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Nontrivial solutions of nonlocal fourth order elliptic equation of
Kirchhoff type in R3*

Anmin Mao! Wenging Wang
School of Mathematical Sciences, Qufu Normal University, Shandong 273165, P.R. China

Abstract This paper is devoted to a class of important and general nonlocal fourth order

elliptic problem
Ay — (1+ )\/ |Vul|?dz)Au+ V(x)u = f(z,u) in R3,
R3

where A? = A(A) is the bi-harmonic operator, A > 0 is a constant. We focus on the case that
f(z,u) involves a combination of convex and concave terms and the potential V(z) is allowed
to be sign-changing. By new techniques, multiplicity results of two different type of solutions

are established. Our results improves and generalizes that obtained in the literature.
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1 Introduction and main results

In this paper, we consider a class of important fourth order elliptic equation

A%y — (1 + /\/ \Vul|?dz)Au+ V(z)u = f(z,u) in R3. (1.1)
R3

Problem (1.1) is often called nonlocal because of the presence of the integral term ( fps |Vu|?dz) A,
which implies that the equation (1.1) is no longer a pointwise identity. Problem (1.1) can be

seen as a linear couple of elliptic equation
A%+ cAu+ V(x)u = fi(z,u) in RN, (1.2)
and the Kirchhoff type equation

(a+b/RN \Vu|?)Au + V(z)u = fo(z,u) in RY. (1.3)
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For problem (1.2), we refer the readers to [3]-[7]. When V (x) = 0, R is replaced by a bounded

smooth domain Q C RY and set u = Au = 0 on 9, then problem (1.3) can be reduced to

- (a—l—b/ |Vu|?)Au = f(z,u) in Q,
Q

(1.4)
u=0,Au=0 on 0.
It is well known that Problem (1.4) is related to
uy — (a + b/ \Vul|?dz) Au = g(z, u) (1.5)
Q

proposed by Kirchhoff in [8]. Some early classical studies of Kirchhoff equations were those
of Bernstein [9] and Pohozaev [10]. However, (1.5) received great attention only after Lions
[11] proposed an abstract framework for the problem. Some interesting results can be found in

[12]-[18] and the references therein.

By fixed point theory, Ma [21] obtained positive solutions of the following nonlocal problem

1
4 ’LL, 2 €T ’LLN = W% T, u
t <t ([ uPae) o’ = ha)s (o), (16)
u(0) = u(1) = u"(0) = u"(1) = 0.

in one dimension

Based on the work in [21], Wang et al. in [21] obtained nontrivial solutions of

A%y — )\ <a+ b/ \VuFdac) Au = f(z,u), in
Q

(1.7)
u=Au =0, on 0,
by using the mountain pass and truncation method. Recently, Avci et al. [23] studied
A2y — (a + b/ |Vu|2dx> Au+cu= f(u) in RY, (1.8)
RN

and got at least one positive solution by using variational method and the truncation method.

Inspired by above-mentioned papers, we study
A%u— (14X | |Vufdz)Au+V(z)u = f(z,u) in R3
R3
and focus on the case that f(x,u) involves a combination of convex and concave terms and the

potential V(z) is allowed to be sign-changing.

We make the following hypothesis on V(x) and f(x,u):

(V)For any M > 0, meas{z € R®: V(z) < M} < oo, and there exist constants m,a satisfying

O<m<a< S%’ inf,cgs V(z) > m — a, where Sy is defined in (2.1).



Setting F'(z,u) := [} f(x,s)ds and suppose that F(z,u) = F(x,u) + o(z)|u|®, where 1 <
s < 2 and F,« satisfy the following conditions:
(f1) a(z) € L%(Ri") and a(z) > 0;
(f2) F(z,u) € CHR? xR, R), F(x,0) = 0 for all z € R? and there exist a real number 7 > 4 and

two continuous bounded functions p, ¢ : R? — R with ¢ > 0 on a bounded domain € such that

F
p(zr) < |(x|, w) <q(z) forall z€R® and ueR\ {0},
u T
and -
F
lim (z,) = q(z) wuniformly in z € R>;
fuloo  |ul”
(f3) there exists dy satisfying 0 < dg < 1;;;93 such that
2

_ 1 -
T, u) — — z,u),u) < dolu or atl r € anda u € K,
F 4f dolul® for all R? and u € R

where f(z,u) = F,(z,u).

Our main results read as follows.

Theorem 1.1. Assume (V) and (f1) — (f3) hold. Then
(i) problem (1.1) has at least one nontrivial mountain-pass type of solution.

(11) problem (1.1) has at least one nontrivial local minimum type of solution.

Compared with literature, the novelty of our results lies in two aspects. One is that problem
(1.1) considered here is set in whole space and the potential V() is allowed to be sign-changing,
furthermore, the nonlinearity f involves the combination of convex and concave terms which
makes it very hard to check the Mountain Pass geometry for energy functional. The other is
that we obtain two type of nontrivial solutions, one is obtained via the Mountain Pass lemma,
the other is constructed through the local minimization. Just as stated before, our main result

improves and generalizes the results obtained in [21, 22, 23].

This paper is organized as follows. In Sect.2, we state the variational framework of our

problem and some preliminary setting. Sect.3 is devoted to the proof of Theorem 1.1.

2 Preliminaries and functional setting

Throughout this paper we denote by — (resp.—) the strong (resp.weak) convergence. Let

H = H*R?) = {u € L*(R3) : Au, Vu € L?(R?)} with the inner product and norm

1
(u,v) g :/ (AulAv + VuVo +uwv),  |ullg = (u,u)f.
R3

3



For 1 < ¢ < 400, by | - |4 we denote the usual L%-norm. Define our working space
E={ueH: /R3(|Au|2 + [Vul? + (V(z) + a)u?)dr < oo}
with the inner product and norm
(u,v) = /R3 (AulAv + VuVo + (V(z) + a)w) dz, ||ul| = (u, u)%

Since the embedding F — LP(R?) is continuous for 2 < p < 2*, then there exist S, > 0 such
that
lulp < Spllull,  for all uc E. (2.1)

Lemma 2.1 ([19]) Suppose (V) holds, then embedding E — LP(R3) is compact for 2 < p < 2*.

Define energy functional Iy on E by

1 A a
() = Ll + 4(/@ Vul?dz)? — /R F(a, )iz — 2 /Rg W2dz. (2.2)

u € E is a solution of system (1.1) if and only if w € E is a critical point of I. Define

E = {u € L*(R?) : Vu € L*(R%)} with the inner product and norm

1
(u,0) 5 = / VuVude, |lull = (u,u)2,
R3

then Iy can be rewritten as

D) = gl + 0l = [ Fawde =5 [ de. (2.3

R3

The following theorem allows us to find Cerami type sequence. Recall that a sequence
{up} C E is said to be a Cerami sequence at the level ¢ € R ((C).-sequence for short) if
I(up) = ¢ and (1 + |Ju, | (u,) = 0 as n — oco. I is said to satisfy the (C). condition if any

(C)¢-sequence has a convergent subsequence.

Theorem 2.2.([1]) Let E be a real Banach space with dual space E*, and suppose that I €
CY(E, R) satisfies

maz{1(0),I(e)} <p<n< Hiﬂipl(“)’

for some < n,p>0 and e € E with |le]| > p. Let ¢ > n be characterized by

N ;
¢ = Inf max (v(7)),



where I' = { € C([0,1], E) : v(0) = 0,7(1) = e}, then there exists a sequence {u,} C E such
that

I(up) — ¢ >n and (1 + |Jun]) ||’ (un) || g+ — 0, as n — oo.

Lemma 2.3.([2]) Given a weakly lower semicontinuous functional I : X — R on a Banach
space X and a closed convex subset C' C E on which I is bounded from below, then we can find
ug € C such that I(ug) = infyec I(u).
Lemma 2.4. Assume (fa) holds. Set

then v is weakly continuous.

Proof. The proof is similar to lemma 2.2 in [2], we omit it.

3 Proof of Theorem 1.1

In this Section, we begin with some lemmas.

Lemma 3.1.([20]) Let 1 <s <2<, A, B >0, and consider the function

U, . =t2— At° — Bt

A,B

for t > 0. Then max;>o V4 5(t) > 0 if and only if A" 2B?>~° < d(r,s) := %

1
Furthermore, fort=1tpg = [%] =2 one has

N}

—92 —s — r—2
maX\IIAB(t):\IJA,B(tB):tZB[r fABE*2 <7" S> ] > 0.

>0 r—s 2—5

@

Lemma 3.2. If (V), (f1) — (f3) hold, then there exists r > 0 such that inf), =, Ix(u) >0 .

Proof. (f2) yields
F(z,u) <q'|u|" forall z€R® and u € R, (3.1)



which implies

/ F(z,u)dx < |q+|oo/ |u\rdx+/ a(z)|ul’de
R3 3 R3

+ T T 52— 28 2\ 2
< g™ oo Syllull” + ( - ) |2=) 2 ( - |ul)>
‘ 3.2
= Cullull” +la 2. Jul3 2
< Cillul]” + fef_2_S3][ull®
= Chlull" + Colful]*,
where C1 = |q |00 SE, Co = |a|2LS§. Since
1
L) = Sul?+ |u|| / Pla,u)do — f/ W2dz
2 A
1 )\
> Sllul® + 7l g)* = Crllul™ = Collul* = §52HU||2 (3:3)
1—aS2 A
TQHUH2 — Collul]® = Cufjull" + Z(HUHE)4
Lemma 3.1 together with (V') gives that for » =t and |Jul| =r,
1—aS2 A
1(0) > 0% ) 4 Sl > 0 (3.4
where A = — a52 , B=— QS2 , it comes to the conclusion.
2 2

Lemma 3.3. Assume (V') and (f1)—(f3) hold. Let r > 0 be as in Lemma 3.1, then there exists
e € E with |le|| > r such that I(e) < 0.

Proof. Since ¢ > 0 on a bounded domain {2, we can choose a function u € E such that
/ q(z)|ul"dx > 0.
R3

Therefore, using the condition (f2) and Fatou’s lemma, we have

) I,\(lu) F
lim = limsup(—
Iotoo 17 l%Jroo

< —/ q(z)|ul"dz < 0.
R3

IITd)

So In(lu) — —oco as | — 400, then there exists e € E with |le|| > r such that I (e) < 0.

Thus by Theorem 2.2, we obtain that there exist a Cerami sequence {u,} C E such that

I\(up) — ¢ >0 and (1 + |Jun|)I5(un) = 0 as n — oo. (3.6)

Lemma 3.4. Assume (V) and (f1) — (f3) hold, then {u,} defined by (3.6) has a convergent

subsequence.



Proof. For n large enough, by (f1) — (f3) we have
¢+ 1+ [upll = Ii(un) — (I;\(un),un)
1 2 A 4 a 2
= §||un|| + ZHU”HE — /R3 F(x,up)dx — 3 /R3 uydx
1
= 4 (Aol = [ e unian = [ o)
4 R3 R3

1
= L2+ / (F(, tn), un)da — / (e, up)de — / u2de
4 4 R3 R3 4 RS
2 d

ol + [ (G0 w0~ P ) o= 5 [

)
1
4

Y]
|

1

> Gl —do [ oo [ s
4 R3 4 R3
1 aS?

> (3~ oS3 — ) > 0,

which gives a boundedness for {uy}.

Next, we prove that the sequence {u,} has a convergent subsequence. Going if necessary to

a subsequence, we can assume that
Up —u n F,
3
Up = u  a.e. R,
u, —u in L¥(R®), 2<s< 2%

Since (1 + [Jun )14 (un) — 0, we have

(I$\<un)7un) = ”un”2 + )\||Un||;15 - /Rd(f(x7un)undx - a'/RS u?zdx =o(1),

(I (un),u) = (un,u) + )\||un||% /R3 Vu,Vudr — [z, up)ude — a/ upudz = o(1),

R3 R3

so in order to prove that [lu,|| — ||u||, we just need to check

fa, up)updr — f(x,up)ude = o(1),
R3 R3

Vup,Vu,dr — Vu,Vudz = o(1),
R3 R3

/ uidw—/ upudxr = o(1).
R3 R3

and

(3.11)

In fact, by Lemma 2.1, it is easy to check (3.9) hold. (3.10) and (3.11) follow from that the

embedding £ — F is continuous.



Proof of Theorem 1.1. (i) As a consequence of Lemma 3.1-3.4, using Theorem 2.2, we get
the desired result.

(ii) Since a(x) > 0, it is easy to take a ¢ € E such that [p5 a(z)||*dz > 0, it follows from
(f2) that for ¢ > 0 sufficiently small,

2 2 Ay 4 a s s at’ 2
Lte) = Slel”+ 7t els — - Bz, t)dr —t RSQ(JJ)M dz — —- » ol dx

< ﬁ 2 ét4 4 ¢ Tdr — 18 54 _a’t2 2d

< Slell”+ el p(a)lel"dz a(z)|p|*dx ol dx
2 4 R3 R3 2 R3

< 0.

It follows from Lemma 2.3 that the minimum of the functional I on any closed ball in F with

center 0 and radius 7 < r satisfying
In(u) >0 for all u € E with ||ul] = 7

is achieved in the corresponding open ball and thus yields a nontrivial solution uy of (1.1)
satisfying

In(u2) <0 and |lug]| <7 <.

This completes the proof.
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