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1. Introduction

Given an n x n integer matrix A, we assume it is expanding, i.e., its eigenvalues all have moduli strictly
larger than 1. Let D = {d1,...,dr} C R™ be a digit set. It is well known (see [14]) that there exists a unique
attractor T := T'(A, D) satisfying:

T=AT+D)=<) A7'd; :d;, €Dy. (1.1)
i=1

We often call T a self-affine fractal. If moreover, |det(A)| = k and the interior of T' is nonempty, then T
can tile the whole space R™ by translations. We call such T" a self-affine tile.

The fundamental theory and applications of self-affine fractals/tiles have been extensively studied in the
literature ([3,6,7,10,14-16]). In the studies, people found that, given a matrix A, the structures of a digit
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set D strongly influence the topological properties of T'(A, D), such as connectedness and disk-likeness (see
[1,2,4,58,11-13,18,19,21-23]). Among all the researches, the collinear digit sets perhaps attracted the most
attentions. Say D is collinear if D = {d;,...,d;}v for some vector v € R" and dj < dy < -+ < di. If
moreover, d;+1 — d; = 1 for all 4, D is said to be consecutive collinear (CC). If d;+1 — d; = 1 for all ¢ except
one iy such that d;,11 — d;, > 1, then D is said to have a jump. The study on the connected self-affine
fractals/tiles arising from CC digit sets has been an interesting topic. Hacon et al. [7] first proved that a
self-affine tile T' is always pathwise connected when k = 2. Lau and his coworkers ([9,12,13,18,20]) developed
this direction and systematically studied the topology of self-affine tiles for any k. The connectedness of
self-affine fractals with CC digit sets was also concerned in [19,23].

However, there are very limited results on the collinear digit set D with jumps. In [19], we made a first
attempt in this area, especially we proved that

Theorem 1.1. Let A be an expanding integer matriz with characteristic polynomial f(x) = x® 4+ px + 3, and
let D ={0,1,b}v where 2 < b € Z such that {v, Av} is linearly independent. Then we have

(i) when b =2, T is always a connected self-affine tile;

(ii) when b > 4, T is always a disconnected self-affine fractal;

(iii) when b =3, T is connected if and only if (p,q) € {(£1,-3),(£2,3),(£3,3)}.

For an expanding 2 x 2 integer matrix A, it is known by [3] that the characteristic polynomial of A is
given by

f(z)=2>+pr+gq, with [p|<q, if¢>2; [p| <l|g+2], if¢<—2. (1.2)

In the paper, we will give a complete characterization on the connectedness of T arising from a collinear
digit set with a jump. As for |¢| = 2 and D = {0, v}, T is always a connected self-affine tile ([7] or [12]). So
we will exclude this trivial case.

Theorem 1.2. Let A be an expanding integer matriz with characteristic polynomial f(z) = 2 + px + q where
lgl = 3, let D ={0,1,...,|q| — 2,|q| + m}v, where 0 < m € Z and v € Z? such that {v, Av} is linearly
independent. Then

(i) when m > 1, T is always disconnected;

(ii) when m =0, T is connected if and only if

(p.a) € {(p.q) € Z% : 2|p| = |q + 2/} U {(¥1,-3), (£2,3), (£3,3), (+4,4)}.
(See Fig. 1.)

The proof is elementary although it contains lots of calculations and multiple discussions. The main idea
is to fully use the radix expansion like (1.1) and Cayley—Hamilton theorem (see basic tools in Section 2).
Moreover, we remark that when m = —1, D becomes a CC digit set and T is always connected [12]. We also
mention that the theorem still holds if the jump occurs elsewhere. Actually the proof is the same irrespective
of the location of the jump occurs for the disconnected cases as it does not involve finding the exact radix
expansion. For the connected cases when m = 0, the difference set D — D is unchanged wherever the jump
occurs.

For the organization of the paper, we provide some useful lemmas in Section 2 and prove Theorem 1.2
by five parts in Section 3. As Appendix A, we give a Matlab program to calculate all the upper bounds of
a, 8 used in the proof.
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2|pl = lg + 2|

Fig. 1. The domain of (p, ¢) for connected self-affine fractals.

2. Basic lemmas

In this section, we prepare several basic results that will be used frequently in the next section. Let (A, D)
be given as in the assumption of Theorem 1.2. Denoted by D = {0,1,...,|¢|—2,|¢|+m} and AD =D — D,
then D = Dv and AD = ADv.

First we provide a simple but useful lemma for connectedness of T':= T'(A4, D) (we refer to [8] or [12] for

the general criterion of connectedness).

Lemma 2.1. T is connected if v e T —T and (m+c)v € T =T for some c € {2,3,...,|q|}; T is disconnected
if (m+c)vg T —T forallce {2,3,...,]q|}.

Proof. It follows immediately from Theorem 4.3 of [12] by using certain graph argument on D. 0O
Let A = p? — 4q be the discriminant of the polynomial f(z) = 22 + px + ¢, and define s, 3; by
AT = v+ BiAv, i=1,2,... (2.1)
From the Cayley—Hamilton theorem f(A) = A% + pA + ¢I = 0 where I is the identity matrix, we have

Lemma 2.2 ([17]). Let «;, B; be defined as the above. Then qa;1o+pair1+a; =0 and gBir2+pBiv1+6: =0,

Qit1 | 0 1 i ay | Biv1| _ 0 1 i B1
aiva | | =1/g —pla| a2 |’ |Bi| |-1/a -»pla| | B

and ay = —p/q, a2 = (p*> — q)/q*; 1 = —1/q, B2 = p/q*. Moreover for A # 0, we have
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(€7 0 B ' )
i = AL/2 and Pi=—"x1jz
_ / Al
where y; = ptA2 Yo = %ﬂ are the two roots of qx2 +pxr +1 = 0.

2q

Write

o= Z ||, B:= Z |B:l-
i=1 i=1

By Lemma 2.2, if A < 0, then the value of 5 (similarly for ) can be bounded by

5< S5 2 "2 (22)
< il + ~1/2 2\1/2° :
Pt (1—q/2)(4g — p*)/

In Appendix A, we will provide all the upper bounds of «, 8 that are used frequently in Section 3.

Lemma 2.3 (/23]). If A > 0. Then

[p|—1 1
q—|pl+1 ¢>0 P q—|pl+1 ¢>0
o = =
[p|+1 . 1
a-p= 4<0 a1 4<0

Let L := {yv + dAv : v, € Z} be the lattice generated by {v, Av}. For Il € L\ {0}, T + 1 is called
a neighbor of T if TN (T +1) # 0. It is easy to see that T + [ is a neighbor of T if and only if [ can be
expressed as

oo
l= ZbiA_iv €T —T, where b, € AD.
i=1
By using (2.1), the above [ can be written as [ = yv + 6Av where v = Y72, bja; and § = Y .0 b;3;.
Thus

|v] < max |b;]a and |d] < max |b;|. (2.3)

Lemma 2.4. Suppose kv = Y .0 b;A~"v € T — T for some integer k. Then kAv —byv € T —T; (—kp —
b1)Av + (=kq —bo)v € T — T; and (kp? — kq + pby — ba)Av + (kpqg +big —b3)ve T —T.

Proof. Multiplying kv = Y7, b;A~*v by A and then moving the first term on the left to the right, we get
kAV—biv =377, bis1A~v € T —T. Applying the same procedure and replacing A? with —pA — ¢I (using
f(A) =0), we can get the other two relations. O

Our crucial part of the proof in Section 3 is to find contradictions with (2.3) by making use of (2.2) and
Lemmas 2.3, 2.4.

Lemma 2.5. Let Ty = T(A, D) and Ty = T(—A, D). Then Ty + 1 is a neighbor of Ty if and only if To + 1 is
a neighbor of Ts. Hence Ty is connected if and only if Ts is connected.
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Proof. If [ € Ty — Ty, then
= Z biA_iV = Z bgi(—A)_giV + Z(—bgifl)(—A)_ZH_lV.
i=1 i=1 i=1
Hence | € T, — T5 and vice versa. The second part follows from the first one and Theorem 4.3 of [12]. O

The last lemma is a special case of Theorem 1.3 in [19].

Lemma 2.6. Under the same assumption of Theorem 1.2. If p = 0, then T is connected if and only if
D ={0,1,...,|q| — 1}v.

3. Proof of the main theorem

The proof of Theorem 1.2, which consists of five parts, is given in this section. Parts I and II deal with
the case when m > 1 while parts III to V the case m = 0. In view of Lemmas 2.5, 2.6 and Theorem 1.1, it
suffices to show the theorem under the assumption that |¢| > 4 and p > 1.

e Part I
In this part we assume that f(z) = 2% + pr + ¢ where ¢ > 4 and p > 1. Let D = {0,1,2,...,q — 2,q +m}
where m > 1. The proof here is then divided into two cases: A = p?> —4q > 0 and A < 0. Moreover, in
Part I, we will explain carefully how to use Lemma 2.4 to get contradictions, then we shall omit the details
in the remaining parts for simplification.

Suppose

(m+c)v=> bA"veT-T, where ¢>2, b; € AD. (3.1)
i=1
By Lemma 2.4, it follows from (3.1) that (m + ¢)Av —byv € T — T and
—[p(m+c)+bi]Av —[glm +¢c) + bo]Jve T —T. (3.2)

Case A: A>0
Since A is expanding, ¢ > p by (1.2). Lemma 2.3 and (2.3) imply that if [ :=yv + §Av € T — T, then

6] < qg+m

qg+m

If(m+cp—c< (m+c—1)q, then m+c >
(m+cp—c < ( ) p—

7 contradicting (3.3). Hence (m +c¢)v ¢ T —T.

Now assume

(m+c—1)g< (m+c)p—c (3.4)
By (3.3),
q+m
h| < ——. 3.5
plm-+0) + i < (3.5)

When ¢ = p, (3.5) becomes |g(m + ¢) + b1| < ¢+ m. So

by <g+m—qgm+c)=—qg—m(g—1)—q(c—2) < —q—m,
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which implies by ¢ AD and thus (m +¢)v ¢ T —T. When ¢ > p + 1, we can deduce from (3.5) that

+m
[p(m +¢) +b1| < g 5 . So

bliT—P(m‘FC)
q+m .
S5 —am+e=1)—c (by (34))

=—q— m+C—§ +T—c
=—q9—q B B)

5 m
<—q—4 m+c—§ +

5—0
7
:—q—Tm—f)(c—?)
< —q—m,

implying b; ¢ AD. Thus (m+¢)v ¢ T — T and T is disconnected by Lemma 2.1.

Case B: A<Q0
Since the conditions A < 0 and ¢ = p imply g < 4, we only need to consider the case that ¢ > p+ 1. When
q = p+ 1, there are two possibilities: (p,q) = (3,4) or (4,5).

In the case that (p,q) = (3,4), we have 5 < 0.56 (see Appendix A). Then |§| < 0.56(4 +m). From (3.1),
we get (m + ¢)Av — byv € T — T. But the assumption of (3.1) is invalid because for any m > 1 and any
¢ 2 2 we have 0.56(4 +m) < m + ¢, contradicting (2.3). Hence (m+c¢)v¢ T —T.

In the case that (p,q) = (4,5), we find 8 < 0.6 (see Appendix A). We can deduce from (3.2) that

—(Am+c)+b1))Av— (5(m+c)+b)veT —T.

Then [4(m + ¢) + b1] < 0.6(5 + m) by (2.3). So by < =5 —m as ¢ > 2, implying by ¢ AD. Hence
(m+c)vegT-T.

When g = p + 2, the possible (p,q)’s are: (2,4),(3,5),(4,6) and (5,7). In the case that (p,q) = (2,4),
then 8 < 0.5 (see Appendix A) and so [0] < 0.5(4 + m). But 0.5(4 + m) < m + ¢ holds for any m > 1 and
¢ > 2, contradicting (2.3). Hence (m + ¢)v ¢ T — T Similarly we do the other three cases by choosing the
bounds of 8 to be 0.4,0.4,0.34, respectively (see Appendix A). We also get (m+c)v¢ T —T.

When ¢ > p+ 3, if yv+ 0Av € T — T we claim that

q+m
6] < pp—1 (3.6)
and
-1
q—p—
vl < 2 (3.7)
-2
(gtmep=2"+a)  »_
qlg—p—1)
1
In order to derive (3.6) and (3.7), it suffices to show 8 < p— and
q—p—
—1 — 2p?
a<-P271 s g a<BTTD e
q—p—1 q(¢—p—1)
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To see it, by Lemma 2.2, we have ¢fB;12 + pBit+1 + B; = 0, and hence ¢|5;12] < p|Bi+1] + |8i]. Summing the

inequality for i = 1,2,..., we get ¢(8 — |B81| — |B=2]) < p(B — |B1]) + 8- Note that |51]| = 1/q, || = p/q>. It
follows that

(a—p—1)B<(q—p)|B1] +qlB2| = 1.

Using a similar method, we obtain (¢ — p — 1)a < (¢ — p)|aa| + ¢g|az|. By substituting ay = —p/q and
as = (p? — q)/q? into the inequality, we will get the desired upper bound for a.

(a) p* > q.

If 2p < ¢, then Lll < 1. Tt follows from (3.2) and (3.7) that ¢(m + ¢) + ba < ¢+ m. So by <

—m(q—1) —g(c—1) < —m — ¢, implying by ¢ AD. Hence (m+c)ve¢ T —T.
2

Assume ¢ < 2p. Notice first that 0 < % < ¢ < 2pand g > p+ 3, hence the possible (p, q)’s are

(3,6),(4,7),(4,8),(5,8),(5,9), (5,10), (6,10), (6,11), (6,12), (7,13), (7, 14).

By examining the bounds of 8’s carefully in Appendix A, we have 8 < 0.3 for the first five (p,q)’s; § < 0.21
for (6,10); and 8 < 0.2 for the remaining ones. Thus for each case [§|] < m + ¢ always holds. Hence
(m4+c)vgT—T.

(b) p* < q.

(i) p=1. From (3.6), we have

So(m+c)vegT—T.
(ii) p = 2. From (3.7), we have

(g +m)(3q —8) :3+3m—|—1_ 8m

<34+ 3m.
q(q—3) q—3  qlg—3)

7| <

Hence |g(m + ¢) 4+ ba| < 3 + 3m and thereby by < 3 — g¢c — m(q — 3) < —q — m, implying bs ¢ AD. So
(m+c)vgT—T.
(iii) p > 3. From (3.7), we have

(g+m)[ap+1)—2p*]  (+1)¢+ [(p+1)m —2p%] ¢—2p°m

hl< qlg—p—1) B qlg—p—1)
(D@ = (p+1)2q+ [(p+Dm—2p> + (p+1)?] ¢ — 2p>m
B alg—p—1)
:p+1+(p+1)m—p2+2p+l_ 2p°m
q—p—1 qg—p—1)
<p+1+(p+nm+2@+1)
g—p—1

<p+l+m+2 (asqg>p*>2p+2forp=3,ie.p+tl<qg—(p+1))

<qg+m.

Hence |g(m + ¢) + ba| < ¢+ m and thereby ba < —m(g — 1) — g(c — 1) < —m — ¢, implying b ¢ AD. So
(m+c¢)v ¢ T —T. We proved that T is disconnected by Lemma 2.1.
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e Part I1

In this part we assume that f( ) =22 + pr — ¢ where ¢ > 4 and p > 1. Since A is expanding, p

YJMAA:21539

<qg—2by

(1.2). We also see that A = p? + 4¢ > 0 always holds. Let D = {0,1,...,q — 2,q + m} where m > 1. Note

that

p+1 1
R P
q—p—1 q—p—1
If yv +0Av € T — T, then by (2.3), we have

1
o ¢ LEMPED g Lt
qg—p—1 q—p—1

Assume (m+c)v =Y oo, b;A~"v € T—T where ¢ > 2. From Lemma 2.4, it follows that (m+c)Av—>byv €

T-T.If p(m+c)+(2m+c) < g(m+c—1) then |§] < L
q—

Now we consider the case
glm+c—1) <p(m+2)+ (2m +c).
Analogously to Part I, by Lemma 2.4, we can deduce from (m + ¢)v € T — T that
—[(m+c)p+biJAv+[(m+c)g—boJve T —T.

Thus

_gtm_

|(m +c)p+b1] < W
q—p-—1

and m+c)g— by| <
-+ g — o] < MRS

There are two subcases to be considered here: (a) ¢ =p+2 and (b) ¢ > p+ 3.
(a) In this case |[y| < (¢+m)(p+ 1) = (¢+m)(¢ — 1) and |0] < ¢ + m. By Lemma 2.4,

[(m—kc)(p2 +q)+pby — ba]Av — [gp(m +¢) + gby + b3]lve T —T.
As [(m + ¢)(p* + q) + pby — ba| < g+ m, so

pby < q+m — (m+c)(p? + q) + bs

<gt+m—(m+c)p’ —(m+c)g+qg+m

< —mg — (m+2)p* + 2m.
Since ¢ > 4, we have
—mgq 2m  —mgq 2m
b1ST—(m—&-Z)p—l—?zj—(m+2)(q—2)+—2< —q—m

implying b; ¢ AD. Hence (m +c¢)v ¢ T — T for all integers ¢ > 2.
(b) In this case

clarmp+1) _(g+m)p+1)

qg+m g+m
Iy < and 4] < < .

q—p-—1 = 2 q—p—l\ 2

From (3.9), we have |(m + ¢)(p* + q) + pb1 — ba| < q—i—m.

— < m+c, impossible. Thus (m+c)v ¢ T—T.

(3.8)

(3.9)
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qg+m

pb1 < —(m+e)(p* +q) + be

+m
<4 S = (m+ 2P + ) + b

1 3
S—(m+§)q—(m+2)p2+7m (as by < ¢ +m).

Since m > 1 and ¢q > 4, we have

—(m+3)(p+3 3
by < (m+3) @ )—(m+2)p+—m
p 2p
1 3(m+1) 3m
< - )2 = 3.
(m+2) ’ (m+1)g+2(m+1)+ o by (3.8)
<m+§—3m+1f(m+l)
2 2 e

<m-+ g —(m+1)q
< —q—m,
implying b; ¢ AD. Therefore, (m + ¢)v ¢ T — T for all integers ¢ > 2.
e Part III
In this part we assume that m = 0 and f(x) = 2% + px + ¢ with A = p?> —4¢ > 0, where 1 < p < ¢ and

qg>4. Let D ={0,1,...,q9— 2,q}, then AD = {0,£1,...,£(¢ — 1), +q}. Here we consider the following
cases one by one:

(a) Notice first that 0 = f(A) = A2+ pA+qgl = (A+D[A+(p—- DI+ (p-1)1. So A+ (p—1)I =
—(p—1)(A+I)~! and then

Av+(p—1)v=—(p—-1)(A1—A2 4+ A3 —..)v.

Hence
v=—(p—-1A v+ i(—l)i_l(p —1)A "y, (3.10)
i=2
which implies that v € T'— T'. Moreover, by ¢ = 2(p — 1), we get
o2v = —qA v + i(—l)iflq/riv eT-T.
i=2

Hence T is connected by Lemma 2.1. Since the assumption A > 0 is not used here, the proof also applies
to those f(x) with A < 0. This implies that T is also connected if (p,q) = (5,8) or (6, 10).
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. p—1 1 .
(b) By Lemma 2.3, we have that « = ———— and f = ——— . If yv + §Av € T — T, then by (2.3),
g—p+1 g—p+1
—1
we have |y] < =1 and |§] < — 1 <o
qg—p+1 qg—p+1

Suppose kv = > b;A~'v € T—T for k > 2. Then by Lemma 2.4, kAv—byv =3 2, Al "ive T—-T.
This is impossible as |§] < 2. Hence kv ¢ T — T, and T is disconnected by Lemma 2.1.

(c) In this case, if yv+8Av € T—T, then |y| < q(¢—1) and |§| < q. Suppose kv = >~ ;A" ve T —T
where k > 2. By Lemma 2.4,

—(kq + bl)AV — (kq + bQ)V el —-T.

|kq + b1| < ¢ is only possible when k& = 2. In this case by = —¢, so —gAv — (2g + ba)v € T — T. By using
Lemma 2.4 again, we have

(¢ —2q—by)Av+ (¢ —b3)ve T —T.
Since ¢ — 2¢ — ba| < ¢ and |¢? — b3| < q(q — 1), we have ¢ —q > by > ¢°> — 3¢ = q(q — 3) > ¢, where the
last equality holds when ¢ = 4. Thus if ¢ = p > 5, then by > ¢, impossible. So 2v ¢ T — T.

If g=p=4, then by 0 = f(A)(A—1I) = A3+ 3A% — 4] we have A? + 24 — 2] = 2(A + 1)~ . Tt follows
that

v=-24""v+24 v+ 24 3v - 24"V + 24 v -24"Cv+...eT-T
and
2v=—-dA NV 4A TV + 443V —4A TNV +4A OV —4A v+ e T - T

Hence T is connected by Lemma 2.1.
(g—r—-1)

(d) Set r :== ¢ —p > 1. In this case, if yv+ JAv € T — T, then |y| < a 1
,
Suppose 2v = Y7 b;A"'v € T — T. By Lemma 2.4,

q
r+1

and |0| <

—(2p+b1)Av — (2¢+by)veT —T.

q

Since |2p+b1|<$,wehave —$<2(q—r)+b1<r+1.Thus
q —(2r+1)q
b < —=——2 — = 0 A < —
17T+1 (q T) T—|—1 +2r q,

as 2(r+1) < ¢ (i-e., ¢ < 2p — 2). That is impossible, hence 2v ¢ T —T.
Now suppose kv =2 ;A" 'v e T —T for k > 3. As |kp + b| < %, we have

q
< - = —_ —_—
bl\r—l—l kp ] k(qg—r)
q q
<§—kq—|—k(§—1) (as ¢ > 2(r+1))

< —q—k < —q,

which is impossible. So kv ¢ T'— T Hence T is disconnected by Lemma 2.1.
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1.0 7‘ ‘
0.5:
0.0:
—0.5:

-1.0

Fig. 2. (a) is connected while (b) is not connected.

e Part IV
In this part we assume that m = 0 and f(z) = 22 + px + ¢ with A = p? —4q < 0, where ¢ > p > 1

and ¢ > 4. We need not consider the case p = ¢ as it implies ¢ = 2,3. Let D = {0,1,...,q9 — 2,q}, then
AD ={0,£1,...,£(¢ — 1), £q}. The proof of this part is divided into the following three cases:

(a)g=p+1; (b)g=p+2; and (c)g>p+2.

(a) Notice that 0 > p? —4(p+1) = (p — 2)? — 8. Now p = 1,2,3,4. The corresponding ¢’s are 2, 3,4, 5.
As the cases (p,q) = (1,2) and (2,3) have been solved, we need only study (p,q) = (3,4) and (4, 5).

When (p,q) = (3,4), we can deduce from 0 = f(A) = A2+ 34 + 41 that A +2] = —2(A+I)"L. Tt in
turn implies that

v=-24""v_24"2v4+243v - 24"V +245v-24"Cv+...eT-T
and
W= —-dA Y —4A TV +4A TV —4ATV HAA OV —4A v+ e T =T

Hence T is connected.

When (p,q) = (4,5), we have 3 < 0.6 (see Appendix A) and |§| < 3. Now suppose kv = > = b;A"'v €
T — T where k > 2. By Lemma 2.4, —(4k 4+ b1)Av — (5k + bo)v € T — T, in which |§| = |4k + b1| < 3. But
it is impossible for k£ > 2 and |b;| < 5. Hence kv ¢ T — T', and T is not connected. (See Fig. 2(b).)

(b) A =p* —4q < 0 gives 0 > p?> —4(p+2) = (p — 2)> — 12. Thus p = 2,3,4,5 and so q = 4,5,6,7,
respectively. We now discuss them in detail.

In the case that (p,q) = (2,4), we get 8 < 0.43 (see Appendix A) and |§| < 1.72. Now suppose kv =
Yoo bjAT'v € T—T. Then kAv —byv € T — T, while |§| < 2, a contradiction. Thus kv ¢ T —T'. Similarly
for the case (p,q) = (3,5), we get 5 < 0.38 (see Appendix A) and |0| < 1.9 < 2. Hence kv ¢ T —T.

For the case (p,q) = (4,6), it follows from 0 = f(A) = A% + 4A + 61 that A+ 31 = —3(A+I)~!. Then
we have

v=-34""v-34"v+343v-34"Vv+34 5 v—...eT-T
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and
v=-—"64A"'v—64 2v+6A3v—-64"*V+64 v—...eT-T.

So T is connected by Lemma 2.1. (See Fig. 2(a).)

For the case (p,q) = (5,7), we have § < 0.4 (see Appendix A) and |§| < 2.8. Now suppose kv =
Yo bjATv € T —T. By Lemma 2.4, —(5k + by)Av — (Tk + ba)v € T — T Since |5k + by| < 2.8, we have
b < —7.2, s0 by ¢ AD. Thus kv §é T-T.

(c) Notice that if yv 4+ dAv € T — T, then by (2.3), we have

-1
5l < —1— and < {070 (3.11)
q D qpq_pp_lq ifp2—q<0.

Now suppose kv = Y2, b;A~'v € T — T. As before, by Lemma 2.4,
—(k‘p—|—b1)Av— (kq+b2)v eTlT-T. (312)

4
Since ¢ > p + 2, from (3.11), we obtain |kp + b1| < = 1 < 4. Hence kv ¢ T — T provided that ¢ < gp

2

P
4
For the case g > gp Here we consider two subcases: (i) p? > ¢ and (ii) p? < ¢.
)

qp—1) ﬂp*U
q—p—

(i) From (3.11), it follows that |kq + bg| < q o1

. If ¢ > 2p then by — 2q < —q. Thus

4
kv ¢ T—T and T is disconnected. If 2p > ¢ > 3p together with A < 0, then p < 7. We can find all possible
(p, q)’s as follows:

(2,4),(3,4),(3,6), (4,6),(4,7), (4,8),(5,7), (5,8),
(5,9), (5,10), (6,10), (6,11), (6,12), (7,13), (7, 14).

Except the solved cases, we only need to study the following ones:
(3,6),(4,7),(4,8),(5,9), (5,10), (6,11), (6,12),(7,13), (7, 14).

By choosing the bounds of f’s carefully in Appendix A, we take 8 < 0.3 for (3,6); 8 < 0.26 for (4,7);
B < 0.21 for (4,8), (5,9); 8 < 0.17 for (5,10), (6,11); 5 < 0.15 for (6,12), (7,13); B < 0.13 for (7,14). While
in each case |0| < 2 always holds. Thus kv ¢ T —T.

2 — 9292 — 292
(ii) From (3.11), we have |kq + ba| < w So by w — kg < w—2pta

X

—2q. It
p—1 g—p—1 g—p-—1

can be shown that

qp —2p* + ¢

< —q © Z+%<1—£)<q
g—p—1 q

Now for any p > 3 we have p? {2+2p<1p)](p1) 3+ >0 SoQ+2p(1p><p2<q.
q q q
Thus kv ¢ T — T and T is disconnected. We then study what will happen when p =1 or 2.

4 4
Consider the case p = 1. Then p? —g=1—-¢<0and ¢ > ?p =3 Then
<22 5 2 o3
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for any g > 4 whereas the equality holds when ¢ = 4. Suppose kv € T — T. By (3.12), it follows from
|kq + ba] < 3 that by <3 — kg <3 —2¢ < —q, then by ¢ AD. Hence kv ¢ T T and T is disconnected.

-8
3 < 4. Suppose kv e T —T.

Consider the case p = 2. Then p? —¢g=4—¢ < 0. So ¢ > 5. Then |y| <
By (3.12),

—(2]€ + bl)AV — (/{Jq + bQ)V el —T.

From |kq + ba| < 4, it follows that by <4 — kq < 4 —2q < —q. Then by ¢ AD. Hence kv ¢ T —T and T is
disconnected.

e Part V
In this part we assume that m = 0 and f(x) = 2% +px —q where p > 1 and ¢ > 4. By (1.2), we only consider

1
the case ¢ 2 p+2. Let D ={0,1,...,¢ — 2,q}. By Lemma 2.3, we have o = Ll and = —
q—p— q—p—
If yvv+dAv € T — T, then by (2.3), we have
1
< 22D g e L
qg—p—1 qg—p—1
We divide the proof into the following cases:
(a) g=2p+2; (b)g>2p+2; and (¢)2p+2>qg=p+2.
(a) Notice that 0 = f(A) = A2 + pA — (2p +2)I. So
(p+DI=[A+ @+ 1II(A-1T)
= A+@+D)I=p+1)A-I)'=@p+1)Y A"
i=1
= v=—(p+1A v+ Z(p + DA veT - T.
i=1
Moreover, 2v = —gA~'v+ >, gA~"v € T — T. Thus T is connected.
(b) Notice that g —p— 1> p+ 1. We get
vl <aq. (3.13)

Now suppose kv = 221 b;A~'v € T — T where k > 2. By Lemma 2.4,
—(kp+b1)Av+ (kq —by)veT —T.

By (3.13), we know |kqg — ba| < q. Then |ba| > (k — 1)g > ¢, contradicting that by € AD. Thus kv ¢ T —T.
(c) In this case |y| < g(p+1) and |§| < ¢. Suppose kv = oo, ;A" v € T —T for any k > 2. Lemma 2.4
implies that

[p(kp +b1) + (kq — b2)]Av — [q(kp + b1) + bs]v € T = T.

Since |p(kp+b1)+(kg—b2)| < g, we have p(2p+b1)+¢q < p(kp+b1)+q < be. When ¢ < 2p, as —2p < —¢q < by,
then ¢ < by, contradicting by € AD. Thus kv ¢ T —T. Assume 2p < ¢ < 2p + 2, which means (i) ¢ = 2p or
(ii) g = 2p + 1.
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q

(i) As |p(kp + b1) + (kq — b2)| < q, by ¢ = 2p, we have 5(% +01) + (kg —b2)| < q. So for k > 3, it

follows that
q,3q

“(=+bh)+g<

q(k:q
22

=(—+b k—1)q < bs.
ol T 1)+ ( )q < by
Since b; > —q, we have q¢ < ba, and bs ¢ AD. Hence kv ¢ T — T for any k > 3.

For k = 2, it holds that by > (¢ + b1) + ¢, implying by = —q,bo = ¢. Using Lemma 2.4 for 2v =
Yo biAT v € T — T, we have —(2p + by)Av + (2¢ — bo)v € T — T, that means, qv € T — T where ¢ > 4.
That contradicts the previous argument. Hence 2v ¢ T — T.

2 2
(ii) Notice that |p(kp + b1) + (kg — b2)| < S R Seeing that ’—1’ < 1, we have
q

—-p—1 g—1
Ip(kp +b1) + (kg — b2)| < 2. Now

p(2p+0b1) +2¢ — by < p(kp+b1) + kg — by < 2

-1
N qT(q_1+b1)+2q—bzé2
—1)2 —1
N MJJ by +29—2< by
2 2
—1)2 -1
N (q2) _Q(q2 )+2q_2<b2 (as —q <b)
3¢ 3
292 <y
2 27

qg<by (asq>3),

and by ¢ AD. Therefore, kv ¢ T — T and T is not connected.
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Appendix A. Bounds of o and

MATLAB Program:

function [alpha, beta] = bound(p,q,n)

The polynomial is f(z) = 22 + pz + q.

n: the iterations.

if n > 100 or p? > 4q

alpha= 0; beta= 0;

return;

end

1 =-p/g; y1=-1/g

w2 =P’ —a)/d* y2=p/d%

z = |wo| + 21l y = [y2] + |yl;
fori=1:n-3

Tiya = (=p/Q)riv1 + (=1/@)7i; ==+ |Tital;
Yivz = (=p/Qyir1 + (=1/Qyis v =y + [yital;
end
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2¢—(n—1)/2
—1/2)(4q p2)1/21

0g— /2
beta =y + (1—11_1/3)(411—172)1/2;

alpha =z + =

end

MATLAB Output: bound(p,q,n)=[alpha, beta]

bound(3,4,99) = [1.2301, 0.5575);  bound(4,5,99) = [1.5235, 0.5047];
bound(2,4,99) = [0.7143, 0.4286];  bound(3,5,99) = [0.8631, 0.3726];
bound(4,6,99) = [1.0437, 0.3406];  bound(5,7,99) = [1.3339, 0.3334];
bound(3,6,99) = [0.6740, 0.2790);  bound(4,7,99) = [0.8076, 0.2582];
bound(4,8,99) = [0.6508, 0.2063]; bound(5,8,99) = [1.0057, 0.2507];
bound(5,9,99) = [0.8117, 0.2013];  bound(5,10,99) = [0.6834, 0.1683];
bound(6,10,99) = [1.0001, 0.2000];  bound(6,11,99) = [0.8341, 0.1667];
bound(6,12,99) = [0.7163, 0.1430];  bound(7,13,99) = [0.8571, 0.1429)];
bound(7,14,99) = [0.7500, 0.1250];  bound(4,5,99) = [1.5235, 0.5047];
bound(2,4,99) = [0.7143, 0.4286]; bound(3,5,99) = [0.8631, 0.3726];
bound(5,7,99) = [1.3339, 0.3334];  bound(3,6,99) = [0.6740, 0.2790];
bound(4,7,99) = [0.8076, 0.2582]; bound(4,8,99) = [0.6508, 0.2063];
bound(5,9,99) = [0.8117, 0.2013];  bound(5,10,99) = [0.6834, 0.1683];
bound(6,11,99) = [0.8341, 0.1667);  bound(6,12,99) = [0.7163, 0.1430];
bound(7,13,99) = [0.8571, 0.1429];  bound(7,14,99) = [0.7500, 0.1250)].
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