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1. Introduction

There are many interesting papers concerning the zero distribution of entire functions, its sections and
tails, see, for example, the remarkable survey of the topic in [13]. In this paper, we consider entire functions
with positive Taylor coefficients and investigate the question whether or not they (and their Taylor sections)
belong to the famous Laguerre—Pélya class.

Definition 1. A real entire function f is said to be in the Laguerre—Pdlya class, written f € £ — P, if it can
be expressed in the form

f(z) = cxe—ow +Be ﬁ (1 — i) e, (1)

T

where ¢, 3,z € R, 7, # 0, @ > 0, n is a non-negative integer and > -, 7 < 00. As usual the product on
the right-hand side can be finite or empty (in the latter case the product equals 1).
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This class is essential in the theory of entire functions due to the fact that these and only these functions
are the uniform limits, on compact subsets of C, of polynomials with only real zeros. The following prominent
theorem states even stronger fact.

Theorem A (E. Laguerre and G. Pdlya). (See, for example, [/, pp. 42-46].)

(i) Let (P,)%2, be a sequence of complex polynomials having only real zeros which converges uniformly in
the circle |z| < A, A > 0. Then this sequence converges uniformly on compact sets in C to an entire
function f, and f is from L —P class.

(i) And conversely, for any f € L—"P there is a sequence of complex polynomials with only real zeros which
converges uniformly on compact sets of C to f.

Note that although every entire function from the Laguerre-Pélya class is the uniform limit of the
polynomials with only real zeros, Taylor sections of this function may have non-real zeros. For example,
f(z) = € € L — P and the sequence of polynomials P, (z) = (1 + %)n having only real zeros converges
uniformly, on compact subsets of C, to f(z). But for every n € N the n-th Taylor section of f has not more
than one real zero counting multiplicity (see, for example, [18, Chapter 5, Problem 74]).

For various properties and characterizations of the Laguerre-Pdlya class see [16, p. 100], [17] or [12,
Kapitel I1].

Let f(z) = Z;io ajzJ be an entire function with positive coefficients. We use two notations:

Pn ap—1

Pn = pa(f) = s n21 gn=qa(f) = =——,n>2 (2)
(279} Pn—1 Ap—20anp
Note that
a a a\"
an = 70’ n Z 1’ an = n—1_n—2 - 2 (_1> M Z 2. (3>
P1P2 - - - Pn 3 43 " ---qn_1qn \ @0

In this paper, we study entire functions with positive Taylor coefficients such that g,(f) are increasing in
n and g2(f) > 1. By (3) every entire function having these properties is of order zero. Let f(z) = Z;‘io a;jzl
be an entire function with positive coefficients and order less than 2. It is well known and often used that
such function has only real zeros if and only if the sequence (klay)72, is the multiplier sequence.

Definition 2. A sequence (7;)72, of real numbers is called a multiplier sequence if, whenever the real
polynomial P(z) = >",_ ax2* has only real zeros, the polynomial Y ;_, vkarz* has only real zeros. The
class of multiplier sequences is denoted MS.

The following famous theorem by G. Pdlya and I. Schur provided both algebraic and transcendental
characterizations of multiplier sequences.

Theorem B. (See [17,16] or [11, Chapter VIII, Sec. 3].) Let (vi)32, be a given real sequence. The following
three statements are equivalent.

1. (k)52 s a multiplier sequence.

2. For every n € N the polynomial P, (z) = > 1_ (})kz" has only real zeros of the same sign.

3. The power series ®(z) = ZZ":O %zk converges absolutely in the whole complex plane and the entire
function ®(z) or the entire function ®(—z) admits the representation
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o0
z
Ce%%z™ 14+ — 4
ez [J+ ), 4
k=1
where C € R, 0 >0, m € NU{0}, 0 < z < o0, Z;’;1$<oo.
The simple consequence of Theorem B is the fact that the sequence (70,71, --.,%,0,0,...) is a multiplier
sequence if and only if the polynomial P(z) = 22:0 2= 2% has only real zeros of the same sign.
We need also the notion of a complex zero decreasing sequence. For a real polynomial P we will denote
by Z.(P) the number of non-real zeros of P counting multiplicities.

Definition 3. A sequence ()32, of real numbers is said to be a complex zero decreasing sequence if

Ze(D> mwarz®) < Z.() - axz"), (5)
k=0 k=0

for any real polynomial ZZ:O aiz". The class of complex zero decreasing sequences we will denote by CZDS.

Obviously, CZDS C MS. The existence of nontrivial CZDS sequences is a consequence of the following
remarkable theorem proved by Laguerre and extended by Pélya.

Theorem C. (See [15] or [16, pp. 31/-321].) Suppose f is an entire function from the Laguerre—Pdlya class
having only negative zeros. Then the sequence (f(k))p, is a complex zero decreasing sequence.

As it follows from the above theorem,

(a-’f2)°° €C2ZDS, a>1, (1> € CZDS. (6)
k=0 k') o

Note that the problem of finding whether or not a given polynomial has only real zeros is rather dif-
ficult and subtle. In 1926, Hutchinson [5, p. 327 extended the work of Petrovitch [14] and Hardy ([2] or
[3, pp. 95-100]) and found the following sufficient condition for a polynomial (entire function) with positive
coeflicients to have only real zeros.

Theorem D. (See [5, p. 527].) Let f(z) = > peyarz® be an entire function with positive coefficients. In-
equalities g, (f) > 4, VYn > 2, are valid if and only if the following two properties hold:

(i) The zeros of [ are all real, simple and negative and
(ii) the zeros of any polynomial Y }_ apz®, m < n, formed by taking any number of consecutive terms
of f, are all real and non-positive.

For some extensions of Hutchinson’s results see, for example, [1, §4]. In Theorem 1.1(2) we will present
a slight improvement of Hutchinson’s theorem. v

In [6] the following entire function g,(2) = Y72, ;J—.JQ, a > 1, so called “partial theta-function”, was
investigated. This paper gives the exhaustive answer to the question: for which a > 1 the entire function g,

belongs to the Laguerre-Pélya class?
Theorem E. (See [6].) There exists a constant ¢oo (oo =~ 3.23363666) such that:

(1) Sopt1(z,9q) := Zjigl a’% €L —P for every k € N& a? > qoo;
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(2) INy € NVE > Ny Sar(2,94) := 2320 ;_]2 EL-—Pea®> (oo;
(3) ga(2) EL—P < a® > goo.

A wonderful paper [10] among the other results explains the role which the constant g., plays in the
study of the set of entire functions with positive coefficients having all Taylor sections with only real zeros.
About interesting properties of zeros of the partial theta-function see [8] and [9].

+o0 3
Let f(z) = Zzo:oakzk =14+z+4+ > ﬁ
k=2 12 3 419k
coefficients and of order less than 1. We will denote by S,,(z) the n-th Taylor section of f: S, (z) =1+ 2+

> m. We will investigate necessary or sufficient conditions for the function f to belong to
k=2 -1

the Laguerre—Pélya class.

be a given entire function with positive Taylor

We note a simple necessary condition. Let f(2) = Y o, axz® € £ — P be a function of order less than 1,
f(0) #0, and (xx)72; C R be a sequence of all its zeros. We have

— 1
Z—:a%—2a0a2>0.

2
T
k=1"k

Thus for such functions
feL—P=q(f) >2 (7)

Our first result is the following theorem.

+oo
Theorem 1.1. Let f(z) =Y pojapz® =142+ W be an entire function with positive Taylor
k=2 12 3 k19K

coefficients.

q2 >3, q3 > Ti and q; > qo for j > 4, then the function f and its sections Sy, for all n > 2 have
1) If 3 q521 j
exactly two roots in the disk {z : |z| < g2}.
g > 1 and gj41 > orallj =2,3,...,n—1, then 5,, has at least (n — real roots on |q2;+00).
2) If 1 and g+ 4 for all j =2,3 1, then S, h l 2 l
Furthermore, there exists a point y € [qa; q3] such that S,(—y) > 0.
3
€e L—-P,q > 3, g3 > =25 and q; > or all 3 = 3,4,..., then for every n & we have
3)If fe L-P 3 q:1 dgj >4 forall j = 3,4 hen f N h
Szn+1 eL—P.
(4) If2< g2 <3 and qr, > *& for all k >3, then f ¢ L —P.

Later on, we will investigate a family of entire functions

too k m
ma 2" (k!
f! ”(z):];) ((11&) L a>1mz21,

and their Taylor sections

S (4) = z”: ™

k2
a
k=0

(o)
By (6) we obtain (a’kz)k € CZDS C MS for every a > 1. Thus we conclude that if for some ag > 1
=0

we have f(™@0) e £ — P then for all a > ag we have f("® e £ —P. Analogously if for some ag > 1 we
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have Sﬁm’ao) € L — P then for all a > ag we have ST(Lm’a) € L — P. Thus we obtain that for every n € N,
n > 2, there exists a constant d(, ) > 1 such that
Sima) € £ —P & a* > dipm). (8)

Analogously we obtain that there exists a constant d( ;) > 1 such that
Fomn) e L—P e a® > disom)- (9)
The main result of this paper is the following theorem.

Theorem 1.2. In the notations introduced above we have:

(1) For every fized m > 1 the function f(™% belongs to the class £ — P if and only if there exists xo =
zo(m) € [—qa(f™); =1] such that ") (xq) < 0. For every fited m > 1 and n € N,n > 2, the
polynomial S pas only real zeros if and only if there exists xo = xo(m,n) € [—qo(f™); —1] such
that S,(Lm’a)(xo) <0.

(2) 3:-2Mm < d(3,m) < d(57m) < d(77m) <. < d(m,m).

(3) nlgrolo d2n+1,m) = d(oo,m)-

(4) 4-2™ = d(g’m) > d(4’m) > d(g’m) > > d(oo}m).

(5) Wm_ danm) = dioo,m)-

(6) For every n € N, n > 2, the function d, ) is the continuous increasing function as a function of m.
The function d(s,m) is also the continuous increasing function of m.

2. Proof of Theorem 1.1

By a small abuse of notation we will investigate the following function f(z) = > (=1)karz® = 1 —
k=0
k

+oo
z+ > (,1)km' The following lemma will provide some information about the behavior of
k=2 2 3 dp_19k

minimal values of the second section of f.

, 1, if g2 >3
Lemma 2.1. min |S3(qe’¥)| = ’

pelos2n] 1Bl if2< <3,

Proof. For So(2) =1— 2+ Z—z we get by direct calculation

2 g — 4q9 sinfsin3£. (10)

|S2(g2€™?)|? = 1 + 4q3 sin 9 M

Substituting v = sin? % € [0;1] we have sin % sin

3¢ _
=

v(3 — 4v) and so we get

|52 (q2e™?)|? = 16¢ov? + 4q2v(qa — 3) + 1 =: h(v).
Note that h(v) represents a quadratic parabola opening upward with the vertex vy = ?’*T'D. If2<g <3
then min h(v) = h(vy) =1 — %. If g2 > 3 then vg < 0 and min h(v) =h(0)=1. O

ve[0;1] veE(051]

The next lemma gives the estimate of the 3-rd remainder of our series.
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Lemma 2.2. Let go > 1 and q; > g2 for j > 3. Then

: @
R3(q2e"?)| < ——.
B (g2e™) q3(q3 — 1)
Proof.
|R3(qze™?)| < k=1 k— 22
k=342 43 Q1 G
Q2 1 1 1 1
= = 1+—+W+"' 1+ 2+ 5+—9"'
qs 4344 4349495 Q3 q3 q5 4z

11 1
S@g(1+_2+_4+_6...>2372, 5
q3 @ 9 49 q3(qz — 1)

Now we will prove Theorem 1.1(1).

3
Lemma 2.3. If g2 > 3, q3 > ngil and q; > g2 for j > 4, then the function f and its sections Sy, for alln > 2
have ezactly two roots in the disk {z : |z] < ¢2}.

Proof. For ¢o > 3 using Lemma 2.1 we get n[nn ]|SQ(Q2€ #)] = 1. Then from Lemma 2.2 we have
0;27

|R3(gq2e'®)| < < 1. Next, consider the roots of Sy(z) =1— 2z + Z—z. IfD=1- 1;12 >0< g2 >4,

( -1

then both roots of Sy are real and positive, and for the biggest root we have w <q.If D<O,
then Sy has two non-real roots zp and Zy such that 292y = g2. It means that |z| = \/g2 < g2 and Sz(2) has
two roots in |z| < g2. Now, applying Rouché’s theorem to S2(z) and Rs(z) (or to S2(z) and S, (z) — Sa(z),
where the same proof as in Lemma 2.2 shows that |S,(z) — Sa2(2)| < ﬁg_l)), we obtain the statement
required. 0O

Now, we will describe the behavior of f(x), Sant1(z) and Sz, (z) on [0; ¢2].

Lemma 2.4. Suppose that q; > 1 for j > 2.

1) If x € [0;g] then S3(x) < Ss(z) < ... < f(x).
2) If x € [0;1] then 0 < S1(x) < S3(z) < Ss(z) < ... < f(x).
3) If x € [0;q2] then Sa(xz) > Sa(z) > ... > f(z).

Proof. We rewrite So,, 41 ( ) = (1—x)+ (az2? —a3x3)+(a4x4—a5x5) +.. .+ (a2n 2 —agp 122", We have

k _k—1
apzh > appeftt e < 2 s < % = @23 ...qrs1, k = 2,4,6,.... The last inequality
3 k—1

holds because = < ¢ and q] > 1 This means that Sa,+1(x) > Sa,—1(x). The same argument is applied to
prove that f(z) > Sakt1(x). Moreover, if 2 € [0;1] then one may apply the same logic starting with S (z)
(not Ss(z)).

To prove 3), we rewrite So, (1) as (1 —z + az2?) + (—azx® + agz?) +. ..+ (—a2, 122"~ + ag,2?"). Thus,
Sop < Sap—2k follows from x < ¢a2q3 ... G2,—2k. The last inequality holds because x < g2 and ¢; > 1. The
same argument is applied to prove that f(z) < So(z) for all k € N. O

The following lemma gives the necessary and sufficient condition for S5 to have only real zeros.

Lemma 2.5. If f € L—P, g2 > 3, q3 > ng—gl, then Ss has only real zeros if and only if there exists xg € [1; go]
such that Ss(xg) < 0.
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Proof. Since ¢» > 3, g3 > ngil and f € £ — P, we derive that f(x) has two real roots on [0;gs] (by
Lemma 2.3). Using statement 2) of Lemma 2.4 f(x) > 0 on [0;1]. So f(x) has two real roots on [1;¢s].
It means that there exists xg € [1;¢z] such that f(zo) < 0. Now, S3(x) < f(x) on [1;¢s] implies that
S3(xg) < 0. Therefore, as S3(0) > 0, S5(zp) < 0, under our assumptions S3(g2) > 0 and S3(4+00) = —o0 it

follows that S3 has only real zeros. 0O

Remark 2.6. It is well-known that S3 has only real zeros if and only if its discriminant is non-negative.
In our notations we can state that Ss3 has only real zeros if and only if 6(g2,¢q3) > 0, where §(u,v) =
—4uv? + u?v? — 4uv + 18uv — 27.

Remark 2.7. 6(3,v) > 0 < v =3.

Proof. We observe that §(3,v) = —3(v — 3)? > 0. This means that v=3. O

The following lemma extends Hutchinson’s ideas about isolation of three consecutive terms of the series.
So we will prove Theorem 1.1(2).

Lemma 2.8. If o > 1 and ¢;41 > 4 for all j = 2,3,...,n— 1 then S, (x) has at least (n — 2) real Toots on
[g2; +00). Furthermore, there exists a point y € [g2; q3] such that Sp(y) > 0.

Proof. Obviously there exists & > g2¢s . .. ¢, such that sign S, (x) = (=1)". For every j =2,3,...,n—1 we

consider xo(j) = q2q3 - - - ¢ /@1 = V2B - - - Uj/3243 - - - @i +1- Clearly, 20(j) € [q2q3 - - - ¢55 9293 - - - G 41]-
Now we obtain

. 4 2 _1)i-2402
(1Y S (o)) = (—17 (1= g+ 2 4. 4 D70
q2 45 q3 ---Qj—2

x) )™ z)t
| 7= - 53 —
S BT g

. —1)9+2 J+2 1)y
1y <L++L> Ay At Ay

n—1

1+1
B e @G

s appft!t & 2 <

Firstly, consider As. Analogously to computations made in Lemma 2.4, apx
4293 - - . Qr+1, k > j + 2. This is true because xo(j) < g2¢3 ... gj4+1. So, Az > 0.
Similarly, axz® < api12*t! © x> gags ... i1, k < j — 3. This is true because x(j) > q2qs .. - gj. So,
Ay > 0.
)t 0203--G/G11 D9 d ) _ af !
——— -1+ =4
2

At last, since ¢;4.1 > 4 we have Ay = —=2 - 1=
’ Gj+1 = L S 9233---q; 434345 45 +1 2~~~Qj—1( i+

2) > 0. Thus, we found n — 1 different points of sign changes for S, (z). It means that we found n — 2 real
roots of S, (x). O

Remark 2.9. We obtain that if g0 > 1 and g;41 >4 for all j = 2,3,...,n — 1, then f has not more than 2
non-real roots.

The next lemma summarizes all the facts that were stated earlier and proves Theorem 1.1(3).

3
Lemma 2.10. If f € L—-P, ¢2 > 3, q3 > ng—il, qg; > 4 for j = 3,4,..., then for every n € N we get
Sgn_H(J)) elL—-7P.
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Proof. By Lemma 2.5 there exists z¢ € [1;¢2] such that S3(xg) < 0, whence S3 has only real zeros. From
Lemma 2.4 we get Sopt1(z9) < 0 for all & € N. Since Sax+1(0) = 1, we obtain that Irp € [1;¢2) :
Sok+1(rk) = 0. From Lemma 2.8 we see that Sop41(x) has 2k — 1 real roots on [ga; +00). So, Saxt1(x) has
2k real roots. The latter means that Sor41 has only real zeros. 0O

The following lemma states that if coefficients ¢o and g3 differ a lot, then the function f cannot belong
to the Laguerre—Pdlya class that proves Theorem 1.1(4).

Lemma 2.11. If 2 < gy < 3 and Yk > 3 qx > 4, then f ¢ L —P.

(oo}
Proof. Suppose that f € £ —P. Consider the following entire function: g,(z) = >_ (71)12#, where a > 1.
k=0 %

oo
Since ( - )k € CZDS we have g,(z) € L — P for all a > 1. It is easy to verify that qx(g.) = qr(f) - a®.
So there ex1sts a > 1 such that ¢2(g,) = 3. Obviously qx(g.) > 4 for all k& > 2. Using Lemma 2.5, we

(=D*aya* _ : _ a3(9a)  _ 27 27
get Z —a— €L-P (we can use this lemma because g¢2(g,) = 3, Bl = 8 q3(94) > %) By

Rem(uk 2.6 0(q2(94),93(92)) = 0(3,43(ga)) > 0. Then, by Remark 2.7 ¢3(g,) = 3, but g3(g,) > 4. We
obtained a contradiction. O

Remark 2.12. As it is seen from the proof, theorem is correct in the following form: if 2 < ¢o < 3 and for
all k> 3 we have ¢ > %ﬂ,thenfgéE—P.

We have proved Theorem 1.1(4), thus the proof of Theorem 1.1 is completed.
3. Proof of Theorem 1.2

As in the proof of Theorem 1.1 by a small abuse of notation we will investigate the function

+°° kkk[)
for e =3 EE T sy s,

k=

[}

and its Taylor sections

§lma) () — i (=1)k 2k (kD)™

k2
a
k=0

The question we are interested in remains the same: which necessary and sufficient conditions are there
for the function f("® and its Taylor sections to belong to the Laguerre-Pélya class? We will use some
reasonings close to those from [6] (see also [7]).

Let us investigate the behavior of d(, ) Wwith different values of m.

Lemma 3.1. d (o ) > 2™ 1.

Proof. According to the G. Pélya and J. Schur Theorem B,

n _ 1k k(.\m
(ma) o p_ (maa) . N () (D72 (R N
f eL-P & T¢ ._Z<k> e eL—P
k=0

for all n € N. Let us consider T\™%(z) = 1 — 22 + 2m+12 We have T\™* € £ — P if and only if
a2 >2mtl g
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We observe that g (f(™ a)) (1 - l)m . Thus, gr(f™®) < gryr (F0™) for all k > 2. It is important
to note that go(f("™®)) = a2, qz(fma)) = g:aQ.
From now on, we will use the results obtained earlier in this work. To do that, we should assume first

that go(f(™%) > 3 and ascertain that ¢;(f("™%) > 4 for all j > 3.

Lemma 3.2. If go(f("™%) > 3, then ¢; (") > 4 for all j > 3.

Proof. Plainly, ¢2(f (m’a)) >3 < a?>3-2™ The inequality we want to prove now turns into the next one:

a? >4 (1 — %)_ . One may see that max 4 )m = 2m . Obviously, 3-2™ >4 - (%)m = (%)m > %. This

i3 (1-

Sl

is true for allm e N. 0O
So, using Lemma 2.8, one may obtain the following statement.

Corollary 3.3. If a®> > 3-2™ then Sr(f”’a) has at least n — 2 real roots on [;—Ti, +00) for alln > 2.

(m,a)

Thus, the behavior of d,, ,,) is determined by two roots of Sy near the origin (namely, in the disk of

radius ;—:7)

Next, we will find out the connection between d2,,41,,) for different values of n and d (1) The following
lemmas will assume that a® > 3 - 2™. Later we will show that this assertion is essential.

We will denote cpi'(n’m) = max(d(,,m),3 - 2™) and Cim,m) = max(d(oo,m), 3 - 2™).

(m.a)
Now we will check that for a® > 3-2™ the inequality g3(f(™%) > % is valid. This inequality is

W Since a? > 3 -2™ it is sufficient to

Thus we get the inequality ()" > 2 which is true for all m > 1.

equivalent to (%)m > W, or after transformations a* >

prove that 9 - 22" > ﬁ.

Lemma 3.4. 67(37m) < 67(5)7,1) < CAli(7,m) <...< d(oo,m).

Proof. Let us prove that cj(gn,lﬁm) < J(QnJer). If a®> > J(QnJer), then Sé:?_‘_al) € L — P. Since as a® >

3. 2™ we know that Séf al)( ) has 2n — 3 real roots on [;—Ti, +00) (this follows from Corollary 3.3) and

Sé:?;al)( ) < Sé;n_ﬁ (x) on [1; ;m] (which follows from Lemma 2.4). So, Séf;_al) has 2 roots in [1; 2m] (this

follows from Lemma 2.3) and Sé:::_al (0) > 0. So we derive that there exists z¢ € [1; 2m] Sé:::_al (xg) < 0.

Then Szm a)( 0) < 0. Combined with Sg: al (0) > 0 one obtains that Sé;n al)( ) has at least 1 real root on
(m.a)

lg; 2] Thus Sé;n al) has 2 roots in [1; 2] these roots are real and so S5, € L —P.

Proof of the statement concerning d (c0,m) 18 exactly the same (up to changing Sénfl) by f(me)). O

Next lemma will provide an information concerning d3 -
Lemma 3.5. d(3,,) > 3-2™.

Proof. Sém’a)(x) =1l—z+ q%:ﬁ 7 1q 23, If S " a)( ) € L—P, then P(z) = x?’Sém’a)(%) =23 -2+ q%x—
ddIP(x) =322 -22+1 7 € £L—P. The latter is equivalent to D = 4 — 4% >0< g2 > 3.
Thus, d3,,m) > 3-2™.

Let us assume that a* = d(3 ) = 3-2" < QQ(ng’a)) = 3. Then we have that Sém’a) (x) € L—P. But from
the Remark 2.6 and Remark 2.7 one obtains that g3 (ng,a)) = 3, whilst from Lemma 3.2 qg(Sém’a)) > 4.
The contradiction we have obtained proves this lemma. O

Thus we obtained that C’Z/(Qk+1’m) = d(2k+1,m), k¥ € N, and J(oo,m) = d(o0,m)-
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Our next step is to prove that (d(2,+1,m)) is a strictly monotonously increasing sequence.

oo
n=1
Lemma 3.6. d(2n—1,m) 7é d(?n-‘rl,m)'

Proof. Let a* = d(3;,41,m). Then Sézlfl has exactly one double root on [1; 2m] If diont1,m) = den—1,m)
then SQn al also has exactly one double root. But SéZL al (0) > 0, and so Szm ) () > 0 on [1; 2m] From
Lemma 2.4 we get that 0 < Séf al)( ) < Sé;nfl (x), so Sémral)( ) > 0 for every x € [1; 2m] But it contradicts
to the statement that Sg;"fl eL-P. O

Remark 3.7. If a®> = d(n,m), then S{™) has exactly one double root and no other roots on [1;2:]. If

a? = d(so,m), then f(m9) has exactly one double root and no other roots on [1; ;—i]

Our next goal is to find out what is the limit of d(2;,11,,) as n — oo.

Lemma 3.8. nh_>n;o d(2n+1,m) = d(co,m)-

Proof. Lemma 3.6 implies that the sequence (d(2n+17m))zoz is monotonous and this sequence is bounded

1
from above with the upper bound d(s ). So we obtain that there exists the limit lim d(2,,41,,) which we
n—oo

denote by Lg. Let us prove that Lo = d(oc,m)- Obviously, Lo < d(oo,m)- Let us assume that Lo < d(oo,m)-

Let us choose ag such that a € (Lo; d(oo,m))- Since ag > Lo = sup,ey d(2n+1,m) We get 52:': ) e f_p

for all n € N. But f("™%)(z) = lim Sé?fjraf)(z), and this limit is uniform on compact subsets of C, so from
n—roo

the Hurwitz’s theorem f("™%) ¢ £ —P. But a2 < d(s0,m) implies that flmao) ¢ £ P, This contradiction
proves the required statement. O

Now we will investigate the behavior of d(ay, ,,). Obviously d(g ) = 4 - 2™.
The next statement provides us with a lower bound on d (2, -

Lemma 3.9. d(oc,;m) < d(2n,m) for alln € N.

Proof. We have proved that d(o, m) > 3.2™. Then by Remark 3.7 (™% has exactly one double root and no
other roots on [1; 2m] From f(™9)(0) > 0 we obtain £ (z) > 0 for all = € [0; 2m] So, from paragraph 3)
of Lemma 2.4 S(m (x) > fma)(z) > 0= SQm a)( ) > 0 for all z € [0; é%] The latter implies that S(m @)
has no real roots on that interval. But Lemma 2.3 grants that Sé:?’a) has exactly two roots in the disk
|z] < 5. So, these are non-real roots and 5’2m -a) ¢ L—"P. Thus d2p,m) > dico,m)- O

Corollary 3.10. d(2,, ) > 3 - 2™ for all m € N.
The next statement describes the monotonicity of the sequence (d(g)m))zo:l.
Lemma 3.11. d(z,m) > d(4,m) > d(6,m) >

Proof. Let a? = = d(2n,m)- Then S(m “) ¢ £—P. From Corollary 3.10 we obtain that a? > 3-2™. It means that
Séf;_a; has at least 2n real roots on (;—i, o0) (Corollary 3.3). Now, there exists zg € [0; ;,i] Sg:f a)(xo) =
0 and ¢ is the unique double root on that interval (Remark 3.7). Now, SéZTQ (o) < S(m a)( 0) =0
(Lemma 2.4). So, because SQZIfQ (0) > 0 and SQZTQ) (x0) < 0, we get that Sé;nj;( o) has at least one root
on [0; & } Then Sé?ﬁ; has at least 2n + 1 roots overall and thus Sé?_g eL—-P.

3 2117,
Moreover, it is easy to see that SégTQ has two distinct roots on [0; 2,,,] and thus a® # d(2p42m). O
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In the following lemma we prove that a double root of f(™ cannot ‘slide’ along the axis.

Lemma 3.12. Suppose that 3 - 2™ < a? < a3. Then for all m > 1 and n > 2 it follows that: 1) if
2 2

Sﬁlm’al)(xl) < 0 for some x1 € (0;5%), then S(m’“)( 2) < 0, where zp = *L%2 € (0;52), and 2) if

fme1)(z1) <0 for some x; € (0; Q,i) then fm™92)(zy) < 0, where x5 = 192 € (0; ;—,%)

Proof. Let us consider y; = £, C}Lm’a)( )= S(m’a)(ay) and g™ (y) = (9 (ay)).

ai

Since 1 € (0, 2:1) we have y; € (0; % ). We obtain for a € (a1;az) that

d 1 6y - 6" Pyl (p+2)(p+ 1) ((p+ 1™
%Cr(Lm a) (yl) — _E (2 2m _ a + ZZ ap2+310 and
p=
%) Y1 6y1 6m - p+2)(p+1)((p+ nhHm

Y (m,a) _ _J1 Lom __
-

For a> > a? > 3-2™ and y; € (0;2%) we have 2 - 2™ > Gyjlfm > yf(pw)(ptl)((p“)!)m

om aP“+3p -
v (p+3) (p+2) ((p+2)! )m
a(P+1)2+3(p+1)

It means that %Cﬁm’a) (y1) < 0 and 2 g™ (y;) < 0 for a € (a1;a2) and thus Cﬁm’al)(yl) > C’T(Lm’az)(yl)
and g™ (y1) > ™) (y1). O

Corollary 3.13.

a) If a® = d, ) then S5 has one double root on [0; 2“,,1]
b) if a® > d(n,m) then S has two distinct roots on [0; Z-],
c) if a® = d(co,m) then (™% has one double root on [0; &

2
d) if a®> > d(oo,m) then f™ has two distinct roots on [0; &].

Proof. Statements a) and ¢) are true due to Remark 3.7.
To prove b), let us consider a; = dy, ) and as : a3 > d(n,m)- Plainly, there exists a unique double root

21 of S{™). Now from Lemma 3.12 it follows that there exists x5 € (0; 2“—%) such that S(m’aQ)( 2) < 0.
)

ST(Lm,aQ)

Plainly, cannot have a double root on (0; Qi) thus S$™?) has two distinct Toots on (0; 2m) The

same logic is used to prove d). O
Now we describe the limit of the sequence (d(g,m)):}:l.

Lemma 3.14. lim d(2,m) = d(co,m)-
n—oo

Proof. It follows from Lemma 3.11 that the sequence (d(2n m)) | is monotonous and from Lemma 3.9 that
this sequence is bounded from below with the lower bound d Oo_,m) Then we get that this sequence has the
limit and we will denote by Ly := nhHH;O d(2n,m)- Let us prove that L1 = d(so,m). Plainly, L1 > d(o,m)- Let
us assume that L1 > d( m). We will then choose ag such that at € € (d(so,m); L1)- Since at > d(oo,m) We
have f(™%) has two distinct roots on [1; Q,i) Thus there exists z¢ € [1; ;—i) such that f(™@0)(x4) < 0.
But Sé;”’%)(:co) — fma0) (z4). Thus, there exists Ny € N such that for every n > Ny we have
S("M“O)

(maa0) (1) < 0. It means that 557 has at least one root on [I; 2m) Using Corollary 3.3, we obtain that
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Fig. 1. Behavior of d(3 ) (on y-axis with a logarithmic scale) with different values of m (on x-axis, m ranges from 0 to 5.6) shown
as a thick line. Dashed ones are the bounds given by theoretical estimates.

Sé;n’a‘)) has at least 2n—2 roots on [;g ;00). So, Sé;n’a‘)) has at least 2n—1 real roots and thus Séf’a") cL-P

for all n > No. It means that d(o, ) < af for every n > No. Then lim d(s,, ) < af. But then af > Ly,
n— o0

whilst we picked a3 € (d(so,m); L1). This contradiction proves the required statement. O

Our final step is to prove that functions d(, ) and d(« ) are continuous and monotonous functions
of m.

Lemma 3.15. d(,, ) € C([1;+00)) and d(o,m) € C([1;+00)).

Proof. 1) Ifa? = d(n,m)=+0,6 > 0, then S,(Lm’a) has n real distinct roots (Corollary 3.13). Now from Hurwitz’s
theorem there exists 5(()6) such that ST(Lm+E’a) € HP for all |e| < 5(()5). Thus, dp mte) < a? = d(n,m) + 0.

2) If a? = d(n,m) — 0,0 > 0, then S,(Lm’a) has at least two non-real roots. Now from Hurwitz’s theorem
there exists Eg&) such that Sy(bmﬁ’a) also has at least two non-real roots for all |e| < 585). Thus, d(p,mte) =
a2 = d(mm) — 9.

Combining 1) and 2) brings us to the required conclusion. This proof remains valid for d(o ). O

Lemma 3.16. d(,, ;) < d(n,m,) for all my < ma.

Proof. Let us consider 22 f(™%)(z) = 3 (_1)k(k!Z:21°g (Dt g easy to verify that for all a > 3-2™ and
k=2

Ca?y (k)™ log (k!)z"* ((k+1)H™ log ((k+1)Da* Tt _
x € (0; 55 ) it follows that 5 > =y k=2,3
s om ak a(k+1 ) 93y e e

Thus, aimf(m’“)(x) > 0.

Now, let us pick ms and a? = d(n,ms)- From Corollary 3.13 we get that S,(LmQ’a) has one double root on
(0; 2“722), namely xq. For %S&mz’a) (z) > 0V € (0;20) and S (z4) = 0, then S{™ (20) < 0 for all
my < mg (zo € (0; 2“722) C (0 ;Tgl)), which means that S{™ € £ — P for all m; < ms (by Corollary 3.3
it has n — 2 real roots on [2“721, +00), and using that S (0) =1 > 0 and S (z9) < 0, we get the
required statement). 0O

To illustrate the statements given above, we present a few graphics (see Figs. 1 and 2) concerning the
values of d(;, ).
Theorem 1.2 is proved.
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Fig. 2. Behavior of d(3, ) (the lower regular line) and d(4,.,) (the upper one) with different values of m. Dashed lines are the bounds
given by theoretical estimates.
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