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1. Introduction

The Euler system models the motion of compressible ideal fluids and has been discussed a lot theoret-
ically, experimentally and numerically in the literature (see [5,7,8]). The pressure gradient (PG) system is
derived out of the Euler system either through flux splitting [15] or asymptotic expansion [26,28]. The two
dimensional PG system takes the form

ur +pe =0,
Ut +p’u = 07
Pt + pug +va = 0,

where (u,v) is velocity and p is pressure. One feature of this system is that pressure can be decoupled from
u, v to form its own second order quasilinear differential equation

p
(;t)t — Pzx — Pyy = 0. (11)
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Fig. 1. Interaction of two forward and two backward rarefaction waves for Euler with v = 1.4, pressure p; = 0.444, density p1 = 1.0,
p2 = 0.5197, velocity w1 = v1 = 0.00 at time T = 0.25. The contour curves are pseudo-March lines where the outmost one marked
with 4+1.0 is the sonic curve. The bold curves from the boundaries and light short ones are all characteristics. The four regions
where the bold and the short light characteristics overlap are semi-hyperbolic regions. (Courtesy of Glimm et al. [10].)

The PG system is considered as a useful simplified model for the Euler equations, since interesting observa-
tions sometimes were first found in this model and later recovered for the Euler system. Furthermore, the
PG system is easier to handle technically.

The well-posedness of the general Cauchy problem or the two dimensional Riemann problem, where
the initial data is a constant along each ray through the origin on the physical (x,y) plane, remains a
largely open question. There is work though in [6,3,2,27] for constructing the transonic shock solutions in
particular situations for the Euler system and other models arising from gas dynamics. We refer to Numerical
simulations of the Riemann problem in [11,12,16,4].

The four-wave Riemann problem refers to the initial data, where it is a constant in each quadrant and
adjacent state is connected by a single wave. It is a special case of the 2-D Riemann problem. Self-similar
solutions depending only on (§ = ¥, n = ¥) are expected. And the equation (1.1) is turned into a new form

(p — E¥)pee — 26npen + (p — 1°)poy + %(éps +npn)? — 2(Epe + npy) = 0. (1.2)

The PG equation (1.2) changes type as the Euler equations in the self-similar plane. A sonic curve is where
the equation changes type from hyperbolic to elliptic. A conjecture was proposed in [22] with supportive
numerical results in [19,16,22] that the solutions of the 4-wave problem have 19 different configurations for
polytropic gas modeled by Euler equations and 12 genuinely different configurations for the PG system.

The existence of solution in the elliptic region with data assigned on the sonic curve was proved in [25] for
the PG system. Various wave interactions in the hyperbolic region were analyzed in [9,13,14,1,27]. A global
classic solution was constructed in [17] to the interaction of four orthogonal planer rarefaction waves with
two axes of symmetry for the Euler system. The strengths of the waves were chosen to be large to avoid
the occurrence of sonic points and the solution was hyperbolic all the way to the vacuum. We remark that
without the restriction on the wave strength, a subsonic domain would be involved in the self-similar plane
and the solution will be transonic, which is more interesting yet much more challenging to study.

Another solution for the Euler system related with the transonic phenomenon was constructed in [18]
with data assigned on two characteristics, which intersect the sonic curve in two distinguishable points. The
solution was proved to exist in a region bounded by the two characteristics and part of the sonic curve.
Such a solution is called a semi-hyperbolic patch since one family of characteristics emanating from the
sonic boundary would form a transonic shock. It was also observed in the numerical simulation [10] in the
region covered by overlapping bold and light curves (see Fig. 1). The characteristics are not tangential to
the sonic curve when vanishing in the semi-hyperbolic patch (see Fig. 1), which behaves differently as in the
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Fig. 2. Interaction for two forward and two backward rarefaction waves for pressure gradient system on square [—0.15,0.15] x
[-0.15,0.15] at time T = 0.3. The solution has two axes of symmetry with pressure p; = 1, ca = {/p2 = 0.52. The demarcation
line between subsonic and supersonic regions is the closed contour curve in the center where the light sonic line is connected with
the bold shock curve. Shown also are the pressure contour curves computed via Clawpack.
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Fig. 3. Enlargement of the portion in Fig. 2 on [—0.02,0.03] x [0.04, 0.09].

conjecture [22]. The regularity of the sonic curve in the semi-hyperbolic patch is discussed in the paper [20].
We remark that both observations in [17] and [18] were fist found in the PG system, see [21] for instance.
In our ongoing work, the authors are attempting to construct a class of smooth transonic solutions locally
near the sonic curve for the PG system, as observed in the numerical computation [29] (see Fig. 2 and Fig. 3).
In this paper we consider an intermediate situation. Namely, we construct solutions in the hyperbolic region
with data assigned on the sonic curve.
Consider the polar coordinates (6, r), where £ = rcos @ and 1 = rsin §. Equation (1.2) is changed into

2 p p 1 2
(p=r)prr + 5po0 + _pr + E(TPT) —2rp, = 0. (1.3)
Please cite this article in press as: T. Zhang, Y. Zheng, The structure of solutions near a sonic line in gas dynamics via the
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The PG equation (1.3) is elliptic in the region 72 — p < 0; and is hyperbolic in the region where 72 —p > 0,
with the two eigenvalues £A7! = £,/ W. The two families of characteristics are defined by g—; =4\"L

The curve r? — p = 0 is called the sonic curve and the PG equation changes type across it.
In this paper, given a piece of sonic curve

0=p(r) € C [ram]), 0<re<r<r, (1.4)

denote it by I', we study a degenerate Cauchy problem for (1.3) with the initial value

ple(r),r) =12, pele(r),r) = ao(r)® € C*([ra,m3)). (1.5)

We assume that
&'l <, (1.6)
and
ag > a >0, (1.7)

where v and « are positive constants. We remark that (1.6) excludes that I' is a circular arc. Furthermore
at the sonic line

pr=2r—¢ pp=2r—¢ -al=:a(r). (1.8)
Our theorem of existence is stated as follows.

Theorem 1. Given a smooth sonic curve I' as in (1.4), there is a classic solution to (1.3) in the hyperbolic
region near T, and satisfies the boundary conditions (1.5) under the assumptions of (1.6) and (1.7).

In section 2, new coordinates are introduced based on the geometry near the sonic curve. The main result
of existence of solutions in the new coordinates is stated. The proof of the existence theorem is worked out in
section 3 through the iteration method. Various a priori estimates are given, and we show that the iteration
sequence converges under a new weighted metric. In the last section, we convert the solution in section 3
back to the polar coordinates and obtain Theorem 1.

2. Statement of the main result in new coordinates

In the hyperbolic region, there is a characteristic decomposition for (1.3)

0+0-p = q(d4p — 0_p)I_p,
(2.1)
0-01p = q(0-p— 0+p)9p,

where 04+ = 0p = A~10, are differentiation along characteristics and ¢ = W;_p) blows up at the sonic line.
We remark this decomposition was derived in [9].

After introducing R = 94p and S = J_p, for smooth solutions we rewrite the equations (2.1) as the
following system for (p, R, S),
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_R+S
Po = 9
O_R = q(S — R)R,
9.5 = g(R — S)S. (2.2)

On the sonic curve there holds
(]LR, S)‘p = ( 2,@3,6%). (23>

One difficulty in the above system for R and S is that the term ¢ blows up in the order of (72 —p)~! when
approaching the sonic curve, while R — S reaches 0. We notice the two characteristics become tangential to
a circular curve on the sonic line I', but the characteristics are non-tangential to the sonic curve. Observing
this geometry, we therefore introduce the level curves \/r2 — p = constants and r = constants as new grid
curves. Indeed, to fix the idea, let

F=r, t=+/12—p(r0). (2.4)

Therefore 0y = —%540;, 0, = O + 2”;—;’7@.
The first equation in system (2.2) becomes a decoupled one

Oup = —2t. (2.5)

Without abuse of notation, we will denote 7 by r. The other equations can be simplified as the following

system
21 2t2q S—R
et gttt = S+2m—1R< t >
X ) (2.6)
2N~ 2t%q R-S
St_R—Qr/\—lsri _R—Qr)\—15< t >’
where
tr r2
—1 _ _
>\ (t7r) - 7‘2 — t27 q(t) r) - 4(7"2 _ t2)t2 . (2.7)

The system (2.6) is closed in the new coordinates and the sonic curve is flattened to be on t = 0. We assign
boundary conditions

R(0,r) = 5(0,r) = a%(r), Ri(0,7) = =S¢(0,7) = a1(r), (2.8)

where a; is defined in (1.8). In fact, the first condition is from (2.3). For the second one, it is motivated by
the following observation. When adding and subtracting the two equations in (2.6) and evaluating on the
sonic curve, we have

-8
Rt—St:RT:2a1, Rt+St:0

We will show the system (2.6) with boundary conditions (2.8) has a solution in the region ¢ > 0 near the
sonic curve. To work out the proof more easily, we define the higher order terms as
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U(t,r) = R(t,r) — ag(r) — ar ()t

The system (2.6) is transformed into

2N 1 /U-V 2t2qR 1\ /U-V
T U, = - _evdsr 92
Uit g1l = 3 < t > * <S+2m—1 2) ( P ‘”)

- #;;_1 (0r(ag + ta1)),
3 ) s N vn (2.10)
Vt*%w - % (V / U> * (Rit;fw\—l N 5) < t QC”)
e (00l — 1)
And the boundary conditions (2.8) become homogeneous
U0,7) = V(0,r) = Us(0,7) = V;(0,7) =0, 74 <7 <1y, (2.11)

We indicate the two eigenvalues of (2.10) as

2tA1 2tA1

AL (V) = A_(U)=—- .
+(V) V+a3 —art+2r\=1’ ) U+ad+at—2ra1!

Let
D(80) := {(t,7)[0 <t <8y, ri(t) <7 <ra(t)},

where 71(t),r2(t) are continuously differentiable on 0 < ¢ < §g, 71(0) = rq,72(0) = 7, and r; < ro for
0<t<d.

Definition 1. The domain D(d) is called a strong domain of determinacy to system (2.10) if for any (U, V)
continuously differentiable, satisfying U(0,-) = V(0,-) = U(0,-) = V4(0,-) = 0 and (§,n) € D(dy), the plus
and minus characteristics associated with it, i.e. the integral curves, denoted by r4(¢;£,n), to % =AL(U,V)
satisfying r4 (§) = n are also inside D(dg) for 0 < ¢ < ¢&.

Next we consider a refined class of functions, because the higher order terms (U, V') have very small
magnitude near the sonic line ¢ = 0. Solutions of the Cauchy problem (2.10) with condition (2.11) will
be obtained within this class. Let S = S(M, ) consisting of all continuously differentiable functions F =

(:;1 ) : D(6) — R? satisfying the following properties
2

(Sl) f1(07r> = f2(07r) = atfl(ovr) = atf2(ovr) =0,

f f
(S2) ’ al * ‘ & <M
o f1 Orf>
(S3) t2 t2 S M7
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(S4) O,F is Lipschitz continuous with respect to r with

a?rfl 837‘f2 <M
12 12 -
o0 o0
where || - || is the supremum norm over domain D(4). We denote W the larger class containing only

continuous functions on D(J) which satisfy the first two conditions (S1) and (S2). Both S and W are
subsets of CO(D(J); R?). We use the following weighted metric for S and W

fi—an
t2

f2— g2

d(F,G) := ’ 2

i

(2.12)

oo oo

Remark 1. (W, d) is a complete metric space. However, (S,d) is not a closed subset in (W, d).

Theorem 2. Under the assumptions (1./)—(1.7) for ag and ¢, and that D(dy) is a strong domain of deter-
minacy to the system (2.10), there exist constants 6 € (0,89) and M, such that the degenerate hyperbolic
system (2.10) with boundary condition (2.11) has a classical solution in the function class S(M,J).

In turn, Theorem 2 yields the existence of a classic solution to the system (2.6), locally near sonic curve,
with data (2.8).

3. Proof of the existence theorem in the new coordinates

We will construct an integration iteration out of the system (2.10) and demonstrate the iteration mapping
is a contraction in the function space S. Hence the iteration sequence yields a limit which solves the equation
in the classical sense.

Assume u(t,r) and v(t,r) are admissible functions on D(J), i.e., they belong to set S. Differentiation
along the two associated characteristics is defined by

=0t + A+ (v)0y, =0 + A_(u)d,. (3.1)

a: (v) d_(u)

Let by (u,v) and by(u,v) be the expressions in the right hand sides of (2.10). The iteration we are going to
use can be written briefly as

() U = b1(u,v), () V = ba(u,v). (3.2)
We rewrite (3.2) in integration form
9
Uten) = [ bultr (b€ o) (33)
0
4
Ve = [ baltr_(tgm) w0 . (3.4)
0

where the arguments of u,v under the integral signs are (¢,74(¢;&,m)) and (¢, 7_(¢;&, 7)) respectively.

A mapping is thus determined: T' ((u )) = (g)
v

Please cite this article in press as: T. Zhang, Y. Zheng, The structure of solutions near a sonic line in gas dynamics via the
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The system (2.10) with boundary condition (2.11) has a solution is equivalent to that the mapping T has a
fixed point. If (U, V') given by (3.3) and (3.4) is continuously differentiable, it is a solution to (3.2). Properties
of mapping T are given in the following lemmas.

Lemma 1. Under the assumptions of Theorem 2, there exist positive constants 6, M and 0 < 8 < 1 such
that

i. T maps S into S;
7. for any pair F, F in S, there holds

d (T(F),T(ﬁ‘)) < Bd (F F) .
The constants M, d, 3 depend only on the C3 norms of ag, a1, a and D(dp).

Proof. We will use k > 1 to denote a constant depending only on C?® norms of ag, a1, a and r4, 5. We use
C to denote a constant depending on k and M; they may vary from one line to another.

Let F = (u,v), F = (4,9) be in set S and G = T(F) = (U,V) and G = T(F) = (U, V). It is obvious
U(0,m) = v(0,7) =0.

Let us check that conditions (S2) and (S3) hold. We rewrite the first term in by(u,v) as § (“3%) and

notice that

t’R 1
2t2qR _1_ R—S+—T2_t2—2’f}\
S+2rA-t 2 2(S+2ra71)
U—v t(u+ a2 + ait) 272 (3:5)
_ 24 ay
; t $2 +2a1 + r2 42 o r2 _ 2
- 2(v + a2 — art +2ra—1) '
Hence
2t2qR 1
— — —| <tk (k4 M?t). 3.6
‘S+2m—1 2‘— (k+ Mt) (3.6)
Furthermore if we differentiate (3.5) with respect to r, there hold
2t2qR 1
(= <tk (k + M), 3.7
(Sram 2)' (+ M) (3.7)
2t2qR 1
VAR <tk (k4 M), .
(s — 3)| < th (4 211 (3.5)
For simplicity, denote the last term in by (u,v) as
2tA1
&= (0r(ad +tar)). 3.9
52t (Orlao ) (3.9)
It is easy to see |®(ag,a1,v)| < kt?(1 +1t), so by can be estimated as
1 /U-V 2t2qR 1\ [U-V
b S - 2, ) — @
b1, 0)] ‘2( ¢ >+<S+2m—1 2) ( r T al) (ao’al’v)’
tM
< 5 Fik(k+ Mt)? + kt?(1 +t). (3.10)
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Integrating b; along plus characteristic according to (3.3), we obtain
£ 252 31,
U(&m) < 2 M+ k(k + Mo)" = + k.
Thus
U M
‘ (52 1) ‘ < S k(L M), (3.11)
And from (3.4), the same bound can be obtained for 512, ie
Vv M
’ (52 1) ‘ < S k(L + M), (3.12)
Adding the above two inequalities together we obtain
U(&,
‘ (52”) ‘ + ‘ (52 ”)’ < 5 k(L MO, (3.13)
To see the bounds for B;QU and agzv, we differentiate (3.3) w.r.t. n and obtain
ou ; by (u,v) 0
1(u, v T4
= — R St e A 3.14
e = [ Pt S (3.14)
0
where
a [ OAL (v)
r v
T e = o [ S rin) dr (3.15)
3

OAL(v)  Obi(u,v)
The terms —3-—, —5=—

are the partial derivatives with respect to r of the composite function
A(t,rv(t,T)), br(t,m,u(t,r),v(t,r)). More precisely,

P 1 o(ts,m)

262 — 2rt?[(2apal — tay)Vr2 —t2 + (a3 — a1t) ———— NG 4tr]

> (3.16)

2rt2 \/781) TV
b,

while

p(t,rv) = (v+ a2 (r) —ay (r)t)V/r2 — 2 4 2r2t.

(3.17)
We can see that there is a factor 2 in (3.16)

/ aA(;rr(U) (1,74 (156,m)) dr < (k + kM &?)|¢]>.
3
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or
We further notice 8—+ is continuous and
n

‘aﬁ S e(k+kM62)53. (318)

on

Next we estimate the term

by (u,v) 1 (Opu—0pv 2t2gR 1 Oru — Opv ,
or 5( t >+(S+2M1 2 T

2t2qR U—v (3.19)
T : - arq) ) )
+ 2 <S+2r)\—1> ( t ““) (a0, a1, 0)
=I+0+1I+1V.
For I, we rewrite it as 4 M , then
2 t2
t Oru Oyv t
I < = ||—% < =M.

For II, using (3.6) we obtain
|IT| < th - (k + Mt)>.
For II1, by (3.7) we obtain
|ITI| < tk - (k4 Mt)%
For IV, there holds
|IV| < t%k.

Therefore from these estimates, (3.14) renders

—
o
=2
IN

13
(kM5 / 4 11+ T + V] dt
/ (3.20)

< e(k+hM6?)s* (%M + %k(k + M5)2) :

Dividing the above estimate by £2, we obtain

10U 2v53 (1 1

Bl < (k+kM5<)6 M Zk(k M(SQ )

AR LM+ Lk (k o+ 200)
Same estimates can be applied to %—‘;, therefore

10V

€2 On -
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We add them to obtain
10U
€2 on

Let us check that (S4) is also preserved. We compute directly

19V
e

| +

(€, n)‘ (k+kM5%)8° <%M + k(14 M6)2) . (3.21)

&
32 0 [0b or by 0?
Geen = [ o (Getrwen) Gore G ar

0 (3.22)
= I+ 1.
For I, we notice
0%b, 1 o 2t2¢R 1 Oru — Opv ,
= — _— — = . — 2
or? 2 < ) + o (S+2r)\1 2) ( t + al(T))
2t2qR 1 0% u— 02w
_ . rr rr 2 "
<S+2m I 2) ( P al(r))
(3.23)
2t%qR Optt — Opv ,
N ar(S—i—Zr)\—l) ( t +a1(r)>
2t°qR U—v
2 —0}® :
+ o <S+2r)\ ) ( 1 +a1> mr®(a0, a1,v)
According to (3.6), (3.7), (3.8) and (3.9), we have
b Mt
‘%(t,r)‘ <5+ th(k 4+ Mt)? + t2k(1 + t). (3.24)
Combining it with (3.18) and integrating from 0 to £ with respect to ¢, we obtain
2\ ¢3 52
1| < e2(kFhMET)S M+ Ek(1+ Ms)? ).
For II, we differentiate (3.15) to obtain
82 or 82A or
g &M = - (rr(mg ) dr (3.25)

oy orz oy
€

From (3.16) we note 62—/\2* 7,7(1;€,m)) is bounded by 72(k + M7?), so
or

9%r
‘ or?

orl? [ 02A 2158
a—nz(t;s,n)\s o / © 7 < A0 (1 TGR).

Due to (3.19) there holds

0by

- (58, 77)‘ dt < & <% +k(1+M50)2) .

/I3
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As a consequence we obtain

11| < ‘ dt < Ce2kThME)" ¢5.

£
/ oby
or
0

Dividing both sides of (3.22) by ¢2? we obtain

100
52 6772

§<III+|H|> < 2k FkMS >53<M +hk+COE+E+6%).

By the same reason we obtain

1 82V 02 2vs3 M
(k+kM62)6 2 3
Zop (4+k+0(§+§ +&%)).
Thus
1 92U 1 02V o 2y 53
~- = (1+Mé5)é 2 3 9
2o 2o (2 +k+C(04 067+ 07)). (3.26)

We can choose M sufficiently large (for example %M + k< %M ), and pick 0 very small such that the right
hand sides of (3.13), (3.21) and (3.26) do not exceed M. We have shown that (52 — S4) are preserved by
the mapping 7.

We can also derive

0 0
8—2 (t:&n) = —Ay (& m,v(Em)) - 3—; (t;€,m), (3.27)
£
7] 0b or
Sten = [ P S s (e (o), vl€o) (3.29)

0

Combining the previous estimates, we obtain that U, V' are continuously differentiable as well and BU (0 n) =

%—‘g(o, 1) = 0. Hence the map T does map S into itself.
Next we show T is a contraction under the new metric, i.e.,

d(G,G) < Bd(F,F).

According to the definition of the mapping 7', we have

d d -
= = U, U . '2
d+(v)U b1 (u,v), d+(f))U by (a,0) (3.29)
Recalling ﬁ and d%(u) defined by (3.2), we obtain
d A .
7.0 (U -U)(t,r) = bi(u,v) —b1(4,0) + (A4 (D) — Ay (v)) 0,U. (3.30)
+

We estimate the right-hand side term by term.
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by (1, 0) — by (@, 9) 1l /u—u wv—20
u,v) — b1 (4,0) = = —
1\, 1\, 2 ¢ £
N < 2t%q(u + a + ait) _1) (u—ﬁ_v—f))
U+a(2)fa1t+2r)\*1 2 t t (3.31)
a—17 u+ a2+ aqt 4+ a2+ aqt
2t2 0 _ 0
+ al t +a) <v+a3a1t+2r)\1 b+ ad —art +2rA—1
— (P(w) —®(0)) = I+IT+ I+ 1IV.
For the first two terms
t U — 1 v—17 t .
Il < = = —d(F,F
Ct(1 + 6+ 6?) u—1q v—10 o .
nm<-———2.t | ||— < Ct*-d(F,F
| |_a—C’5(1—|—5) 2 . 2./ ( )
due to (3.5).
For III, recall ¢ = m therefore
9 A—17 2r}
2t%q( —ay)| < 2 62(k+Mt)=k(k+M§0).
— 9%
For the remaining terms, we have
u+ a + art B i+ a3+ at
v+ad —ait+2rA\"t O+ ad —ait+2r\?
(4 + a2 + ait) 1 L
= u —
0T YN v+ a2 —ait +2rAT D+ a2 — ayt + 2rA—]
(3.32)

u—1
v+ad —ait+2rA-t

|v — 9 |u — 4

< (k+ kdo + M3 :
< ( 0 0)(a—§0(k—|—M5o))2 a— do(k+ Mdo)

The consequent estimate for IIT is obtained as

lu — 1 n [v — 7|
a—C(1+d)  (a—Cdo(1+dp))2

111 < C( ) < Ct? - d(F,F).
For IV, from the definition of ® in (3.9) we have

1 1
v+ad—ait  0+ad—art

[TV = [2tA™1 - 0, (a2 + art)( )

< Ct*d(F, F).
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To estimate the remaining terms on the righthand side of (3.30), we notice that

(A4 (D) — Ay (v))]

1 1

= [2tA7! -
(v +ad —ait+2rA"t  d4ad —art+2ra-! ) (3.33)
kt2 |’U — ﬁ| ]
T (a—bo(k+ Mby))?
Therefore
. S v—70 0, U .
(A4 (3) — Ay (v)) 6TU‘ <o |0 || S| < cia(r, .

8,.U

- < M. Notice the above five estimates all contain factor ¢. If we

The last inequality holds because

integrate (3.30) along the characteristic, we will obtain the factor % on the right-hand side, which leads to

the following inequality

|Ut_2U < <411 +OH(1 + #2 +t4)> d(F, F).
Similarly, we have
d d -
- — bo(f. D
d_ (u) Vv 2(“7 'U), d_ (ﬂ) Vv 2(“& ’U)

Following the same argument as above, we obtain

V-V
t2

< (i +Ct1+ 1% + t4)> d(F,F).

All together we have

N

eRe I

t2

V-V
t2

< (% +O8(1 4 6% + 54)> d(F,F). (3.34)

oo o0

By probably making § even smaller the number 8 = % + C§(1 + 62 + §%) is strictly smaller than 1. Hence
T is a contraction under the metric d. O

For any F(U € S, let F™ = TF®™=1  then the iteration sequence {F(“)} is Cauchy in (W, d) which is
a complete metric space. So the limit is in W.

Recalling Remark 1 that (S, d) is not closed in (W, d), the limit might not stay in S. However the following
lemmas guarantee that the limit is differentiable and does stay in S.

Lemma 2. Under the assumptions of Theorem 2, the iteration sequence {F(")} has the property that

)

OF ™ (t,r) oF(»
{&— }and {=—

57 )V are uniformly Lipschitz continuous on D(5).

r

We need several lemmas to see this point.

Please cite this article in press as: T. Zhang, Y. Zheng, The structure of solutions near a sonic line in gas dynamics via the
pressure gradient equation, J. Math. Anal. Appl. (2016), http://dx.doi.org/10.1016/j.jmaa.2016.04.002




Doctopic: Partial Differential Equations YJMAA:20341

T. Zhang, Y. Zheng / J. Math. Anal. Appl. e e e (6 e ee) o0 e—0ee 15
Lemma 3. For the iteration sequence F(") = (u(™ (") there holds

i

Proof. From (3.19), (3.27) and (3.28) and note the fact that the iteration sequence stays within set S, we
obtain

atu(n)
t

atv(n)

<2M.

’ (oo}

]aguw <Ot + gM + Ek(k 4+ ME)? + k€2,
Thus
85u(") M 2 3
¢ < 7+k+0(§+§ +&°).
Similarly we have same bound for ‘85?“) ‘ By choosing M large and ¢ small, the conclusion of the lemma

is obtained. O
As a result, the sequence {9;F(™} is uniformly bounded. We next prove another estimate on {62 F(™}.

Lemma 4. For the iteration sequence F(") = (u(”),v(”)), there holds

2 ,,(n) 2 ,.(n)
‘3%‘ +‘3L‘ <o
Proof. Let (U,V) = T (u,v). Differentiating (3.14) we obtain
ou by 0 ; d (db oror  Oby 02
107r4 1 T or 1 r
oy = 222 Z (2t A t .
(G = Grgeen+ [ o (Grereem) Ggn + 5 g d (3.35)
0
where
0? 0 / Ay 0 oA
T _ o, + g IO
3

obtained by differentiating (3.15) with respect to £. According to (3.23), (3.27), (3.15), (3.19), (3.36) we can
obtain

‘ag(gg)‘ < e0%¢ (;M +E+CE+ 52)) + et + 0.

Same bound holds for 35(‘9—‘;). Hence by probably making M larger and ¢ smaller we obtain

‘285(25)‘ + ‘éag(g‘;)‘ < e (M +k+C0B+06%)+C8+C6*<2M. O
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By Lemmas 4 and 1, {GTF(”)} is uniformly Lipschitz continuous.
Lemma 5. For the iteration sequence F(") = (u(™ (™) there holds
05| |05 ™|, < 7M.

Proof. Let (U,V) = T(u,v). Differentiating (3.28) with respect to £ we obtain

Oby O%r it 20b,

2
)+ — a§2+£

(& n,u,v). (3.37)

€
9*U /3%1(@
2 8§
0

Similarly, by differentiating (3.27) with respect to & we have

2

2, A r
o _ _(9 +(§7777U(§’77)) . g_n(t;g,n) —A+(£,7], (§ 77)) o

e o e 1) (339)

Via direct computation we also have

oA, A& — 2603k
23 p? ’

where p is defined in (3.17) and its partial derivative is

ou(&,n,v(€,n)) 0 £(v+ag — Ear)
8—§ — — a1 -2 - %521 +2772.

(14 &) and consequently ‘852 < C&(1+€). We notice that

Therefore we obtain the estimate ‘

oby(u,v) 1 ug—v u—w 2t2qR 1, ju—wv
o~ ) Tl g ) +2a)
(3.39)
2t2¢R 1 U — Vg U—V
(Gram 3 G~ )

According to Lemmas 1 and 3, we have

0b,

ot

M
37 + k(k + Mt)* + kMt(k + Mt) 4+ kt(1 +t).

Combining estimates on (3.19), (3.27), (3.23), (3.38) and (3.39) in (3.37), we obtain

2
‘a <CB3(1+8%)+3M + k4 Co(1 +6).

&2

For the same reason we can derive

21
‘%52 < CO3(1+0%) +3M + k+C6(1+96).

Hence ‘ 352 + ‘ Jer| < 6M +k+ C6(1 + 8 + 6% + 6°). The lemma is achieved by making M large and §

small.
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In sum, {atF(")} is uniformly bounded and uniformly Lipschitz continuous by Lemmas 1, 4 and 5.
Lemma 2 is proved as a result. Theorem 2 is then a natural consequence of Lemmas 1 and 2.

4. Convert solution back to (6, r) plane

Notice the Jacobian for the coordinate change from (6, r) to (¢,r) is ‘g((éi))

= —%8 <0, hence it is a one

to one correspondence between (t,7) and (0, 7). More specifically, once R(t,r), S(t,r) are found in the (¢,7)
plane as given in Theorem 2, we will get (0, r) by integrating the following equation

00 2t —4t
o _p—e = m; 0(0,7) = (). (4.1)

Straightforward calculation also gives

00 4%t — (R~ S)/p

= = 4.2
or tr(R+5) (4.2)
Therefore the pressure is known and p(8(t,r),r) = r? — t2. Furthermore,
R(t,7) + S(t,r R(t,r) — S(t,r))VrZ —t2
po(B(t, 1), ) = R(t,r) + 5(t,r) (Ot 1), 1) = (R(t,r) = S(t,r)) . (4.3)

2 ’ 2tr

As a result, it can be verified by direct computation that the solution p(6,r) satisfy the PGE (1.3) in the
hyperbolic region 72 — p > 0 up to but not include the sonic boundary. The boundary conditions (1.5) also
hold on the sonic curve. Therefore we obtain the Theorem 1.

We remark that the regularity assumptions on the function class S for solutions can be weakened with
some technical treatment in the a priori estimates. With this local solution at hand, we are motivated to
consider two open problems. Namely, how to construct the sonic-supersonic solutions when the sonic curve
becomes tangential to the characteristics at one point. Another future work is to construct smooth transonic
solutions. This paper although was written before [23] and [24], it is still valuable as a paving stone. We
believe it is more feasible to construct smooth transonic solutions for PGE than the 2D Euler system. This
paper is one important step in the entire construction mechanism of global solutions for PGE.
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