (see the
proof of [10, Theorem 3.6]).

3. Deterministic estimates

In the following proposition we collect some of the smoothing properties of {S(¢)}¢>0 and {Sk(¢)}i>0,
where {S},(t)}+>0 C V3, is the resolvent family of the deterministic equation
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t
ap(t) + /b(t — 8)Apup(s)ds =0, t>0, up(0) = Prug.
0

We would like to note that in this paper the constant C' denotes a generic nonnegative constant that does
not depend on the parameters h, k,t, At and is not necessarily the same at every occurrence.

Proposition 3.1. If b satisfies Assumption 1, then the following estimates hold for the resolvent families
{S(t)}t=0 and {Sh(t)}i>0 for some C' > 0.

(i) max{||[A"/2St)|, | AL Sp(t)Pall} < Ct=P/2, 0 < v < 2/p, t >0, h > 0;
(ii) S| < Ct™t, t > 0;
(iii) [ (14, P Su(s) Paz|2 ds < Cl|z]|2, ¢ > 0, h > 0.

Proof. The statements for {S(¢)}:>0 are shown in [10, Proposition 2.5]. The estimate for {S5(¢)}i>0 in (i)
can be proved exactly the same way while (iii) is shown in the proof of [10, Lemma 3.1.]. O

In the sequel we derive the relevant deterministic error estimates. Using the z-transform, it is shown [10]
that the solution X} of (1.6) can be written using a discrete constant variation formula as

n—1
X}? = Bh,nPh:L' + Z Bh,nfkphwarla (31)
k=0
where, B, o = I and
s efsskfl
Byy P — / Sh(At) P ds for k> 1 (3.2)
) !

Let o(t) := [+ ] and define the piecewise constant operator function
Bun(t) = BrowPh: 0<t<T.

Theorem 3.1. If b satisfies Assumptions 1 and 2, then the following estimates hold for some C' > 0 where
Enn(t)=Bun(t)—S(t), NAt =T and h > 0.

|s@) - S(S)HB(H) <Os ¥t—s 0<a<l 0<s<t (3.3)
|A2 By N(t)|| < CtP/2, 0<v < %, 0<t<T; (3.4)

| Enn(t)]| < CEP7 (A" + 1), 0<v< /—1), 0<t<T; (3.5)
A5 By ()] < CE3% (A +8%), 0<v < %, 0<t<T. (3.6)

Proof. It follows from [17, Corollary 3.3] that ||S(t)z|| < Ct~'|z| for all 2 € H and t > 0. Thus, for
0 < s <t, we have

t t
HS(t)a: - S(s)z|| < /HS(r)xH dr < C||z| /7’71 dr < Cljz||s~Ht — s

Since we also have that ||S(t)z — S(s)z|| < 2||z||, the inequality in (3.3) follows.
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To show (3.4), first note that it follows from (3.2) and Proposition 3.1 (i) with v = 0 that

<C, forallk>1, h>0. (3.7)

From (3.2) and Proposition 3.1(i) with v = 2/p we conclude that, for k > 2 and h > 0,

o0
e~ S k 2
|4 Bl < Cllafan™ [ G0
0
1 e—S k: 2
= Cllel(-na) ™ [ G
0

k

= Clallty’, = Cllzll3 POt

For k = 1, by Holder’s inequality and Proposition 3.1(iii), we have

HA}ll/(QP)Bh,lPhIH < /HA}/(QP)Sh(AtS)xHe*S ds

[ 1/2
< C(/HA,ll/(Qp)Sh(Ats)PthQds>
0

< C(At) || (3.8)
By interpolation, using (3.7), (3.8) and (3.8) we conclude that

|AZBuaPal| <Cty *, 0<v<= k=1, h>0.

D=

Since for & € [0,1/2] and v;, € V}, we have that ||A%vy|| < ||Advy| it also follows that

|AZBuaPal| < Cty *, 0<v<= k=1, h>0.

Finally, for t € (t;_1,¢;], 7 > 1, we see that
|A2 By ()] = || A2 By Pal| < CE 2 <Ct %, 0<v<

and the proof of (3.4) is complete.
Next we prove (3.5). First, we write

| Bk P — S(t)|| < [|Brk — Sh(te)|| + [|Sa(te) — S(te)|| := e1 + e2.
It is show in [14] that if b satisfies Assumption 2, then
e1 < Ct;lAt and ey < Ct,;phz7 k>1, h>0.
Furthermore, we also have that max{e;,es} < C by Proposition 3.1 with ¥ = 0, and thus

| Brk P — S(t)|| < Ct.”" (At +h*), 0<v<1/p, k=1, h>0. (3.9)
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Next, for t € (tx—1,tx], k = 1, we have by (3.3) and (3.9), that

| Enn (8] < || BrsPr = S(t)|| + || S(tk) = S(1)]|
< Ct. " (At + W) + Ct, ” At
< Ct P (At +h*), 0<v<1/p, k>1, h>0,

which finishes the proof of (3.5).
Finally, by interpolation, for 0 < a < 1/(2p) have that

A Enn (8)|| < || Enn @] 2| AY @0 By v (1)
< || B 7 (|AY S0 + (| AV By n ()] 7).

Setting a = 1/‘;_”7 0 < v < 1/p, and using Proposition 3.1(i), (3.4) and (3.5) all with v = 1/p the estimate

n (3.6) follows. O
4. Error representation

Our main assumptions concerning ¢, depending on the initial data, are
¢ € C(H,R), Dy € C(H,H) and D?*p € Cy(H,B(H)) (4.1)
or
¢ € C(H,R), Dy € Cy(H,H) and D?*p € Cy(H,B(H)), (4.2)

where C(X,Y) and Cp(X,Y) denote the space of continuous resp. continuous and bounded functions f :
X — Y and D denotes the Fréchet derivative. The next lemma and its corollary are needed in the proof of
Theorem 4.3 to accommodate random initial data and test functions ¢ that are unbounded with possibly
an unbounded first derivative. For bounded test functions ¢ the next result can be found, in for example,
[4, Proposition 1.12].

Lemma 4.1. Let ¢ : H — R be measurable such that |p(z)| < pn(||x]|) where py is a real polynomial of
degree N. Let (£2, F, P) be a probability space and G C F is a sub sigma-algebra of F. Let &,& € LN (02, H)
be H -valued random variables such that &1 is G-measurable and &5 is independent of G. If we definew : H — R
by u(z) = E(p(z + &), € H, then, almost surely, u(&1) = E(o(&1 + £2)|9).

Proof. Define ¢, () = ¢(¢p, 0)(7)r) where {p (o) is the characteristic function of the closed unit ball
around 0 with radius n. We clearly have that ¢, (z) = ¢(z) for all x € H. Furthermore, |¢,(z)| < pn(]|z])
for all n € N and x € H. Therefore, if n € LY (§2, H), then by the dominated convergence theorem
on(n) = ¢(n) in L'(2,R). Let € H and define u(z) := E(p(x + &)) and u,(z) := E(pn(z + &2)). If we
take 1 := x + &9, then, for all z € H,

|un(2) = u(@)| <[E(en(n) = om)] < [lenln) = e)| 1 (g =0

as n — oo. We also have that

|un(2)| < E|(pn(z+ &))| < E(py ([l + &)
(o~ (lz])) + E(pn ([1€21])))

<E
<C(p
< Clpn(ll=ll) + ll€allr@.m):
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and hence
lun(&1)| < Cpn (I&1) + &2l (2.m)) € L' (25 R).
Therefore,
un(&1) = u(&) in L'(2,R) (4.3)
as n — oo by dominated convergence. Since ¢, is a bounded and measurable function it follows from [4,
Proposition 1.12] that u, (1) = E(p(£14+&2)|G). By taking n = & + &, it follows as above that ¢, (1 +&2) —

(&1 + &) in LY(2,R) and thus by the dominated convergence theorem for conditional expectations we
conclude that

un(61) = E(pn (&1 + &)|G) = E(p(& +&)IG) in L'(2,H)
as n — oo which finishes the proof in view of (4.3). O

For any x € H and ¢ € [0,7], we define
T
Z(T,t,x) =+ / S(T — 5) dW9(s).
t

The above stochastic integral makes sense since SQ'/2 € L?((0,T),HS) (see Remark 2.1). Let ¢ satisfy
(4.1) or (4.2), and define
u(z,t) :=E(p(Z(T,t,x))), xz€H, tel0,T)] (4.4)

Since Tr(S(T — )QS(T — -)*) € L*(0,T) (see Remark 2.1) and D?p € Cy(H, B(H)), it is well known that
u is a solution of the following backward Kolmogorov equation

1
ug(x,t) + 5 Tr (upe (2, 6)S(T —)QS(T —t)*) =0, =z € H, te0,T), (4.5)
with the terminal condition u(x,T) = ¢p(x), z € H.

Corollary 4.2. Let & be Fi-measurable where {F;}i>0 is the normal filtration generated by W. Let ¢ satisfy
(4.1) and & € L2(£2, H) or let ¢ satisfy (4.2) and € € L'($2, H). Let u defined by (4.4). Then

u(é,t) =E(p(Z(T,t,9))|F), te€0,T).

Proof. The statement follows from Lemma 4.1 with £ = £ and & = j;T S(T — s)dW?(s) noting that
&€ L?(2,H) C LY(2,H) as, by Itd’s isometry,

T T
E|&|° = /HS(T —8)Q7 e ds < /HS(t)Q% [fgdt <oco. O
t 0

We quote the following Itd’s formula from [2].
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Proposition 4.1 (Ité’s formula). Let f : [e,d) x H — R, 0 < ¢ < d < o0, such that f,0:f,0.f and
02, f are continuous on [c,d) x H with values in the appropriate spaces. Let a € Li, (2 x (c,d); H) and
QY2 e L2 (12 x (¢,d),HS) and

loc

X(¢) =X(c)—l—/a(s)ds—I—/f(s)dI/V("?(s)7 t €lc,d).

Then, for allt € [c,d), almost surely,

t

f(t,X(t)) - f(c,X(c)) = /atf(s,X(s)) ds—&—/(@xf(s,X(s)),a(s)) ds

C

t t

+/(8mf(s,X(s)),§(s) dWQ(s)) + %/Tr(@iwf(s,X(s))§(s)Q§*(s)) ds.

C C

The proof of the main approximation result of the paper relies on the ability to compare the laws of two
different It6 processes of the form

Y (t) :=Y(0) + /S(T —5)dW9(s)
0

and

Y (t):=Y(0) + / S(T — 5) dW9(s),
0

where {S(t)};>0 denotes another family of bounded operators on H such that SQ/? € L?((0,T),HS). We
have the following general error formula for

e(T) =E(p(Y(T)) — o(Y(T))). (4.6)

Theorem 4.3. Let {S(t)}i>0 and {S(t)}s>o two families of bounded operators on H such that SQ/?,5Q'/? ¢
L2((0,7),HS). If ¢ satisfies (4.1) and Y (0),Y (0) € L?(2, H) or ¢ satisfies (4.2) and Y (0),Y (0) € L* (2, H),
then'Y andY are well-defined and the weak error e(T) in (4.6) has the representation

o(T) = B(u(¥(0),0) ~ u(¥(0),0)) + 5B [ Tr(usa (V(0),1)O(0) .
where
O@t) = (S(T —t) + S(T - ))Q(S(T —t) — S(T — 1)),

O@t) = (S(T —t) - S(T—1)Q(S(T —t) + S(T —1))".

Proof. The proof is analogous to the semigroup case in [8, Theorem 3.1] and [9, Theorem 3.1] using Propo-
sition 4.1, Corollary 4.2 and the Kolmogorov’s equation (4.5). O
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5. The convergence result

In this section we apply Theorem 4.3 to the approximation scheme (1.6). In order to do so we set

Y (t) = S(T)Xo + / S(T — 5)dW?(s)
0

and

t

Y(t) = BhJV(T)XO + /éh,N(T — 8) dWQ(S)
0

Note that Y(T) = X(T) and Y (T) = X}¥. Our main result is stated below.

Theorem 5.1. Let T' > 0, N > 1 an integer and At = T/N. For any h > 0, let {X}'}ocngn be defined by
(1.6) and let {X(t)}icjo,r) be the unique weak solution (2.6) of (1.1). Let o satisfy (4.1) and suppose that
Xo € L2(2,H) or let o satisfy (4.2) and suppose Xo € L' (2, H). If |A™ 1/pQ%H%{S <00, 0< v <1/p,
then there exists a constant C = C(T,v, ¢, Xo) > 0 which does not depend on h and N such that for
R2P + At < T,

T

[Ee(Xi) —EBe(X(T)] < Cln(m

) (At + ). (5.1)

Proof. We use Theorem 4.3 with Y(0) = S(T)Xo, Y(0) = By n(T)Xo, and S(t) = By, n(t). Using (2.2)
and (3.4) with v = 0, we have that

1Bux s = [1PaBan (8)[gs < CllPallus, ¢ € (0,7).

Therefore, as Vj, is finite dimensional, it follows that SQ'/? € L?((0,T), HS). Furthermore,

v— 1/p

Q%||I2—IS <00

T
/HS(t)Q% P dt < Ol A~ QF |2, < of|a~%
0

where the first inequality is shown in the proof of [10, Theorem 3.6] and the second inequality follows from
(2.2). Thus, Theorem 4.3 is applicable.

We estimate the trace term first. Using that the operators A, Bh’N, and S are self-adjoint, and taking
inequalities (2.1) and (2.2) into account, we have

T

E/ (e (V(0),6) [Bun (T — t) + S(T — 0] Q[Bun (T — 1) — ST — )]") dt

0

E / Tr (130 (V (8), ) B (T — 1) + S(T )]

1/P v v 1/p v— l/p

Q>Q2A

x A

N(T — 1)) dt
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T
E/Trum ) (
0

v— 1/p 1/p v

S [Bun (T — 1)+ S(T—1)])"

Epn(T —1t))dt

Hey [Bun(T —t)+S(T-1)]) A

T
< E/Hum(f’(t) "
0

QAT A B (7 = )y
v— l/p 12
< t) A 1
(x, t)esjlﬁllli[o T]Hum “ HB H)H Qe ||HS
/H (t))HB(H)H (t)HB(H) dt. (5.2)

Next we split the integral from 0 to At 4+ h%/? and from h?/? + At to T. Then, using Proposition 3.1(i) and
(3.4),

At+h?/P
1 —v ~ 1 v
[ 1A B 0)+ 50) g 1475 B (0] gy
0
At+h?/e
- 2 1/p—v
<2 [ (A B Ol + 1475 SOl )
0
At+h?/e
<C / tIr A < C (AP + ).
0
Furthermore, by 3.1(i), (3.4) and (3.6), it follows that
T

1/p—v ~ 1/ v

p (Bh,N( )+ )HB H)HA T Eth(t)HB(H) dt
At+h2/p
T
<C / 4= 1/2+pv/2 (Apv + h2y)t*1/27pu/2 dt = Cln(At—f}W) (APV + hQV).
At+h2/p
This finishes the estimate of the trace term considering that
sup |tz (@, 8) [ 5 gy < 50D D70 ()| 1)

(@) €Hx[0,T]

To estimate the initial error term first assume ¢ satisfies (4.1) and E|| X¢||?> < oo. Note that under assumption

(4.1) it follows from Taylor’s Formula that

o) = e()] < [[De@)]| - llz =yl + Cllz — 1%,
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where C' = sup,¢ 7 | D*¢(x)||p(my and that || Dp(z)|| < K(1+|2||) where K = max{C, || D¢(0)||}. Therefore,

|o(@) = ()] < C(A+Nyll) - lz =yl + Cllz - yl>.

Then, using the law of double expectations, and noting that
X(T)=S(T)Xo+ /S(T —s5)dW (s),

we have, using Corollary 4.2, Proposition 2.1 with ¥ = 0 and (3.5), that

|E(u(Y(0),0) — u(Y(0),0))]
|E(u(Bh N X070) (S(T)XOvO))|

E (E ( <<p (BW(T)XO + /S(T —5) dWQ(s)> —p <S(T)X0 + / S(T — s) dWQ(s)>>

< CE(||Bun(T)Xo — S(T)Xo|| - (1 + |X(T)|))) + CE(|| Bun(T) X0 — S(T) X%
< CT= (At + 1) (1 + E(|| Xo|* + | X(T)|]%)) + CT =2 (A" + ™) E| Xo|%.

7))

Finally, if ¢ satisfies (4.2) and E||Xg|| < oo, then, again by Taylor’s Formula, |¢(x) — ¢(y)| < Cllz — y|
with C = sup,cy || De(z)||. Thus, similarly to the above calculation, we have that

|E(u(Y(0),0) — u(Y(0),0))]
= [E(u(Bn,n(T)Xo,0) — u(S(T)Xo,0))|

E( (( (BhN(T X0+/S —5)dW9(s )) ¢<S(T)X0+/S(T—s)dWQ(s)>>

< CE(||Brn(T)Xo — S(T)Xol|) < CT7* (At + h*)E| X,

7))

and the proof is complete. 0O

Remark 5.2. Below we give examples of the rate of convergence obtained in Theorem 5.1 in some typical
cases.

(i) If @ = I (white noise), then, as mentioned in the introduction, we must have d = 1 and the rate of
weak convergence in time is (1 — p/2)_ and in space it is (2/p — 1)_.
(ii) If @ is of trace class, then we may take v = 1/p and recover the finite dimensional order; that is, 1_
in time and 2_ in space.
(iif) Suppose that there exists some real numbers k and « > 0 such that A"Q) € B(H), Tr(A™%) < oo and
a—1/p < k < . Then, since

L 1/” K v— —K
14727 Q% [[is < 1147y T (47777,

we recover a space weak order of convergence (2/p—2(a—k))— and a time weak order of (1—p(a—k))_.
These are twice the strong orders (modulo the logarithmic term) respectively in space and in time found
n [10].
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