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is multiplicative.
w2 O

1. Introduction and preliminaries

One of the most fundamental objectives in all areas of mathematics is to describe the general form of the
maps that preserve the basic structure of the objects being investigated. In abstract harmonic analysis, the
first paper along this line is due to J.G. Wendel [16]. Wendel proved that if G and H are locally compact
topological groups and T is an isometric algebra isomorphism mapping L!(G) onto L!(H), then there exists
an isomorphism ¢ : G — H of the topological groups G and H, and a continuous character a : G — T, such
that

T@)=claog™) - (voo™) (veLYq)),

where ¢ is the measure adjustment constant. Therefore, the group algebra L'(G) determines G as a topo-
logical group. B.E. Johnson in [11] showed that a similar result is true if we replace group algebras with
measure algebras. In [12]; A.T. Lau and K. McKennon generalized Johnson’s result by giving a direct proof
showing that as a Banach algebra with left Arens product, the dual of a left introverted subspace of Cy(G)
that contains Cy(G), determines G. In particular, it can be concluded that LUC(G)*, the dual of the space
of left uniformly continuous functions on a locally compact group G, determines G. In [7], F. Ghahramani
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and A.T. Lau showed that the bidual algebra L*(G)** determines the topological group G. In [4], H. Farhadi
used [7] to prove that the order structure of L!(G)** combined with the algebra structure also determines
the locally compact group G.

In this paper we will extend these results to the context of weighted locally compact groups and their
associated Banach algebras, also known as Beurling algebras. These Beurling algebras have been studied by
many authors over the years. The memoir [3] contains a wealth of information about Beurling algebras.

Throughout, G denotes a locally compact topological group with a fixed left Haar measure dx. A weight
on G is a strictly positive continuous function w such that w(zy) < w(z)w(y), for all z, y € G and w(eg) = 1,
where eg denotes the identity element of G. By a weighted locally compact group, we mean a pair (G, w),
where G is a locally compact group and w is a weight function on G.

We recall that given a weight w on G, L'(G,w) is the Banach space of all measurable functions satisfying

= Jo |f(@)|w(z)dz < co. With the convolution multiplication
fegle / Fw)aly 2y,

L'(G,w) is a Banach algebra called the Beurling group algebra on G associated with the weight w. It is easy
to check that every compactly supported function in L'(G) belongs to L'(G,w). Like L'(G), the Banach
algebra L'(G,w) has a bounded approximate identity (see [6, Lemma 2.1]).

Since L'(G,w) is, as a Banach space, isometrically isomorphic to L'(G) via f — fw, we can see that the
dual of L}(G,w)

L®(G,w™ ) :={g: g/we L=(GQ)},

equipped with the norm || f|lscw-1 = sup,cq | f(2)/w(z)|, and the duality is given by f — [, f(x)g(z)dz,
where f € L'(G,w) and g € L*(G,w™1).

Let Co(G,w™1) denote the linear space of all (continuous) functions f on G such that f/w € Co(G).
It can be easily checked that Co(G,w™"') forms a Banach space with respect to the norm | f|loo -1 =
sup,e |f(x)/w(z)].

The set of all complex regular Borel measures on G such that [, w G (s)d|p|(s) is finite forms a Banach alge-
bra, denoted by M(G,w), with respect to the norm ||ufl, = [, w(s)d|u|(s). It can be seen that as a Banach
space M (G, w) is isometrically isomorphic to Co(G,w™1)* with the duahty given by f — [ f(z) du(z).

The Banach space M (G, w) is a Banach algebra if it is equipped with the following multlphcatlon defined
by duality:

(u*u,f)://f(st)du(s) d(t) (f€ColGw™)).
G G

It is not difficult to see that multiplication in M(G,w) is separately weak-star continuous i.e., M(G,w)
is a dual Banach algebra [14, Exercise 4.4.1]. We can identify each f € L'(G,w), with the measure h >
Jo 1 z)dz in Co(G,w™1)* and it can be seen that L'(G,w) is a closed ideal of M (G,w).

The above definitions and identifications can be found in various places, for example [3] or [6].

The following remark is used several times in our work throughout Section 2.

Remark 1.1. Let wu € M (G) be defined by d(wu)(z) = w(z)du(z). Then the mapping p — wy is a weak-star
continuous isometric linear isomorphism from M (G,w) onto M(G).
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Let LUC(G,w™') denote the linear space of all (continuous) functions f on G such that f/w € LUC(G).
Then it can be seen that LUC(G,w™") with the norm defined by | f|loow-1 := HiH ,
w o0

isometrically linear isomorphic to LUC(G) via ® : LUC(G,w™!) — LUC(G); f > fw™!. Let

is a Banach space

GZLC = (D*(Gluc),

where G™¢ denotes the Gelfand spectrum of the commutative C*-algebra LUC(G).

The second dual algebra A** of a Banach algebra A can be equipped with two Banach algebra products,
known as Arens products. Of these we will equip L!(G)** with the first (left) product. Given f in L*>°(G,w™1)
and ¢ in L'(G,w), we have a dual action specified by

(fOU1, ) = (f, 01 % 2) (2 € LY(G,w)).
By [3, Prop. 7.15], L*®(G,w 1 )OLY(G,w) = LUC(G,w™"). Hence
LUC(G,w™t) = LUC(G,w HOLYG,w),
since L(G,w) factors, so that we have the following module action of LUC(G,w™1)* on LUC(G,w™1):

(mOf, ) = (m, fOP),

where m € LUC(G,w™1)*, f € LUC(G,w™ ') and ¢ € L'(G,w). This module operation gives rise to an
Arens product on LUC(G,w™!)* and turns it into a Banach algebra via

<mDn, f> = <m7 7’L|:|f>,

where m,n € LUC(G,w™Y)*, f € LUC(G,w™'). Note that the Banach algebras LUC(G)* and
LUC(G,w™1)* are isomorphic if and only if w is multiplicative. We can embed M (G,w) isometrically
as a Banach algebra into LUC(G,w™')* via the natural embedding p — [, fdu, f € LUC(G,w™!) and
we M(G,w).

The above definitions can be found for example in [3].

Let (1) be a net in M(G,w). We say that (1) converges to some p in M(G,w) in the strong operator
topology, SO-topology, if [|pua * ¢ — p* 9[| = 0, for all » € L'(G,w).

1
Lemma 1.2. The map x — ——3, from G into M(G,w) is strong operator continuous.
w

(z)

Proof. See [5, Lemma 1]. O

The following lemma is an analogue of [9, Lemma 1.1.3], for Beurling algebras. The proof is an easy
modification of the proof of [9, Lemma 1.1.3] and is therefore omitted. Full details of the proof of Lemma 1.3
are found in [17, Lemma 3.1.9].

Lemma 1.3. Let (G,w) be a weighted locally compact group. Then the strong operator closed convex hull of
0y
the set {’yﬁ : x € G, v€eT} is the unit ball of M(G,w).
w(z

Throughout this article, unless otherwise stated, all the isometric isomorphisms are surjective isometric
algebra isomorphisms.

Please cite this article in press as: S. Zadeh, Isometric isomorphisms of Beurling algebras, J. Math. Anal. Appl. (2016),
http://dx.doi.org/10.1016/j.jmaa.2016.01.060




Doctopic: Functional Analysis YJMAA:20152

4 S. Zadeh / J. Math. Anal. Appl. e e e (e e e0e) o0 e—00e

2. Isometric isomorphisms of Beurling measure algebras

Let (G,w) be a weighted locally compact group. A simple observation is that M(G,w) always contains
an algebraic copy of G, namely {J, : g € G}.

Let 7 denote the given topology on the locally compact group G. Then by complete regularity of Cy(G),
the topology on G agrees with the relative w*-topology induced by M (G) and so we have that

Jo — g in 7-topology <= f(g9a) — f(g) VY f € Co(G).
Let 7/ denote the w*-topology on G as a subset of M(G,w); thus
go — g inT-topology <= f(ga) — flg) Y f€Co(G,w™).
The proof of the following lemma is straightforward and is therefore omitted.

Lemma 2.1. Let (G, 1) be a locally compact group, w a weight on G. Then the topologies T and T’ are the
same.

Lemma 2.2. Let (G,w) be a weighted locally compact group. Then the set of extreme points of the unit ball
Y. g€ @G, v €T}, where T is the circle group.

w(g)

Proof. As noted in the introduction, the map p — wy is an isometric linear isomorphism of M (G, w) onto

of the weighted measure algebra M(G,w) is {~

1
M (G). The inverse map, v+ —v, maps {70, : v € T, g € G}, the set of extreme points of the unit ball
w

)
of M(G) (see [2, Thm. V.8.4]) to {v (g) : g € G, v € T}, the set of extreme points of the unit ball of
wig
M(G,w). O

Definition 2.3. We say that two weighted locally compact groups (G, w1) and (H,ws) are isomorphic if there

is a topological group isomorphism ¢ : G — H such that is multiplicative on G; we call such map ¢
w2 ©

an isomorphism of weighted locally compact groups.

Let ¢ : G — H be an isomorphism of the weighted locally compact groups (G,w;) and (H,ws) and let
v : G — T be a continuous character on G. Define the mapping

. _ _ . w
Jv.¢ - Co(H,w, 1) — Co(G,w; 1) where J%«b(f) = 7w2 i

foo.
¢
Then it is not difficult to see that j, 4 is an isometric linear isomorphism mapping Cy(H,wsy 1) onto
Co(G,w;t). Hence, the dual mapping T, 4 := iy et M(G,w1) — M(H,ws) is also an isometric linear
isomorphism. We observe that T’, , also preserves the convolution product. To see this, first note that

w1 ()

m%(z),f) (f € Co(H,wyh).

<]:,¢(5m)’f> = <5$7j"/,¢(f)> = <’}/(l‘)

w1

Since v, ¢ and are multiplicative, it can be readily seen that T 4 is multiplicative on point masses.

Wo O
Now, to see that T 4 is also multiplicative on M (G,w1), note that the linear span of point masses is

weak-star dense in M (G, w1 ), the convolution product is separately weak-star continuous and T, 4 = jJ ;
is weak-star continuous.
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Theorem 2.4. Let (G,wi) and (H,ws) be weighted locally compact groups. Then the Banach algebras
M(G,w1) and M(H,ws) are isometrically isomorphic if and only if the weighted locally compact groups
(G,w1) and (H,ws) are isomorphic. Moreover, if T is any isometric algebra isomorphism from M (G,w)
onto M (H,ws), then there exists a continuous character v : G — T and an isomorphism ¢ : G — H of the
weighted locally compact groups (G,w1) and (H,ws) such that for each g € G, we have

1(5y) v(9)

oi(g) — wal((g)) 20"

Proof. In light of the preceding argument, if the weighted locally compact groups (G,w;) and (H,ws)
are isomorphic, then the weighted measure algebras M(G,w;) and M (H,wy) are isomorphic. We now
establish the converse. Suppose that T : M(G,w;) — M(H,ws) is an isometric algebra isomorphism.
Since T': M(G,w1) — M(H,ws) is an isometric linear isomorphism, it preserves the extreme points of the
unit ball. So by Lemma 2.2, for each g € G, there exists ¢(g) € H and y(g) € T such that

0y N\ ()
T (m(g)) =19 6l @

It is not hard to see that ¢ : G — H and v : G — T defined via the equation (1) are multiplicative, and

that —t 5 is multiplicative. (See [17, Theorem 3.2.4] if more details needed.) We now show that both
Wo O
¢:G — H and v : G — T are continuous. Let z, — x in G. Then by Lemma 1.2, for every v € L*(G,w1),

1 1
———0, * 1. Since the net (T'(———
@Y S

0z,.,)) converging weak-star to some p € M(H,ws). For ¢ € L'(G,w),

1 T
we have that ————6,_ * 1) el
w1 (xa)

it has a subnet (T'(

dz,)) is bounded in M(H,ws),

w1 (Ta(s)
we have T(wi(xl )590{1(1-)) s« T(1h) 2 p* T(¢)), or equivalently T(ﬁé%m «1p) 2 4+ T(). But,
Hre® 1(Zag)
1 o 1 1
Ty Pze *¥) TR (8 ¢ ). Honce (st v ) =uxT(w), for all ¥ € L(Gown)
Thus,
1 o 1
w1($)5z*¢_T W=y (¢ e LG w)). (2)

Let (¢;) be an approximate identity as in [6, Lemma 2.1]. Then by equation (2), we have that

L

w ()

8z # by =T (1) % ;. (3)

Since by [6, Lemma 2.2], ¢; — J., in the w*-topology of M(G,w;), taking the w*-limit in (3) gives

8 =T (p), or equivalently pu = T(ﬁ(x)&c). This argument also shows that every subnet of

1 -
T(—+ 5%)) has a subnet that is weak-star convergent to T'( d0.) and hence T <ﬁ6%> L
W1 (T

1
wi(x)

(SI) . That is,

1 w* 1
'Y(xa)m6¢(1a) 7($) w2(¢(x))5¢(1)' (4)

It now follows from (4), using an standard argument, that ¢ and 7 are continuous.
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Finally, using the isometric isomorphism T-! : M(H,ws) — M(G,w1), it is not hard to see that
¢ : G — H is a homeomorphism. O

Next we show that every isometric isomorphism T' : M(G,w1) — M(H,w2) is weak-star continuous.
Some of the ideas in proof are based on the proofs of Lemmas 1.4 and 1.5 of [8].

Theorem 2.5. Let T : M (G,w1) — M (H,w2) be an isometric isomorphism. Then there exists an isomorphism
of weighted locally compact groups ¢ : G — H and a continuous character v : G — T such that T' = j7 ,. In
particular, T is weak-star continuous.

Proof. By Theorem 2.4 there exists an isomorphism of weighted locally compact groups ¢ : G — H and a
continuous character v : G — T such that

T(5,) = A() -2 SBite) = 5 0(0n) (5)

wo 0 ¢(x

for each € G. Letting 4 € M(G,w;) be such that p > 0 and ||u|le, = 1, it suffices to show that

T(p) = 33 4(1)-
Taking p in M(G,wr) with norm 1, by Lemma 1.3, we can find a net (u5) in the convex hull of the set

O

{,yw(:c) : x € G, € T} such that

lim [ljrg ¢ — px ey =0, (V€ LYG,w)). (6)
By equation (5),

T(pg) = j5.4(1p) (7)

for each .

We claim that T'(up) 2~ T(u) in M(H,ws). To see this, let v be a weak-star limit point of (T(us))
in M(H,wt) and let (ug(;)) be a subnet of (ug) such that T'(ug(;)) w5 . Observe that it suffices now to
show that v = T'(u). To simplify notation, we can assume that T(up) “— v. Let 1 € L'(G,w;) be fixed.
Then

1T (p) * T() = T(p) * Tl = 0,

by equation (6). Note that because M(H,w;) = Co(G,wy')* is a dual Banach algebra (multiplica-
tion in M(H,ws) is separately weak-star continuous), Co(H,w; ') is a submodule of the dual Banach
M (H,ws)-module M(H,wy)* = Co(H,wy )™ (see [14, Exercise 4.4.1]). Therefore, given k € Co(H,w; '),
T () -k € M(H,ws) - Co(H,ws ') C Co(H,wy "), and hence

(T(n) + T(¥), k) = (T (ug) * T(), k)
= lim(T (ug), T(¥) - k)
=W T) k) = (v*T () k).
Thus T (1 + ¥) = T(p) * T(¥) = v+ T(¥), and so

pryp =T v)xy, (v €LY G uw)). (8)
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Let (¢;) be an approximate identity as in [6, Lemma 2.1]. Then by equation (8), we have that

px ;=T (v) * 4y (9)

Since by [6, Lemma 2.2], 1); — de,, in the w*-topology of M (G, wy), by taking the weak-star limit in (9) we
have that y = T~1(v) and therefore T'(11) = v. This gives the claim.
Finally, because jZ , is weak-star continuous and T'(up) Wy T(p), equation (7) yields T'(u) = w* —

limg T'(pg) = w* —limg j3 , (1) = j5 4(1). O
3. Isometric isomorphisms of Beurling group algebras
We recall that a linear operator L on the Banach algebra A is a left multiplier if
L(ab) = L(a)b (a,be A).

By [10], if the Banach algebra .4 has a bounded approximate identity then every left multiplier on A is
continuous. The reader is referred to [13, Sections 1.2.1-1.2.7] for definitions and basic theorems regarding
the Banach algebra of left multipliers. We denote the Banach algebra of left multipliers of L'(G,w) by
M(LY(G,w)).

Lemma 3.1. Let (G,w) be a weighted locally compact group. Suppose that L is a left multiplier on L'(G,w).
Then, there exists p € M(G,w) such that L(¢) = p* 1, ¥ € LY(G,w).

Proof. See [6, Lemma 2.3]. O
The following result is also observed in [3, Thm. 7.14] when the weight w satisfies w(z) > 1 for all z € G.

Theorem 3.2. Let (G,w) be a weighted locally compact group. The left multiplier algebra of L'(G,w) is
isometrically isomorphic to M (G,w).

Proof. Let 6 : M(G,w) - M (L' (G,w)), 6(n) := L,. Then by Lemma 3.1, 6 is a contractive surjective
homomorphism. Letting u € M(G,w), we complete the proof by showing that ||L,| > ||u||. Let (U;) be a
shrinking neighbourhood system of the identity all contained in a compact neighbourhood of the identity

element. Then the proof of [6, Lemma 2.3] shows that ; := ;((5)

for L'(G,w), where A denotes the Haar measure on G. Then L,,(¢;) 75 4 by [6, Lemma 2.2]. Given € > 0,
let h € Co(G,w™") be such that |||, =1 and |p(h)| > ||u]|w — €. Then by the weak-star convergence, we
have that L, (v;)(h) — p(h) and therefore, lim [L,(v;)(h)| = |u(h)| > ||p|| — €. Now

forms a bounded approximate identity

XU; |1,
o < NLullilw < X2 e

L) ()] < 12u(8) R

and continuity of w at e gives lim % = w(e) = 1. Therefore, lim L, (¢);)(h)| < ||L,||. Thus, for any

€>0, |u|| — e < |u(h)| = lim; |L,(;)(h)|] < ||[Ly||. Since we have already observed that ||L,|| < ||ul|, we
have that || L,|| = ||©]]. O

The following proposition is similar to [13, Prop. 1.2.7]. The proof is straightforward.
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Proposition 3.3. Let A and B be Banach algebras. Then, for every Banach algebra isometric isomorphism T
from A onto B, there is a Banach algebra isometric isomorphism T defined by T(L) =ToLoT™ !, mapping
the left multiplier algebra M(A) onto M(B). Moreover, T (Lq) = L4 for all a € A.

Theorem 3.4. Let (G,w;) and (H,ws) be weighted locally compact groups. Suppose that T : L'(G,w) —
LY(H,ws) is an isometric isomorphism. Then the weighted locally compact groups (G,w1) and (H,ws) are
isomorphic. Conversely, if the weighted locally compact groups (G,w1) and (H,ws) are isomorphic, then
LY(G,wy) is isometrically isomorphic to L'(H,ws).

Proof. The first statement follows from Proposition 3.3 and Theorems 2.4 and 3.2. For the converse, let

¢ : G — H be a topological isomorphism such that w; is multiplicative on G. Then the isometric
w2
isomorphisms
. _ _ w
jo: Co(H,wy') = Co(Gwy ) f s ——f 0 ¢,
w20 ¢
Jy : Co(H) = Co(G); f = fo g,
0c : Co(G) = Co(G,wih); f + wif,
and
O : Co(H) — Co(H, w3 '); f = waf,
satisfy

j¢09H:9GoJ¢.

It is well-known that Jj maps LY(G) onto L*(H) — e.g. see [15, Prop. 5.1 (iv)] for a general result —
and we have already noted that 6% : M(G,w1) — M(G); u + wip maps L'(G,wi) onto L'(G). Hence,
s (LY(G,w1)) = (9;11)* 0 Jj 005 (LN (G,w1)) = L*(H,w2). Thus j3 maps L'(G,w:) onto L' (H,wsz) which,
by the remarks preceding Theorem 2.4, is an isometric isomorphism of Banach algebras. 0O

Corollary 3.5. Let (G,wy) and (H,ws) be weighted locally compact groups and suppose that T : L' (G, w;) —
LY(H,ws) is an isometric isomorphism. Then there exists a continuous character v : G — T and an
isomorphism of weighted locally compact groups ¢ : G — H such that for all ¢ € L'(G,wy)

° —1
T() = 2.y () = ey 0 6! (%) pog!

w2

where ¢ is a measure adjustment constant.

Proof. Let T : L'(G,w;) — L'(H,ws) be an isometric isomorphism, T : M(G,w;) — M(H,w,) the
isometrically isomorphic extension that exists by Theorem 3.2 and Proposition 3.3. By Theorem 2.5, T = I3
where ¢ : G — H is an isomorphism of weighted locally compact groups and v : G — T is a continuous
character on G. As ¢ — [, ¢(¢(x))dx defines a Haar integral on L'(H), there exists ¢ > 0 such that
for every ¢ € L'(H), the equation fG’L/J(d)(LU))d{E = cwa(y)dy holds. Therefore, for v € L'(G,w;) and

f € Co(H,wy") we have

wa o P(x)
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_ Z oo d1(y) (%@)% F) o6 (v)dy

o b1
= (oo™ (%) o f).

wyop !

w2

Hence T(1) = T(¢)) = cyo ¢! ( > Yool O
4. Isometric isomorphisms of the dual of weighted L UC-functions and the bidual of weighted group
algebras

In this section, we will first show that LUC(G,w™!)* determines the weighted locally compact group
(G,w). We will then use this result to prove that the Banach algebraic structure of L'(G,w)**, the bidual
of the Beurling group algebra, also determines the weighted locally compact group (G, w).

Let ¢ : G — H be an isomorphism of the weighted locally compact groups (G,w;) and (H,ws) and let
v : G — T be a continuous character on G. Define the mapping

Jy.s: LUC(H,wy ') — LUC(G,wi") where J,4(f) = wa; 506
2

Then it is not difficult to see that J, 4 is an isometric linear isomorphism mapping LUC(H,w, 1) onto
LUC(G,w;"). Hence, the dual mapping T, 4 := Js 4 LUC(G, wit)* = LUC(H,wy ')* is also an isometric
linear isomorphism such that

w1 (x)
Ty 5(0s) =v(x)————04(s), T € G. 10
10(02) = (@) 5 o) (10)
We observe that T, 4 also preserves the product. To see this, first note that since v, ¢ and wwi 3 are
2

multiplicative, it can be readily seen from the equation (10) that T’ 4 is multiplicative on point masses. Now,
to see that T, 4 is multiplicative on LUC(G,w; ')*, note that the linear span of point masses is weak-star
dense in LUC(G,w; )*; for each n € LUC(G,wy)*, m — mOn is weak-star continuous on LUC(G,w; *)*;
for each p € M(G,w1), n — pOn is weak-star continuous; and from equation (10), T, 4 maps the linear
span of point masses in LUC(G,w;)* into M (H,ws). In particular, this shows that LUC(G,w;')* and
LUC(H,wy 1)* are isometrically isomorphic Banach algebras whenever the weighted locally compact groups
(G,w1) and (H,ws) are isomorphic.
Let

Co(G,w ™Mt = {m € LUC(G,w™)*; m(f) =0, Vf € Co(G,w™)}.
The next lemma is a Beurling algebra version of [8, Lemma 1.1].

Lemma 4.1. Suppose that (G,w) is a weighted locally compact group. Then the (*-direct sum decomposition
LUC(G,w™H* = M(G,w) @1 Co(G,w™ 1)t holds, and Co(G,w™1)* is an ideal in LUC(G,w™1)*.

Proof. The map ® : LUC(G,w™') — LUC(G), f + w™lf is an isometric linear isomorphism mapping
Co(G,w™1) onto Co(G). As LUC(G)* = M(G) &1 Co(G)* by [8, Lemma 1.1], it can be readily seen that
LUC(G,w™H)* = M(G,w) &, Co(G,w™ 1) .

To show that Cy(G,w™1)* is an ideal in LUC(G,w™')*, we first show that for ¢ € L'(G,w), p €
M(G,w) C LUC(G,w™1)* and h € Co(G,w™1),
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hy € Co(G,w™) and plh € Co(G,w™t). (11)

We first note that because multiplication is separately weak-star continuous in M (G,w), i.e., M(G,w) is a
dual Banach algebra, - h,h-p € Co(G,w™t) = (M(G,w),w*)", where

(- hov)ae v = (v p hyvi—cy, and (B, v)ae - = (s v, h)v-c-

For ¢ € L(G,w),

(W, @) poe 1 = (h, ¥ % ) poe 12

= (¢ * ¢, h)m—c,

=(h-¢, ¢>M*

= (¢ h-Y)m—cy = (h- P, P) o1

so hyp = h - in L>®(G,w™!). By continuity, h(Jy) = h -1 € Cy(G,w™1). Also from the above argument,
hOp = h-¢ € Co(G,w™1), so

(uBh, @) oo —p1 = (u, O

LUC*—LUC
w,h

peh, ¢

MCO

{1, hI9)
= (1 h-9)
= )are—m
= (¢ p-h)

M—Cy = (M : h7¢>L°°—L1-

Hence, uO0h = p - h € Co(G,w™1).

Now suppose that m € LUC(G,w™1)*, n € Co(G,w 1), h € Co(G,w™!). Then for ¢ € L}(G,w),
equation (11) gives (nOh, ) = (n,h0¢p) = 0 and hence (mn,h) = (m,nJh) = 0. Thus, Co(G,w™ 1)+
is a left ideal in LUC(G,w™1)*. Writing m as m = y + my where p € M(G,w) and m; € Co(G,w™1)*
nOm = nOp + nOmy, with nOm; € Co(G,w™!)* from the above. Also, equation (11) gives (nOpu, h)
{(n, u0Oh) = 0, so nOu € Co(G,w™ 1)+ as well. Thus, Co(G,w™1)+ is also a right ideal in LUC(G,w™1)*. O

Let (mqy) be a net in LUC(G,w™!)*. We say that (m,) converges strictly to some m in LUC(G,w™1)*
if [|mo0¢ — mOe|| — 0, for each ¢ € LY(G,w).

The following lemma is an analogue of [8, Theorem 1.4], for Beurling algebras. The proof is an easy
modification of the proof of [8, Theorem 1.4] and is therefore omitted. Full details of the proof of Lemma 4.2
are found in [17, Lemma 3.4.2].

Lemma 4.2. Suppose that (G,w1) and (H,ws) are weighted locally compact groups and T : LUC (G, wi*)* —
LUC(H,wy ") is an isometric isomorphism. Let (my) be a net in M(G,w1) converging strictly to m €
M(G,w1) with |mallw, = |mllw, = 1. Then T(my) converges to T(m) in the w*-topology of LUC(H,wy *)*.

Lemma 4.3. Let (G,w) be a weighted locally compact group. Then G*¢ = G,UG?,, where Gy, = {w(z) 16, :
z € G} =Gl N M(G,w) and G¥ = G\ G, = G N Co(G,w ). Moreover, {yp:~v € T,pec G} is
the set of extreme points of the unit ball of LUC(G,w™1)*.

Proof. Since LUC(G) is a commutative unital C*-algebra, the Gelfand representation theorem for commu-
tative unital C*-algebras implies that LUC(G) = C(G™¢), where G*UC denotes the Gelfand spectrum of
LUC(G). Tt follows from [2, Thm. V.8.4] that the set of extreme points of the unit ball of LUC(G)* =
M(GPUC) is {46, : v €T, z € GEVY}. As noted in the introduction ® : LUC(G,w™") — LUC(G) : f —
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w1 f is an isometric linear isomorphism of Banach spaces. Therefore, ®* : LUC(G)* — LUC(G,w™1)* is
also an isometric linear isomorphism and so ®* maps the extreme points of the unit ball of LUC(G)* onto the
extreme points of the unit ball of LUC(G,w™1)*. Now, by the definition of GLYC we have that ®*(GLUY) =
GLUC Thus, the set of the extreme points of the unit ball of LUC(G,w=")*is {yp: vy € T, p € G°}. More-
over, as noted in the proof of Lemma 4.1, ®*(M(G)) = M(G,w) and ®*(Cy(G)1) = Co(G,w1)+. Hence,

{Wi’;) x € G} U (Gle\ @*(G)) = GuU (Gl \ Gu)
G, = ®*(G) = @* (G"* N M(G)) = Gl N M(G,w)
and

GU\G, =" (G"\G) =" (G" NC(G)") =Gl NCo(G,w™). O

Before proceeding to the next theorem, note that d., is the identity for LUC(G,w™1)* where eg is the
identity in G. To see this, first note that

Oz
for each x in G. The linear span of {—"~ : x € G} is weak-star dense in LUC(G,w™1)* so, by the weak-star
w(z

continuity of the product by 6., on both left and right we obtain é.,0m = m and mé., = m, for each
m in LUC(G,w™1)*. Thus d.,, is the identity.

Theorem 4.4. Suppose that (G, wy) and (H,ws) are weighted locally compact groups and T : LUC(G,w;)* —
LUC(H,wy )" is an isometric isomorphism. Then T maps M (G, w;) onto M(H,ws) and hence (G,w;) and
(H,ws) are isomorphic weighted locally compact groups.

Proof. As T is an isometric isomorphism, it maps an extreme point of the unit ball of LUC(G,w; 1)* onto
an extreme point of the unit ball of LUC(H, w5 1)*. Hence, by Lemma 4.3, for each x € G there exists
v(z) € T and p, € H:¢ such that

I(Wiw)—vmmw

Moreover, as a surjective algebra homomorphism, T' maps d.,,, the identity of LUC(G,w; 1)* to the identity,

Sey> of LUC(H,wy)*. Therefore, for z € G,

eqr

ey = T((sec) = T(éw)DT((Sx*l)

= wi(@)wi (@™ (@)@ peOp,-1.

If p, belongs to Hj, = HM N Co(H,wy")*, then because Co(H,w, ')t is an ideal in LUC(H,w;y")*,
we would have d.,, € Co(H,w;')* as well. This is not possible since 6., € M(H,ws) and M(H,wz) N
Co(H,wy ")+ = {0}. Hence, p, belongs to H,, = {wa(y)~'6, : y € H}. Therefore there exists ¢(x) in H
such that p, = wa(@(2)) ' d4(z). Thus we have mappings v : G — T and ¢ : G — H such that

T@»=wmi%%%%@ (e G).
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w1

Moreover, the arguments found in the proof of Theorem 2.4 show that -, and ¢ are mul-

2
tiplicative on G. To see that v and ¢ are continuous, let =, — =z in G. Then by Lemmas 1.2
1 «

1 1 .
and 4.2, T 0p.) LT 8z) in LUC(H,wy)*. Tt follows that ~v(zq)———0 Ty
1 (wl(xa> a) (wl(x) ) ( 2 ) ’Y( )W2(¢($a>) ¢(Qfa)
’y(x)m%(z) in M(H,wy'), which is exactly equation (4) in the proof of Theorem 2.4. The proof
w2

of Theorem 2.4 hence shows that v and ¢ are continuous.
Hence,

w1

UJQO(b

Jye: LUC(H,wy') = LUC(G,wit) : f ey fog

is a well-defined isometric isomorphism and J7 , : LUC(G,w;1)* — LUC(H,wy ')* satisfies
Go(02) =T(0:) (z€G). (12)

Moreover, for any p € M(G,w1), J3 4(1) € M(H,w2). To see this note that by Lemma 4.1, J7 ,(u) =
v + m where v = J;,¢(/1’)|CO(H,W2_1) and m € Co(H,w;')*t. Letting J5e t M(Gwi) — M(H,ws) be
the isometric isomorphism defined in Section 2, it is clear v = J7 (1) ‘Co(H,wgl) = J3 (1), so, [lu| =
12 o)l = 137, ()]} + llml] = [lall + [[m]. Hence, m = 0, as needed.

Let 1 € M(G,w1) with ||p]] = 1. As with the proof of Theorem 2.5, we can choose a net (ug)
in the convex hull of {’y%&_), v € T ,x € G}, such that pg — p in M(G,wq) strictly. Therefore
T(pg) = T(u) in LUC(H,wy '), by Lemma 4.2. But equation (12) and weak-star continuity of J 4 give
T(ug) = J3 5(18) w, J3 »(n) in LUC(H, wy 1)*, s0 T(p) = J3 »(n) belongs to M(H,w»), as needed. O

We conclude by showing that the bidual of the weighted group algebra L'(G,w)** determines the weighted
topological group (G,w). The following lemma is needed for the proof of Proposition 4.6.

Lemma 4.5. Let (G,w) be a weighted locally compact group. Then L'(G,w)** has a right identity of norm
one.

Proof. First we show that L' (G, w) has a bounded approximate identity whose terms are of norm one. To see
this let U be a compact neighbourhood of the identity element eg of G and let (U;);cr be a neighbourhood
system of e directed downwards by inclusion such that U; C U, for each ¢ € I. Then the proof of

[6, Lemma 2.3] shows that the net (f;)ic; where f; := XU, , for each i € I is a bounded approximate

AU;)
identity of L'(G,w). Let v; := %fi, for each i € I. Then |[¢;]/1,, = 1, for each ¢ € I. Routine calculations
using continuity of w at e show that [|1; — fill1.. — 0. Hence, for any ¢ € L*(G,w),

i * ¢ — ¢

1w S |ixd— fixolliw + |1 fi x o — fl
<|lvi — filiwll@lliw + | fi % & — dll1.w — O.

1w

Therefore, (1;) is a bounded approximate identity for L'(G,w), with each term having ||¢;]|1.. = 1.

Let E denote a weak-star cluster point of the canonical image of the bounded approximate identity (v;)
of L}(G,w) in L'(G,w)**. Then by [1, Thm. 7], E is a right identity for L' (G, w)**. Since |91, = 1 for
each i € I, it follows that ||E| < 1. Moreover, ||E|| = [|[EQE| < ||E||||E], so ||E| > 1 as well. O

Proposition 4.6. Suppose that (G,w1) and (H,ws) are weighted locally compact groups, and suppose that
T : LYG,wi)* — LY(H,ws)*™ is an isometric isomorphism. Then LUC(G,wy')* is isometrically isomor-
phic to LUC(H,wy *)*, and hence (G,w,) and (H,ws) are isomorphic weighted locally compact groups.
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Proof. Replacing L'(G)**, L'(H)**, LUC(G)* and LUC(H)* with their weighted counterparts, the proof
of the main theorem of [7] works in the same way. O
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