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In this paper, we study the Einstein warped products and multiply warped 
products with a quarter-symmetric connection. We also study warped products and 
multiply warped products with a quarter-symmetric connection with constant scalar 
curvature. Then we apply our results to generalized Robertson–Walker space–times 
with a quarter-symmetric connection and generalized Kasner space–times with a 
quarter-symmetric connection.
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1. Introduction

The (singly) warped product B ×b F of two pseudo-Riemannian manifolds (B, gB) and (F, gF ) with a 
smooth function b : B → (0, ∞) is a product manifold of form B×F with the metric tensor g = gB ⊕ b2gF . 
Here, (B, gB) is called the base manifold and (F, gF ) is called the fiber manifold and b is called the warping 
function. The concept of warped products was first introduced by Bishop and O’Neill [2] to construct 
examples of Riemannian manifolds with negative curvature. In [3], F. Dobarro and E. Dozo had studied 
the problem of showing when a Riemannian metric of constant scalar curvature can be produced on a 
product manifolds by a warped product construction from the viewpoint of partial differential equations 
and variational methods. In [5], Ehrlich, Jung and Kim got explicit solutions to warping function to have a 
constant scalar curvature for generalized Robertson–Walker space–times. In [1], explicit solutions were also 
obtained for the warping function to make the space–time as Einstein when the fiber is also Einstein.

One can generalize (singly) warped products to multiply warped products. A multiply warped product 
(M, g) is the product manifold M = B×b1 F1×b2 F2 · · ·×bm Fm with the metric g = gB ⊕ b21gF1 ⊕ b22gF2 · · ·⊕
b2mgFm

, where for each i ∈ {1, · · · , m}, bi : B → (0, ∞) is smooth and (Fi, gFi
) is a pseudo-Riemannian 
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manifold. In particular, when B = (c, d), the metric gB = −dt2 is negative and (Fi, gFi
) is a Riemannian 

manifold, we call M as the multiply generalized Robertson–Walker space–time.
Singly warped products have a natural generalization. A twisted product (M, g) is a product manifold of 

form M = B×bF , with a smooth function b : B×F → (0, ∞), and the metric tensor g = gB⊕b2gF . In [6], it 
was shown that mixed Ricci-flat twisted products could be expressed as warped products. As a consequence, 
any Einstein twisted products are warped products. Similar to the definition of multiply warped product, a 
multiply twisted product (M, g) is a product manifold of the form M = B×b1 F1×b2 F2 · · ·×bm Fm with the 
metric g = gB ⊕ b21gF1 ⊕ b22gF2 · · ·⊕ b2mgFm

, where for each i ∈ {1, · · · , m}, bi : B×Fi → (0, ∞) is smooth. So 
in this paper, we define the multiply twisted products as generalizations of twisted products and multiply 
warped products.

The definition of a semi-symmetric metric connection was given by H. Hayden in [8]. In 1970, K. Yano [15]
considered a semi-symmetric metric connection and studied some of its properties. Then in 1975, Go-
lab [7] introduced the idea of a quarter-symmetric linear connection in differentiable manifold which is a 
generalization of semi-symmetric connection. A linear connection ∇ on an n-dimensional Riemannian man-
ifold (M, g) is called a quarter-symmetric connection if its torsion tensor T of the connection ∇ satisfies 
T (X, Y ) = π(Y )φX−π(X)φY , where π is a 1-form and φ is a (1, 1) tensor field. In particular, if φ(X) = X, 
then the quarter-symmetric connection reduces to the semi-symmetric connection.

In [4], Dobarro and Ünal studied Ricci-flat and Einstein–Lorentzian multiply warped products and con-
sidered the case of having constant scalar curvature for multiply warped products and applied their results 
to generalized Kasner space–times. In [10], S. Sular and C. Özgür studied warped product manifolds with 
a semi-symmetric metric connection, they computed curvature of semi-symmetric metric connection and 
considered Einstein warped product manifolds with a semi-symmetric metric connection. In [11], they 
studied warped product manifolds with a semi-symmetric non-metric connection. In [14], we considered 
multiply warped products with a semi-symmetric metric connection, then apply our results to generalized 
Robertson–Walker spacetimes with a semi-symmetric metric connection and generalized Kasner spacetimes 
with a semi-symmetric metric connection. In [13], we studied curvature of multiply warped products with a 
semi-symmetric non-metric connection. In this paper, we will generalize our result to warped and multiply 
warped products with a special quarter-symmetric connection which satisfies equations (2.5) and (2.6) in 
[12]. This special quarter-symmetric connection is defined by equation (3). All the work we do is about it.

This paper is arranged as follows. In Section 2, we get a special quarter-symmetric connection and 
its curvature, then give the formula of the Levi-Civita connection and curvature of singly warped and 
multiply twisted product. In Section 3, we first compute curvature of a singly warped product with this 
quarter-symmetric connection, then study the generalized Robertson–Walker space–times with this quarter-
symmetric connection. In Section 4, firstly we compute curvature of multiply twisted products with this 
quarter-symmetric connection, secondly we study the special multiply warped product with this quarter-
symmetric connection, finally we consider the generalized Kasner space–times with this quarter-symmetric 
connection.

2. Preliminaries

Let M be a Riemannian manifold with Riemannian metric g. A linear connection ∇ on a Riemannian 
manifold M is called a quarter-symmetric connection if the torsion tensor T of the connection ∇

T (X,Y ) = ∇XY −∇Y X − [X,Y ] (1)

satisfies

T (X,Y ) = π(Y )φX − π(X)φY (2)
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where π is a 1-form associated with the vector field P on M defined by π(X) = g(X, P ) and φ is a 
(1, 1) tensor field. ∇ is called a quarter-symmetric metric connection if it satisfies ∇g = 0. ∇ is called a 
quarter-symmetric non-metric connection if it satisfies ∇g �= 0.

If ∇ is the Levi-Civita connection of M , in equation (2.4) in [12], let ϕ1 = λ1id, ϕ2 = 0, U = P , f1 = 0, 
f2 = λ2 − λ1, U2 = P , λ1 ∈ R \ {0}, λ2 ∈ R \ {0}, then we get a linear connection ∇ defined by

∇XY = ∇XY + λ1π(Y )X − λ2g(X,Y )P. (3)

It is easy to see that:

(a) when λ1 = λ2 = 1, ∇ is a semi-symmetric metric connection;
(b) when λ1 = λ2 �= 1, ∇ is a quarter-symmetric metric connection;
(c) when λ1 �= λ2, ∇ is a quarter-symmetric non-metric connection.

In [14], we considered case (a). In this paper, we will consider cases (b) and (c).
Let R and R be the curvature tensors of ∇ and ∇, respectively. By equation (3.13) in [12], we can get

R(X,Y )Z = R(X,Y )Z + λ1g(Z,∇XP )Y − λ1g(Z,∇Y P )X

+ λ2g(X,Z)∇Y P − λ2g(Y,Z)∇XP

+ λ1λ2π(P )[g(X,Z)Y − g(Y,Z)X]

+ λ2
2[g(Y,Z)π(X) − g(X,Z)π(Y )]P

+ λ2
1π(Z)[π(Y )X − π(X)Y ] (4)

for any vector fields X, Y, Z on M .

Remark 1. When λ1 = λ2 = 1, we can get equation (4) in [14].

2.1. Warped product

Let (B, gB) and (F, gF ) be two Riemannian manifolds and f : B → (0, ∞) be a smooth function. The 
warped product is the product manifold B×F with the metric tensor g = gB⊕f2gF . The function f is called 
the warping function of the warped product, and the Hessian of f is defined by Hf (X, Y ) = XY f−(∇XY )f .

We need the following two lemmas from [9], for later use:

Lemma 2.1. Let M = B ×f F be a warped product, ∇, ∇B and ∇F denote the Levi-Civita connection on 
M, B and F , respectively. If X, Y ∈ Γ(TB) and U, W ∈ Γ(TF), then:

(1) ∇XY = ∇B
XY ;

(2) ∇XU = ∇UX = Xf
f U ;

(3) ∇UW = − g(U,W )
f gradBf + ∇F

UW .

Lemma 2.2. Let M = B ×f F be a warped product with curvature R. If X, Y, Z ∈ Γ(TB) and U, V, W ∈
Γ(TF), then:

(1) R(X, Y )Z = RB(X, Y )Z;
(2) R(V, X)Y = −Hf

B(X,Y )
f V ;

(3) R(X, Y )V = R(V, W )X = 0;
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(4) R(X, V )W = − g(V,W )
f ∇B

XgradBf ;
(5) R(V, W )U = RF (V, W )U − |gradBf |2B

f2 [g(W, U)V − g(V, U)W ].

2.2. Multiply twisted product

A multiply twisted product (M, g) is a product manifold of form M = B ×b1 F1 ×b2 F2 · · · ×bm Fm with 
the metric g = gB⊕b21gF1 ⊕b22gF2 · · ·⊕b2mgFm

, where for each i ∈ {1, · · · , m}, bi : B×Fi → (0, ∞) is smooth. 
Similarly the Hessian of bi is defined by Hbi(X, Y ) = XY bi − (∇XY )bi.

We need the following two lemmas from [14], for later use:

Lemma 2.3. Let M = B ×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply twisted product and let X, Y ∈ Γ(TB) and 
U ∈ Γ(TF i), W ∈ Γ(TF j), then:

(1) ∇XY = ∇B
XY ;

(2) ∇XU = ∇UX = Xbi
bi

U ;
(3) ∇UW = 0 if i �= j;
(4) ∇UW = U(lnbi)W + W (lnbi)U − gFi

(U,W )
bi

gradFi
bi − bigFi

(U, W )gradBbi + ∇Fi

U W if i = j.

Lemma 2.4. Let M = B×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply twisted product and let X, Y, Z ∈ Γ(TB) and 
V ∈ Γ(TF i), W ∈ Γ(TF j), U ∈ Γ(TFk), then:

(1) R(X, Y )Z = RB(X, Y )Z;
(2) R(V, X)Y = −H

bi
B (X,Y )

bi
V ;

(3) R(X, V )W = R(V, W )X = R(V, X)W = 0 if i �= j;
(4) R(X, Y )V = 0;
(5) R(V, W )X = VX(lnbi)W − WX(lnbi)V if i = j;
(6) R(V, W )U = 0 if i = j �= k or i �= j �= k;
(7) R(U, V )W = −g(V, W ) gB(gradBbi,gradBbk)

bibk
U if i = j �= k;

(8) R(X, V )W = − g(V,W )
bi

∇B
X(gradBbi) + [WX(lnbi)]V − gFi

(W, V )gradFi
X(lnbi) if i = j;

(9) R(V, W )U = g(V, U)gradB(W (lnbi)) − g(W, U)gradB(V (lnbi)) + RFi(V, W )U − |gradBbi|2B
b2i

[g(W, U)V −
g(V, U)W ] if i = j = k.

Remark 2. It is easy to see that Lemmas 2.1 and 2.2 are corollaries of Lemma 2.3 and 2.4, respectively.

Finally we define the curvature, Ricci curvature and scalar curvature as follows:

R(X,Y ) = ∇X∇Y −∇Y ∇X −∇[X,Y ],

Ric(X,Y ) = tr R(X, ·, Y, ·),
S = tr(Ric).

In this paper, we use the equivalent representations of Ricci curvature and scalar curvature as follows:

Ric(X,Y ) =
∑
k

εk〈R(X,Ek)Y,Ek〉,

S =
∑
k

εkRic(Ek, Ek),

where Ek is an orthonormal base of M with 〈Ek, Ek〉 = εk, εk = ±1.
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3. Warped product with a quarter-symmetric connection

In this section, we firstly compute curvature, Ricci curvature and scalar curvature of singly warped 
product with a quarter-symmetric connection, then study the generalized Robertson–Walker space–times 
with a quarter-symmetric connection.

3.1. Connection and curvature

By Lemma 2.1 and equation (3), we have the following two propositions:

Proposition 3.1. Let M = B ×f F be a warped product. If X, Y ∈ Γ(TB), U, W ∈ Γ(TF) and P ∈ Γ(TB), 
then:

(1) ∇XY = ∇B
XY ;

(2) ∇XU = Xf
f U ;

(3) ∇UX =
[
Xf
f + λ1π(X)

]
U ;

(4) ∇UW = −fgF (U, W )gradBf + ∇F
UW − λ2g(U, W )P .

Proposition 3.2. Let M = B ×f F be a warped product. If X, Y ∈ Γ(TB), U, W ∈ Γ(TF) and P ∈ Γ(TF), 
then:

(1) ∇XY = ∇B
XY − λ2g(X, Y )P ;

(2) ∇XU = Xf
f U + λ1π(U)X;

(3) ∇UX = Xf
f U ;

(4) ∇UW = − g(U,W )
f gradBf + f2∇F

UW + (1 − f2)∇F
UW .

By Lemmas 2.1, 2.2 and equation (4), we have the following two propositions:

Proposition 3.3. Let M = B×fF be a warped product. If X, Y, Z ∈ Γ(TB), U, V, W ∈ Γ(TF) and P ∈ Γ(TB), 
then:

(1) R(X, Y )Z = RB(X, Y )Z;
(2) R(V, X)Y = −

[
Hf

B(X,Y )
f + λ2

Pf
f g(X, Y ) + λ1λ2π(P )g(X, Y ) + λ1g(Y, ∇XP ) − λ2

1π(X)π(Y )
]
V ;

(3) R(X, Y )V = 0;
(4) R(V, W )X = 0;
(5) R(X, V )W = −g(V, W )

[
∇B

X(gradBf)
f + λ1

Pf
f X + λ2∇XP + λ1λ2π(P )X − λ2

2π(X)P
]
;

(6) R(U, V )W = RF (U, V )W −
[
|gradBf |2B

f2 + (λ1 + λ2)Pf
f + λ1λ2π(P )

][
g(V, W )U − g(U, W )V

]
.

Proposition 3.4. Let M = B×fF be a warped product. If X, Y, Z ∈ Γ(TB), U, V, W ∈ Γ(TF) and P ∈ Γ(TF), 
then:

(1) R(X, Y )Z = RB(X, Y )Z + λ2

[
g(X, Z)Y f

f − g(Y, Z)Xf
f

]
P + λ1λ2π(P )[g(X, Z)Y − g(Y, Z)X];

(2) R(V, X)Y = −Hf
B(X,Y )

f V − λ1π(V )Y f
f X − λ2g(X, Y )∇V P − g(X, Y )[λ1λ2π(P )V − λ2

2π(V )P ];

(3) R(X, Y )V = λ1π(V )
[
Xf
f Y − Y f

f X
]
;

(4) R(V, W )X = λ1
Xf [π(W )V − π(V )W ];
f
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(5) R(X, V )W = −g(V, W )∇
B
X(gradBf)

f +λ1
Xf
f π(W )V −λ1g(W, ∇V P )X−λ2g(V, W )Xf

f P −λ1λ2g(V, W )×
π(P )X + λ2

1π(W )π(V )X;
(6) R(U, V )W = RF (U, V )W − |gradBf |2B

f2 [g(V, W )U − g(U, W )V ] + λ1[g(W, ∇UP )V − g(W, ∇V P )U ] +
λ2[g(U, W )∇V P − g(V, W )∇UP ] + λ1λ2π(P )[g(U, W )V − g(V, W )U ] + λ2

2[g(V, W )π(U) −
g(U, W )π(V )]P + λ2

1π(W )[π(V )U − π(U)V ].

By Propositions 3.3 and 3.4 and the definition of the Ricci curvature tensor, we have the following two 
propositions:

Proposition 3.5. Let M = B ×f F be a warped product, dimB = n1, dimF = n2 and dimM = n = n1 + n2. 
If X, Y ∈ Γ(TB), V, W ∈ Γ(TF) and P ∈ Γ(TB), then:

(1) Ric(X, Y ) = RicB(X, Y ) + n2

[
Hf

B(X,Y )
f + λ2

Pf
f g(X, Y ) + λ1λ2π(P )g(X, Y ) + λ1g(Y, ∇XP ) −

λ2
1π(X)π(Y )

]
;

(2) Ric(X, V ) = Ric(V, X) = 0;
(3) Ric(V, W ) = RicF (V, W ) +

{
ΔBf
f +(n2−1) |gradBf |2B

f2 +[(n−1)λ1λ2−λ2
2]π(P ) +λ2divBP +[(n−1)λ1 +

(n2 − 1)λ2]Pf
f

}
g(V, W ),

where divBP =
n1∑
k=1

εk〈∇Ek
P, Ek〉, and Ek, 1 ≤ k ≤ n1 is an orthonormal base of B with εk = g(Ek, Ek).

Proposition 3.6. Let M = B ×f F be a warped product, dimB = n1, dimF = n2 and dimM = n = n1 + n2. 
If X, Y ∈ Γ(TB), V, W ∈ Γ(TF) and P ∈ Γ(TF), then:

(1) Ric(X, Y ) = RicB(X, Y ) + n2
Hf

B(X,Y )
f + [(n− 1)λ1λ2 − λ2

2]π(P )g(X, Y ) + λ2g(X, Y )divFP ;
(2) Ric(X, V ) = [(n− 1)λ1 − λ2]π(V )Xf

f ;
(3) Ric(V, X) = [λ2 − (n− 1)λ1]π(V )Xf

f ;

(4) Ric(V, W ) = RicF (V, W ) + g(V, W )
{

ΔBf
f + (n2 − 1) |gradBf |2B

f2 + [(n− 1)λ1λ2 − λ2
2]π(P )

}
+ [(n− 1)λ1 −

λ2]g(W, ∇V P ) + [λ2
2 + (1 − n)λ2

1]π(V )π(W ) + λ2g(V, W )divFP .

By Proposition 3.5 and the definition of the scalar curvature, we have the following:

Proposition 3.7. Let M = B ×f F be a warped product, dimB = n1, dimF = n2 and dimM = n = n1 + n2. 
If P ∈ Γ(TB), then the scalar curvature S has the following expression:

S = SB + 2n2
ΔBf

f
+ SF

f2 + n2(n2 − 1) |gradBf |2B
f2 + n2(n− 1)(λ1 + λ2)

Pf

f

+ [n2(n + n1 − 1)λ1λ2 − n2(λ2
1 + λ2

2)]π(P ) + n2(λ1 + λ2)divBP.

By Proposition 3.6 and the definition of the scalar curvature, we have the following:

Proposition 3.8. Let M = B ×f F be a warped product, dimB = n1, dimF = n2 and dimM = n = n1 + n2. 
If P ∈ Γ(TF), then the scalar curvature S has the following expression:

S = SB + 2n2
ΔBf

f
+ SF

f2 + n2(n2 − 1) |gradBf |2B
f2 + [n(n− 1)λ1λ2 + (1 − n)(λ2

1 + λ2
2)]π(P )

+ (n− 1)(λ1 + λ2)divFP.
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3.2. Generalized Robertson–Walker space–times with a quarter-symmetric connection

Theorem 3.9. Let M = I ×f F be a warped product, where I is an open interval in R, dimI = 1 and 
dimF = n − 1 (n ≥ 3). Then (M,∇) is Einstein if and only if (F, ∇F ) is Einstein for P = ∂

∂t or f is a 
constant on I for P ∈ Γ(TF), λ2 �= (n− 1)λ1.

Proof. (a) Assume that P = ∂
∂t . Let f = e

q
2 , by Proposition 3.5, we can write

Ric
( ∂

∂t
,
∂

∂t

)
= (1 − n)

[1
4(q′)2 + 1

2q
′′ − 1

2λ2q
′ + λ1λ2 − λ2

1

]
gI

( ∂

∂t
,
∂

∂t

)
; (5)

Ric
( ∂

∂t
, V

)
= 0;

Ric(V,W ) = RicF (V,W ) + eq
{n− 1

4 (q′)2 + 1
2

[
(n− 1)λ1 + (n− 2)λ2

]
q′

+ λ2
2 + (1 − n)λ1λ2 + 1

2q
′′
}
gF (V,W ) (6)

for any V, W ∈ Γ(TF).
Since M is Einstein manifold, we have

Ric
( ∂

∂t
,
∂

∂t

)
= αgI

( ∂

∂t
,
∂

∂t

)
; (7)

Ric(V,W ) = αeqgF (V,W ). (8)

From equations (5) and (7), we get

α = (1 − n)
[1
4(q′)2 + 1

2q
′′ − 1

2λ2q
′ + λ1λ2 − λ2

1

]
. (9)

Similarly, from equations (6) and (8), and by the use of (9), we obtain

RicF (V,W ) =
[1 − n

2 (q′)2 − n

2 q
′′ +

(1 − n

2 λ1 + 1
2λ2

)
q′ + (n− 1)λ2

1 − λ2
2

]
eqgF (V,W )

which implies that (F, ∇F ) is Einstein manifold.
(b) Assume that P ∈ Γ(TF), by Proposition 3.6, we have

Ric
( ∂

∂t
, V

)
= 1

2q
′[(n− 1)λ1 − λ2]π(V ); (10)

Ric
(
V,

∂

∂t

)
= 1

2q
′[λ2 − (n− 1)λ1]π(V ) (11)

for any V ∈ Γ(TF).
Since M is an Einstein manifold, we can write

Ric
( ∂

∂t
, V

)
= αg

( ∂

∂t
, V

)
= 0 = αg

(
V,

∂

∂t

)
= Ric

(
V,

∂

∂t

)
(12)

where ∂
∂t ∈ Γ(TB) and V ∈ Γ(TF).

Since λ2 �= (n− 1)λ1, π(V ) �= 0, using equations (10), (11), (12), then we can get q′ = 0, which means q
is a constant on I, then f is a constant on I. �
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Theorem 3.10. Let M = B ×f I be a warped product, where I is an open interval in R, dimI = 1 and 
dimB = n− 1 (n ≥ 3). Then

(1) If (M,∇) is an Einstein manifold, P ∈ Γ(TB), ∇BP = 0, and f is a constant on B, then:

SB = [(n− 1)(n− 2)λ1λ2 + λ2
1 + (1 − n)λ2

2]π(P ).

Furthermore, if (n− 1)(n− 2)λ1λ2 + λ2
1 + (1 − n)λ2

2 = 0, then SB = 0.
(2) If (M,∇) is Einstein manifold, P ∈ Γ(TI ), and λ2 �= (n− 1)λ1 then f is a constant on B.
(3) If f is a constant on B, (B, ∇B) is Einstein, P ∈ Γ(TI ), then (M,∇) is Einstein manifold; furthermore, 

if λ2 = (n−1)λ1, then α = αB, where α and αB denote the Einstein constant on M and B, respectively.

Proof. (1) Assume that (M,∇) is an Einstein manifold, P ∈ Γ(TB), then

Ric(X,Y ) = s

n
g(X,Y ) (13)

for any X, Y ∈ Γ(TB). Consider that f is a constant on B and by Proposition 3.7, we can get

Ric(X,Y ) = 1
n
g(X,Y ){SB + [(2n− 2)λ1λ2 − (λ2

1 + λ2
2)]π(P )}.

Define Ŝ =
n−1∑
k=1

1
n Ric(Ek, Ek), where Ek is an orthonormal base of B, then we have

Ŝ = n− 1
n

{
SB + [(2n− 2)λ1λ2 − (λ2

1 + λ2
2)]π(P )

}
. (14)

On the other hand, using Proposition 3.5, we can get

Ric(X,Y ) = RicB(X,Y ) + [λ1λ2π(P )g(X,Y ) − λ2
1π(X)π(Y )],

then we have

Ŝ = SB + [(n− 1)λ1λ2 − λ2
1]π(P ). (15)

From equations (14) and (15), we can get

SB = [(n− 1)(n− 2)λ1λ2 + λ2
1 + (1 − n)λ2

2]π(P ).

(2) Assume that (M,∇) is Einstein manifold, P ∈ Γ(TI ), by Proposition 3.6, we obtain

Ric(X,P ) = [(n− 1)λ1 − λ2]π(P )Xf

f
; (16)

Ric(P,X) = [λ2 − (n− 1)λ1]π(P )Xf

f
. (17)

Using the similar proof of Theorem 3.9(b), we can get Xf = 0, which means f is a constant on B.
(3) If f is a constant on B, and (B, ∇B) is Einstein, and P ∈ Γ(TI ), then

RicB(X,Y ) = αBg(X,Y ). (18)



Q. Qu, Y. Wang / J. Math. Anal. Appl. 431 (2015) 955–987 963
By Theorem 3.6, we have

Ric(X,Y ) = RicB(X,Y ) + [(n− 1)λ1λ2 − λ2
2]π(P )g(X,Y ). (19)

So by equations (18) and (19), we can easily get

Ric(X,Y ) = {αB + [(n− 1)λ1λ2 − λ2
2]π(P )}g(X,Y )

which means (M,∇) is an Einstein manifold.
Furthermore, if λ2 = (n− 1)λ1, then Ric(X, Y ) = αBg(X, Y ), and α = αB . �
Now we specially study M = I ×f F with the metric tensor −dt2 + f(t)2gF , I is an open interval in R. 

Let begin with the following theorem:

Theorem 3.11. Let M = I ×f F with the metric tensor −dt2 + f(t)2gF , P = ∂
∂t , dimF = l. Then (M,∇) is 

Einstein with the Einstein constant α if and only if the following conditions are satisfied

(1) (F, ∇F ) is Einstein with the Einstein constant αF ;
(2) l

(
λ2

f ′

f − f ′′

f + λ2
1 − λ1λ2

)
= α;

(3) αF − ff ′′ + (1 − l)(f ′)2 + [λ2
2 − lλ1λ2 − α]f2 + [lλ1 + (l − 1)λ2]ff ′ = 0.

Proof. By Proposition 3.5, we have

Ric
( ∂

∂t
,
∂

∂t

)
= −l

(
λ2

f ′

f
− f ′′

f
+ λ2

1 − λ1λ2

)
;

Ric
( ∂

∂t
, V

)
= Ric

(
V,

∂

∂t

)
= 0;

Ric(V,W ) = RicF (V,W ) + gF (V,W ){−ff ′′ − (l − 1)f ′2 + (λ2
2 − lλ1λ2)f2

+ [lλ1 + (l − 1)λ2]ff ′}.

Then by the Einstein condition, we get Theorem 3.11. �
Remark 3. When λ1 = λ2 = 1, we can get Corollary 21 in [14].

Considering the dimension of F , we get Corollaries 3.12 and 3.13 of Theorem 3.11:

Corollary 3.12. Let M = I ×f F with the metric tensor −dt2 + f(t)2gF , P = ∂
∂t , dimF = 1. Then (M,∇) is 

Einstein with the Einstein constant α if and only if f ′′ = λ2f
′ + (λ2

1 − λ1λ2)f − αf .

Remark 4.

(1) From Theorem 3.11, we can also get: if dimF = 1, then αF = 0;
(2) When λ1 = λ2 = 1, we can get Corollary 23 in [14].

Corollary 3.13. Let M = I×f F with the metric tensor −dt2 +f(t)2gF , P = ∂
∂t , dimF = l > 1. Then (M,∇)

is Einstein with the Einstein constant α if and only if the following conditions are satisfied:

(1) (F, ∇F ) is Einstein with the Einstein constant αF ;
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(2) f ′′ = λ2f
′ + (λ2

1 − λ1λ2 − α
l )f ;

(3) αF

1−l + (f ′)2 +
[
α
l + λ1λ2 + λ2

2−λ2
1

1−l

]
f2 +

[
l

1−lλ1 + (l−2)
1−l λ2

]
ff ′ = 0.

Remark 5. When λ1 = λ2 = 1, we can get Corollary 24 in [14].

By Corollary 3.12 and elementary methods for ordinary differential equations, we get:

Theorem 3.14. Let M = I ×f F with the metric tensor −dt2 + f(t)2gF , P = ∂
∂t , dimF = 1. Then (M,∇) is 

Einstein with the Einstein constant α if and only if

(1) α < (λ1 − 1
2λ2)2, f(t) = c1e

((λ2+
√

(2λ1−λ2)2−4α)/2)t + c2e
((λ2−

√
(2λ1−λ2)2−4α)/2)t,

(2) α = (λ1 − 1
2λ2)2, f(t) = c1e

(λ2/2)t + c2te
(λ2/2)t,

(3) α > (λ1− 1
2λ2)2, f(t) = c1e

(λ2/2)t cos((
√

4α− (2λ1 − λ2)2/2)t) +c2e
(λ2/2)t sin((

√
4α− (2λ1 − λ2)2/2)t).

Remark 6. When λ1 = λ2 = 1, we can get Corollary 25 in [14].

As a corollary of Theorem 3.14, we have

Corollary 3.15. Let M = I ×f F with the metric tensor −dt2 + f(t)2gF , P = ∂
∂t , dimF = 1, and λ2 = 2λ1, 

then (M,∇) is Einstein with the Einstein constant α if and only if

(1) α < 0, f(t) = c1e
(λ1+

√
−α)t + c2e

(λ1−
√
−α)t,

(2) α = 0, f(t) = c1e
λ1t + c2te

λ1t,
(3) α > 0, f(t) = c1e

λ1t cos(
√
αt) + c2e

λ1t sin(
√
αt).

Theorem 3.16. Let M = I×f F with the metric tensor −dt2 + f(t)2gF , P = ∂
∂t , dimF = l > 1. Then (M,∇)

is Einstein with the Einstein constant α if and only if one of the following conditions is satisfied:

(1) α = (λ2
1 − λ1λ2)l, αF = c22(lλ2

1 − λ2
2), f(t) = c2;

(2) λ1 = λ2, α = 0, αF = (l − 1)c22λ2
1, f(t) = c1e

λ1t + c2;
(3) λ2

2−2lλ2
1 + lλ1λ2 �= 0, λ2 �= lλ1, α = (3l2+l)λ2

1λ
2
2−(l2+l)λ1λ

3
1−2l2λ3

1λ2
(lλ1−λ2)2 , αF = 0, f(t) = c0e

(lλ2
1−λ2

2)t/(lλ1−λ2);
(4) λ2

2 − 2lλ2
1 + lλ1λ2 = 0, α = l(λ1 − 1

2λ2)2, αF = 0, f(t) = c1e
λ2
2 t.

Proof. Let α
l = d0, αF

1−l = d0, a0 = λ2+
√

(2λ1−λ2)2−4d0
2 , b0 = λ2−

√
(2λ1−λ2)2−4d0

2 , then a0 + b0 = λ2, 
a0b0 = d0 + λ1λ2 − λ2

1.
(a) d0 < (λ1 − 1

2λ2)2, then f(t) = c1e
a0t + c2e

b0t. By Corollary 3.13(3),

d0 + c21

(
a2
0 + a0b0 + λ2

1 + λ2
2 − λ2

1
1 − l

+ l

1 − l
λ1a0 + l − 2

1 − l
λ2a0

)
e2a0t

+ c22

(
b20 + a0b0 + λ2

1 + λ2
2 − λ2

1
1 − l

+ l

1 − l
λ1b0 + l − 2

1 − l
λ2b0

)
e2b0t

+ c1c2

[
4a0b0 + 2λ2

2 − 2lλ2
1

1 − l
+

( l

1 − l
λ1 + l − 2

1 − l
λ2

)
(a0 + b0)

]
e(a0+b0)t = 0. (20)

1) b0 = 0, we have d0 = λ2
1 − λ1λ2 < (λ1 − 1

2λ2)2, a0 = λ2, α = (λ2
1 − λ1λ2)l. By equation (20), we get

d0 + c21
lλ1(λ2 − λ1)

e2λ2t + c22
λ2

2 − lλ2
1 + c1c2

l(λ2 + 2λ1)(λ2 − λ1)
eλ2t = 0.
1 − l 1 − l 1 − l
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Since e2λ2t and eλ2t are linearly independent, we have⎧⎪⎨⎪⎩
c21

lλ1(λ2−λ1)
1−l = 0

d0 + c22
λ2

2−lλ2
1

1−l = 0
c1c2

l(λ2+2λ1)(λ2−λ1)
1−l = 0

1′. c1 = 0, c2 �= 0. We have α = (λ2
1 − λ1λ2)l, αF = c22(lλ2

1 − λ2
2), f(t) = c2.

2′. c1 �= 0, c2 = 0. We have λ1 = λ2, α = αF = 0, f(t) = c1e
λ1t.

3′. c1 �= 0, c2 �= 0. We have λ1 = λ2, α = 0, αF = (l − 1)c22λ2
1, f(t) = c1e

λ1t + c2.

It is easy to see that the conclusion of 2′ is a special case of 3′. Then we get Theorem 3.16(1) and Theo-
rem 3.16(2).

2) b0 �= 0, 1′. c1 = 0, c2 �= 0. Since e2a0t, e2b0t and e(a0+b0)t are linearly independent, we have d0 = 0, 
b20 + a0b0 + λ2

1 + λ2
2−λ2

1
1−l + l

1−lλ1b0 + l−2
1−lλ2b0 = 0, then αF = 0, lλ1−λ2

1−l b0 = lλ2
1−λ2

2
1−l . If λ2 = lλ1, we have 

0 = lλ2
1, this is a contradiction to λ1 �= 0. So λ2 �= lλ1 and b0 = lλ2

1−λ2
2

lλ1−λ2
. Considering that b0 < λ2

2 , we get 
λ2

2+lλ1λ2−2lλ2
1

lλ1−λ2
> 0. a0 = lλ1(λ2−λ1)

lλ1−λ2
, d0 = (3l+1)λ2

1λ
2
2−(l+1)λ1λ

3
2−2lλ3

1λ2
(lλ1−λ2)2 , α = (3l2+l)λ2

1λ
2
2−(l2+l)λ1λ

3
2−2l2λ3

1λ2
(lλ1−λ2)2 and 

d0 satisfies d0 < (λ1 − 1
2λ2)2. So in this case, we obtain

λ2
2 + lλ1λ2 − 2lλ2

1
lλ1 − λ2

> 0, α = (3l2 + l)λ2
1λ

2
2 − (l2 + l)λ1λ

3
2 − 2l2λ3

1λ2

(lλ1 − λ2)2
, αF = 0, f(t) = c2e

lλ2
1−λ2

2
lλ1−λ2

t.

2′. c1 �= 0, c2 = 0. Using the same method we can get a0 = lλ2
1−λ2

2
lλ1−λ2

, b0 = lλ1(λ2−λ1)
lλ1−λ2

and

λ2
2 + lλ1λ2 − 2lλ2

1
lλ1 − λ2

< 0, α = (3l2 + l)λ2
1λ

2
2 − (l2 + l)λ1λ

3
2 − 2l2λ3

1λ2

(lλ1 − λ2)2
, αF = 0, f(t) = c1e

lλ2
1−λ2

2
lλ1−λ2

t.

So by 1′ and 2′, we get Theorem 3.16(3).
3′. c1 �= 0, c2 �= 0. Since e2a0t, e2b0t and e(a0+b0)t are linearly independent, we have

a2
0 + a0b0 + λ2

1 + λ2
2 − λ2

1
1 − l

+ l

1 − l
λ1a0 + l − 2

1 − l
λ2a0 = 0; (21a)

b20 + a0b0 + λ2
1 + λ2

2 − λ2
1

1 − l
+ l

1 − l
λ1b0 + l − 2

1 − l
λ2b0 = 0. (21b)

By (21a) − (21b) we get (a0 − b0)λ2 + lλ1
1−l (a0 − b0) + l−2

1−lλ2(a0 − b0) = 0, since a0 �= b0 we have λ2 + lλ1
1−l +

l−2
1−lλ2 = 0, then λ2 = lλ1, using (21a) again we get 0 = lλ2

1, this is a contradiction to λ1 �= 0. So in case 3′
we have no solution.

(b) d0 = (λ1 − 1
2λ2)2, then f(t) = c1e

λ2
2 t + c2te

λ2
2 t. By Corollary 3.13(3), we get

d0 +
(λ2

2 c1 + c2 + λ2

2 c2t
)2

eλ2t + (5 − l)λ2
2 − 4lλ2

1
4(1 − l) (c1 + c2t)2eλ2t

+
( l

1 − l
λ1 + l − 2

1 − l
λ2

)
(c1 + c2t)

(λ2

2 c1 + c2 + λ2

2 c2t
)
eλ2t = 0

1′. c1 = 0, c2 �= 0. The coefficient of eλ2t is c22 = 0, this is a contradiction to c2 �= 0.
2′. c1 �= 0, c2 = 0. Then d0 = 0 and from the coefficient of eλ2t we can get λ2

2 + lλ1λ2 − 2lλ2
1 = 0, so 

α = d0l = l(λ1 − 1λ2)2, αF = 0, f(t) = c1e
λ2
2 t. Then we obtain Theorem 3.16(4).
2
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3′. c1 �= 0, c2 �= 0. From the coefficient of t2eλ2t we get

λ2
2 + lλ1λ2 − 2lλ2

1 = 0, (22)

by equation (22), the coefficient of teλ2t becomes

(l − 3)λ2 + 2lλ1

2(1 − l) c2 −
λ2

2
4 c1 = 0, (23)

the coefficient of eλ2t is lλ1−λ2
1−l c1c2 + c22 = 0, then c2 = λ2−lλ1

1−l c1, so by equation (23) we get (2l − 7 −
l2)λ2 = (4l2 − 10l)λ1. Considering that 2l− 7 − l2 �= 0, 4l2 − 10l �= 0, we obtain λ2 = (4l2−10l)

(2l−7−l2)λ1. Using
equation (22) again, we have (l − 1)2(3l2 − 15l + 49) = 0, but l − 1 �= 0, 3l2 − 15l + 49 �= 0, so we have 
no solution in this case.

(c) d0 > (λ1 − 1
2λ2)2. Let h0 = 1

2
√

4d0 − (2λ1 − λ2)2, then f(t) = e
λ2
2 t(c1 cos(h0t) + c2 sin(h0t)). By 

Corollary 3.13(3), we get

d0 +
[(λ2

2 c1 + c2h0

)
cos(h0t) +

(λ2

2 c2 − c1h0

)
sin(h0t)

]2
eλ2t

+
(
d0 + λ1λ2 + λ2

2 − λ2
1

1 − l

)(
c1 cos(h0t) + c2 sin(h0t)

)2
eλ2t +

( l

1 − l
λ1 + l − 2

1 − l
λ2

)
(
c1 cos(h0t) + c2 sin(h0t)

)[(λ2

2 c1 + c2h0

)
cos(h0t) +

(λ2

2 c2 − c1h0

)
sin(h0t)

]
eλ2t = 0.

The coefficient of cos2(h0t)eλ2t is

[
d0 + (l + 1)λ2

2 + (4 − 2l)λ1λ2 − 4λ2
1

4(1 − l)

]
c21 + c22h

2
0 −

lλ1 − λ2

1 − l
c1c2h0 = 0. (24)

Similarly the coefficient of sin2(h0t)eλ2t is

[
d0 + (l + 1)λ2

2 + (4 − 2l)λ1λ2 − 4λ2
1

4(1 − l)

]
c22 + c21h

2
0 −

lλ1 − λ2

1 − l
c1c2h0 = 0. (25)

If c1 = 0, c2 �= 0, by equation (24) we get c22h2
0 = 0, then h0 = 0, this is a contradiction to h0 �= 0.

If c1 �= 0, c2 = 0, by equation (25) we get c21h2
0 = 0, then h0 = 0, this is a contradiction to h0 �= 0. So 

c1 �= 0, c2 �= 0, (24) + (25) we get

d0 = [(2l − 4)λ1 − lλ2](λ2 − λ1)
4(1 − l) . (26)

Considering d0 > (λ1 − 1
2λ2)2, we have

λ2
2 − 2lλ2

1 + lλ1λ2 > 0. (27)

The coefficient of sin(h0t) cos(h0t)eλ2t is

λ2
2 − 2lλ2

1 + lλ1λ2
c1c2 + lλ1 − λ2

h0(c22 − c21) = 0. (28)
1 − l 1 − l
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Using (24)–(25), we get

λ2
2 − 2lλ2

1 + lλ1λ2

2(1 − l) (c21 − c22) + 2(lλ1 − λ2)
1 − l

h0c1c2. (29)

Let a = λ2
2−2lλ2

1+lλ1λ2
2(1−l) < 0, b = lλ1−λ2

1−l h0, x = c21 − c22, y = c1c2 �= 0, from equations (28) and (29) we 
obtain

ax + 2by = 0, (30a)

2ay − bx = 0. (30b)

Through (30a)× b + (30b)× a, we have a2 + b2 = 0, which means 
[
λ2

2−2lλ2
1+lλ1λ2

2(1−l)

]2
+
[
lλ1−λ2

1−l h0

]2
= 0, then 

we get

d0 = (3l + 1)λ2
1λ

2
2 − (l + 1)λ1λ

3
2 − 2lλ3

1λ2

(lλ1 − λ2)2
. (31)

Using equations (26) and (31), we have (λ1 −λ2)[(2 − l)λ1 −λ2](λ2
2 + lλ1λ2 − 2lλ2

2) = 0. By inequality (27), 
we get λ1 = λ2 or λ2 = (2 − l)λ1.

1) λ1 = λ2, by equation (26) we get d0 = 0, this is a contradiction to d0 > (λ1 − 1
2λ2)2 = 1

4λ
2
1 > 0.

2) λ2 = (2 −l)λ1, by equation (26) we get d0 = l2−4
4 λ2

1 < l2

4 λ
2
1. On the other hand, d0 > (λ1− 1

2λ2)2 = l2

4 λ
2
1, 

this is a contradiction.

In a word, we have no solution in the case of d0 > (λ1 − 1
2λ2)2. �

Remark 7. When λ1 = λ2 = 1, we get Theorem 26 in [14].

Proposition 3.17. Let M = I×f F with the metric tensor −dt2 +f(t)2gF , P = ∂
∂t . Then (M,∇) has constant 

scalar curvature S if and only if (F, ∇F ) has constant scalar curvature SF and

S = SF

f2 − 2l f
′′

f
− l(l − 1)(f ′)2

f2 + l2(λ1 + λ2)
f ′

f
+ l[λ2

1 + λ2
2 − (l + 1)λ1λ2]. (32)

Proof. Considering that M = I×f F with the metric tensor −dt2 +f(t)2gF and P = ∂
∂t , by Proposition 3.7

we get equation (32). With the fact that SF is a function defined on F and f is a function defined on I, 
using separation of variables we complete the proof of this proposition. �
Proposition 3.18. Let M = I×f F with the metric tensor −dt2+f(t)2gF , P ∈ Γ(TF). If (M,∇) has constant 
scalar curvature S, then

(1) If λ1 + λ2 �= 0 and λ2
1 + λ2

2 − nλ1λ2 = 0, and divFP is a constant, then SF is a constant;
(2) If λ1 = −λ2 �= 0 and gF (P, P ) is a constant, then SF is a constant;
(3) If λ1 + λ2 �= 0 and λ2

1 + λ2
2 − nλ1λ2 �= 0, and divFP , gF (P, P ) are constants, then SF is a constant.

Proof. Considering that M = I×f F with the metric tensor −dt2 +f(t)2gF , P ∈ Γ(TF), by Proposition 3.8
we can get

S = SF

2 − 2l f
′′
− l(l − 1)(f ′)2

2 + [lnλ1λ2 − l(λ2
1 + λ2

2)]f2gF (P, P ) + l(λ1 + λ2)divFP. (33)

f f f
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Then by separation of variables, we have:

(1) If λ1 + λ2 �= 0 and λ2
1 + λ2

2 − nλ1λ2 = 0, and divFP is a constant, we can obtain S = SF

f2 − 2l f
′′

f −
l(l − 1) (f ′)2

f2 + l(λ1 + λ2)divFP . Then SF is a constant.
(2) If λ1 = −λ2 �= 0 and gF (P, P ) is a constant, which means λ1 + λ2 = 0 and λ2

1 + λ2
2 − nλ1λ2 �= 0, and 

gF (P, P ) is a constant, we can obtain S = SF

f2 − 2l f
′′

f − l(l− 1) (f ′)2
f2 + [lnλ1λ2 − l(λ2

1 + λ2
2)]f2gF (P, P ). 

Then SF is a constant.
(3) It is obvious.
(4) If λ1 + λ2 = 0 and λ2

1 + λ2
2 − nλ1λ2 = 0, then we can get λ1 = λ2 = 0, which is a contradiction. �

In (32), we make the change of variable f(t) =
√
v(t) and have the following equation:

v′′(t) + l − 3
4

v′(t)2

v(t) − l

2(λ1 + λ2)v′(t) +
[
(l + 1)λ1λ2 − λ2

1 − λ2
2 + S

l

]
v(t) − SF

l
= 0. (34)

Remark 8. When λ1 = λ2 = 1, equations (32), (33), (34) respectively become (20), (21), (22) in [14], then 
by Proposition 3.17, we can get Corollary 27 in [14], and by Proposition 3.18(3), we can get Corollary 28 
in [14].

Theorem 3.19. Let M = I ×f F with the metric tensor −dt2 + f(t)2gF , P = ∂
∂t , and dimF = l = 3. Then 

(M,∇) has constant scalar curvature S if and only if (F, ∇F ) has constant scalar curvature SF and

(1) S < 27
16 (λ1 + λ2)2 + 3λ2

1 + 3λ2
2 − 12λ1λ2 and S �= 3λ2

1 + 3λ2
2 − 12λ1λ2,

v(t) = c1e
(
( 3
2 (λ1+λ2)+

√
9
4 (λ1+λ2)2− 4

3S+4λ2
1+4λ2

2−16λ1λ2
)
/2)t

+ c2e
(
( 3
2 (λ1+λ2)−

√
9
4 (λ1+λ2)2− 4

3S+4λ2
1+4λ2

2−16λ1λ2
)
/2)t + SF

12λ1λ2 − 3λ2
1 − 3λ2

2 + S
;

(2) S = 27
16 (λ1 + λ2)2 + 3λ2

1 + 3λ2
2 − 12λ1λ2,

v(t) = c1e
3
4 (λ1+λ2)t + c2te

3
4 (λ1+λ2)t + SF

12λ1λ2 − 3λ2
1 − 3λ2

2 + S
;

(3) S > 27
16 (λ1 + λ2)2 + 3λ2

1 + 3λ2
2 − 12λ1λ2,

v(t) = c1e
3
4 (λ1+λ2)t cos((

(√4
3S − 4λ2

1 − 4λ2
2 + 16λ1λ2 −

9
4(λ1 + λ2)2

)
/2)t)

+ c2e
3
4 (λ1+λ2)t sin((

(√4
3S − 4λ2

1 − 4λ2
2 + 16λ1λ2 −

9
4(λ1 + λ2)2

)
/2)t)

+ SF

12λ1λ2 − 3λ2
1 − 3λ2

2 + S
;

(4) S = 3λ2
1 + 3λ2

2 − 12λ1λ2, and λ1 + λ2 �= 0, v(t) = c1 − 2SF

9(λ1+λ2) + c2e
3
2 (λ1+λ2)t;

(5) S = 3λ2
1 + 3λ2

2 − 12λ1λ2, and λ1 + λ2 = 0, v(t) = SF

6 t2 + c1t + c2.

Proof. If l = 3, then we have a simple differential equation as follows:

v′′(t) − 3(λ1 + λ2)v′(t) + (4λ1λ2 − λ2
1 − λ2

2 + S )v(t) − SF

= 0. (35)
2 3 3
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(a) If S �= 3λ2
1 + 3λ2

2 − 12λ1λ2, putting h(t) = (4λ1λ2 − λ2
1 − λ2

2 + S
3 )v(t) − SF

3 , we get h′′(t) − 3
2 (λ1 +

λ2)h′(t) + (4λ1λ2 − λ2
1 − λ2

2 + S
3 )h(t) = 0. The above solutions (1)–(3) follow directly from elementary 

methods for ordinary differential equations.
(b) If S = 3λ2

1 + 3λ2
2 − 12λ1λ2, and λ1 + λ2 �= 0, then v′′(t) − 3

2 (λ1 + λ2)v′(t) − SF

3 = 0, and we get 
solution (4).

(c) If S = 3λ2
1 + 3λ2

2 − 12λ1λ2, and λ1 + λ2 = 0, then v′′(t) − SF

3 = 0, and we get solution (5). �
Remark 9. When λ1 = λ2 = 1, we get Theorem 29 in [14].

Theorem 3.20. Let M = I ×f F with the metric tensor −dt2 + f(t)2gF , P = ∂
∂t , and dimF = l �= 3 and 

SF = 0. Then (M,∇) has constant scalar curvature S if and only if

(1) S < l3

4(l+1) (λ1 + λ2)2 − l[(l + 1)λ1λ2 − λ2
1 − λ2

2],

v(t) =
[
c1e

(
(

l
2 (λ1+λ2)+

√
l2
4 (λ1+λ2)2−(l+1)

[
(l+1)λ1λ2−λ2

1−λ2
2+S

l

])
/2)t

+ c2e
(
(

l
2 (λ1+λ2)−

√
l2
4 (λ1+λ2)2−(l+1)

[
(l+1)λ1λ2−λ2

1−λ2
2+S

l

])
/2)t

] 4
l+1 ;

(2) S = l3

4(l+1) (λ1 + λ2)2 − l[(l + 1)λ1λ2 − λ2
1 − λ2

2], v(t) =
[
c1e

l
4 (λ1+λ2)t + c2te

l
4 (λ1+λ2)t

] 4
l+1 ;

(3) S > l3

4(l+1) (λ1 + λ2)2 − l[(l + 1)λ1λ2 − λ2
1 − λ2

2],

v(t) =
[
c1e

l
4 (λ1+λ2)t cos (

(√
(l + 1)

[
(l + 1)λ1λ2 − λ2

1 − λ2
2 + S

l

]
− l2

4 (λ1 + λ2)2
)
/2)t

+ c2e
l
4 (λ1+λ2)t sin (

(√
(l + 1)

[
(l + 1)λ1λ2 − λ2

1 − λ2
2 + S

l

]
− l2

4 (λ1 + λ2)2
)
/2)t

] 4
l+1

.

Proof. In this case, (34) is changed into the simpler form

v′′(t) + l − 3
4

v′(t)2

v(t) − l

2(λ1 + λ2)v′(t) +
[
(l + 1)λ1λ2 − λ2

1 − λ2
2 + S

l

]
v(t) = 0. (36)

Putting v(t) = w(t)
4

l+1 , w(t) satisfies the equation w′′(t) − l
2 (λ1 + λ2)w′(t) + l+1

4
[
(l + 1)λ1λ2 − λ2

1 − λ2
2 +

S
l

]
w(t) = 0. By the elementary methods for ordinary differential equations, we prove the above theorem. �

Remark 10. When λ1 = λ2 = 1, we get Theorem 30 in [14].

When dimF = l �= 3, and SF �= 0, then putting v(t) = w(t)
4

l+1 , w(t) satisfies the following equation:

w′′(t) − l

2(λ1 + λ2)w′(t) + l + 1
4

[
(l + 1)λ1λ2 − λ2

1 − λ2
2 + S

l

]
w(t) − l + 1

4l SFw1− 4
l+1 = 0. (37)

4. Multiply warped product with a quarter-symmetric connection

In this section, firstly we compute curvature of multiply twisted product with a quarter-symmetric con-
nection, secondly we study the special multiply warped product with a quarter-symmetric connection, finally 
we consider the generalized Kasner space–times with a quarter-symmetric connection.
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4.1. Connection and curvature

By Lemma 2.3 and equation (3), we have the following two propositions:

Proposition 4.1. Let M = B ×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply twisted product. If X, Y ∈ Γ(TB), 
U ∈ Γ(TF i), W ∈ Γ(TF j) and P ∈ Γ(TB), then:

(1) ∇XY = ∇B
XY ;

(2) ∇XU = Xbi
bi

U ;
(3) ∇UX =

[
Xbi
bi

+ λ1π(X)
]
U ;

(4) ∇UW = 0 if i �= j;
(5) ∇UW = U(lnbi)W +W (lnbi)U− gFi

(U,W )
bi

gradFi
bi−bigFi

(U, W )gradBbi+∇Fi

U W−λ2g(U, W )P if i = j.

Proposition 4.2. Let M = B ×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply twisted product. If X, Y ∈ Γ(TB), 
U ∈ Γ(TF i), W ∈ Γ(TF j) and P ∈ Γ(TFr) for a fixed r, then:

(1) ∇XY = ∇B
XY − λ2g(X, Y )P ;

(2) ∇XU = Xbi
bi

U + λ1π(U)X;
(3) ∇UX = Xbi

bi
U ;

(4) ∇UW = λ1g(W, P )U if i �= j;
(5) ∇UW = U(lnbi)W +W (lnbi)U − gFi

(U,W )
bi

gradFi
bi − bigFi

(U, W )gradBbi + b2i∇Fi

U W + (1 − b2i )∇Fi

U W if 
i = j.

By Lemmas 2.3, 2.4 and equation (4), we have the following two propositions:

Proposition 4.3. Let M = B ×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply twisted product. If X, Y, Z ∈ Γ(TB), 
V ∈ Γ(TF i), W ∈ Γ(TF j), U ∈ Γ(TFk) and P ∈ Γ(TB), then:

(1) R(X, Y )Z = RB(X, Y )Z;
(2) R(V, X)Y = −

[
H

bi
B (X,Y )

bi
+ λ2

Pbi
bi

g(X, Y ) + λ1λ2π(P )g(X, Y ) + λ1g(Y, ∇XP ) − λ2
1π(X)π(Y )

]
V ;

(3) R(X, Y )V = 0;
(4) R(V, W )X = VX(lnbi)W − WX(lnbi)V if i = j;
(5) R(V, W )U = 0 if i = j �= k or i �= j �= k;
(6) R(X, V )W = R(V, W )X = R(V, X)W = 0 if i �= j;
(7) R(X, V )W = WX(lnbi)V − g(V, W )

[
∇B

X(gradBbi)
bi

+ gradFi

X(lnbi)
b2i

+ λ1
Pbi
bi

X + λ2∇XP + λ1λ2π(P )X −

λ2
2π(X)P

]
if i = j;

(8) R(U, V )W = −g(V, W )
[
gB(gradBbi,gradBbk)

bibk
+ λ1

Pbi
bi

+ λ2
Pbk
bk

+ λ1λ2π(P )
]
U if i = j �= k;

(9) R(U, V )W = g(U, W )gradB(V (lnbi)) − g(V, W )gradB(U(lnbi)) + RFi(U, V )W −
[
|gradBbi|2B

b2i
+

(λ1 + λ2)Pbi
bi

+ λ1λ2π(P )
]
[g(V, W )U − g(U, W )V ] if i = j = k.

Proposition 4.4. Let M = B ×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply twisted product. If X, Y, Z ∈ Γ(TB), 
V ∈ Γ(TF i), W ∈ Γ(TF j), U ∈ Γ(TFk) and P ∈ Γ(TFr) for a fixed r, then:

(1) R(X, Y )Z = RB(X, Y )Z + λ2

[
g(X, Z)Y br − g(Y, Z)Xbr

]
P + λ1λ2π(P )[g(X, Z)Y − g(Y, Z)X];
br br
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(2) R(V, X)Y = −H
bi
B (X,Y )

bi
V − λ1λ2π(P )g(X, Y )V if i �= r;

(3) R(V, X)Y = −H
bi
B (X,Y )

bi
V −λ1π(V )Y bi

bi
X−λ2g(X, Y )∇V P −g(X, Y )[λ1λ2π(P )V −λ2

2π(V )P ] if i = r;
(4) R(X, Y )V = λ1π(V )[Xbr

br
Y − Y br

br
X];

(5) R(V, W )X = −λ1δ
r
i
Xbi
bi

π(V )W + λ1δ
r
j
Xbj
bj

π(W )V if i �= j;
(6) R(V, W )X = VX(lnbi)W − WX(lnbi)V − λ1δ

r
i
Xbi
bi

[π(V )W − π(W )V ] if i = j;
(7) R(V, W )U = 0 if i = j �= k or i �= j �= k;
(8) R(X, V )W = λ1

Xbr
br

π(W )V if i �= j;
(9) R(X, V )W = WX(lnbi)V − g(V, W )∇

B
X(gradBbi)

bi
− gradFi

(Xlnbi)gFi
(V, W ) + λ1

Xbr
br

π(W )V −
λ1g(W, ∇V P )X − λ2g(V, W )Xbr

br
P − λ1λ2g(V, W )π(P )X + λ2

1π(W )π(V )X if i = j;
(10) R(U, V )W = −g(V, W ) gB(gradBbi,gradBbk)

bibk
U−λ1g(W, ∇V P )U−λ2g(V, W )∇UP−λ1λ2π(P )g(V, W )U+

λ2
2g(V, W )π(U)P + λ2

1π(W )[π(V )U − π(U)V ] if i = j �= k;
(11) R(U, V )W = g(U, W )gradB(V (lnbi)) −g(V, W )gradB(U(lnbi)) +RFi(U, V )W − |gradBbi|2B

b2i
[g(V, W )U −

g(U, W )V ] + λ1λ2π(P )[g(U, W )V − g(V, W )U ] if i = j = k �= r;
(12) R(U, V )W = g(U, W )gradB(V (lnbi)) −g(V, W )gradB(U(lnbi)) +RFi(U, V )W − |gradBbi|2B

b2i
[g(V, W )U −

g(U, W )V ] + λ1[g(W, ∇UP )V − g(W, ∇V P )U ] + λ2[g(U, W )∇V P − g(V, W )∇UP ] + λ1λ2π(P )×
[g(U, W )V −g(V, W )U ] +λ2

2[g(V, W )π(U) −g(U, W )π(V )]P+λ2
1π(W )[π(V )U−π(U)V ] if i = j = k = r, 

where δri denotes the Kronecker symbol.

By Propositions 4.3 and 4.4 and the definition of the Ricci curvature tensor, we have the following two 
propositions:

Proposition 4.5. Let M = B×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply twisted product, dimM = n, dimB = n, 
dimFi = li. If X, Y, Z ∈ Γ(TB), V ∈ Γ(TF i), W ∈ Γ(TF j) and P ∈ Γ(TB), then:

(1) Ric(X, Y ) = RicB(X, Y ) +
m∑
i=1

li

[
H

bi
B (X,Y )

bi
+ λ2

Pbi
bi

g(X, Y ) + λ1λ2π(P )g(X, Y ) + λ1g(Y, ∇XP ) −

λ2
1π(X)π(Y )

]
;

(2) Ric(X, V ) = Ric(V, X) = (li − 1)[VX(lnbi)];
(3) Ric(V, W ) = 0 if i �= j;
(4) Ric(V, W ) = RicFi(V, W ) +

{
ΔBbi
bi

+(li−1) |gradBbi|2B
b2i

+
∑
s �=i

ls
gB(gradBbi,gradBbs)

bibs
+[(n−1)λ1λ2−λ2

2]π(P ) +

λ2divBP + λ2
∑
s �=i

ls
Pbs
bs

+ [(n− 1)λ1 + (li − 1)λ2]Pbi
bi

}
g(V, W ) if i = j,

where divBP =
n∑

k=1
εk〈∇Ek

P, Ek〉, and Ek, 1 ≤ k ≤ n is an orthonormal base of B with εk = g(Ek, Ek).

As a corollary of Proposition 4.5, we have:

Corollary 4.6. Let M = B ×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply twisted product, and dimFi = li > 1, 
P ∈ Γ(TB), then (M,∇) is mixed Ricci-flat if and only if M can be expressed as a multiply warped product. 
In particular, if (M,∇) is Einstein, then M can be expressed as a multiply warped product.

Proof. By Proposition 4.5(2) and (3), similarly to the proof of Theorem 1 in [6], we get this corollary. �
Proposition 4.7. Let M = B×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply twisted product, dimM = n, dimB = n, 
dimFi = li. If X, Y, Z ∈ Γ(TB), V ∈ Γ(TF i), W ∈ Γ(TF j) and P ∈ Γ(TFr) for a fixed r, then:
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(1) Ric(X, Y ) = RicB(X, Y ) +
m∑
i=1

li
H

bi
B (X,Y )

bi
+ [(n− 1)λ1λ2 − λ2

2]π(P )g(X, Y ) + λ2g(X, Y )divFr
P ;

(2) Ric(X, V ) = (li − 1)[VX(lnbi)] + [(n− 1)λ1 − λ2]π(V )Xbr
br

;
(3) Ric(V, X) = (li − 1)[VX(lnbi)] + [λ2 − (n− 1)λ1]π(V )Xbr

br
;

(4) Ric(V, W ) = 0 if i �= j;
(5) Ric(V, W ) = RicFi(V, W ) +g(V, W )

{
ΔBbi
bi

+(li−1) |gradBbi|2B
b2i

+
∑
s �=i

ls
gB(gradBbi,gradBbs)

bibs
+[(n−1)λ1λ2−

λ2
2]π(P )

}
+ [(n− 1)λ1 − λ2]g(W, ∇V P ) + [λ2

2 + (1 − n)λ2
1]π(V )π(W ) + λ2g(V, W )divFr

P if i = j.

As a corollary of Proposition 4.7, we have:

Corollary 4.8. Let M = B ×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply twisted product, and dimFi = li > 1, 
P ∈ Γ(TFr), then (M,∇) is mixed Ricci-flat if and only if one of the following two conditions is satisfied:

(1) λ2 = (n− 1)λ1, and M can be expressed as a multiply warped product;
(2) λ2 �= (n− 1)λ1, M can be expressed as a multiply warped product and br is only dependent on Fr.

In particular, if (M,∇) is Einstein, then M can be expressed as a multiply warped product.

Proof. By Proposition 4.7(2) and (3), we have that (M,∇) is mixed Ricci-flat if and only if VX(lnbi) = 0, 
[(n− 1)λ1 − λ2]π(V )Xbr

br
= 0. Similarly to the proof of Corollary 4.6, we get that

(a) λ2 = (n− 1)λ1, and M can be expressed as a multiply warped product.
(b) λ2 �= (n− 1)λ1, M can be expressed as a multiply warped product. When i �= r, π(V ) = 0. When i = r, 

by π(V )Xbr
br

= 0, then br depends only on Fr. �
By Proposition 4.5 and the definition of the scalar curvature, we have the following:

Proposition 4.9. Let M = B×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply twisted product, dimM = n, dimB = n, 
dimFi = li. If P ∈ Γ(TB), then the scalar curvature S has the following expression:

S = SB + 2
m∑
i=1

li
ΔBbi
bi

+
m∑
i=1

SFi

b2i
+

m∑
i=1

li(li − 1) |gradBbi|2B
b2i

+
m∑
i=1

∑
s �=i

lils
gB(gradBbi, gradBbs)

bibs

+
m∑
i=1

li[(n− 1)λ1 + (n + li − 1)λ2]
Pbi
bi

+ λ2

m∑
i=1

∑
s �=i

lils
Pbs
bs

+
m∑
i=1

li[(n + n− 1)λ1λ2

− (λ2
1 + λ2

2)]π(P ) + (λ1 + λ2)
m∑
i=1

lidivBP.

By Proposition 4.7 and the definition of the scalar curvature, we have the following:

Proposition 4.10. Let M = B×b1 F1×b2 F2 · · ·×bm Fm be a multiply twisted product, dimM = n, dimB = n, 
dimFi = li. If P ∈ Γ(TFr) for a fixed r, then the scalar curvature S has the following expression:

S = SB + 2
m∑
i=1

li
ΔBbi
bi

+
m∑
i=1

SFi

b2i
+

m∑
i=1

li(li − 1) |gradBbi|2B
b2i

+
m∑
i=1

∑
s �=i

lils
gB(gradBbi, gradBbs)

bibs

+ [n(n− 1)λ1λ2 + (1 − n)(λ2
1 + λ2

2)]π(P ) + (n− 1)(λ1 + λ2)divFr
P.
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Remark 11. (1) It is easy to see that Propositions 3.1–3.8 are corollaries of Propositions 4.1, 4.2, 4.3, 4.4, 
4.5, 4.7, 4.9, 4.10, respectively.

(2) When λ1 = λ2 = 1, we get Propositions 1, 2, 4, 5, 7, 9, 12, 13 in [14], by Propositions 4.1, 4.2, 4.3, 
4.4, 4.5, 4.7, 4.9, 4.10, respectively.

4.2. Special multiply warped product with a quarter-symmetric connection

Let M = I ×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply warped product with the metric tensor g = −dt2 ⊕
b21gF1 ⊕b22gF2 · · ·⊕b2mgFm

and I is an open interval in R, and bi ∈ C∞(I), dimM = n, dimI = 1, dimFi = li.
Similarly to the proof method of Theorem 3.11, we have:

Theorem 4.11. Let M = I ×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply warped product with the metric tensor 
g = −dt2 ⊕ b21gF1 ⊕ b22gF2 · · · ⊕ b2mgFm

, P = ∂
∂t . Then (M,∇) is Einstein with the Einstein constant α if and 

only if the following conditions are satisfied

(1) (Fi, ∇Fi) is Einstein with the Einstein constant αi, i ∈ {1, . . . , m};
(2)

m∑
i=1

li

(
λ2

b′i
bi

− b′′i
bi

+ λ2
1 − λ1λ2

)
= α;

(3) αi− bib
′′
i +(1 − li)(b′i)2 +(λ2b

2
i − bib

′
i) 
∑
s �=i

ls
b′s
bs

+ [λ2
2 +(1 −n)λ1λ2]b2i + [(n− 1)λ1 +(li− 1)λ2]bib′i = αb2i .

Theorem 4.12. Let M = I ×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply warped product with the metric tensor 
g = −dt2 ⊕ b21gF1 ⊕ b22gF2 · · · ⊕ b2mgFm

, P ∈ Γ(TFr) with gFr
(P, P ) = 1 and n > 2. Then (M,∇) is Einstein 

with the Einstein constant α if and only if the following conditions are satisfied for any i ∈ {1, . . . , m}:

(1) (Fi, ∇Fi)(i �= r) is Einstein with the Einstein constant αi, i ∈ {1, . . . , m};
(2) br is a constant and 

m∑
i=1

li
b′′i
bi

= μ0; divFr
P = μ1; μ0 − λ2μ1 + α = [(n − 1)λ1λ2 − λ2

2]b2r, where μ0, μ1

are constants;
(3) RicFr(V, W ) +αgFr

(V, W ) = [(n−1)λ2
1−λ2

2]π(V )π(W ) −[(n−1)λ1−λ2]g(W, ∇V P ), for V, W ∈ Γ(TFr), 
where α = b2r

{
[(n− 1)λ1λ2 − λ2

2]b2r + λ2μ1 − α
}
;

(4) αi − bib
′′
i + [(n− 1)λ1λ2 − λ2

2]b2i b2r − bib
′
i

∑
s �=i

ls
b′s
bs

− (li − 1)(b′i)2 = (α− λ2μ1)b2i .

Proof. By Proposition 4.7(2) and gFr
(P, P ) = 1, we have that br is a constant. By Proposition 4.7(1), we 

have

Ric
( ∂

∂t
,
∂

∂t

)
=

m∑
i=1

li
b′′i
bi

+ [λ2
2 + (1 − n)λ1λ2]b2r − λ2divFr

P = −α.

By separation of variables, we have

m∑
i=1

li
b′′i
bi

= μ0; divFr
P = μ1; μ0 − λ2μ1 + α = [(n− 1)λ1λ2 − λ2

2]b2r,

then we get (2). By Proposition 4.7(3), we have

Ric(V,W ) = RicFi(V,W ) + b2i gFi
(V,W )

{
−b′′i
bi

+ (li − 1)−(b′i)2

b2i
+
∑
s �=i

ls
−b′ib

′
s

bibs
+ [(n− 1)λ1λ2 − λ2

2]π(P )
}

+ [(n− 1)λ1 − λ2]g(W,∇V P ) + [λ2
2 + (1 − n)λ2

1]π(V )π(W ) + λ2g(V,W )divFr
P.
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When i �= r, then ∇V P = π(V ) = 0, so

Ric(V,W ) = RicFi(V,W ) + b2i gFi
(V,W )

{
−b′′i
bi

+ (li − 1)−(b′i)2

b2i
+
∑
s �=i

ls
−b′ib

′
s

bibs

+ [(n− 1)λ1λ2 − λ2
2]b2r

}
+ λ2μ1b

2
i gFi

(V,W ) = αb2i gFi
(V,W ).

By separation of variables, we have that (Fi, ∇Fi) (i �= r) is Einstein with the Einstein constant αi and

αi − bib
′′
i + [(n− 1)λ1λ2 − λ2

2]b2i b2r − bib
′
i

∑
s �=i

ls
b′s
bs

− (li − 1)(b′i)2 = (α− λ2μ1)b2i .

Then we get (1) and (4).
When i = r and br is a constant, then

RicFr(V,W ) + b2r
{
[(n− 1)λ1λ2 − λ2

2]b2r + λ2μ1 − α
}
gFr

(V,W )

= [(n− 1)λ2
1 − λ2

2]π(V )π(W ) − [(n− 1)λ1 − λ2]g(W,∇V P ),

let α = b2r
{
[(n− 1)λ1λ2 − λ2

2]b2r + λ2μ1 − α
}
, we get (3). �

Theorem 4.13. Let M = I ×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply warped product and P = ∂
∂t . If (M,∇)

has constant scalar curvature S, then each (Fi, ∇Fi) has constant scalar curvature SFi.

Proof. By Proposition 4.9, we have

S = −2
m∑
i=1

li
b′′i
bi

+
m∑
i=1

SFi

b2i
+

m∑
i=1

li(li − 1)−(b′i)2

b2i
+

m∑
i=1

∑
s �=i

lils
−b′ib

′
s

bibs

+
m∑
i=1

li[(n− 1)λ1 + liλ2]
b′i
bi

+ λ2

m∑
i=1

∑
s �=i

lils
b′s
bs

−
m∑
i=1

li[nλ1λ2 − (λ2
1 + λ2

2)]. (38)

Note that each SFi is function defined on Fi, using separation of variables we complete this proof. �
Theorem 4.14. Let M = I×b1 F1×b2 F2 · · ·×bm Fm be a multiply warped product and P ∈ Γ(TFr). If (M,∇)
has constant scalar curvature S, then

(1) each (Fi, ∇Fi) (i �= r) has constant scalar curvature SFi ;
(2) If λ1 + λ2 �= 0 and λ2

1 + λ2
2 − nλ1λ2 = 0, and divFr

P is a constant, then SFr is a constant;
(3) If λ1 = −λ2 �= 0 and gFr

(P, P ) is a constant, then SFr is a constant;
(4) If λ1 + λ2 �= 0 and λ2

1 + λ2
2 − nλ1λ2 �= 0, and divFr

P, gFr
(P, P ) are constants, then SFr is a constant.

Proof. By Proposition 4.10, we have

S = −2
m∑
i=1

li
b′′i
bi

+
m∑
i=1

SFi

b2i
+

m∑
i=1

li(li − 1)−(b′i)2

b2i
+

m∑
i=1

∑
s �=i

lils
−b′ib

′
s

bibs

+ [n(n− 1)λ1λ2 + (1 − n)(λ2
1 + λ2

2)]b2rgFr
(P, P ) + (n− 1)(λ1 + λ2)divFr

P (39)

then similarly to the proof of Proposition 3.18, we complete this proposition. �
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Remark 12. When λ1 = λ2 = 1, we get Theorems 15, 16 and Propositions 18, 19 in [14] by Theo-
rems 4.11–4.14, respectively.

4.3. Generalized Kasner space–times with a quarter-symmetric connection

In this section, we consider the Einstein and scalar curvature of generalized Kasner space–times with a 
quarter-symmetric connection. We recall the definition of generalized Kasner space–times in [4].

Definition 4.15. A generalized Kasner space–time (M, g) is a Lorentzian multiply warped product of the 
form M = I×φp1 F1×φp2 F2 · · ·×φpm Fm with the metric tensor g = −dt2⊕φ2p1gF1 ⊕φ2p2gF2 · · ·⊕φ2pmgFm

, 
where φ : I → (0, ∞) is smooth and pi ∈ R, for any i ∈ {1, . . . , m} and also I = (t1, t2).

We introduce the following parameters ζ =
m∑
i=1

lipi and η =
m∑
i=1

lip
2
i for generalized Kasner space–times. 

By Theorem 4.11 and direct computations, we get the following:

Proposition 4.16. Let M = I ×φp1 F1 ×φp2 F2 · · · ×φpm Fm be a generalized Kasner space–time and P = ∂
∂t . 

Then (M,∇) is Einstein with the Einstein constant α if and only if the following conditions are satisfied 
for any i ∈ {1, . . . , m}:

(1) (Fi, ∇Fi) is Einstein with the Einstein constant αi, i ∈ {1, . . . , m};
(2) ζ

(
λ2

φ′

φ − φ′′

φ

)
− (η − ζ) (φ′)2

φ2 + (λ2
1 − λ1λ2)(n− 1) = α;

(3) αi

φ2pi − pi
φ′′

φ − (ζ − 1)pi (φ′)2
φ2 + {λ2ζ + [(n− 1)λ1 − λ2]pi}φ′

φ = α− λ2
2 + (n− 1)λ1λ2.

By equation (38), we obtain the following:

Proposition 4.17. Let M = I ×φp1 F1 ×φp2 F2 · · · ×φpm Fm be a generalized Kasner space–time and P = ∂
∂t . 

Then (M,∇) has constant scalar curvature S if and only if each (Fi, ∇Fi) has constant scalar curvature SFi

and

S =
m∑
i=1

SFi

φ2pi
− 2ζ φ

′′

φ
− (η + ζ2 − 2ζ) (φ′)2

φ2 + (λ1 + λ2)ζ(n− 1)φ
′

φ
+ (n− 1)(λ2

1 + λ2
2 − nλ1λ2). (40)

Next, we first give a classification of four-dimensional generalized Kasner space–times with a quarter-
symmetric connection and then consider Ricci tensors and scalar curvatures of them.

Definition 4.18. Let M = I ×b1 F1 ×b2 F2 · · · ×bm Fm be a multiply warped product with the metric tensor 
g = −dt2 ⊕ b21gF1 ⊕ b22gF2 · · · ⊕ b2mgFm

. Then:

(1) (M, g) is said to be of type (I) if m = 1 and dimF = 3;
(2) (M, g) is said to be of type (II ) if m = 2 and dimF1 = 1 and dimF2 = 2;
(3) (M, g) is said to be of type (III ) if m = 3 and dimF1 = 1, dimF2 = 1, dimF3 = 1.

4.3.1. Classification of Einstein type (I) generalized Kasner space–times with a quarter-symmetric 
connection

By Theorem 3.16, we have given a classification of Einstein type (I) generalized Kasner space–times with 
a quarter-symmetric connection.
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4.3.2. Type (I) generalized Kasner space–times with a quarter-symmetric connection with constant scalar 
curvature

By Theorem 3.19, we have given a classification of type (I) generalized Kasner space–times with a 
quarter-symmetric connection with constant scalar curvature.

4.3.3. Classification of Einstein type (II) generalized Kasner space–times with a quarter-symmetric 
connection

Let M = I ×φp1 F1 ×φp2 F2 be an Einstein type (II) generalized Kasner space–time and P = ∂
∂t . Then 

α1 = 0 because of dimF1 = 1. ζ = p1 + 2p2, η = p2
1 + 2p2

2. By Proposition 4.16, we have

ζ
(
λ2

φ′

φ
− φ′′

φ

)
− (η − ζ) (φ′)2

φ2 + 3(λ2
1 − λ1λ2) = α, (41a)

−p1
φ′′

φ
− (ζ − 1)p1

(φ′)2

φ2 + [λ2ζ + (3λ1 − λ2)p1]
φ′

φ
= α− λ2

2 + 3λ1λ2, (41b)

α2

φ2p2
− p2

φ′′

φ
− (ζ − 1)p2

(φ′)2

φ2 + [λ2ζ + (3λ1 − λ2)p2]
φ′

φ
= α− λ2

2 + 3λ1λ2, (41c)

where α2 is a constant. Consider the following two cases:

4.3.3.1. When ζ = 0 In this case, p2 = −1
2p1, η = 3

2p
2
1. Then by equations (41a)–(41c), we have:

−η
(φ′)2

φ2 + 3(λ2
1 − λ1λ2) = α, (42a)

p1

[
− φ′′

φ
+ (φ′)2

φ2 + (3λ1 − λ2)
φ′

φ

]
= α− λ2

2 + 3λ1λ2, (42b)

α2

φ−p1
− 1

2p1

[
− φ′′

φ
+ (φ′)2

φ2 + (3λ1 − λ2)
φ′

φ

]
= α− λ2

2 + 3λ1λ2. (42c)

(a) η = 0. We have pi = 0, by equation (42a), we get α = 3λ2
1 − 3λ1λ2; by equation (42b), we get 

α = λ2
2 − 3λ1λ2; then we have λ2

2 = 3λ2
1 and by equation (42c), we get α2 = 0. So we have

λ2
2 = 3λ2

1, pi = 0, α = 3λ2
1 − 3λ1λ2 = λ2

2 − 3λ1λ2, α1 = α2 = 0. [A]

(b) η �= 0. We have pi �= 0.
1) α2 = 0. By equations (42b), (42c), we get α = λ2

2 − 3λ1λ2 and

−φ′′

φ
+ (φ′)2

φ2 + (3λ1 − λ2)
φ′

φ
= 0; (43a)

(φ′)2

φ2 = 3λ2
1 − λ2

2
η

. (43b)

1′. 3λ2
1 − λ2

2 < 0, we have no solution;
2′. 3λ2

1 − λ2
2 = 0, we have φ = c, then by equation (42b), we get α = λ2

2 − 3λ1λ2.

So we have

λ2
2 = 3λ2

1, p1 �= 0, p2 �= 0, α = λ2
2 − 3λ1λ2, α1 = α2 = 0, φ = c. [B]
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3′. 3λ2
1 − λ2

2 > 0, we have φ = c0e
±
√

3λ2
1−λ2

2
η t, by equation (43a), we get λ2 = 3λ1, considering that 

3λ2
1 − λ2

2 > 0, we have λ2
1 < 0, which is a contradiction.

2) α2 �= 0. By equations (42b), (42c), we get α2
φ−p1 = 3

2(α−λ2
2 +3λ1λ2), so φ = c; then by equation (42b), 

we get α− λ2
2 + 3λ1λ2 = 0, then α2 = 0, this is a contradiction.

4.3.3.2. When ζ �= 0 Then η �= 0. Putting φ = ψ
ζ
η , we have ψ′′−λ2ψ

′ +(α+3λ1λ2−3λ2
1)

η
ζ2ψ = 0. Hence:

(1) α <
λ2

2ζ
2

4η + 3λ2
1 − 3λ1λ2, ψ = c1e

λ2+
√
λ2
2−4(α+3λ1λ2−3λ2

1) η
ζ2

2 t + c2e
λ2−

√
λ2
2−4(α+3λ1λ2−3λ2

1) η
ζ2

2 t;
(2) α = λ2

2ζ
2

4η + 3λ2
1 − 3λ1λ2, ψ = c1e

λ2
2 t + c2te

λ2
2 t;

(3) α >
λ2

2ζ
2

4η + 3λ2
1 − 3λ1λ2,

ψ = c1e
λ2
2 t cos(

√
4(α + 3λ1λ2 − 3λ2

1)
η
ζ2 − λ2

2

2 t) + c2e
λ2
2 t sin(

√
4(α + 3λ1λ2 − 3λ2

1)
η
ζ2 − λ2

2

2 t).

We make equations (41a)–(41c) into

ζ2

η

λ2ψ
′ − ψ′′

ψ
= α + 3λ1λ2 − 3λ2

1; (44a)

−p1

ζ

(φζ)′′

φζ
+ λ2ζ + (3λ1 − λ2)p1

ζ

(φζ)′

φζ
= α− λ2

2 + 3λ1λ2; (44b)

α2

φ2p2
− p2

ζ

(φζ)′′

φζ
+ λ2ζ + (3λ1 − λ2)p2

ζ

(φζ)′

φζ
= α− λ2

2 + 3λ1λ2. (44c)

When p1 = p2, type (II) spaces turn into type (I) spaces, so we assume p1 �= p2. By (44b)× p2 − (44c)× p1, 
we get

ψ′ = p1α2

λ2(p2 − p1)
η

ζ2ψ
1− 2p2ζ

η + α− λ2
2 + 3λ1λ2

λ2

η

ζ2ψ. (45)

Now we consider the following three cases to solve this problem:

4.3.3.2.1 α <
λ2

2ζ
2

4η + 3λ2
1 − 3λ1λ2. Then ψ = c1e

at + c2e
bt, where a =

λ2+
√

λ2
2−4(α+3λ1λ2−3λ2

1)
η

ζ2

2 , b =
λ2−

√
λ2

2−4(α+3λ1λ2−3λ2
1)

η

ζ2

2 . By equation (45), we get

ac1e
at + bc2e

bt = p1α2

λ2(p2 − p1)
η

ζ2

(
c1e

at + c2e
bt
)1− 2p2ζ

η + α− λ2
2 + 3λ1λ2

λ2

η

ζ2

(
c1e

at + c2e
bt
)
. (46)

1) c1 = 0. We have

[
b− α− λ2

2 + 3λ1λ2

λ2

η

ζ2

]
c2e

bt = p1α2

λ2(p2 − p1)
η

ζ2

(
c2e

bt
)1− 2p2ζ

η (47)

1′. b �= 0, p1α2 �= 0. By equation (47), we get p2 = 0, so ζ = p1, η = p2
1 and ζ2

η = 1. Then 

b = λ2−
√

λ2
2−4(α+3λ1λ2−3λ2

1)
2 , so

b2 − λ2b = 3λ2
1 − 3λ2λ2 − α. (48)
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On the other hand, φζ = ψ = c2e
bt, so by equations (44b), (44c), we get

−b2 + 3λ1b = α− λ2
2 + 3λ1λ2; (49a)

α2 + λ2b = α− λ2
2 + 3λ1λ2. (49b)

By (48) + (49a), we get (3λ1 − λ2)b = 3λ2
1 − λ2

2, if λ2 = 3λ1, then 0 = −6λ2
1, this is a contradiction 

to λ1 �= 0, so λ2 �= 3λ1, b = 3λ2
1−λ2

2
3λ1−λ2

. Then by equation (48), we have α = 18λ4
1−36λ3

1λ2+24λ2
1λ

2
2−6λ1λ

3
2

(3λ1−λ2)2 =
6λ1(λ1−λ2)(3λ2

1−3λ1λ2+λ2
2)

(3λ1−λ2)2 , by equation (49b), we get α2 = 18λ4
1−18λ3

1λ2+6λ1λ
3
2−2λ4

2
(3λ1−λ2)2 = 2(3λ2

1−λ2
2)(3λ

2
1−3λ1λ2+λ2

2)
(3λ1−λ2)2 , 

since 3λ2
1−3λ1λ2+λ2

2 �= 0, and α2 �= 0, we have 3λ2
1 �= λ2

2. Considering that b < λ2
2 , we get 6λ

2
1−3λ1λ2−λ2

2
3λ1−λ2

< 0.
So we obtain

3λ2
1 �= λ2

2,
6λ2

1−3λ1λ2−λ2
2

3λ1−λ2
< 0, p1 �= 0, p2 = 0, α = 18λ4

1−36λ3
1λ2+24λ2

1λ
2
2−6λ1λ

3
2

(3λ1−λ2)2 ,

α1 = 0, α2 = 18λ4
1−18λ3

1λ2+6λ1λ
3
2−2λ4

2
(3λ1−λ2)2 , φ = c0e

3λ2
1−λ2

2
(3λ1−λ2)p1

t. [C]

2′. b �= 0, p1α2 = 0.
1◦. p1 = 0. Then ζ = 2p2, η = 2p2

2, 
η
ζ2 = 1

2 . By equation (47), we get b = α−λ2
2+3λ1λ2
2λ2

, on the other hand, 

b = λ2−
√

λ2
2−2(α+3λ1λ2−3λ2

1)
2 , so we get

α2 + (6λ1λ2 − 2λ2
2)α + 3λ2

1λ
2
2 − 6λ3

1λ2 + 3λ4
1 = 0. (50)

When λ1 = λ2, we get α2 + 4λ2
1α = 0, then α = 0 or α = −4λ2

1. If α = 0, we have b = λ1 = λ2 < 0, by 

equation (44c), we get α2 = 0; φ = ψ
ζ
η = c0e

λ1
p2

t. If α = −4λ2
1, then λ1 = λ2 > 0, b = −λ1, and by equation

(44c), we get λ1 = 0, which is a contradiction.
When λ1 �= λ2, Δ = 8λ2

2(3λ2
1−λ2

2), if λ2
2 > 3λ2

1, we have no solution; if λ2
2 = 3λ2

1, we have b = 0, which is a 
contradiction; if λ2

2 < 3λ2
1, we have α = λ2

2−3λ1λ2 +
√

2λ2
2(3λ2

1 − λ2
2) or α = λ2

2−3λ1λ2−
√

2λ2
2(3λ2

1 − λ2
2). 

By equation (44c), we have α2 = 0 and

−2b2 + (3λ1 + λ2)b = α− λ2
2 + 3λ1λ2. (51)

When α = λ2
2 − 3λ1λ2 +

√
2λ2

2(3λ2
1 − λ2

2), we have b =
√

2λ2
2(3λ2

1−λ2
2)

2λ2
, by equation (51), we have λ1 = λ2, 

which is a contradiction. When α = λ2
2 − 3λ1λ2 −

√
2λ2

2(3λ2
1 − λ2

2), we have the same contradiction.
So we get

λ1 = λ2 < 0, p1 = 0, p2 �= 0, α = α1 = α2 = 0, φ = c0e
λ1
p2

t. [D]

2◦. α2 = 0. Since p1 = 0 we have discussed, so we assume that p1 �= 0. By equation (47), we have 

b = α−λ2
2+3λ1λ2
λ2

η
ζ2 , φζ = ceb

ζ2
η t, then by equation (44b), we have α(α−λ2

2 +3λ1λ2) = 0. So when λ2 = 3λ1, 
we have α = 0; when λ2 �= 3λ1, we have α = 0 or α = λ2

2 − 3λ1λ2 �= 0.
When λ2 = 3λ1, α = 0, then b = 0, which is a contradiction;
When λ2 �= 3λ1, α = λ2

2 − 3λ1λ2 �= 0, then b = 0, which is a contradiction;
When λ2 �= 3λ1, α = 0, then b = (3λ1−λ2) η

ζ2 , by equation (44a), we get η
ζ2 = 3λ2

1−λ2
2

(3λ1−λ2)2 , then b = 3λ2
1−λ2

2
3λ1−λ2

. 

Since b < λ2
2 , we get 6λ2

1−3λ1λ2−λ2
2

3λ1−λ2
< 0, by α <

λ2
2ζ

2

4η + 3λ2
1 − 3λ1λ2, we get λ2

2 < 3λ2
1. φ = ψ

ζ
η = ce

3λ1−λ2
ζ t.

So we have

λ2
2 < 3λ2

1,
6λ2

1−3λ1λ2−λ2
2 < 0, p1 �= 0, p2 �= −1p1, α = α1 = α2 = 0, φ = ce

3λ1−λ2
ζ t. [E]
3λ1−λ2 2
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3′. b = 0. Then ψ = c2, by equation (44a), we have α = 3λ2
1 − 3λ1λ2; by equation (44b), we have 

α = λ2
2 − 3λ1λ2; so λ2

2 = 3λ2
1, by equation (44c), we have α2 = 0.

So we have

λ2
2 = 3λ2

1, ζ �= 0, η �= 0, α = λ2
2 − 3λ1λ2 = 3λ2

1 − 3λ1λ2, α1 = α2 = 0, φ = c. [F]

2) c2 = 0. We have

[
a− α− λ2

2 + 3λ1λ2

λ2

η

ζ2

]
c1e

at = p1α2

λ2(p2 − p1)
η

ζ2

(
c1e

at
)1− 2p2ζ

η (52)

1′. p1α2 �= 0. By equation (52), we get p2 = 0, so ζ = p1, η = p2
1 and ζ2

η = 1. Then a =
λ2+

√
λ2

2−4(α+3λ1λ2−3λ2
1)

2 , using equation (52) again, we get a − α−λ2
2+3λ1λ2
λ2

= p1α2
−λ2p1

= −α2
λ2

, so α2 =
α − λ2

2 + 3λ1λ2 − λ2a. By equation (44b), we get (3λ1 − λ2)2α = 18λ4
1 − 6λ1λ

3
2 + 24λ2

1λ
2
2 − 36λ3

1λ2, if 
3λ1 = λ2, then 0 = −36λ2

1, which is a contradiction, so 3λ1 �= λ2 and α = 18λ4
1−6λ1λ

3
2+24λ2

1λ
2
2−36λ3

1λ2
(3λ1−λ2)2 , so 

a =
λ2+

√
(6λ2

1−3λ1λ2−λ2
2)2

(3λ1−λ2)2

2 .
If 6λ2

1−3λ1λ2−λ2
2

3λ1−λ2
> 0, then a = 3λ2

1−λ2
2

3λ1−λ2
, α2 = 18λ4

1−2λ4
2+6λ1λ

3
2−18λ3

1λ2
(3λ1−λ2)2 = (3λ2

1−λ2
2)(3λ

2
1−3λ1λ2+λ2

2)
(3λ1−λ2)2 , since 

3λ2
1 − 3λ1λ2 + λ2

2 = 3
(
λ1 − 1

2λ2
)2 + 1

4λ
2
2 �= 0, and α2 �= 0, we have 3λ2

1 �= λ2
2, so a �= 0.

If 6λ2
1−3λ1λ2−λ2

2
3λ1−λ2

< 0, then a = 3λ1λ2−λ2
2

3λ1−λ2
, α2 = 18λ4

1−λ4
2+6λ1λ

3
2−15λ2

1λ
2
2

(3λ1−λ2)2 �= 0, so 18λ4
1 − λ4

2 + 6λ1λ
3
2 −

15λ2
1λ

2
2 �= 0.

Hence, we have

λ2 �= 3λ1, λ2
2 �= 3λ2

1,
6λ2

1−3λ1λ2−λ2
2

3λ1−λ2
> 0, p1 �= 0, p2 = 0, α1 = 0,

α = 18λ4
1−6λ1λ

3
2+24λ2

1λ
2
2−36λ3

1λ2
(3λ1−λ2)2 , α2 = 18λ4

1−2λ4
2+6λ1λ

3
2−18λ3

1λ2
(3λ1−λ2)2 , φ = ce

3λ2
1−λ2

2
(3λ1−λ2)p1

t, [G]

or

λ2 �= 3λ1, 18λ4
1 − λ4

2 + 6λ1λ
3
2 − 15λ2

1λ
2
2 �= 0, 6λ2

1−3λ1λ2−λ2
2

3λ1−λ2
< 0, p1 �= 0, p2 = 0,

α1 = 0, α = 18λ4
1−6λ1λ

3
2+24λ2

1λ
2
2−36λ3

1λ2
(3λ1−λ2)2 , α2 = 18λ4

1−λ4
2+6λ1λ

3
2−15λ2

1λ
2
2

(3λ1−λ2)2 , φ = ce
3λ1λ2−3λ2

1
(3λ1−λ2)p1

t. [H]

In particular, when λ1 = λ2 < 0, we have p1 �= 0, p2 = 0, α = α1 = 0, α2 = 2λ2
1, φ = c.

2′. p1α2 = 0. 1◦. p1 = 0. Then ζ = 2p2, η = 2p2
2, 

η
ζ2 = 1

2 . By equation (52), we get a = α−λ2
2+3λ1λ2
2λ2

. On

the other hand, a = λ2+
√

λ2
2−2(α+3λ1λ2−3λ2

1)
2 , so we get

α2 + (6λ1λ2 − 2λ2
2)α + 3λ2

1λ
2
2 − 6λ3

1λ2 + 3λ4
1 = 0. (53)

When λ1 = λ2, we get α2 + 4λ2
1α = 0, then α = 0 or α = −4λ2

1. If α = 0, we have a = λ1 = λ2 > 0, by 

equation (44c), we get α2 = 0, φ = ψ
ζ
η = c0e

λ1
p2

t. If α = −4λ2
1, then λ1 = λ2 < 0, a = −λ1, and by equation

(44c), we get λ1 = 0, which is a contradiction.
When λ1 �= λ2, Δ = 8λ2

2(3λ2
1 − λ2

2),
if λ2

2 > 3λ2
1, we have no solution;

if λ2
2 = 3λ2

1, we have

a = 0, α1 = α2 = 0, α = λ2
2 − 3λ1λ2, φ = c; [I]
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if λ2
2 < 3λ2

1, we have α = λ2
2−3λ1λ2+

√
2λ2

2(3λ2
1 − λ2

2) or α = λ2
2−3λ1λ2−

√
2λ2

2(3λ2
1 − λ2

2). By equation
(44c), we have α2 = 0 and

−2a2 + (3λ1 + λ2)a = α− λ2
2 + 3λ1λ2. (54)

Then we have λ1 = λ2 > 0 or λ1 = λ2 < 0, but when λ1 = λ2 < 0, it is not satisfies equation (44c), so we 
get

λ1 = λ2 > 0, p1 = 0, p2 �= 0, α = α1 = α2 = 0, φ = ce
λ1
p2

t. [J]

2◦. α2 = 0. The case p1 = 0 we have already discussed, so we assume that p1 �= 0. By equation (52), we 

have a = α−λ2
2+3λ1λ2
λ2

η
ζ2 , φζ = cea

ζ2
η t, then by equation (44b), we have α(α − λ2

2 + 3λ1λ2) = 0. So when 
λ2 = 3λ1, we have α = 0; when λ2 �= 3λ1, we have α = 0 or α = λ2

2 − 3λ1λ2 �= 0.
When λ2 = 3λ1, α = 0, then a = 0, η = 0, which is a contradiction.
When λ2 �= 3λ1, α = λ2

2 − 3λ1λ2 �= 0, then a = 0 and (λ2
2 − 3λ2

1)η = 0.
If λ2

2 �= 3λ2
1, then η = 0, which is a contradiction;

If λ2
2 = 3λ2

1, which satisfies λ2 �= 3λ1, then φζ = c, which satisfies equations (44a)–(44c).
So we have

λ2
2 = 3λ2

1, p1 �= 0, p2 �= −1
2p1, α = λ2

2 − 3λ1λ2, α1 = α2 = 0, φ = c. [K]

When λ2 �= 3λ1, α = 0, then a = (3λ1−λ2) η
ζ2 , by equation (44a), we get η

ζ2 = 3λ2
1−λ2

2
(3λ1−λ2)2 > 0 and λ2

2 < 3λ2
1, 

then a = 3λ2
1−λ2

2
3λ1−λ2

. Since a > λ2
2 , we get 6λ2

1−3λ1λ2−λ2
2

3λ1−λ2
> 0. Considering that p2

1+2p2
2

(p1+2p2)2 = η
ζ2 = 3λ2

1−λ2
2

(3λ1−λ2)2 , we 
have (3λ2

1 − 3λ1λ2 + λ2
2)p2

1 − (6λ2
1 − 2λ2

2)p1p2 = (3λ2
1 − 6λ1λ2 + 3λ2

2)p2
2, no matter λ1 = λ2 or λ1 �= λ2, we 

can get p2 �= 0.
So we get

λ2 �= 3λ1, λ2
2 < 3λ2

1,
6λ2

1−3λ1λ2−λ2
2

3λ1−λ2
> 0, η

ζ2 = 3λ2
1−λ2

2
(3λ1−λ2)2 , α = α1 = α2 = 0, φ = ce

3λ2
1−λ2

2
3λ1−λ2

ζ
η t = ce

3λ1−λ2
ζ t. [L]

3) c1 �= 0, c2 �= 0, b �= 0.
1′. p2 �= 0. Then eat, ebt and (c1eat + c2e

bt)1−2p2
ζ
η are linearly independent, by equation (46), we have [

a − α−λ2
2+3λ1λ2
λ2

η
ζ2

]
c1 = 0, 

[
b − α−λ2

2+3λ1λ2
λ2

η
ζ2

]
c2 = 0.

Considering that c1 �= 0, c2 �= 0, we have a = b = α−λ2
2+3λ1λ2
λ2

η
ζ2 , which is a contradiction.

2′. p2 = 0. Then by equation (46), we have

a− α− λ2
2 + 3λ1λ2

λ2

η

ζ2 − p1α2

λ2(p2 − p1)
η

ζ2 = 0, b− α− λ2
2 + 3λ1λ2

λ2

η

ζ2 − p1α2

λ2(p2 − p1)
η

ζ2 = 0.

Then a = b, which is a contradiction.
4) c1 �= 0, c2 �= 0, b = 0. Then a = λ2 �= 0 and

ac1e
at = p1α2

λ2(p2 − p1)
η

ζ2 (c1eat + c2)1−2p2
ζ
η + α− λ2

2 + 3λ1λ2

λ2

η

ζ2 (c1eat + c2). (55)

1′. 1 − 2p2
ζ
η �= 0.

If p2 �= 0, then eat and (c1eat + c2)1−2p2
ζ
η are linearly independent, by equation (55), we have a = 0, this 

is a contradiction to a = λ2 �= 0.
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If p2 = 0, using the same method we can get a = 0, this is a contradiction to a = λ2 �= 0.
2′. 1 − 2p2

ζ
η = 0.

Then p2 �= 0, η = 2p2ζ and equation (55) becomes

(
λ2 −

α− λ2
2 + 3λ1λ2

λ2

η

ζ2

)
c1e

at − p1α2

λ2(p2 − p1)
η

ζ2 − α− λ2
2 + 3λ1λ2

λ2

η

ζ2 = 0. (56)

Then

λ2 = α− λ2
2 + 3λ1λ2

λ2

η

ζ2 . (57)

Since b = 0 which means λ2 =
√

λ2
2 − 4(α + 3λ1λ2 − 3λ2

1)
η
ζ2 , we get α = 3λ2

1 − 3λ1λ2, then using equation

(57), we have λ2 = 3λ2
1−λ2

2
λ2

η
ζ2 and λ2

2 �= 3λ2
1, considering that η = 2p2ζ, we get p1 = 6λ2

1−4λ2
2

λ2
2

p2.
If 3λ2

1 = 2λ2
2, then p1 = 0, by η = 2p2ζ we have p2 = 0, which is a contradiction.

If 3λ2
1 �= 2λ2

2, then p1 �= 0, and by η = 2p2ζ we have 18λ4
1 − 30λ2

1λ
2
2 + 11λ4

2 = 0, then λ2
1 = 5±

√
3

6 λ2
2, 

which satisfies λ2
2 �= 3λ2

1 and 3λ2
1 �= 2λ2

2. Then α2 = (p2−p1)(λ2
2−3λ1λ2)

p1
, p1 = (1 ±

√
3)p2 �= 0, ζ = (3 ±

√
3)p2, 

η = (6 ± 2
√

3)p2
2, φ = ce

λ2
2p1

t.
So we get

λ2
1 = 5±

√
3

6 λ2
2, p1 = (1 ±

√
3)p2 �= 0, α = 3λ2

1 − 3λ1λ2, α1 = 0, α2 = (p2−p1)(λ2
2−3λ1λ2)

p1
, φ = ce

λ2
2p1

t. [M]

4.3.3.2.2 α = λ2
2ζ

2

4η + 3λ2
1 − 3λ1λ2, ψ = c1e

λ2
2 t + c2te

λ2
2 t. By equation (45), we have

[λ2

2 c1 + c2 − a0c1 +
(λ2

2 c2 − a0c2

)
t
]
e

λ2
2 t = p1α2

λ2(p2 − p1)
η

ζ2 (c1 + c2t)1−2p2
ζ
η (e

λ2
2 t)1−2p2

ζ
η , (58)

where a0 = λ2
4 + 3λ2

1−λ2
2

λ2
2

η
ζ2 .

1) c2 �= 0. Then by equation (58), we have p2 = 0, by equation (44c), we get α2+λ2
(φζ)′
φζ = α−λ2

2+3λ1λ2, 

then φζ = c0e
α−λ2

2+3λ1λ2−α2
λ2

t; on the other hand, φζ = ψ
ζ2
η =

(
c1e

λ2
2 t+c2te

λ2
2 t

) ζ2
η , then c0e

α−λ2
2+3λ1λ2−α2

λ2
t =(

c1e
λ2
2 t + c2te

λ2
2 t

) ζ2
η , this is a contradiction to c2 �= 0.

2) c2 = 0. Then equation (58) becomes(λ2

2 c1 − a0c1

)
e

λ2
2 t = p1α2

λ2(p2 − p1)
η

ζ2 c
1−2p2

ζ
η

1 (e
λ2
2 t)1−2p2

ζ
η . (59)

1′. a0 = λ2
2 . By equation (59), we get p1α2 = 0. Considering that a0 = λ2

4 + 3λ2
1−λ2

2
λ2

2

η
ζ2 , we have λ2

2 �= 3λ2
1

and λ
2
2
4

ζ2

η = 3λ2
1 − λ2

2, then α = 6λ2
1 − 3λ1λ2 − λ2

2.
If p1 = 0, then ζ = 2p2, η = 2p2

2, 
η
ζ2 = 1

2 . By λ
2
2
4

ζ2

η = 3λ2
1 − λ2

2, we have λ2
2 = 2λ2

1 and α = 2λ2
2 − 3λ1λ2. 

By equation (44b), we get φζ = c0e
λ2t, then by equation (44c), we get λ2 = 3

2λ1, this is a contradiction to
λ2

2 = 2λ2
1.

If p1 �= 0, α2 = 0, then ψ = c1e
λ2
2 t, φζ = c0e

2(3λ2
1−λ2

2)
λ2

t, then by equation (44b), we have α = 6λ2
1 −

3λ1λ2 − λ2
2 = 0, which satisfies equation (44c). φ = c0e

λ2
2

ζ
η t.

So we get

p1 �= 0, α = 6λ2
1 − 3λ1λ2 − λ2

2 = 0, α1 = α2 = 0, φ = c0e
λ2
2

ζ
η t. [N]
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2′. a0 �= λ2
2 . By equation (59), we have p2 = 0, then ζ = p1, η = p2

1, 
ζ2

η = 1, so α = λ2
2
4 + 3λ2

1 − 3λ1λ2, 
φζ = c1e

λ2
2 t. By equation (44b), we have 6λ2

1 − 3λ1λ2 −λ2
2 = 0, by equation (44c), we have α2 = 3λ2

1 − 5
4λ

2
2.

So we get

6λ2
1 − 3λ1λ2 − λ2

2 = 0, p1 �= 0, p2 = 0, α = λ2
2
4 + 3λ2

1 − 3λ1λ2, α2 = 3λ2
1 − 5

4λ
2
2, φ = ce

λ2
2ζ t. [O]

4.3.3.2.3 α >
λ2

2ζ
2

4η +3λ2
1−3λ1λ2. Then ψ = c1e

λ2
2 t cos(at) +c2e

λ2
2 t sin(at) and a =

√
4(α+3λ1λ2−3λ2

1)
η

ζ2 −λ2
2

2 . 
By equation (45), we have(λ2

2 c1 + ac2

)
cos(at) +

(
− ac1 + λ2

2 c2

)
sin(at)

= p1α2

λ2(p2 − p1)
η

ζ2

(
c1 cos(at) + c2 sin(at)

)1−2p2
ζ
η e−λ2p2

ζ
η t

+ α− λ2
2 + 3λ1λ2

λ2

η

ζ2

(
c1 cos(at) + c2 sin(at)

)
. (60)

1) p2 �= 0. Then by equation (60), we get p1α2 = 0 and

λ2

2 c1 + ac2 = α− λ2
2 + 3λ1λ2

λ2

η

ζ2 c1; (61a)

−ac1 + λ2

2 c2 = α− λ2
2 + 3λ1λ2

λ2

η

ζ2 c2. (61b)

By (61a) × c2 − (61b) × c1, we get c21 + c22 = 0, this is a contradiction.
2) p2 = 0. Then by equation (60), we have

λ2

2 c1 + ac2 = p1α2

λ2(p2 − p1)
η

ζ2 c1 + α− λ2
2 + 3λ1λ2

λ2

η

ζ2 c1; (62a)

−ac1 + λ2

2 c2 = p1α2

λ2(p2 − p1)
η

ζ2 c2 + α− λ2
2 + 3λ1λ2

λ2

η

ζ2 c2. (62b)

By (62a) × c2 − (62b) × c1, we get c21 + c22 = 0, this is a contradiction.
So we have no solution in the case of α >

λ2
2ζ

2

4η + 3λ2
1 − 3λ1λ2.

According to the above discussions, we get the following theorem:

Theorem 4.19. Let M = I ×φp1 F1 ×φp2 F2 · · · ×φpm Fm be a generalized Kasner space–time, dimF1 = 1, 
dimF2 = 2 and P = ∂

∂t . Then (M,∇) is Einstein with the Einstein constant α if and only if one of the 
following conditions is satisfied:

(1) λ2
2 = 3λ2

1, p1 = p2 = 0, α = 3λ2
1 − 3λ1λ2 = λ2

2 − 3λ1λ2, α1 = α2 = 0;
(2) λ2

2 = 3λ2
1, p2

1 + p2
2 �= 0, α = 3λ2

1 − 3λ1λ2 = λ2
2 − 3λ1λ2, α1 = α2 = 0, φ = c;

(3) λ2
2 �= 3λ2

1, λ2 �= 3λ1, 6λ2
1−3λ1λ2−λ2

2
3λ1−λ2

�= 0, p1 �= 0, p2 = 0, α = 18λ4
1−6λ1λ

3
2+24λ2

1λ
2
2−36λ3

1λ2
(3λ1−λ2)2 , α1 = 0, 

α2 = 18λ4
1−2λ4

2+6λ1λ
3
2−18λ3

1λ2
(3λ1−λ2)2 , φ = ce

3λ2
1−λ2

2
(3λ1−λ2)p1

t;

(4) λ2
2 < 3λ2

1, λ2 �= 3λ1, 6λ2
1−3λ1λ2−λ2

2
3λ1−λ2

�= 0, p1 �= 0, p2 �= −1
2p1, η

ζ2 = 3λ2
1−λ2

2
(3λ1−λ2)2 , α = α1 = α2 = 0, 

φ = ce
3λ1−λ2

ζ t;
(5) λ2 �= 3λ1, 

6λ2
1−3λ1λ2−λ2

2
3λ1−λ2

< 0, 18λ4
1 − λ4

2 + 6λ1λ
3
2 − 15λ2

1λ
2
2 �= 0, p1 �= 0, p2 = 0, α1 = 0, α =

18λ4
1−6λ1λ

3
2+24λ2

1λ
2
2−36λ3

1λ2
2 , α2 = 18λ4

1−λ4
2+6λ1λ

3
2−15λ2

1λ
2
2

2 , φ = ce
3λ1λ2−3λ2

1
(3λ1−λ2)p1

t;
(3λ1−λ2) (3λ1−λ2)
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(6) λ1 = λ2, p1 = 0, p2 �= 0, α = α1 = α2 = 0, φ = c0e
λ1
p2

t;
(7) λ2

1 = 5±
√

3
6 λ2

2, p1 = (1 ±
√

3)p2 �= 0, α = 3λ2
1 − 3λ1λ2, α1 = 0, α2 = (p2−p1)(λ2

2−3λ1λ2)
p1

, φ = ce
λ2
2p1

t;

(8) 6λ2
1 − 3λ1λ2 − λ2

2 = 0, p1 �= 0, α = 6λ2
1 − 3λ1λ2 − λ2

2 = 0, α1 = α2 = 0, φ = ce
λ2
2

ζ
η t;

(9) 6λ2
1 − 3λ1λ2 − λ2

2 = 0, p1 �= 0, p2 = 0, ζ
2

η = 1, α = λ2
2
4 + 3λ2

1 − 3λ1λ2, α2 = 3λ2
1 − 5

4λ
2
2, φ = ce

λ2
2

ζ
η t.

Remark 13. By [A] we get Theorem 4.19(1), by [B], [F], [I], [K] we get Theorem 4.19(2), by [C], [G]
we get Theorem 4.19(3), by [E], [L] we get Theorem 4.19(4), by [H] we get Theorem 4.19(5), by [D], [J]
we get Theorem 4.19(6), by [M] we get Theorem 4.19(7), by [N] we get Theorem 4.19(8), by [O] we get 
Theorem 4.19(9).

4.3.4. Type (II) generalized Kasner space–times with a quarter-symmetric connection with constant scalar 
curvature

By Proposition 4.17, then (F2, ∇F2) has constant scalar curvature SF2 and

S = SF2

φ2p2
− 2ζ φ

′′

φ
− (η + ζ2 − 2ζ) (φ′)2

φ2 + 3(λ1 + λ2)ζ
φ′

φ
+ 3(λ2

1 + λ2
2 − 4λ1λ2). (63)

(a) ζ = 0. (1) η = 0. Then p1 = p2 = 0 and S = SF2 + 3(λ2
1 + λ2

2 − 4λ1λ2).
(2) η �= 0. Then S = SF2

φ2p2 − η (φ′)2
φ2 + 3(λ2

1 + λ2
2 − 4λ1λ2), which means

η
(φ′)2

φ2 = SF2

φ2p2
− [S − 3(λ2

1 + λ2
2 − 4λ1λ2)]. (64)

(b) ζ �= 0. Putting φ = ψ
2ζ

η+ζ2 , we get

− 4ζ2

η + ζ2ψ
′′ + 6(λ1 + λ2)ζ2

η + ζ2 ψ′ + (3λ2
1 + 3λ2

2 − 12λ1λ2 − S)ψ + SF2ψ
1− 4p2ζ

η+ζ2 = 0. (65)

4.3.5. Classification of Einstein type (III) generalized Kasner space–times with a quarter-symmetric 
connection

Considering dimF1 = dimF2 = dimF3 = 1, by Remark 4, we get αi = 0 and by Proposition 4.16, we 
have

ζ
(
λ2

φ′

φ
− φ′′

φ

)
− (η − ζ) (φ′)2

φ2 + 3(λ2
1 − λ1λ2) = α; (66a)

−p1

[φ′′

φ
+ (ζ − 1)(φ′)2

φ2 + (λ2 − 3λ1)
φ′

φ

]
+ λ2ζ

φ′

φ
= α− λ2

2 + 3λ1λ2; (66b)

−p2

[φ′′

φ
+ (ζ − 1)(φ′)2

φ2 + (λ2 − 3λ1)
φ′

φ

]
+ λ2ζ

φ′

φ
= α− λ2

2 + 3λ1λ2; (66c)

−p3

[φ′′

φ
+ (ζ − 1)(φ′)2

φ2 + (λ2 − 3λ1)
φ′

φ

]
+ λ2ζ

φ′

φ
= α− λ2

2 + 3λ1λ2. (66d)

(a) ζ = η = 0. By equation (66a), we have α = 3λ2
1 − 3λ1λ2, and by equation (66b), we have α =

λ2
2 − 3λ1λ2, then we get λ2

2 = 3λ2
1.

So we obtain

λ2
2 = 3λ2

1, α = 3λ2
1 − 3λ1λ2 = λ2

2 − 3λ1λ2, αi = 0, ζ = η = 0.
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(b) ζ = 0, η �= 0. By (66b) + (66c) + (66d), we get α = λ2
2 − 3λ1λ2; by equation (66a), we have 

(φ′)2
φ2 = 3λ2

1−λ2
2

η .
1) 3λ2

1 − λ2
2 < 0, we have no solution.

2) 3λ2
1 − λ2

2 = 0, then φ = c, which satisfies equation (66a).

3) 3λ2
1 − λ2

2 > 0, then φ = c0e
±
√

3λ2
1−λ2

2
η t, since η �= 0, so at least one pi �= 0, we assume p1 �= 0, by 

equation (66b), we get λ2 = 3λ1, but by 3λ2
1 − λ2

2 > 0, we get λ2
1 < 0, which is a contradiction.

So we have

λ2
2 = 3λ2

1, α = 3λ2
1 − 3λ1λ2 = λ2

2 − 3λ1λ2, αi = 0, ζ = 0, η �= 0, φ = c

in case (b).
(c) ζ �= 0, then η �= 0. If p1 = p2 = p3, we get type (I), if p1 = p2 or p2 = p3 or p1 = p3, we get type (II ), 

so p1 �= p2 �= p3. Let φ = ψ
ζ
η , then equations (66a)–(66d) become

ζ2

η

λ2ψ
′ − ψ′′

ψ
= α + 3λ1λ2 − 3λ2

2 (67a)

p1

ζ

[
− (φζ)′′

φζ
+ (3λ1 − λ2)

(φζ)′

φζ

]
+ λ2

(φζ)′

φζ
= α− λ2

2 + 3λ1λ2 (67b)

p2

ζ

[
− (φζ)′′

φζ
+ (3λ1 − λ2)

(φζ)′

φζ

]
+ λ2

(φζ)′

φζ
= α− λ2

2 + 3λ1λ2 (67c)

p3

ζ

[
− (φζ)′′

φζ
+ (3λ1 − λ2)

(φζ)′

φζ

]
+ λ2

(φζ)′

φζ
= α− λ2

2 + 3λ1λ2 (67d)

By (67b) × p2 − (67c) × p1 and considering that p1 �= p2, we get

λ2
(φζ)′

φζ
= α− λ2

2 + 3λ1λ2 (68a)

(φζ)′

φζ
= α

λ2
− λ2 + 3λ1 (68b)

By equations (67b) and (68a), we get − (φζ)′′
φζ + (3λ1 − λ2) (φζ)′

φζ = 0, then by equation (68b), we have

(φζ)′′

φζ
= (3λ1

λ2
− 1)α + 9λ2

1 − 6λ1λ2 + λ2
2 (69)

On the other hand, using equation (68b), we get

φζ = c0e
( α
λ2

−λ2+3λ1)t (70)

By equations (69) and (70), we obtain α2 + (3λ1λ2 − λ2
2)α = 0, so when λ2 = 3λ1, we have α = 0; when 

λ2 �= 3λ1, we have α = 0 or α = λ2
2 − 3λ1λ2 �= 0.

1) λ2 = 3λ1. Then α = 0, by equation (70), we get that φζ is a constant, then ψ is a constant, so by 
equation (67a), we have λ2

1 = 0, which is a contradiction to λ1 �= 0.
2) λ2 �= 3λ1. 1′. α = λ2

2−3λ1λ2 �= 0. By equation (70), we get that φζ is a constant, then ψ is a constant, 
and φ = c is a constant. By equation (67a), we have α = 3λ2

1 − 3λ1λ2 and λ2
2 = 3λ2

1.
So we get

λ2
2 = 3λ2

1, α = 3λ2
1 − 3λ1λ2 = λ2

2 − 3λ1λ2, αi = 0, ζ �= 0, η �= 0, φ = c.
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2′. α = 0. By equation (67a), we have

ψ′′ − λ2ψ
′ + (3λ1λ2 − 3λ2

1)
η

ζ2ψ = 0. (71)

By equation (70), we get φζ = c0e
(3λ1−λ2)t, then φ = ce

3λ1−λ2
ζ t, ψ = c1e

(3λ1−λ2) η

ζ2 t, by equation (71), we 

get η
ζ2 = 3λ2

1−λ2
2

(3λ1−λ2)2 .
So we have

λ2 �= 3λ1, α = 0, αi = 0, η
ζ2 = 3λ2

1−λ2
2

(3λ1−λ2)2 , φ = ce
3λ1−λ2

ζ t.

According to the above discussions, we get the following theorem:

Theorem 4.20. Let M = I ×φp1 F1 ×φp2 F2 · · · ×φpm Fm be a generalized Kasner space–time for pi �= pj for 
i, j ∈ {1, 2, 3} and dimF1 = dimF2 = dimF3 = 1, and P = ∂

∂t . Then (M,∇) is Einstein with the Einstein 
constant α if and only if one of the following conditions is satisfied:

(1) λ2
2 = 3λ2

1, α = 3λ2
1 − 3λ1λ2 = λ2

2 − 3λ1λ2, αi = 0, ζ = η = 0;
(2) λ2

2 = 3λ2
1, α = 3λ2

1 − 3λ1λ2 = λ2
2 − 3λ1λ2, αi = 0, η �= 0, φ = c;

(3) λ2 �= 3λ1, α = 0, αi = 0, η
ζ2 = 3λ2

1−λ2
2

(3λ1−λ2)2 , φ = ce
3λ1−λ2

ζ t.

4.3.6. Type (III) generalized Kasner space–times with a quarter-symmetric connection with constant scalar 
curvature

By Proposition 4.17, we get

S = −2ζ φ
′′

φ
− (η + ζ2 − 2ζ) (φ′)2

φ2 + 3(λ1 + λ2)ζ
φ′

φ
+ 3(λ2

1 + λ2
2 − 4λ1λ2). (72)

(a) ζ = η = 0. Then p1 = p2 = p3 = 0, and S = 3(λ2
1 + λ2

2 − 4λ1λ2).
(b) ζ = 0, η �= 0. Then [(lnφ)′]2 = 3(λ2

1+λ2
2−4λ1λ2)−S

η , so we have:

1) S > 3(λ2
1 + λ2

2 − 4λ1λ2), we have no solution.
2) S = 3(λ2

1 + λ2
2 − 4λ1λ2), then φ = c.

3) S < 3(λ2
1 + λ2

2 − 4λ1λ2), then φ = c0e
±
√

3(λ2
1+λ2

2−4λ1λ2)−S

η t.

(c) ζ �= 0, then η �= 0. Putting φ = ψ
2ζ

η+ζ2 , we have

− 4ζ2

η + ζ2ψ
′′ + 6(λ1 + λ2)ζ2

η + ζ2 ψ′ + (3λ2
1 + 3λ2

2 − 12λ1λ2 − S)ψ = 0. (73)

So we get

1) S < 9ζ2(λ1+λ2)2
4(η+ζ2) + 3λ2

1 + 3λ2
2 − 12λ1λ2,

ψ = c1e

3
2 (λ1+λ2)+

√
9(λ1+λ2)2

4 −
(S−3λ2

1−3λ2
2+12λ1λ2)(η+ζ2)

ζ2
2 t

+ c2e

3
2 (λ1+λ2)−

√
9(λ1+λ2)2

4 −
(S−3λ2

1−3λ2
2+12λ1λ2)(η+ζ2)

ζ2
2 t;
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2) S = 9ζ2(λ1+λ2)2
4(η+ζ2) + 3λ2

1 + 3λ2
2 − 12λ1λ2, ψ = c1e

3(λ1+λ2)
4 t + c2te

3(λ1+λ2)
4 t;

3) S > 9ζ2(λ1+λ2)2
4(η+ζ2) + 3λ2

1 + 3λ2
2 − 12λ1λ2,

ψ = c1e
3
4 (λ1+λ2)t cos

√
(S−3λ2

1−3λ2
2+12λ1λ2)(η+ζ2)
ζ2 − 9(λ1+λ2)2

4

2 t

+ c2e
3
4 (λ1+λ2)t sin

√
(S−3λ2

1−3λ2
2+12λ1λ2)(η+ζ2)
ζ2 − 9(λ1+λ2)2

4

2 t

According to the above discussions, we get the following theorem:

Theorem 4.21. Let M = I ×φp1 F1 ×φp2 F2 · · · ×φpm Fm be a generalized Kasner space–time and dimF1 =
dimF2 = dimF3 = 1, and P = ∂

∂t . Then (M,∇) has constant scalar curvature S if and only if one of the 
following conditions is satisfied:

(1) ζ = η = 0, S = 3(λ2
1 + λ2

2 − 4λ1λ2).
(2) ζ = 0, η �= 0, when S > 3(λ2

1 + λ2
2 − 4λ1λ2), we have no solution; when S = 3(λ2

1 + λ2
2 − 4λ1λ2), then 

φ = c; when S < 3(λ2
1 + λ2

2 − 4λ1λ2), then φ = c0e
±
√

3(λ2
1+λ2

2−4λ1λ2)−S

η t.
(3) ζ �= 0,

(a) S < 9ζ2(λ1+λ2)2
4(η+ζ2) + 3λ2

1 + 3λ2
2 − 12λ1λ2,

φ =
[
c1e

3
2 (λ1+λ2)+

√
9(λ1+λ2)2

4 −
(S−3λ2

1−3λ2
2+12λ1λ2)(η+ζ2)

ζ2
2 t

+ c2e

3
2 (λ1+λ2)−

√
9(λ1+λ2)2

4 −
(S−3λ2

1−3λ2
2+12λ1λ2)(η+ζ2)

ζ2
2 t

] 2ζ
η+ζ2

;

(b) S = 9ζ2(λ1+λ2)2
4(η+ζ2) + 3λ2

1 + 3λ2
2 − 12λ1λ2, φ =

[
c1e

3(λ1+λ2)
4 t + c2te

3(λ1+λ2)
4 t

] 2ζ
η+ζ2

;

(c) S > 9ζ2(λ1+λ2)2
4(η+ζ2) + 3λ2

1 + 3λ2
2 − 12λ1λ2,

φ =
[
c1e

3
4 (λ1+λ2)t cos

√
(S−3λ2

1−3λ2
2+12λ1λ2)(η+ζ2)
ζ2 − 9(λ1+λ2)2

4

2 t

+ c2e
3
4 (λ1+λ2)t sin

√
(S−3λ2

1−3λ2
2+12λ1λ2)(η+ζ2)
ζ2 − 9(λ1+λ2)2

4

2 t
] 2ζ

η+ζ2
.

Remark 14. When λ1 = λ2 = 1, we get Propositions 32, 33 and Theorems 35, 37, 36 in [14] by Proposi-
tions 4.16, 4.17 and Theorems 4.19–4.21, respectively.
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