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1. Introduction

The purpose of the present paper is to describe the asymptotic behavior as
time tends to infinity of the solutions to reaction-diffusion systems arising in the

modelization of reversible chemical reaction with multi-components {A; }1<i<n
Ay + - A = ampiApgr - HavAy (1)

where m, N, ag,k = 1,..., N are positive integers with 1 <m < N.

Let up = wup(x,t) be the concentration of Ay at position z € Q C R"
and time ¢ € [0,7),T > 0 (Q will be assumed to be open, bounded and with
a regular boundary throughout the paper). According to the mass action law
(with reaction rates ¢ from left to right and cs from right to left) and according
to Fick’s law for the diffusion, the evolution of v = (uy, ..., un) is described by

the reaction-diffusion system

aaitk - dkAuk = ka(u) in QT =Qx (O,T),

Ouy
%‘3(2:07 uk\t:():uk:o(x)z(h 1§kSN7

(2)

where dj, > 0, 1 < k < N, v is the outer unit normal vector and

m N
@ . —ap, 1<k<m
fw) =c [Juf’ —ca [] v’ xx= (3)

j=1 j=m+1 ag, m+1<k<N.

We prove in this paper that "global solutions” on [0,00) of (2) converge ex-
ponentially in L'(Q) as t — 400 to a well-defined (and unique) homogeneous
stationary solution of System (2) (see Theorem 3 for a precise statement). As
explained below, this extends to the general situation (2) similar results ob-

tained in case of 3 x 3 or 4 x 4 systems [8, 9, 10, 12].

In order to state precisely our asymptotic result (see Theorem 3), let us first
recall what is known about the rather difficult question of global existence in time
of solutions to (2). Note for instance, that it is not yet understood in dimension
n > 3 and for general diffusion coefficients dj, € (0, 00), whether global classical
solutions exist for the model quadratic case m = 2, N = 4,a; = 1, that is

f(u) = CiUui1Uug — CQ’LL3U4!



15

20

25

30

35

40

Global classical solutions do exist for this f in space dimension n = 1,2 (see

e.g. [16, 23, 4]). More generally, global existence is also proved for (2) when the

space-dimension n is small enough with respect to the degree of the polynomial

f or when the diffusion coefficients dj, are close enough to each other (see the

discussion in [21]).

But let us recall what the situation is for a general space-dimension n and

general positive dj, € (0,00) (we assume ¢; = ¢z = 1 for simplicity).

1.

If m = 1,N = 2 (that is f(u) = uf" — u{?), then global existence of
uniformly bounded (and therefore classical) solutions easily follows from

the invariance of the rectangles

{(u1,u2);0 <up < Mq,0 <ug < My} where M{™* = M3™=.

N =m+lay =1 (e f(u) = [[j2, up* — un), then global clas-

sical solutions do also exist (see [2]). The same symmetrically holds if

m=1lay =1 (f(u) = u — [T, ug").

Ifm=2N=3and ag > aqg +az (ie. f(u)=ul"u3?—u5®), then again
global existence of classical solutions is proved in [18]. But the same result
is not known if ag < a3 + as.

For sub-quadratic reaction-diffusion systems, global smooth solutions are
proved to exist (see [3]) while for super-quadratic systems, the existence
of global classical solutions are verified if extra conditions are satisfied
combining the d;, the growth of f and the dimension (see [14]).

Global classical solutions are not known to exist for any space dimension
and any dj € (0,00). Weaker notions of solution need to be considered.
Let us describe known results in this direction.

If again m = 2, N = 4, (f(u) = ujug — usgus), then global so-called weak
solutions are proved to exist (see [20, 11]). Weak solution means that
f(u) € LY ([0,T] x Q)) for all T' > 0 and equations (2) are satisfied in the
sense of distributions or in the sense of semigroups (see [20, 11, 21] for

precise definitions).
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6. More generally, if for some reason, the nonlinearity f(u) is a priori bounded

in L' ((0,T) x Q) for all T > 0, then global weak solutions do exist (see
[20, 21]). Thanks to quadratic a priori estimates valid for these systems,

this is for instance the case if

N=m+1, f(u) =[], up* —ui;

N=m+2, f(u) =[] up* — Um+1Umo.

. In the general situation of System (2), existence of global weak solutions

in the above sense seems to be an open problem. No counterexample is
known either. On the other hand, global existence of still weaker solutions
is proved in [15]. They are called renormalized solutions and defined in
the spirit of the famous renormalized solutions by Di Perna-Lions for the
Boltzmann equation. A definition of such a solution for systems like (2)
is introduced in [15] and global such solutions are also proved to exist in
this same paper [15].

We will not need the definition of such renormalized solutions here. We
will only use the fact that they are obtained as limit of solutions of a
standard approximate ”regularized” system. And we will directly prove
that any such limits are actually exponentially asymptotically stable. It is
actually interesting to describe precisely the asymptotic behavior of these

solutions without knowing much about them.

Let us consider the approximate solution u® = (u5,(x,1)) to

T o — dpAug = X fe(u®) in Qr = Q x (0,T)

ouj,
e 0 =0, wufl,_o=ufo(z) >0, 1<Ek<N

where 7, € (0,00),1 <k < N and

f(w)

=17 oy, =inf{uro,e !}, uko > 0,1 <k < N. 5
1—|—€\f(u)| kO {kO } kO Z = = ()

fe(u)

The introduction of the 75, # 1 is for later purposes (see Section 2.3). Note that
|fe(u)| < 1/e. Thus, given (ugo) € L' ()Y, there exists a unique classical solu-

tion to (4)-(5) globally in time. Thanks to the quasipositivity of the nonlinearity,
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that is
Xk fe(u) >0, forall u € [0,00)™ with up, =0, 1 <k < N,
this solution u¢ is nonnegative. Then, the following convergence result holds.

Proposition 1. [15] Assume ugglogury € LY(Q) for 1 < k < N. Then each

{u*} with g, | 0 admits a subsequence converging in Li,.([0,00); L*(Q2)V) and

a.e. to some u € L°([0,00); LY ()N such that
ug loguy, € Li2.([0,00); L*(Q)) for all 1 <k < N.

Remark 2. This proposition is essentially proved in [15]. We will give the
needed extra details at the beginning of next section. When 7, = 1 for all k,
the limit w is a weak solution of System (2), in the sense defined in the point
5 above, as soon as f(u) € L}, .([0,00); L'()) (see [15] again). It is only a

renormalized solution in the sense of [15] in general.

The conservation properties (where §, denotes the average [Q|~! [;))
][ Tiug (t) + Tjus (1) :][ Tiugy + Tjuj forall1 <i<m <j <N, (6)
Q Q

hold, thanks to the homogeneous Neumann boundary conditions and they are

preserved at the limit for u, at least a.e. ¢ € [0,00). For w : Q@ — R, we will

E::][w.
Q

Now the main result of this paper is the following theorem.

throughout denote

Theorem 3. Let u be as in Proposition 1. Assume moreover that
Uio +Tjo >0 forall1 <i<m<j<N. (7)

Then, there exists C,a > 0 depending only on |lug||1q)~ and the data such
that
Ju(-,t) = 2|1y < Ce ', VE>0 (8)

where z = (zj)1<j<n € (0,00)" is the unique nonnegative solution of

f(Z) = 0, Ti % +Tij :Tiﬂi0+7jﬂj0 fOT’ all 1 <i:1<m <]S N. (9)
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The same conclusion would actually hold for any limit u of adequate ap-
proximate solutions of System (2), and not only for the solutions of the specific
system (4), (5): this is discussed later in Remark 9.

The positivity condition (7) is not restrictive as explained in Section 5.

The asymptotic result of Theorem 3 has already been proved in the two
particular situations of the points 3 et 4 above for 3 x 3 or 4 x 4 specific systems
(see [8, 9, 10, 12]). As in these papers, the proof is based here on the use of the

entropy functional defined as follows. Let

E(w|v):]{lv®<g) dx, ®(s)=s(logs—1)+1>0,Vs>0, (10)

v

where w,v are measurable nonnegative functions (with v(z)? + w?(z) > 0
a.e. x € ). This entropy is extended to the vector valued functions u =

(uk)1<k<n, 2 = (2k)1<N a8

E(ulz)= ZTkE(uk | zk). (11)
k=1

We will more simply write

N N
E(w|1)=Ew), Bu) =Y mE(u), E(z) =Y 7E(z). (12)
k=1 k=1
The main point is to prove that

Proposition 4. With the notation and assumptions of Theorem 3

d
LB(u(r) | 2) < ~20B(u(r) | 2), (13
in the sense of distributions in (0,00).

By Proposition 1, E(u(t) | z) is bounded for ¢ near 0 (say by Cy). Therefore
(13) implies
E(u(t) | z) < Coe 2%t Vit > 0. (14)

We then apply a Cziszdr-Kullback type inequality, namely (see Lemma 10)

lu(t) = 2[[L1 @)y < CE(u(t) | 2),
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which implies our main result (8).

Let us now recall the strategy to prove the main inequality (13). Assume

for simplicity that, in the definition (3) of f and xy, we have
ci=co=1=aqp, VI<k<N. (15)

Actually, we will see later that there is no loss of generality when considering
this specific case (see Section 2.3). Then, if u is a solution of (2), we have, at
least formally
d
d—E(uk(t)) = + logurOwuy, =
t Q Q

This implies that for E(u) = Zszl E(uy) (since here 7, = 1 for all k)

\TE
*dkﬂ + Xk logug f(u).

d
S E(u(t)) = =D(u(t)), (16)

where

N
D(u) = 4;@]{2 ¥

m N m N
+]l <log H Uk — log H uk> (H U — H uk> . (17)
Q k=1 k=1

k=m+1 k=m+1
Thanks to the definition of z, as proved in Lemma 7,

E(u(t) | z) = E(u(t)) — E(z) so that %E(u(t) | z) = %E(u(t)) (18)

Now, Proposition 4 will be a consequence of the following lemma.

Lemma 5. Assume (15). With the notation and assumptions of Theorem 3,
the following holds
D(u(t)) > 2aE(u(t)[2), (19)

in the sense of distribution on (0,00).

It is now clear that combining (16), (18) and (19) yields Proposition 4, at least
under Assumption (15) (and this will be general).
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We prove in Section 2.3 why working with the particular case (15) is suffi-
cient. The derivation in (16) is indeed very formal since here u is only obtained
as the limit of regular solutions but may not be regular itself. In fact, we will
only prove the inequality £ E(u(t)) < —D(u(t)) which, obviously, is sufficient
to deduce inequality (13) in Proposition 4. This will be done in Section 3 where
a complete proof of Proposition 4 (and therefore of our main result of Theorem
3) will be given, assuming Lemma 5.

The proof of Lemma 5 is completely algebraic. It only uses from the solution

u(t) that is satisfies the conservation properties
w;i(t) +w;(t) =0 +ujo=:U;j, V1<i<m<j<N. (20)

In the particular cases already known (namely in the points 3 and 4 above [8, 9,
10, 12]), this part of the proof is rather involved and requires much technicality.
A main contribution here is to simplify rather significantly this part of the
proof and consequently to be able to reach the general case (2). For instance,
we compare the variation of \/u with the square root /@ of its average rather
than with the average of the square root. The corresponding computation turns
out to be quite simpler and sufficient for the expected estimate of Lemma 13.
We also simplify the proof of the estimate from below of f(v/4) (see Lemma
12)).

2. Some preliminaries

Let us first give the necessary extra details for the proof of Proposition 1.

2.1. Proof of Proposition 1.

Let us check that the results of [15] do apply here. Let us denote U} := 7juj,.
Then System (4) may be rewritten

aUg . FU* ;
UL _ di ATE :Xk% in Qr =Q x (0,7)

3655 B (2]_)
a—l’k aQ:O’ Uz|t:O:TkuiO(‘T)207 ISkSN,
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where, for all U € [0, 00)V

m N
FU)y=c [Jue -c. [[ v,
=1

j=m+1
m N
Gr=allm) ™ Co=c T ().
i=1 j=m+1

For this new system, the entropy structure required on the nonlinearity F in
[15] holds, namely: for all U € [0, c0)™

log <Cl ﬁ(Ui)a"') — log <C2 11 (Uj)ajﬂ <0,

i=1 Jj=m-+1

S Xk F(U) [ +log Us] = —F(U)

with pp = log(Ce/C1)/(Nxk),1 < k < N. The a.e. convergence of U¢ (up
to a subsequence) is stated in Lemma 7 of [15], whence the a.e. convergence
of u¢. Together with the estimate of Uflog Uf in LS ([0, 00); L*(92)) proved in

Lemma 6 of [15], it also implies the convergence of Uf and therefore of uf, in

L}, .([0,00); LY(£2)). Morever, by Fatou’s Lemma

loc

u € L°°([0,00); L1 () and wuyloguy € L2,([0,00); L1(2)), VE.

2.2. Uniqueness of z.
We now state the uniqueness of z as defined in Theorem 3 and as also stated

in [17, 19, 13]. We also provide the proof for the sake of completeness.

Proposition 6. Under the assumptions of Theorem 3, there exists a unique
z = (z) € [0,00)" such that
f(Z):O, Tizi + Tj25 = TiU0 + T;Uj0, 1§Z§m<j§N (22)

Moreover, z;, >0, V1 <k < N.
Proof. Let U;; := ;Ui + 7T 0. By (15), U;; > 0for 1 <i<m < j < N. The
relations (22) are equivalent to

Zj = [Ulj —7'121}/7']' Z 0, Vm—i— 1 S j S N,

zi = [nz1 + Uiy —Uin]/7 20, V2 <i <m, (23)

g9(z1) =0,
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where

m N
) [1z1 + Uiy — Uin]® [Uij —mi21]%
g(z1) == 121 H ey — ‘ H —

=2 ? j=m+1 J

Let us define
M() = min Ulj/Tl, mo ‘= Imax [UlN_UiN]+/Tl'
m+1<j<N 2<i<m

Note that Uiy — Ujn = U1j — Us; = Tiuio — Tilly, is independent of j = m +

1, ..., N. It follows that mo < My. The function g : [mg, My] — R is continuous,
strictly increasing and satisfies g(mg) < 0, g(My) > 0. Therefore there exists a
unique z1 € (myg, My) such that g(z1) = 0. For this 21, the 2;, z; defined by (23)
are nonnegative and do satisfy the expected relations (22). They are all stricly
positive: indeed, if one had z; = 0 for some 1 < i < m, then f(z) = 0 would
imply that z; = 0 also for some m + 1 < j < N which is a contradiction with

TiZi +7'ij = UU > 0. O

2.3. Reduction of System (4) to the case ¢y =co =1, =1,1 <k < N.

Let us show that we may only consider these particular values without loss
of generality. Indeed, at least formally, System (2) is equivalent to a similar

system with the simpler form
7100, /0t — DiAv; = i F(v), F(v) = =70 — Héﬁlmﬂvl, x| =1,

and whose solutions v;,1 < [ < [y are successively ay copies of the ug. We
describe this more precisely below. To do it rigorously in order to provide a
complete proof of Theorem 3, we need a uniqueness property of solutions for
the v;-system.. Therefore we do it on the corresponding e-approximate system
(24) below for which uniqueness holds.

Let us define

k
lo =0, = Zaj, V1<k<N; A=, pln v = ¢y,
j=1

D, = )\dk/ak, T = )\Tk/ak, Vi1 <l<IlV1I<EkE<m,

10



Dy = pdy/ag, T1:= prg/ok, ¥ -1 <1 <Ilp,Vm+1<k<N.
We consider the extended system
T = Didvf = xug(w)/[L+€lg(v)]] in Qr =2 x (0,7),

vy Im l
% 90 = 07 g(ve) = Hl:l Ule - Hlilm-g-l Ulev Ve = (Ule)lglglzvv

xi=—1, V1<l <lpy; IUZE‘t:o =uo/A, Vigo1 <1<l V1<k<m,

xi=1, Vi, <l <ly; Ulﬁ\f:() :uko/u, Vig_1 <l <lIlx, Ym+1<k<N.
(24)

Since v € [0,00)Y — g(v)/[1 + €|g(v)]] € R is uniformly bounded by 1/, this

system has a unique classical global solution. By uniqueness, we also have
vp = vf, Vg1 <l <l 1<EZN.
Let us set
up = vy V1 <k <m, wup=pvj, Vm+1<k <N,

Then,

g(v°) =Ly (vf, )" — IR it (v, )* = AT ()™ — N T I ()
that is: g(v°) = f(u®).

Moreover, we easily check that u is the solution of System (4). O

We will now always assume that

ci=co=1, ap=1,V1<k<N, (25)

3. Lemma 5 implies Theorem 3

Let us first recall the following well known identity and for convenience, we

10 also recall its proof.

Lemma 7. Under the assumptions of Lemma 5

E(u(t)|2) = E(u(t)) — E(z), Vt > 0. (26)

11



Proof. The function E(- | -),E(- | -), E(-),E(+) are defined in (10), (11), (12).
The following property is valid for any w € L'(Q)" and w, € (0,00):

E(w | wy) = E(w) — E(ws) — (W — w,) log w,. (27)

We apply this to w = uy(t),w, = z;, for all 1 < k < N and we sum over k.
Then (26) is reduced to checking

M=

T (ke () — 2x) log 2z, = 0. (28)
k=1

We have by (6) and for all € > 0
T (t) + 75 (1) = T + TG, V1 <i<m < j < N.
This is preserved at the limit and gives
T (t) + 745 (t) = 70 + 7,0, VI <1 <m < j < N. (29)
Since T;2; + T2 = Tilio + T;Uj 0, this may be rewritten as

T (Un(t) — 2) = @@ - =) forall L <k <m, (30)
—71(Ty(t) — z1) forallm+1<k<N,

Then we write (28) as
N m N
ZTk(Ek(t) — zi) log 2, = T (Wi (t) — 21) {Zlogzk - Z logzk} =0,
k=1 k=1 k=m+1

using f(z) = 0 (recall that (25) holds so that f(z) =[]~ zi — H;V:mﬂ zj). O

We now show the key lemma of this section.

Lemma 8. With the notation and assumptions of Theorem 83, together with

(25), we have

d
%E(u) < —D(u) (31)

in the sense of distributions on (0,00).

12



Proof. For the classical solution u¢ = (u§,(-,t)) to approximate scheme (4)-(5),

it holds that
d
EE(uE) + D (uf) =0, (32)

where (together with (25))

N
De(u) =4 di|Vurl3 7Z : =20 »
(u) ; el V/uk s + o 1+ef(u) Og||kN:m+1uk g )

Inequality (32) implies after integration in time
E(u®(-t)) < E(uj), // Vyui|* <C, 1<k<N. (34)
T

From the first inequality in (34), using Proposition 1 and Fatou’s lemma, we
deduce

E(u(-1)) < E(u) ae. t. (35)

Let us prove that, up to a subsequence,

Zlim E(u®(-,t)) = E(u(-,t)) a.e. t € (0,00), (36)
— 0
We have

2(7'-u8 +7us) — A(diu; +dui) =0 in Q

ot Vit 7%y i J%5) = T

7]

—(du; +djus)| =0, ugl,_,=uj

v 7% 00 klt=0 k0

for 1 <i<m<j<N,and 1 <k < N. Then Lemma 4 of [22] implies

lullL2(@, ) < Crr (37)

for any 7 € (0,7) with C;p > 0 independent of e, where Q1 = Q x (7,T).
(See Proposition 6.1 of [21] when (ugg) € L?(2)Y in which case we may take
7 = 0). Since u® tends to u a.e. (see Proposition 1), we classically deduce
(36) from Egorov’s theorem and the estimate (37). Indeed, given a > 0, there
exists a compact set K, C @, such that v — w uniformly on K, and
Q-7 \ Kol < o With ®(s) = s[logs — 1] + 1 as in (10), since for some
Cop € (0,00)
0<®(s)*2 < Cy(s?+1), s>0,

13



s it holds by (37) that

. e, 190 = #(0)]  1Qeir \ Ko ([ i, [#06) = 2 P2) ™

3/2Y 2/3
<al’? {IIQTVT Co [(w)? + 12/ + (u? + 1)?] } <Ca'l’
Hence

{—00

Jim sup // 1B (u) — ®(u)| dedt < Call®.
Qr.T

Letting « | 0, we obtain (recall the definition of E in (11), 12))

lim [ [E@(,t) - Bu(-t)| dt =0,

L—oo |

and therefore (36), up to a subsequence.

Let ¢ € C5°[0, 7). Tt holds that
OB + [ OB ) di= [ oD ) dr (39)
0 0
by (32). As e =& | 0, the left-hand side of (38) converges to
SOB() + [ o OB (0) dr.
0

Here, we used the dominated convergence theorem, recalling (36) with (35) and
(uro loguro) € L' ().
To treat the right-hand side of (38), we recall the expression of D.(u°) in (33). For

its first term, we use (34) to deduce the weak convergence,
Vi/ugt — Vyaur in L2(Qr)N for 1 <k < N,

passing to a subsequence. Fatou’s lemma is applicable to the second term and it

follows that

lim inf /OOO (t)De, (u (-, 1)) dt > /Ooo é(t)D(u(-,t)) dt.

L— 00

We thus end up with

$(0)E(uo) + / T (OBl 1)) dt > / T (t)D(u( 1)) dt

which means (31) on [0,00) in the sense of distributions, because T' > 0 and ¢ €

1 C§°[0,00)" are arbitrary. O

14
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Remark 9. Analyzing the above proof shows that the same result would hold for

quite more general approximations fe. of f. For instance, we could choose
fe(s) = f(5)Ge(s), 0 < Ge(s) < M, |fe(s)| < 1/e, forall s € [0,00)",

with f.(s) — f(s) as ¢ — 0%. Then any pointwise limit of the corresponding ap-
proximate solution would satisfy the conclusion of Lemma 8 and of Theorem 3 as

well.

The following lemma is an adaptation of the classical Cziszar-Kullback inequality

to our situation in the spirit of [8, 9, 10, 12, 1].
Lemma 10. With the notation and assumptions of Theorem 3,
[u(t) = zllL1 @y < CE(u(t) | 2), V£ 20,
for some C' > 0 depending on uo, z and the data.
Proof. For ®(s) = s(logs — 1) + s as defined by (10), we have
Vsel[0,M], |s—1]> < C(M)d(s).

We deduce

: Uy (t)
gOzk<I><—>, 1<k<N,
2k

[k (t) — 21| = 2k -1

where C' depends only on [luol|p1(q)~, [|2]|. It follows that, for some C1 > 0

Cull[at) = zllr@yn]® < Y mlan(t) — zf* < CE@(t) | 2). (39)

Now the classical Cziszar-Kullback-Pinsker inequality says (see e.g. Theorem 31 in [5]

or also [6])
[][ (1) — m(t)@ < 4w (1) E(un () | T (1)).

This implies, for some other constant C'
lu(t) = a(@)l|71 v < CE(u(t) | u(t)). (40)

Using the obvious relation E(u(t) | z) = E(u(t) | u(t)) +E(u(t) | z) together with (39)

and (40), we obtain with another constant C
() = 2ll71 @y~ < CE(u(?) | 2),

which is the estimate of Lemma 10. O
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Proof of Theorem 3. As proved in Section 2.3, we may assume (25). By Lemmas
8, 7 and 5, we obtain
—E(ul|z) <-2aE(u|z2)
in the sense of distributions on (0,00). This is the statement of Proposition 4 and it
implies
E(u(-,t) | z) <Ce™ 2, t>0. (41)

Together with Lemma 10, this implies Theorem 3. 0

4. Proof of Lemma 5

This proof is inspired from those given in [8, 9, 10, 12] for the 4 x 4 systems,
with some significant improvements and simplifying modifications as explained in the
introduction.

Here we denote by ux,u any of the functions wy(t),u(t) without indicating the ¢
dependence (which is actually not used in this section). Only the conservation laws
(see (29))

Tiﬂf +Tjﬁ? = U;j := Titio + TjUjo0, Vi<i<m <7< N,
will be used together with the simplified assumption (25) and min; ; U;; > 0. All

constants 'C” below will depend only on:

minUij,ﬂk07Tk71Sk§N. (42)
gy

Lemma 11. [t holds that

B@|2)<CY (Vi - var). (43)

k=1

Proof. It is easily seen that B(s) := ®(s)/(v/s — 1) is continuous on [0, 00). Thus

B(uy/z1) is bounded above by a constant depending on those in (42). And we have

ete 9= neen (%) = 3o (2 1) (%),

Z k:_\/_k )

whence Lemma 11. O

16



Lemma 12. It holds that

2

EI_V: Vi — /zk)? [ (\/ﬁ)] , Vu= (Vi )i<k<n- (44)

Proof. Recall that, under the assumption (25), f(u) = [/~ ui — H;.V:m_H uj. Ac-

cording to (30), we have

u—z=10e, O0=7u1—2, e=(ex)i<k<n,

ei:T1/Ti, €; :—Tl/Tj, Vi<i<m<j<N.

Therefore

f@ = f@ — f(z) = [/0 Vi((l—=s)z+su)ds| - (u—z)=Lm)(a, —z1), (46)

where
1
:/ Vi(l—s)z4s()-eds, 0<¢eRN. (47)
0

We have @ = z + (U1 — #1) e where w; € I := [0, min,,<;<y Uy;]. But the mapping
o € I — L(z+ (0 — z1)e) is continuous. It does not vanish: indeed, if one had
L(¢) =0 for some ¢ = z+ (0 — z1)e, 0 € I, then, by the same computation as in (46)
with @ replaced by ¢, we would also have f(¢) = 0. But the uniqueness property of
Proposition 6 would imply ¢ = z. And this is impossible since then L(z) = 0 and by
(47),

m m N N
Lz)=Vf() e=m|> (mz) ' [[z+ D (mzl™ ] =/,
i=1 k=1 j=m+1 k=m+1

whence a contradiction.
Thus, for
0= mi?L(z + (0 —z1)e) >0,

(4SS

it holds that L(@) > §, which implies by (46) and (45)
F@)?* = (L@)* (@ — 21)* 2 6w — 2[*/lel*,
where || -|| denotes here the euclidean norm in RY. We combine this with the identities

@ —21)* = (Var —vz)* (Var + var)’
(min zk>~(\/ﬂ_k—\/5)2, 1<k<N

1<k<N

v

17



and with

f@? = (H%— Uj) _f(\/;)z'<H\/u7+ II \/E)
i=1 r— i=1 j=m+1

< Cf(Va)?

to deduce (44). O

Lemma 13. [t holds that
rva] < of v+ 3 vVt (48)

150 for \/u = (\/uk )1<k<N-

Proof. All constant C' in this proof may again differ from each other but will depend
only on the value in (??). Define o = o(z) € R for z € Q by u = Vi + 0. First,
we have
2
f(Va? = f(Va+ o) = (F(Va) + VIVa) -0+ M),
where M = fol(l—S)DQf(\/ﬁ-i-SO')[O', o] ds. Using (Vf(v/@)-o+M)? > 0, this implies
F(Vu) 2 f(Va) + 2/ (VOV I (Va) - o + 2/ (Va) M.
By Young’s inequality and the estimate |V f(v/@) - o| < C||o||, we have
1 1
2f(VO)VI(VE) 02— (V) —2AVI(Va) 0)’ 2 —o f(Va)* — Cllo]”.
It follows from the two previous inequalities and |f(v/@ )| < C that

1 —

FWu)? > 5f(\/17)2*0(||0|\2+|MD~ (49)

Next, since /u > 0 implies o > —/7 in RY, we have the partition Q = Q; UQs where
D ={reQ|—Vur <or(z) <1,V 1<Ek<N}

Qo = Ui<k<n{z € Q| ok(x) > 1}.

For x € Q1,5 € [0,1], one has: 0 < /@y, + sor < 1+ Ty, so that
1
M2 [ Q=D W+ o) ds- ol < Cllol?, @ € .
0
Together with (49), we deduce

F(Va)? de > /

Q1

[1f(ﬁ>2 — Ollo|?] da. (50)

Q 2

18



We also have

f(V@)? de = Q| f (VT Z’{Uk>1}‘

Q2

with

|{02>1}|:/ dmg/ oF dacg/ai dz,
{o2>1} {o2>1} Q

which implies
FVA)? da < f( u)Q/ lo|? da < c/ o2 dz. (51)
Qo Q Q

By (50)-(51), we obtain

]l FVA) do < c][ 2 4 ol do (52)

Then, using in particular Schwarz inequality : /ur > fQ Uk, we have

[t~ fo-sion <o ()} -of (- f )

Using now Poincaré-Wirtinger’s inequality implies that

fot=2f (ﬁr [ wT) <cf vyl

Whence (48) by plugging this inequality for all k =1,..., N into (52). O
Proof of Lemma 5. Combining Lemmas 11, 12, and 13, we obtain
B(] ) < Cf f(va +Z\vr| (53)
Here, the elementary inequality
2 Y
(\/17—\&) <(Y-X)log4, X,Y20,

applied to Y =T ui, X = H;'V:m-u u;, implies that

f(Vu)? < <logHu1 log H uj>

j=m+1
and hence
m N
][ f(Vu)? ][ (logl_[uz log H u]> <Hul - H Uj> :
Q j=m+1 i=1 j=m+1
From this inequality and (53), we obtain
E(@|2) < CD(u). (54)
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Finally, we use the additivity property E(u | z) = E(u | u) + E(u | z) and the

logarithmic Sobolev inequality (see e.g. Theorem 17 in [5])
E(ur | ur) < C][ IVyur]?, 1<k <N,
Q

to deduce the statement of Lemma 5. O

5. Concluding remarks

The main result of Theorem 3 is proved under the positivity assumption (7). This is
actually not a restriction. Indeed, if one has fQ uio+ujo =0forsomel <i<m<j<
N, in other words if u;0 = 0 = ujo, then by uniqueness, uf(t) = 0 = uj(t), f(u°) =0
and System (2) is reduced to the heat equation for each uj. It is well known in this
case that ug(t) converges exponentially as t — co to the average f, uko.

On the other hand, Theorem 3 does not handle the interesting case when the
chemical species are not separated, contrary to the reversible reaction (1). Then, the
system has boundary equilibria and it is known that the standard entropy method
does not work (see for instance [13], [7] and their references). This is the case for

instance with the typical following reaction
Al +2A =2 A, + As.

The corresponding system writes

U — dyiAuy = wud — ufus = — [22 — dyAus], (55)
G =0=52 (vl = (u0(@) w)) 2 0.

Here, the only positive solution of System (22), namely of
2123 = Z%Zz, 21 + 22 = U0 + Uz := Uho,

is given by z = (U12/2,U12/2). But the situation is quite different from Theorem 3.
Indeed if Uiz > 0, the solution does not always converge to this z. If we chose for
instance, ui9 = 0, u20 = a > 0, then, by uniqueness, the solution is independent of the
space variable z and is given by (u1(t),u2(t)) = (0,a). Actually, the solution of the
spatially homogeneous part of this system is given by (u1(t),u2(t)) = (v(t),a — v(t))
where v is solution of

v =w(a—v)(a—2v).
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And this equation has three stationary states, 0, a/2, a. The second one is stable,

while the first and the third ones are unstable. Such a behavior probably holds for

System (55) and more generally, for systems corresponding to general reversible chem-

ical reactions with all Ay, ..., Ax appearing on both sides so that boundary equilibria

appear. We refer to [7] for an extension of the entropy method applied to a specific

situation with such boundary equilibria.
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