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1. Introduction

In 1886, H. Poincaré boosted the mathematical interest in formal (usually divergent) power series by in-
troducing the notion of asymptotic expansion, which is a kind of Taylor expansion which provides successive
approximations: a complex function f, holomorphic on a sector S ={z€ C:0 < |z| <7, a < arg(z) < b},
admits the complex formal power series f = E;O:O apz?P as its (nonuniform) asymptotic expansion at the
origin if for every p € Ny = NU {0} and every proper bounded subsector T of S, there exists a positive
constant C, r such that for every z € T one has

p—1
£(z) =Y anz"| < Cprl2l?, (1)
n=0
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and we write f € A(S). In this context it is natural to consider the asymptotic Borel map B : A(S) — C[[2]]
sending a function f into its asymptotic expansion f

In 1916, J.F. Ritt showed that this map is surjective for any sector S, while it is never injective (given
a sector bisected by direction 0, the exponential exp(—z~%), o > 0, is a nontrivial flat, i.e., asymptotically
null, function for a suitable choice of «). Hence, given a formal power series fand a sector S, it is in general
hopeless to try to assign a well-defined sum to it, in the sense that there is not a unique holomorphic function
in S asymptotic to f

Crucial and original advances were produced in this sense during the 1970s with the works of
J.P. Ramis [22,23]. He noted that, although the formal power series solutions to differential equations are
frequently divergent, under fairly general conditions the rate of growth of their coefficients is not arbitrary.
Indeed, a remarkable result of E. Maillet [17] in 1903 states that for any solution f: ZPZO apz? of an ana-
lytic differential equation there will exist C, A, k > 0 such that |a,| < C AP (ph)/* for every p € Ny. Inspired
by this fact, Ramis introduces and studies the notion of k-summability, that rests on classical results by
G.N. Watson and R. Nevanlinna and generalizes Borel’s summability method. His developments are based
on a modification of Poincaré’s asymptotic expansion where the growth of the constant Cp 7 in (1) is made
explicit in the form C,r = CrAL.(p!)Y/* for some Ar,Cr > 0 (depending only on the subsector T of S),
what entails the same kind of estimates for the coefficients a, in f The sequence M/, = (p/ k)pGNo is
the Gevrey sequence of order 1/k, f is said to be 1/k-Gevrey asymptotic to f (denoted by f € .ZMI 1 (9))s
and [, because of the estimates satisfied by its coefficients, is said to be a 1/k-Gevrey series (f € Cllz]lm, 1)
The Borel map, defined in this case from Ay, 1 (8) to Cl[z]]m, ,,, is surjective if and only if the opening of
the sector S is smaller than or equal to 7/k (Borel-Ritt—Gevrey Theorem), and it is injective if and only
if the opening is greater than 7/k (Watson’s Lemma). So, in this well-known Gevrey case it turns out that
(0, 00) splits as the disjoint union of the intervals of surjectivity and injectivity.

However, motivated by the study of summability of formal power series solutions to different kind of
equations, it is interesting to deal with M-asymptotic expansions, whose estimates in (1) correspond to a
constant Cp, 1 = CrALM, for some Ap,Cr > 0 and for a suitable sequence M = (M),)pen, of positive
real numbers. Such estimates then hold also for the coefficients of the power series involved in (1), and the
corresponding class of formal power series is denoted by C[[z]]y. The main aim of this paper is to widen
the knowledge of injectivity and surjectivity results for the Borel map in this general context.

One should emphasize that one may consider three closely related, so-called ultraholomorphic classes of
functions in a sector S of the Riemann surface of the logarithm: the class ;lM(S ) consisting of holomorphic
functions with nonuniform asymptotic expansion in S; the class .Zf{ﬂ(S ) of holomorphic functions with
uniform asymptotic expansion in S, meaning that (1) holds uniformly on S for some constant C), of the
form C'AP M, with C, A > 0; and, finally, the class Apm(S) of functions for which there exists A = A(f) >0
such that

[fP ()]
sup @ 0 < Q.
2€S, peNy App!Mp

In order to guarantee some stability properties for these classes, and to avoid trivial situations, we will always
assume that M is a weight sequence, that is, a logarithmically convex sequence such that its sequence of
quotients of consecutive terms, m = (m, = Mp11/M,)pen,, tends to infinity. Moreover, since the problems
under study do not depend on the bisecting direction of the sector, we will mainly work with sectors .S,
bisected by the direction d = 0 and with opening 7.

Injectivity and surjectivity of the Borel map for the corresponding ultradifferentiable classes, consisting
of smooth functions on intervals of the real line subject to uniform estimates for their derivatives, have been
fully characterized: The Denjoy—Carleman theorem (see, for example, [7]) characterizes injectivity or, in
other words, the quasianalyticity of the corresponding classes, while the results of H.-J. Petzsche [20] prove
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that the surjectivity amounts to a so-called ‘strong nonquasianalyticity’ condition for M. As the terminology
suggests, the Borel map in this case is never bijective.

Regarding the ultraholomorphic framework, the injectivity for the classes .ZK,H(S ) and Ap(S) was com-
pletely solved, respectively, by S. Mandelbrojt [18] and B. Rodriguez-Salinas [24] in the 1950s (see Section 3),
but the rest of the information was far from being complete.

The results of S. Mandelbrojt and B. Rodriguez-Salinas suggested the introduction of a growth index
w(M), initially given by the second author [25] for strongly regular sequences (i.e. those logarithmically
convex, strongly nonquasianalytic and of moderate growth, see Definition 2.1), which puts apart the openings
of quasianalyticity from those of nonquasianalyticity for the three ultraholomorphic classes considered.
Nevertheless, in general it remained open the question about the quasianalyticity of the class .ZM(SW(M)),
that is, for sectors of optimal opening ww(M).

A first and partial solution to this situation relies on the concept of proximate order, available since
the 1920s and extremely useful in the theory of growth of entire functions, and on some related results of
L.S. Maergoiz [16] in 2001: if we define the auxiliary functions ww(t) = sup,en, log(t*/M,) and dy(t) =
log(wm(t))/ log(t) associated with M, it was shown in [25] that, whenever M is strongly regular and dy(t) is a
nonzero proximate order, one is able to produce nontrivial flat functions in Sy, and a generalized version
of Watson’s Lemma is available. Indeed, it was observed that, for the previous arguments to work, dy; need
not be a nonzero proximate order, but rather be close enough to one such order (we say M admits a nonzero
proximate order, see Theorem 4.22). It is then natural to ask oneself whether every strongly regular sequence
admits a nonzero proximate order, and the authors found a negative answer in [10, Examples 4.16 and 4.18].
So, the quasianalyticity of jM(Sw(M)) remained open in some cases.

As said before, for the surjectivity only very partial information was available. After the aforemen-
tioned Borel-Ritt—Gevrey Theorem in 1978, and by applying techniques from the ultradifferentiable setting,
V. Thilliez [28] proved in 1995 that for the Gevrey class Ay, (S,) one has surjectivity if and only if v < o,
and gave a linear and continuous extension from C[[z]]m, 4 to Anm, da(Sy) for every A > 0, where d > 0
depends only on « and 7. In 2000 J. Schmets and M. Valdivia [27], by working with some nonclassical
ultradifferentiable classes &.w, N, m and L, v (see Subsection 4.1 for more details), obtained some con-
sequences of surjectivity of the asymptotic Borel map for a general weight sequence M in the Roumieu
and Beurling cases and, in particular, characterized the existence of linear and continuous global extension
from C][z]]m to Awm(S) for any sector S (which is much more demanding than surjectivity) as long as the
weight sequence satisfies the property of derivation closedness (for short, (dc)), namely there exists A > 0
such that M, < APT1M, for every p € Ny. In 2003, V. Thilliez [29] improved their results for strongly
regular sequences. He introduced the index (M), which for such sequences is always a positive real, and
showed that for 0 < v < v(M), B : Am(Sy) — C[[z]]m is surjective and not injective, and again obtained
right inverses for the Borel map with a control on the type appearing in the estimates, see Theorem 4.16.
This theorem was reproved by A. Lastra, S. Malek and the second author [14] using the technique of the
truncated Laplace transform with a suitable kernel. Finally, in [25, Theorem 6.1] the second author gener-
alized the Borel-Ritt—Gevrey theorem for strongly regular sequences such that the auxiliary function dy
is a proximate order (or, less demanding, sequences admitting a nonzero proximate order): the Borel map
B: ./ZM(S.Y) — C[[2z]]m is surjective if and only if 0 < v < w(M).

So, some important issues arose:

(i) First, for the sequences appearing in applications the indices v(M) and w(M) always coincide, but only
Y(M) < w(M) seemed to hold in general. The authors could prove in [10, Example 4.18] that these
values may be different even for strongly regular sequences.

(ii) The admissibility of a nonzero proximate order, which happens to hold for most sequences appearing
in applications, has some important consequences for a weight sequence M: It will be strongly regular
and y(M) = w(M) (see [10, Remark 4.15], also [8]). So, these two different indices were hidden as being
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just one. Moreover, it is not strange that both indices have appeared in the different statements of
Thilliez and the second author related to surjectivity.

(iii) Since the value of w(M) has been shown to be crucial for injectivity, one should decide whether (M)
is really putting apart the values of surjectivity from those of nonsurjectivity, and so Thilliez’s result
is optimal in this sense.

After Section 2, dedicated to the necessary preliminaries, Section 3 is devoted to solving the injectivity
problem. Our first important result in this paper, Theorem 3.15, will show that even the aforementioned
assumption of admissibility for M may be skipped thanks again to the theory of proximate orders and
regular variation, concluding that the classes JZM(SW(M)) are always nonquasianalytic. Moreover, with the
help of the quasianalyticity results, we show in Theorem 3.17 that the Borel map is never bijective, as it
occurred for ultradifferentiable classes.

Our results regarding surjectivity are gathered in Section 4. We start by showing (Lemma 4.5) that
for arbitrary weight sequences, surjectivity for any opening requires v(M) > 0 or, in other words, M has
to be strongly nonquasianalytic. Without any other assumption on M, no result stating the surjectivity
of the Borel map is available, but we may give some information on the maximal possible opening for
which surjectivity could occur by resting on results by Schmets and Valdivia [27] and on the use of suitable
Borel-like integral transforms, see Theorems 4.10 and 4.14 (in the second case, by imposing also (dc), see
Table 3).

Finally, in Subsection 4.3 we concentrate in the case of strongly regular sequences M and prove, by some
ramification arguments, that the results of Thilliez are optimal, in the sense that the index (M) is really
the critical value putting apart the openings of surjectivity from those of nonsurjectivity (although, in some
situations, the limiting case S, ) is still an open problem, see Table 4). In Remark 4.21 we comment on
the implications of the fact that y(M) < w(M) concerning the Borel map B.

We conclude analyzing if the value (M) belongs to these intervals or not in case the sequence is even
better behaved and satisfies, for example, v(M) = w(M), or even the stronger condition of admitting a
nonzero proximate order (see Table 5).

The results presented in this paper are part of the Ph.D. dissertation of the first author [8, Ch. 3],
defended at the University of Valladolid (Spain) under the advice of the second author.

2. Preliminaries
2.1. Notation
We set N :={1,2,...}, Ny := NU {0}. R stands for the Riemann surface of the logarithm, and C|[[z]] is
the space of formal power series in z with complex coefficients.
For v > 0, we consider unbounded sectors bisected by direction 0,
S, ={zeR:|arg(z)| < %}
or, in general, bounded or unbounded sectors

S(d,a,r):={zeR:|arg(z) —d| < %, lz| <r}, S(d,a):={zeR:|arg(z) —d| < %}

with bisecting direction d € R, opening avm and (in the first case) radius r € (0, 00).
A sectorial region G(d, ) with bisecting direction d € R and opening a7 will be a connected open set in
R such that G(d, o) C S(d, a), and for every 8 € (0, a) there exists p = p(8) > 0 with S(d, 8, p) C G(d, «).
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We simply write G, for any sectorial region bisected by direction d = 0 and opening am. In particular,
sectors are sectorial regions.

A bounded sector T is said to be a proper subsector of a sectorial region G, and we write T < G, if T C G
(where the closure of T is taken in R, and so the vertex of the sector is not under consideration).

2.2. Sequences and associated functions

In what follows, Ml = (M,,),en, will always stand for a sequence of positive real numbers, and we will
always assume that My = 1. The following properties for such a sequence will play a role in this paper.

Definition 2.1. We say that:

(i) M is logarithmically convex (for short, (lc)) if
M2 < My My, peN.

(ii) M is stable under differential operators or satisfies the derivation closedness condition (briefly, (de)) if
there exists D > 0 such that

M, < DPTM,, p € Np.
(iii) M is of, or has, moderate growth (briefly, (mg)) whenever there exists A > 0 such that
Myiq < AerquMq, p,q € Ng.
(iv) M is nongquasianalytic (for short, (nq)) if

> i <
= (k+ 1) M4

(v) M satisfies the strong nonquasianalyticity condition (for short, (snq)) if there exists B > 0 such that

M, M
> T <B—-,  peN.
(g +1) My M1

According to V. Thilliez [29], if M is (Ic), has (mg) and satisfies (snq), we say that M is strongly regular.
Obviously, (mg) implies (dc), and (snq) implies (ng).
Definition 2.2. For a sequence M we define the sequence of quotients m = (myp)pen, by

My
= € Np.
mp Mp p 0
Remark 2.3. The sequence of quotients m is nondecreasing if and only if M is (Ic). In this case, it is
well-known that (M,)Y/? < m,_; for every p € N, the sequence ((M,)/?) ey is nondecreasing, and
limp_)oo(Mp)l/p = oo if and only if lim,_,. M, = o0.

We will restrict from now on to (lc) sequences M such that lim m, = oo, which will be called weight
p—o0

sequences (the last assumption is included in order to avoid trivial situations, see for example Remark 2.12).
It is immediate that if M is (Ic) and (snq), then M is a weight sequence.
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Example 2.4. We mention some interesting examples. In particular, those in (i) and (iii) appear in the

applications of summability theory to the study of formal power series solutions for different kinds of

equations.

(i) The sequences Mg g := (p!*[I%._, log” (e + m))peNO, where a > 0 and 8 € R, are strongly regular (in

case 8 < 0, the first terms of the sequence have to be suitably modified in order to ensure (I¢)). In case
B = 0, we have the best known example of strongly regular sequence, M, := M, 0 = (p!*)pen,, called
the Gevrey sequence of order «.

(ii) The sequence M 5 := ([1%,_, log” (e + m))pen,, With B > 0, is (Ic), (mg) and m tends to infinity, but
(snq) is not satisfied.

(iii) For ¢ > 1, M, := (qu)peNO is (I¢) and (snq), but not (mg).

For weight sequences, the auxiliary functions wy(t) and hy(t), already appearing in the works of S. Man-
delbrojt [18], H. Komatsu [12] or V. Thilliez [29], play an important role. The map hy : [0,00) — R is
defined by

hy(t) == pienl\go Myt t>0; ha(0) = 0,

and it turns out to be a nondecreasing continuous map in [0, c0) onto [0,1]. In fact

a0 M, ifte[1,21-), p=12,...,
M = P p—1
1 if t > 1/mo.

One may also consider the function

»
wu(t) := sup log (ﬁ) = —log (hm(1/t)), t>0; wm(0) =0,
pENp p

which is a nondecreasing continuous map in [0, co) with lim;_, o wy(t) = co. Indeed,

wm(t) = plogt — log(M,) ift e mp_1,mp), p=1,2,...,
0 if t € [0, mo).

Definition 2.5 (/20]/, [3]). Two sequences M = (M,)pen, and M’ = (M)pen, of positive real numbers are
said to be equivalent, and we write Ml &~ M/, if there exist positive constants L, H such that

LPM, < M), < HPM,, p € Np.
In this case, it is straightforward to check that
hua(Lt) < b (8) < g (HE), ¢ > 0.
2.3. Asymptotic expansions, ultraholomorphic classes and the asymptotic Borel map

In this paragraph G is a sectorial region and M a sequence. We start recalling the concept of asymptotic
expansion.
;io apz? € C[[7]] as its

M-asymptotic expansion in G (when the variable tends to 0) if for every T < G there exist Cp, Ar > 0

We say a holomorphic function f in G admits the formal power series f =>

such that for every p € Ny, one has
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p—1
‘f(z) - Z anz"‘ < CrALM,|z|P, zeT.

n=0

We will write f ~pm f in G. ./ZM(G) stands for the space of functions admitting M-asymptotic expansion
in G.

We say a holomorphic function f: G — C admits fas its uniform M-asymptotic expansion in G (of type
1/A for some A > 0) if there exists C' > 0 such that for every p € Ny, one has

p—1
’f(z) ~S | <o, zed. 2)
n=0

In this case we write f ~ f in G, and /TM(G) denotes the space of functions admitting uniform
M-asymptotic expansion in G. Note that, taking p = 0 in (2), we deduce that every function in A} (G) is a
bounded function.
Finally, we define for every A > 0 the class Aw 4(G) consisting of the functions holomorphic in G such
that
[f™ ()]
f = sup —————— <oo0.
H ”M,A 2€G.neNy A”n'Mn
(Awt,a(G), || llyg,a) is & Banach space, and Aw(G) := UasoAwm,4(G) is called a Roumieu—Carleman ultra-
holomorphic class in the sectorial region G.

Remark 2.6. For any sequence M the classes Ay (G), ./ZI’{/H(G) and Ay (G) are complex vector spaces. If M
is (lc), they are algebras and if M is (dc), they are stable under taking derivatives.
Moreover, if M = L the corresponding classes coincide.

For a sector S, since the derivatives of f € A 4(S) are Lipschitzian, for every n € Ny one may define

fP0):= lim fP(z)ecC. (3)

z€S5,z—0

As a consequence of Taylor’s formula and Cauchy’s integral formula for the derivatives, there is a close
relation between Roumieu—Carleman ultraholomorphic classes and the concept of asymptotic expansion
(the proof may be easily adapted from [1,4]).

Proposition 2.7. Let M be a sequence, S a sector and G a sectorial region. Then,

(i) If f € Am,a(S) then f admits f:: > peNo I}!f(p) (0)2P as its uniform M-asymptotic expansion in S of
type 1/A, where (f®)(0))pen, is given by (3). Consequently, we have that

A (8) C AY(S) C An(S).

(ii) f € Aw(QG) if and only if for every T < G there exists A > 0 such that f|r € Ay ap (T). In case any
of the previous holds and f ~y Z;O:o apz?, then for every T' < G and every p € Ny one has

(»)
ap = lim ! '(Z), (4)
=

and we can set fP)(0) := pla,.



J. Jiménez-Garrido et al. / J. Math. Anal. Appl. 469 (2019) 136-168 143

(iii) If S is unbounded and T is a proper unbounded sector of S (i.e. T C S, where the closure is taken in R),
then there exists a constant ¢ = ¢(T,S) > 0 such that the restriction to T, f|r, of functions f defined
on S and admitting uniform M-asymptotic expansion in S of type 1/A > 0, belongs to Am,ca(T).

(iv) If f € .%TM(G), its Ml-asymptotic expansion f s unique.

One may accordingly define classes of formal power series

Cllella = {f: 3 auz2" € Cll]] < aly , = sup J:—f('@ < oo}.

PENg

(C[[2]]n,a, | |pg ) is & Banach space and we put C[z]lm := Ua>0C[[2]]m, 4.
Given f € Am(G) with f ~y f, and taking into account (4), it is straightforward that f € C[[z]]m, so it
is natural to consider the following map.

Definition 2.8. Given a sectorial region G, we define the asymptotic Borel map
B: Au(G) — C[[2]lu
sending a function f € Ay(G) into its M-asymptotic expansion 7.
Remark 2.9. If G is a sector S, by Proposition 2.7.(i) we see that the asymptotic Borel map is also well
defined on Ay (S) and A (S).
If M is (I¢), B is a homomorphism of algebras; if M is also (dc), B is a homomorphism of differential algebras.

Finally, note that if M ~ L, then C|[[z]]m = C][z]]L.

A fundamental role in the discussion about the injectivity and surjectivity of the asymptotic Borel map
will be played by the flat functions.

Definition 2.10. A function f in any of the previous classes is said to be flat if g(f) is the null power series,
in other words, f ~u 0.

One may express flatness in .ZM(G) by means of the associated functions defined in Subsection 2.2.

Proposition 2.11 (/30], Prop. 4). Given a sequence M, a sectorial region G and a holomorphic function f

in G, the following are equivalent:

(i) fe /TM(G) and f is flat,

(ii) For every bounded proper subsector T of G there exist c1,ca > 0 with
f(2)] < cre W/ (@21ED) = e1hyy(eslz]), 2z €T

In the Gevrey case of order a we recover the classical result that characterizes flatness in terms of
exponential decrease of order 1/c.

2.4. Injectivity and surjectivity intervals for the asymptotic Borel map

By using a simple rotation, we see that the injectivity and the surjectivity of the Borel map in any of
the previously considered classes do not depend on the bisecting direction d of the sectorial region G, so
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we limit ourselves to the case d = 0. Moreover, in this paper we will restrict our study to the unbounded
sectors S, and include comments on what can be said, to our knowledge, for more general sectorial regions.

So, we define

Iy :={y>0; B:Au(S,) — C[[z]]u is injective},

It ={y>0; B:AY(S,) — C[[z]]m is injective},

Iy :={y>0;, B: JZM(SQ,) — C[[#]]m is injective}.

Whenever v > 0 belongs to any of these sets, we say that the corresponding class is quasianalytic. So,
nonquasianalyticity amounts to the existence of nontrivial flat functions in the class.

We easily observe that, by restriction and the identity principle, if v > 0 is in any of those sets then every
~" > ~ also is. Hence, Iy, f{l\jﬂ and TM are either empty or unbounded intervals contained in (0, c0), which
we call quasianalyticity or injectivity intervals.

Similarly, we define

S i={y>0; B:Aw(S,) — C[[z]]m is surjective},
S ={y>0;, B: ,Z{QI(SV) — C[[2]]m is surjective},

Sy ={y>0; B: .ZM(SPY) — C[[#]]m is surjective}.

It is also plain to check that if v > 0 is in any of those sets then every 0 < 7/ < «y also is, so Sy, 5{{41 and §M are
either empty or left-open intervals having 0 as endpoint, called surjectivity intervals. Using Proposition 2.7.(i)
we easily see that

Sy C g&& - §M~ (6)

Remark 2.12. In the forthcoming results we will only deal with weight sequences. The requirement of (lc)
condition is motivated in Remarks 2.6 and 2.9. In order to justify the limit condition for m, observe that
for a (Ic) sequence M, if lim, o m, # oo then lim, oo m, < co and also lim, o (M,)/P < oo (see
Remark 2.3). Then there exists A > 0 such that hy(t) = 0 for all ¢ € [0, A]. Hence, by Proposition 2.11,
if G is any sectorial region and f € /TM(G) is flat, we have that f(t) = 0 for every ¢t € (0, A] which, by
the identity principle, implies that f(z) identically vanishes in G. Consequently, the Borel map is always
injective.

On the other hand, in the same situation, the Borel map is never surjective: Choose R > 0 such that
R < |z| for some z € G. We can consider a holomorphic function at the origin L(z) whose Taylor expansion
at 0 is given by a convergent lacunary series Le C[[#]]m, whose domain of convergence is the disk of radius
R and has the circle of this radius as its natural boundary. We have that L ~y Lona region G’ C G, so by
the injectivity of the Borel map there cannot exist another function £ € JZM(G) - JZM(G’ ) with E ~ L.
Since L cannot be analytically continued to G, the Borel map is not surjective.

3. Injectivity intervals: known results, and complete solution of the problem

The quasianalyticity intervals :ff\jﬂ and Iy were determined in the literature in the 1950s. The first case is
basically answered by the following result of S. Mandelbrojt in 1952.
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Theorem 3.1 ([18], Section 2.4.III). Let Ml be a weight sequence, v > 0, b > 0 and
H,={z€C:R(z) > b}.
The following statements are equivalent:
0o 1 1/~
(i) Z (m_p> diverges,
p=0
(ii) If f is holomorphic in Hy, and there exist A,C > 0 such that

CAPM,

f(2)] < vwf’ 2 € Hy, pe€No, (7)

then f identically vanishes.

On the one hand, observe that a function f is holomorphic in Hy and verifies the estimates (7) if and
only if the function g given by g(z) := f(1/2'/7) belongs to .AM( ) and is flat.

On the other hand, the study of the divergence of the series in (i) is governed by the so-called exponent
of convergence of the sequence m, appearing in the classical theory of growth and factorization of entire
functions.

Proposition 3.2 (/6], p. 65). Let (cp)pen, be a nondecreasing sequence of positive real numbers tending to
infinity. The exponent of convergence of (cp), is defined as

o0

Ae,) = inf{p >0 Z P converges}

— Cp

(if the previous set is empty, we put Aep) = o0). Then, one has

We consider now the closely related growth index (introduced in [25], see also [9]) for weight sequences M,
1
w(M) := liminf og(1my) € [0, 00],
poo log(p)
and we easily see that
1 1
w(M) -1 (8)

A ANprDmy)

or, in other words,

w(M) = sup{p >0 Z 1/# < oo},

1
(p + L)my) /D

w(M) = sup{p >0 Z

< 00}. (9)

After all these remarks, we may rephrase Mandelbrojt’s result in the following way.
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Table 1
Injectivity intervals for a weight sequence with w(M) € (0, c0).
ot Tp = 00 YoploTp =00 oo Tp < 00
Y peo Mp =00 Yo Mp < 00 Y peo Bp < 00
Iy [w(M), o0) [w(M), o0) (w(M), 00)
Li  [w(M), 00) (w(M), 00) (w(M), 00)
i (w(M),00) or [w(M),0)?  (w(M),0) (w(M), o0)

Theorem 3.3 ([18]). Let Ml be a weight sequence and v > 0. The following statements are equivalent:

(i) B: A%(S,) — C[[2]lu is injective.

(ii) Z;‘;O(mp)*l/”’ = 0.
(iii) Either v > w(M), or v = w(M) and Z;O:O(mp)*l/w(M) = 0.

Similarly, the knowledge of ffv‘ﬂ amounts to the next equivalence (i) < (ii) obtained by B. Rodriguez
Salinas [24] in 1955 (see also [13]), whereas the following item (ii¢) stems again from (8).

Theorem 3.4 ([2/], Thm. 12). Let M be a weight sequence and v > 0. The following statements are equiva-
lent:

(i) B: Am(S,) — C[[z]lm is injective.
(it) 32520 ((p + 1)my) ~H/OFY = 0.
(iii) Either v > w(M), or v = w(M) and Y07 ((p + 1)m,) "/ @D = o0,

From Theorem 3.3 one may deduce the following partial generalization of Watson’s Lemma for nonuniform
asymptotics, included in [9]; although in that paper strongly regular sequences are mainly considered, the
proof given for this result is valid for general weight sequences, so we omit it here.

Theorem 3.5 (/9/, Theorem 2.19). Let Ml be a weight sequence, v > 0 and G- be any sectorial region of
opening mvy. The following statements hold:

(i) If vy > w(M), then B : Aw(G,) — C[[z]lm is injective.
(i) If v < w(M), then B : ~,LTM(CL,) — C[[2]]m s not injective.

Remark 3.6. For any weight sequence M, the information from the previous results can be summarized as
follows:

(i) If w(M) = oo, by Theorem 3.4, we see that Iyy = () and (5) implies Iy = IN&[ = Iy = 0.
(if) If w(M) = 0, by Theorem 3.5 we observe that Iy = (0,00) and, by (5), we have that Iy = f{l\fﬂ =Iy=
(0, 00).
(i) If w(M) € (0,00), we have the situation described in Table 1, where Y770, denotes the series
> oo ((p+ 1)m,) /@) anq > oo (myp) ™) is abbreviated to > oo My (note that 3°°% o) <
oo implies Z;O:O tp < oo by applying Theorems 3.3 and 3.4 and using that Awm(S,) C A (Sy))-

In conclusion, we see that the only injectivity interval not determined by the previous results is :TVM, and
only when w(M) € (0,00) and Z;O:O (mp)fl/w(M) = 00. Indeed, it only rests to decide whether w(M) € Iy
or not. We will show the existence of nontrivial flat functions in the class .ZM(SW(M)L and so one always
has w(M) ¢ Iy and Iy = (w(M), c0).
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Table 2
Injectivity intervals for the sequence M, g with a > 0, 5 € R.
B<a a<fB<a+1 B>a+1
‘INM‘\.;@ [a7oo) [01,00) (01700)
Iy, la,00) (@, 00) (@, 00)
INMQ‘j (e, 0) or [, 00)7 (e, ) (e, 0)

Example 3.7. We consider the sequence M, g = (p'c‘ [_ log (e + m))peNO, a >0, 8 € R, we have that
w(Mg,g) = a. Hence, Table 2 contains all the information about the injectivity intervals deduced from the
classical results for the sequences M, 3.

Note that even if the Gevrey case M, = (p!a)peN0 belongs to the first column of Table 2, all the

information is known because the function f(z) := exp(—1/22/%) ~y. 0 and f € Ay (Sa), s0 I, = (a, 00).
As mentioned before, we will find such functions for any sequence M using proximate orders.

Watson’s Lemma will be proved below for the class ,ZM for arbitrary sectorial regions; regarding the other
two classes, the following information is available.

Remark 3.8. Theorem 3.3 holds true for bounded sectors S(0,7,r) with similar arguments. If
> oo (mp) "7 < oo the restriction to S(0,v,7) of the nontrivial flat function defined in S, given by
Theorem 3.3 solves the problem. Hence, we only need to prove (ii)=-(i).

Consider the transformation z(w) = 1/(w + (1/7)*/7)7, which maps Hy into a region D contained in
S(0,~, 7). Given a flat function g € .Z}QI(S(O, ~,7)), the function f(w) := g(z(w)) is defined in Hy and, since
for every w € Hy we have |w + (1/r)Y/7] > |w|, we deduce that

CA'M,  _ CA’M,
(w+ (/)P = fwpr

If(’w)IZIQ(())I__| w € Hy, pe€ Ny,

for suitable C, A > 0. By Mandelbrojt’s Theorem 3.1, f identically vanishes, and so does g.

For more general regions, including sectorial regions, the solution was also given by Mandelbrojt [18,
Sect. 2.4.1] and the answer depends on the way the boundary of the region approaches the origin.

Remark 3.9. The problem of quasianalyticity for classes of functions with uniformly bounded derivatives
in bounded regions has also been treated. In the works of K.V. Trunov and R.S. Yulmukhametov [32,34] a
characterization is given, for a convex bounded region containing 0 in its boundary, in terms of the sequence
M and also of the way the boundary approaches 0. In particular, for bounded sectors, if v < 1, d € R and
r > 0, it turns out that the class Ay (S(d,~,)) is quasianalytic precisely when condition (ii) in Theorem 3.4
is satisfied.

Now, our aim will be to construct nontrivial flat functions in .AM( w(v)), what, according to Propo-
sition 2.11, amounts to obtaining holomorphic functions in S,y whose growth is suitably controlled by
wp(t). The notion of proximate order will play a prominent role in this respect.

Definition 3.10 (/33/). We say a real function p(t), defined on (¢, o) for some ¢ > 0, is a prozimate order if
the following hold:

(i) p(t) is continuous and piecewise continuously differentiable in (¢, 00),
(11) p(t) > 0 for every t > ¢,

i) limy—00 p(t) = p < 00,

iv) lim; o0 tp'(t) log(t) = 0.

In case the limit p > 0, we say that p(t) is a nonzero proxzimate order.
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Example 3.11. The following are proximate orders:

(i) pas(t) = é - ﬁk’gﬁ;(gtgm, a>0 B€eR.

1 1
i) p(t) =p+ — and p(t) =p+ ——, p > ,
(if) p(t) = p+ - and p(t) p+1og7(t),p,0,w>0

The next result by L.S. Maergoiz is the key for the construction.

Theorem 3.12 ([16], Thm. 2.4). Let p(t) be a nonzero prozimate order with lim; . p(t) = p. For every
v > 0 there exists an analytic function V(z) in S, such that:

(i) For every z € S,,

o Viat) 0
Jim v

uniformly in the compact sets of Sy (i.e. V is regularly varying in S ).
V(z) = V(Z) for every z € Sy (where, for z = (|z|,arg(z)), we put Z = (|z|, — arg(z))).

)
(iif) V'(¢) is positive in (0,00), strictly increasing and lim;_,o V(t) = 0.
(iv) The function t € R — V(e') is strictly convez (i.e. V is strictly convex relative to log(t)).
(v) The function log(V (t)) is strictly concave in (0, 00).
(vi) The function log(V (t))/log(t), t > 0, is a prozimate order and tlgrolo V(t)/tr® =1.

We denote by M F(v, p(t)) the class of such functions V. As a consequence of its regular variation, they
share a property that will be crucial.

Proposition 3.13 (/16], Property 2.9). Let p(t) be a nonzero proximate order with lim;,o p(t) = p > 0,
v>2/pandV € MF(v,p(t)). Then, for every o € (0,1/p) there exist constants b > 0 and Ry > 0 such
that

R(V(2)) 2 bV (|2]), =€ Sa, |2| = R,
where R stands for the real part.

In [25] it was shown how one can construct flat functions in the class .ZM(SW(M)) for strongly regular
sequences such that the auxiliary function dy(t) := log(wm(t))/ log(t) is a proximate order. In particular, the
sequences M, g satisfy this condition, and so the Table 2 can be completed writing (o, c0) in its left lower
corner. It was also mentioned, see [25, Remark 4.11], that the weaker condition of admissibility of a proximate
order (see Theorem 4.22) is enough. A better understanding of the connection between proximate orders
and sequences has now been achieved, allowing us to extend this last result for arbitrary weight sequences.
In fact, the admissibility of a proximate order p(t) guarantees that the associated function wy is bounded
above and below by a constant times the function t”*). These bounds are needed for most of the results
in [15,25], but by suitably using the notion of regular variation we will see that the upper bounds are enough
for the construction of flat functions. The existence of a proximate order such that the upper bounds are
available is guaranteed for each nonnegative, nondecreasing continuous function of finite upper order by the
following classical result.

Theorem 3.14 (/5/, Ch. 2, Thm. 2.1). Let w : (a,00) — (0,00) be a nonnegative, nondecreasing continuous
function with plw] = limsup,_, . log(w(t))/log(t) < oco. Then, there exists a prozimate order p(t) with
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lim; 00 p(t) = plw] such that

. w(t)
hiri:)lip o) € (0, 00).

We have all the ingredients for the main result in this section.

Theorem 3.15. Suppose M is a weight sequence with w(M) € (0,00). Then, w(M) does not belong to Iy.
Proof. For brevity, put w := w(M). By Theorem 2.24 in [26] (see also Theorem 2.1.30 in [8]), for the
associated function wy; one has plwy] = 1/w € (0, 00), and by Theorem 3.14 there exists a nonzero proximate
order p(t), with lim;_, p(t) = 1/w, and constants A; > 0 and ¢; > 0 such that

wir(t) < APt >ty (10)
Take now a function V- € M F (2w, p(t)). The proof will be complete if we show that G(z) := exp(—V(1/2)),
which is well defined and holomorphic in the sector S, belongs to Apm(S,) and it is flat, for what we will
use Proposition 2.11. It is enough to work in subsectors S(0, 8,79) < S, where 0 < 8 < w and rg > 0. If
z € 5(0,8,70), we have 1/z € Sg. On the one hand, according to (vi) in Theorem 3.12, combined with (10),
there exist A > 0 and t5 > 0 such that

wM(t) S AQV(t), t 2 tQ. (11)
On the other hand, Proposition 3.13 provides us with constants b > 0 and Ry > 0 such that

RV(O) = bV (D), ¢ €8s, [C] = Ro. (12)

Choose a positive constant ¢ such that ¢ > (A3/b)*. By property (i) in Theorem 3.12 we have

- () <

c
so that there exists Ry > 0 such that

bV (t) > AV (t/c), t> Ry. (13)
Let Ry := max(Ro, Ry, cty) and r := Ry'. Then, using (12), (13) and (11), for z € S(0, 8,7) we have

—R(V(1/2)) < =bV(1/]2]) < =A2V(1/(cl2])) < —wm(1/(cl2])),
and so
|G(2)| = e RVA/2) < gmwm/(elzD)

We are done whenever r > rg. Otherwise, by compactness there exists K > 0 such that the inequality

|G(2)| < Ke—wm(1/(clz]))

is valid throughout S(0,8,79). O
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So, the question mark in Table 1 can be deleted and the answer for that cell is (w(M), 0o), what completes
the study of injectivity for unbounded sectors.

Since flat functions in S, provide (by restriction) flat functions in any sectorial region G., of opening 77,
Theorems 3.5 and 3.15 imply the following result.

Corollary 3.16 (Generalized Watson’s Lemma for sectorial regions). Let M be a weight sequence, v > 0 and
G be a sectorial region. The following statements are equivalent:

(i) The Borel map B : .,ZM(GW) — C[[2]]m is injective.
(ii) v > w(M).

We close this section proving that the Borel map is never bijective in this framework.
Theorem 3.17. Let M be a weight sequence. Then,
Sy NIy = SE N LY = Sy N Iy = 0.
In other words, the Borel map is never bijective.

Proof. In all three cases we will show that surjectivity for any v > 0 implies noninjectivity.

(i) Let us see that Sy N Iy = 0. Suppose B : Ay (S,) — C[[z]]m is surjective. Since it is clear that
the series >~ ;2" belongs to C[[z]]m, there exists f € /TM(SA,) such that f(z) ~m >, 2". The function
g(z) == f(z) = >0rg2™ = f(2) — 1/(1 — 2) is holomorphic in S, \ {1} and, by the identity principle, cannot
vanish identically. Moreover, g € Ap(S(0,7,1/2)) and g(z) ~u 0, and so the Borel map is not injective
in ~ATM(S(O,% 1/2)). By Corollary 3.16 we see that v < w(M). Again by Corollary 3.16 we conclude that
B: ./ZM(S,Y) — C[[#]]m is not injective.

(i) Let us see that S N I% = §. Suppose B : j{gﬂ(&y) — C[[#]]m is surjective. Since z € C[[z]]m, there
exists f € .ZI’{/E(S'A,) such that f(z) ~m z uniformly in S,. The function g(z) := f(z) — 2z is holomorphic in
S., and, since f is bounded in S, cannot vanish identically. Furthermore, g(2) ~m 0 uniformly in S (0,7,1),
so there exist C, A > 0 such that for every z € S(0,7,1) one has

l9(2)] < CAPM,|z|P,  p € No.

Hence, the holomorphic function ¢ : {z € C: R(z) > 0} — C, defined by t(u) = g(1/u?"), is not identically
0 and

CAPM,,
|u"yp

b (u)| < ., peNgy Ru)>1.

Now, we can apply Theorem 3.1 in H; and we deduce that ZZOZO mpy 7 < . By Theorem 3.3 we conclude

that B : Ay (Sy) — C[[2]]m is not injective.

(iii) Finally, let us show that Sy NIy = 0. If B : Ayi(S,) — C[[2]]u is surjective there exists f € Ay (Ss)
such that f)(0) = &;, for every p € Ny, where §; , is Kronecker’s delta. By definition of the class, there
exist C; A > 0 (without loss of generality, we may assume that C' > 1 and CAM; > 1) such that

If®(2)| < CAPPIM,,  z€8,, peN,. (14)

We consider the Laplace transform of the function f(z) — z,
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oo(p)
/ e FH(f(t) —t) dt, z € Sy, (15)
0

where the integration is over the half-line parameterized by r € (0,00) +— rei?, whose argument is a real
number

pE (—%,%) such that arg(z) + ¢ € (—g,g) . (16)
This last condition guarantees the exponential decrease at infinity of the factor e~** which, together with the
linear growth of f(t)—t, ascertains that the function g is well defined. Moreover, for ¢ € (—my/2, 7y/2) fixed
and by standard results of holomorphy under the integral sign, the integral in (15) defines a function, say g,
holomorphic in the half-plane consisting of the points with argument in the interval (—p — 7/2, —¢ + 7/2).
These functions g, are analytic continuations of each other for neighboring directions ¢, as a consequence
of Cauchy’s theorem, and so they glue together to define the function g, which is indeed holomorphic in
Sy+1. We proceed now to estimate |g(z)|. Firstly, parameterizing we have that

oo

oo

_ ; e L
/ re! et® #)e'? dr—/e Te T EretP e dr
0

0
/e‘réﬁ(e z)|f (re?)| dr + / ez dp| |
0 0

In the first integral we use (14) for p = 0 and compute the remaining integral, and in the second one we
integrate by parts, and get that

oo
1 ip
l9(2)] < ﬂ?(ewz eiPz /e o
0

= R(etz) + |z\§R(ewz) (17)

for every z € Sy41. A different estimation is obtained by integration by parts in (15), taking into account
that f(0) =0

oo (¢)
e P () — 1) dt, z € Sy41. (18)

Now we parameterize and split the integral as before, and use (14) for p = 1 to obtain that

9()] < CAM,; n 1 < 2C AM,
TN= TR(e2) T TeR(e#2) ~ [aR(eiwz)”

(19)

Finally, if we iterate the integration by parts in (18) and use that f®(0) = 01,p, we get for every p > 2 the
identity

oo (¢)
1
g(z) = — / e—ztf(p) () dt, €5,

2P
0
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Using again (14) for p > 2 we deduce that

CAPpIM),

9C)| < i (20)

Our aim is to apply Theorem 3.1 to the function h given by h(w) = g(w?*1), w € Sy, when restricted to
the half-plane {w : R(w) > 1}. Note that the estimates in (17) imply for R(w) > 1 (and so |w| > 1) that

C 1 2C
< < .
M)l S G ) T o i mRier e ) = Rewwr )

These last estimates and the ones in (19) and (20) can now be summed up for h as

Pyl
)| < 2CATPIM,

> |w|P(’Y+1)§R(6igpw»y+1)7 %(w) > ]., pE NO.

Now we choose ¢ in order to minimize the value R(e??w?*1). We study two cases:

(i) If |arg(w)| < ym/(2(y + 1)), then |arg(w?*!)| < ym/2 and, according to (16), we may choose ¢ =
—arg(w?™!), and we deduce that R(e’?w? ™) = |w|**! > 1. So, for such w we get

2C APpIM,,

|h(w)] < TG p € No. (21)

(i) If |arg(w)| € [ym/(2(y + 1)), 7/2), the previous choice is not possible, and we choose

T

- +e if arg(w) € (—%,——2(711)} ,

Pe = T : Ty s
5 — € if arg(w) S [m, 5) s

for any € € (0,77m/2). So, R(e?P=w 1) = |w| L cos((y + 1)|arg(w)| — ym/2 + ¢), and making e tend
to 0 we obtain that
20 APpIM,

h <
()] < D T cos((y + 1) arg(w)] = 77/2)

p € Np. (22)

Now, observe that in this case
T T T
0< 2~ Jarg(w)| < (v + D)5 — |arg(w)) < 2.
and so

fwlcos (7 + D] arg(w)| = 1) = fwlsin (v +1) (5 — |arg(w)]))
> |w|sin (g — |arg(w)|> = |w| cos(arg(w)) = R(w) > 1.

Since we also have |w|” > 1, from (22) we obtain the same estimates (21) given in the first case.

Since h is not identically 0, by Theorem 3.1 we deduce that the series Z;ozo((p +1)m,,) =Y+ converges,
and Theorem 3.4 implies that B : Aw(S,) — C[[2]]u is not injective. O

Remark 3.18. As an easy consequence we have that if w(M) < oo, then
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4. Surjectivity intervals for the Borel map

In the study of the surjectivity intervals a new index for the sequence M, introduced in this regard by
V. Thilliez [29, Section 1.3], will play a central role.

Definition 4.1. Let Ml = (M),)pen, be a strongly regular sequence and > 0. We say M satisfies property (P,)
if there exist a sequence of real numbers m’ = (m/,)pen, and a constant a > 1 such that: (i) a='m, <
m;, < amy, p € N, and (ii) ((p + 1)_’Ym;)

The index v(M) is then defined as

is increasing.
pENp g

~v(M) := sup{y € R : (P,) is fulfilled} € (0, c0).

This definition makes sense for (Ic) sequences, and in this case (M) € [0, oo]. Indeed, this index may be
equivalently expressed by different conditions:

(i) A sequence (cp)pen, is almost increasing if there exists a > 0 such that for every p € Ny we have that
¢p < acy for every ¢ > p. It was proved in [9] (for strongly regular sequences, but the argument works
in general) that for any weight sequence M one has

v(M) = sup{y > 0: (m,/(p+1)7)pen, is almost increasing}.

(ii) For any 5 > 0 we say that m satisfies (y3) if there exists A > 0 such that

=1 Alp+1)
(75) 42_;: (m£)1/5 < (mp>1/ﬂ ) p € Np.

Using this condition, which was introduced for § = 1 by H. Komatsu [12] (and named (v1) after
H.-J. Petzsche [20]), and generalized for § € N by J. Schmets and M. Valdivia [27], we can obtain
(see [11,8]) an alternative expression of the index:

~v(M) = sup{8 > 0; m satisfies ()}

In [8, Ch. 2] and [11, Sect. 3], the connections between the indices v(M) and w(M), the growth properties
usually imposed on weight sequences, and the theory of O-regular variation, have been thoroughly studied.
In particular, whenever M = (p!M),),en, is (Ic) and 5 > 0 we have that

(i) v(M) > 0 if and only if M is (snq) (this fact is deduced from the works of K.N. Bari and S.B. Steckin [2]
and S. Tikhonov [31, Lemma 4.5]).

~

(i) v(M) > 1 if and only if T satisfies (71).

~

(iii) v(M) > g if and only if m satisfies (y3) (this is a consequence of (ii)).
A straightforward verification shows that for every s > 0 one has

PP Mp)peny) = 7M) + 5, Y ((My)pen,) = s7(M),
w((P*Mp)pen,) = w(M) +5,  w((My)pen,) = sw(M). (23)

Next we compare the two indices introduced so far.

Proposition 4.2. For any weight sequence M we always have v(M) < w(M).
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Proof. The statement is trivial if v(M) = 0. Otherwise, it suffices to prove that whenever « > 0 is such that
(mp/(p+ 1)")pen, is almost increasing, one has v < w(M). By definition, there exists a > 0 such that for
every p € Ny one has mo < am,/(p + 1), and so log(m,) > vlog(p + 1) + log(mo/a). From here and by
the definition of w(M) the conclusion easily follows. O

4.1. Weight sequences

Our first result is based on a theorem by H.-J. Petzsche in the ultradifferentiable setting and we need to
consider the following space.

Definition 4.3. We say that f € &u([—1,1]) if f € C°°([—1,1]) and there exists a constant A > 0 for which

|f®) ()]

sup L <0
peNo, ze[—1,1] APPIM),

Correspondingly, we consider the Borel map B : &y([—1,1]) — C[[z]]m sending f into the formal power
series > (f P)(0)/p!)2P (we warn the reader our notations differ from those in [20]).

All over the paper [20], H.-J. Petszche assumes that M is a weight sequence and that M satisfies (nq).
However, condition (nq) can be suppressed in the statement of the following theorem, since, if m = ((p +
1)my)pen, satisfies (1) then M satisfies (snq) and, consequently, (nq), and there is only one direction that
needs to be checked. This can be done by carefully inspecting his proof.

Theorem 4.4 (/20], Thm. 8.5). Let M be a sequence such that M is weight sequence. Then, the Borel map
B: &u([—1,1]) — C[[2]lm is surjective if and only if T satisfies (y1).

We are ready to give the first connection between the growth index (M) with the surjectivity intervals
which holds for arbitrary weight sequences.

Lemma 4.5. Let M be a weight sequence. If S %0, then M has (snq) or, equivalently, v(M) > 0.

Proof. Let [ = > pe0apz” € Cl[[z]]u. Since there exists v > 0 such that B : .ZM(SW) — Cl[z]]m is
surjective, we may take a function f; € .ZM(SW) such that g( fi) = f A suitable rotation shows that
also B : Ay(S(m,v)) — C[[z]]m is surjective and so there exists a function fo € Aw(S(7,7)) such that

B(f2) = f. It is plain to check (by a recursive application of the Mean Value Theorem) that the function
h(z) = fr(z), =€ (0,1]; h(z)= fa(z), z€[-1,0); h(0)=aq,

belongs to C*([~1,1]) and hP)(0) = pla, for every p € N (see Proposition 2.7). Moreover, considering
suitable subsectors of S, (respectively, S(m,7)) containing (0,1] (resp., [-1,0)), and again by a double
application of Proposition 2.7.(ii), one obtains a constant A > 0 such that

|hP)(z)|
sup Ty )
peNo, ze|—1,1] APPIM,,

Hence, we deduce that the Borel map B : &v([—1,1]) — C[[z]]m is also surjective. Since M is a weight
sequence, M also is, so by Theorem 4.4 this surjectivity amounts to the fact that the sequence of quotients
of M = (p!M,)pen,, namely m, satisfies the condition (1), which is precisely condition (snq) for M. 0O
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No other result concerning the surjectivity of the Borel map is present in the literature without adding
some additional condition on the weight sequence M in this ultraholomorphic setting.

Our next results, Theorem 4.10 and Theorem 4.14, are inspired by statements of J. Schmets and M. Val-
divia [27, Section 4] in the Beurling case. Although we do not treat this case here, some of their proofs can
be adapted to, or suitably modified for, our Roumieu-like spaces.

While the aforementioned authors impose condition (dc) on the sequence M, i.e., there exists A > 0 such
that My < APM,, for every p € Ny, we will show that, in some cases, one can obtain some information
without it.

In the course of our arguments we will need to introduce suitable ultradifferentiable classes (the notations
again differ from those in [27]):

For a natural number r € N and a sequence M, we consider the space N, ([0, 00)) of functions f €
C>([0,0)) such that

(a) fP+3)(0) = 0 for every p € Ng and j € {1,...,r — 1} (this condition is empty when r = 1),
(b) there exists a constant A > 0 for which

| ()|
sup < 00
pENp, z€[0,00) App'M
The subspace of NV, ([0, 00)) consisting of those functions with support contained in [0, 1] will be denoted

by L, m([0, 00)).
Similarly, we introduce the space &, m([0,1]) of functions f € C*°([0,1]) such that

(a) fPr+3)(0) =0 for every p € Ng and j € {1,...,r — 1} (this condition is empty when r = 1),
(b) there exists a constant A > 0 for which

£ ()]
sup ——— <00
p€ENp, z€[0,1] App!Mp

Note that these spaces coincide with the classical ones for » = 1. In this context, it is natural to consider
the next auxiliary sequence.

Definition 4.6. Given a sequence M and r € N, its r-interpolating sequence Pry =P = (P, )nen, is defined
by

1/r
Pirsj = (M?" JMgH) , keNo, je{0,....,r}

Note that with j = r for k and j = 0 for £ + 1 we obtain the same value. As it was pointed out in [27],
a simple computation leads to

(i) Prp =

(ii) Py, = Mk for every k € Ny,
(iii) prryj = (mg)t/7 for all k € Ng and j € {0,...,r — 1},
(iv) If M is a weight sequence, then P also is.

We also deduce the following relation for their injectivity indices.
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Lemma 4.7. Let M be a sequence and v € N. Then

wM) = rw(P).
Proof. Fix j € {0,...,r — 1}, the lemma is deduced from the next calculation
1 1r log prr+; log(kr + 7
w(M) = Tim inf 287 _ iy g 108 g g 108 PRrey log(hr + )
k—oo logk k— o0 log k k—oo log(kr +7) log(k)
= rlim inf 410gpkr+j .

k—oo log(kr + j)

The introduction of this r-interpolating sequence is motivated by the following estimates, independently
obtained by A. Gorny and H. Cartan (see [18, Sect. 6.4.IV]).

Lemma 4.8. If f € C"([-1,1]) for some r € N and

QO = sup ‘f($)|, and Qr ‘= sup |f(r)($)‘7
z€[—1,1] z€[—1,1]

then

sup |f(j)(x)| < (86T/j)j maX(Q(l)ij/Ta Qi/Tv (T/Q)jQO)v
ze[—1,1]

for every j € {1,...,r —1}.

We will employ the integral representation for the reciprocal Gamma function, usually referred to as
Hankel’s formula (see [1, p. 228]):

1 / e dw
L(z) 2w
Yo

for all z € C where v, is a path consisting of a half-line in direction —¢m/2 (for any ¢ € (1,2)) with end
point wy on the ray arg(w) = —¢m/2 then the circular arc |w| = |wg| from wy to the point w; on the ray
arg(w) = ¢m/2 (traversed anticlockwise), and finally the half-line starting at w; in direction ¢m/2. Now, for
every 3 € (1,3/2) and any t € S(g_1)/2, we define

¢pu =P+ 2arg(t)/me ((6+1)/2,(36-1)/2) C (1,7/4).

Hence, the change of variables u = t/w maps 7, , into dg which is a path consisting of a segment from the
origin to a point ug with arg(ug) = /2, then the circular arc |u| = |up| from wug to the point u; on the ray
arg(u) = —fn/2 (traversed clockwise), and finally the segment from wu; to the origin. Therefore, for every
z€Candall t € Sp_1)/2 we have that

t271 71 —1 t/ du
I'(z) 27ri/u T (24)
s

Our first result is obtained as a consequence of the next proposition and the proof is inspired by Theo-
rem 4.6 in [27].
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Proposition 4.9 (/27], Prop. 5.1). Let M be a sequence such that M is a weight sequence and r € N. If the
restriction map

B, : L m(]0,00)) — C[[z]]m
sending [ to the formal power series Z;io(f(pr)(O)/p!)zp is surjective, then m satisfies (7).
Theorem 4.10. Let M be a weight sequence.

(i) Let >0, o ¢ N, be such that B : Ay(Sa) — C[[2]]u is surjective. Then, y(M) > |a].
(ii) If we have that Sy = (0,00), then y(M) = co.

Proof. (i) Consider first the case o € (0,1). Then, it suffices to apply Lemma 4.5 to obtain that M has
(snq), or equivalently v(M) > 0 = |«], as desired.

Suppose now that o > 1 and put r = |aJ, a positive natural number. Firstly, for Ml = (Mp /D)) pen, we
will prove that the restriction map B, : ETM([O, 1]) — C[[#]]}; is surjective. Since r ¢ N, we may choose
two numbers 1, 82 with

a3
1< B]_ < 62 < mln{?,§}.

Given g = > 2 apz? € C[[2]]y, we write by, := app! for all p € Ny, and there exist Cy, Ag > 0 such that

|bp| < CoAbPIN, = CoAbM,, p € Ny.

Hence, the formal Laplace transform of g, defined by J? = Eﬁ = Z;O:O b, 2P belongs to C[[z]]m. By hypothesis,

there exists 1) € .ZM(SQ) such that g(’(/J) = f Hence, given B and R > 1, there exist C, A > 0 such that
for every p € Ny one has

p—1
‘1{1(2) - Zbkzk‘ < CAPM,|2|P, 2 € S(0,rB, R). (25)

k=0

The function ¢ : S,/ — C given by ¢(u) = ¢(u"), is well defined and holomorphic in S, ., which contains
Ss, as a proper unbounded subsector. Moreover, according to (25) for p = 0, for every w € S(0, 82, R) one
has

lp(u)| = [P (u")| < CMo. (26)

We consider now a path dg, in S(0, B2, R) like the ones used in the classical Borel transform, made up of
a segment d; from the origin to a point ug with |ug] = Ro < R and arg(ug) = 7f1/2, then the circular
arc 0, traversed clockwise on the circumference |u| = Ry and going from ug to the point u; on the ray
arg(uy) = —mf1/2, and finally the segment d3 from wu; to the origin.

Define the function f : S, _1)/2 — C given by

-1

£ =5 [ et

du
T 2mi '

u
6131

Observe that ¢(u) is holomorphic and bounded at 0 in S(0, 82, R), and for every t € S(,_1)/2 one may
easily check that t/u runs over a half-line in the open left half-plane and tends to infinity as u runs over any
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of the segments 41 or d3 and tends to 0. Hence, f is holomorphic in the sector Sg, _1)/2. We note that, by
virtue of Cauchy’s theorem, the value assigned to Ry in the definition of dg, is irrelevant for the value of f.

Let us fix in the following estimations some ¢t € S(0, (81 — 1)/2, R) and some natural number p € N.
Hankel’s formula (24) for z = kr + 1 allows us to write

t)—pz_fb tk_r_ 1 et/ Zbu -
k(kr)! 2mi F u
k=0
3
:_QLM_Z/ t/u< Zbku ) 7“ (27)

Taking into account (25), for every u € S(0, B2, R) we have

Bl < CAP M, |ulP". (28)

p—1
. E bkukr
k=0

= ‘w(ur) — Z bi(u
k=0

So, if we choose Ry = |t|/p < R, we may apply (28) and see that

p—1 du ‘t| pr
/et/“ (SO(U) - Zbkukr> ™ < 7p1e?CAP M, <p> ' (29)
k=0

G2

On the other hand, by the same estimates (28) and by the choice made for Ry, for j = 1,3 we have

Itl/p

p—1
d X o Eim d
/ et/u <¢(u)—2bku”> ;“ < CAPM, / sPT|et/ (se* 51/2>|§
3 k=0 0

1t
< CCL AP M, o) (30)

where (] is a constant, independent of both ¢ and p, given by

1/
Ci = sup |et/(seimﬂl/2)| ds
teS(0,(81—1)/2,R), peN 5 S
t1/p
_ sup olt] cos(arg()Fr 61 /2)/s 45
teS(0,(81—1)/2,R), peN 5 B}
[tl/p 1/p
< s / e~ ltlcos(a(m-n/n/s &5 _ / o cos(r(B1-1)/4) fu QU
|t|<R, peN ; S p€EN ; u

1
< /6_ cos(m(B1—1)/4)/u d_u < 0.
U
0

According to (27), (29) and (30), and using Stirling’s formula, we find that there exist constants Ca, As > 0
such that for every p € Nand ¢t € S(0,(8; — 1)/2, R) one has
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p—1 tkr M.
t) =Y by | < Co AL L¢P 31
This last estimation also holds for p = 0, in a similar way, taking Ry = |¢| and using the definition of f

and (26). Hence one can show that f admits the series Z;O:o byt?" /(pr)! as its asymptotic expansion as ¢
tends to 0 in the sector (if > 2 observe that for (p—1)r+1 < n < pr we have |¢[P" < |¢|" whenever [¢| < 1).
It is then a standard fact that for every m € Ny and every proper subsector T of S(0, (81 — 1)/2, R) there
exists

(32)

t—0, teT

. (m) b, if m = pr for some natural number p € Ny,
lim ™(t) =
0 otherwise.

Finally, we define the function F': [0,1] — C given by F(t) = f(¢) for t € (0,1], F(0) = by. Since f is
holomorphic in S(0, (61 — 1)/2, R) and we have (32), we immediately deduce that F' belongs to C*([0, 1])
and

F(m)(()) _ b, if m = pr for some p € Np,
0  otherwise.

Moreover, we may take € > 0 such that for every ¢ € (0, 1] the disk D(¢,et) is contained in S(0, (51 —1)/2, R).
Then, Cauchy’s integral formula together with (31) allows us to deduce that for every p € Ny,

(o) p—1 tkr (pr) 1 t+e pr C’QAgMp )
|FP(t)| = (f(t) — ,;ka> < (pr)! ( . ) or)] = C3A5M,,.

In conclusion, F' € ETM([O, 1]) and B,(F') = g. So, S is surjective.

Secondly, according to Theorem 3.17 the map B : Aw(Ss) — C[[2]Jm is not injective, this means by
Theorem 3.16 that o < w(M), then r = |«] < w(M) because o ¢ N. By Lemma 4.7 and (23), if P =P,y
we have that

wP) = w(Pry) — 1 =wM)/r—1>0.

Hence, since P is (I¢), one may take into account (9) and deduce that P has (nq), so by the Denjoy—Carleman
theorem (see [7, Ch. 1]) there exists a C* nonnegative function ¢ in R with support contained in [—1,1]
and which takes the value 1 in a neighborhood of 0, such that there exists A > 0 with

(n)
w1270
teR, neNy A"Py,

< 00.

Applying the Gorny-Cartan estimates of Lemma 4.8, for every h € & ([0,1]) one can check that the

product oh belongs to £ _([0,00)) and, moreover, (ph) ()(0) = hP)(0) for every p € Ny.
Since B, : 57«,1\71([0’ 1]) = Cl[z]];; is surjective, we deduce that B, : ET,M([O’ 00)) — C[[2]];; also is. By
Proposition 4.9, we conclude that m satisfies (), what amounts to y(M) > r = |«a].

(ii) It is an immediate consequence of (i). O
Corollary 4.11. Whenever M is a weight sequence, if y(M) < oo one always has

S € (0, [y(M) ] + 1],
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In case (M) € N, then Sy C (0,7(M) + 1). Note that if v(M) = oo, the previous theorem does not provide
any relevant information.

Proof. The case §M = () is trivial. So, we treat the case in which the surjectivity interval is not empty, what
according to Lemma 4.5 implies (M) > 0.

Let a € Sy. On the one hand, if a ¢ N, by Theorem 4.10 we have |a] < (M), and so o — 1 < |a] <
|v(M)], from where o« < |v(M)] + 1. On the other hand, if & € N then we can apply Theorem 4.10 for
any 8 € (a — 1,a) (since B € Sy too) and deduce that a — 1 = |8] < v(M), hence o < v(M) + 1. We
deduce that o < |y(M) 4+ 1| = [y(M)] + 1, except in case y(M) € N, where moreover a cannot coincide
with 4(M) 4 1. The conclusion easily follows. O

Remark 4.12. Summing up, for a weight sequence M and taking into account (6) and Theorem 3.17 we see
that:

(i) if v(M) = 0 (equivalently, if M has not (snq)) then Sy = St = Sy = 0;
(ii) if v(M) € (0,00) and
(a) y(M) ¢ N, thenSMCS“ CSMC( [v(M)] + 1] N (0, w(M)],
(b) y(M) € N, then Sy C S“ C S C (0, y(M) + 1) N (0, w(M)).
If w(M) = oo, the second interval in these intersections should be taken as (0, 00).

4.2. Weight sequences satisfying derivation closedness condition

As it has been pointed out in Remark 4.12, Corollary 4.11 provides also information about §fv‘ﬂ In order
to slightly improve it, one needs to impose (dc), which is a natural condition on the sequence M, in the
sense that it guarantees that the ultraholomorphic classes under consideration, consisting of holomorphic
functions, are closed with respect to taking derivatives (see Remarks 2.6 and 2.9). We will also need the
next result.

Proposition 4.13 (/27], Prop. 5.2). Let r € N and M be a sequence such that Ml = (p!M,)pen, is a weight
sequence. If the map B, : Npm([0, 00)) — C[[z]]m sending f to the formal power series Z;io(f(’”) (0)/ph)zP
is surjective, then the sequence m = ((p + 1)my)pen, satisfies the condition (7).

Following the ideas in the proof of Proposition 4.6 in [27], we will be able to deal also with the case « € N
whenever B : A} (S.) — Cl[z]]m is surjective.

Theorem 4.14. Let Ml be a weight sequence satisfying (dc).

(i) Let o> 0 be such that B : A%(S,) — C[[z 2|lm is surjective. Then, v(M) > |a].
(ii) If we have that S = (0,00), then Sy = Sﬁ = Sy = (0,00) and v(M) = ococ.
Proof. (i) Consider first the case a € (0,1), then a € §f§,ﬂ C Sy and a ¢ N, so by Theorem 4.10 we conclude
that v(M) > 0. Note that in this case no use has been made of (dc).

Suppose now that @ > 1 and put r» = |/, a positive natural number (note that, by Theorem 4.10, we
only would need to consider the case a = r € N but the proof works anyway). Our aim is to show that

B, : N ([0,00)) — C[[2]]; is surjective.
Given § = 3277 ap2P € C[[2]]y, we write b, := a,p! for all p € Ny and we see that there exist Co, Ag > 0
such that

|by| < CoAPPIM,, = CoABM,, p € No. (33)
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Consider the formal power series f = Z;io(—l)p’”bpzp € C[[2]]m. By hypothesis, there exists 1) € A% (S,)
such that g(d}) = f, and so there exist C, A > 0 such that for every p € Ny one has

p—1
‘1/}(2) - Z(—m’“bkz’f‘ < CAPM 2P, 2 € Sa. (34)
k=0

The function ¢ : S,/ — C given by p(w) = ¢ (w™") — by, is well defined and holomorphic in S,/ 2 Si.
Moreover, according to (34) for p = 1, for every w € S; one has

| ) -l < T (35)

1 1+oc01 ( )
elu

t) = — tuid

1) 211 / € U “
l—oc0t

is well defined and continuous on R. By the classical Hankel formula (24) for the reciprocal Gamma function,
for every natural number p > 2 and every ¢t € R we may write

14001

p—1 A tkr 1 p*l krbk
_ —1)*"p = .
(=)™ b (kr)! 2mi / Z ukr+1 du (36)

k=1 1—o0i =1

Since, again by (34), we have

p—1

Z k kr+1
=1

for every u € Sy, we can apply Leibniz’s theorem for parametric integrals and deduce that the function

1
|

Z ka )k < CApMp

= T
k=0

(37)

p—1 kr

k

— (kr)!
belongs to CP"~1(R). Moreover, all of its derivatives of order m < pr — 1 at ¢t = 0 vanish. This fact can be
checked by differentiating the right-hand side of (36) m times under the integral sign, evaluating at ¢t = 0,
and then computing the integral by means of Cauchy’s theorem. For that, consider the paths I's, s > 0,
consisting of the arc of circumference centered at 1, joining 1 + si and 1 — si and passing through 1 + s,
and the segment [1 — si, 1 + si. It is plain to check that [, w™ (¢ (u) — S (1) " byu*)du = 0, and
applying (37) a limiting process when s — oo leads to the conclusion.

As p is arbitrary, we have that f € C*°(R) and, moreover,

f(m)(O) ~ J(=1)P"b, if m = pr for some p > 1,
0 otherwise.

Finally, we define the function

F(t) =bo + f(—t), t>0.
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Obviously, F' € C>([0,00)) and F®")(0) = b,, p € No; F™(0) = 0 otherwise. In order to conclude, we
estimate the derivatives of F' of order pr for some p € Ny. For p = 0 and ¢ > 0, we take into account (33)
and (35) in order to obtain that

17 CAM, T 1
(0) 1 [ . CAM,
PO <l + 5 [ et A dy el e o

— 00 — 00

and so F' is bounded. For p > 1 we may write formula (36) evaluated at —t as

._.

14+oc0t
= om z’““+1
k= l—oc0

Then,

k=1
14001 p &
—tz - [ #(2) (=1)""br
*p+27 / (=2)" P 72 Shr+l dz,
1-00i k=1
and we may apply (33), and (37) in order to obtain
CA" M,y [ 1
(pr) p p+1
F0)| < Coga, + St [ ey (39)

— 00

From (38) and (39), and since M satisfies (dc), we deduce that there exist C7, A; > 0 such that for every
p € Ng one has

|FP)(1)| < CLAY M, = CL AP\ M, t >0,

and so F' € NTM([O’ o0)) and B,.(F) = g. In conclusion, B, is surjective as desired, and by Proposition 4.13
we deduce that m satisfies (v,), what amounts to y(M) > r = |«].

(ii) The fact that all the intervals of surjectivity are (0,00) is an easy consequence of (6) and Proposi-
tion 2.7.(iii), while v(M) = oo stems from (i). O

Corollary 4.15. Whenever M is a weight sequence satisfying (dc), one has
Su € S € (0, [v(M)] + 1).
If moreover y(M) € N, then Sy C St C (0,~(M)).

Proof. The arguments are similar to those in the proof of Corollary 4.11. The case gf\‘ﬂ = () is trivial.
Otherwise, Sy # 0 and, by Lemma 4.5, y(M) > 0.

Let a € §§H By Theorem 4.14 we have |a| < y(M), and so a < |a] +1 < |y(M)]| + 1, which is the
first statement. In case v(M) € N, the condition |y(M)| < (M) does not hold, and so (M) ¢ :9& and the
interval gf\jﬂ has to be contained in (0,v(M)). O
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Table 3

Surjectivity intervals when M is (Ic), (snq) and (dc).
(M) € N (M) € R\N
S C (0,7(MD) S C (0, (D] + 1) 1 (0, w(MD)]
5t C (0,7(M) 52 C (0, [4(M)] + 1) 1 (0, w(t)]
Sy €O, yM) + 1) N O,wM™)]  Su C (0, [y(M)] +1] 1 (0, w(M)]

Recall that if M has not (snq) the problem is solved (see Remark 4.12). Let M be (I¢), (snq) and (dc)
(the first two conditions imply that M is a weight sequence). Then (M) € (0, o], and we have the situation
described in Table 3, with the corresponding conventions if y(M) = oo or w(M) = co. With the same
assumptions, one might be able to show at least that Sy € S C (0,~v(M)) and Sy C (0,~(M)] but it seems
that a technique that only employs the properties of the spaces &y, Npm and L,y is not sufficient.

We mention that there exist sequences that are not strongly regular such that (M), w(M) € (0, o0), and
these values still are referring to some concrete openings in the injectivity and surjectivity problems.

4.3. Strongly regular sequences

We need to impose more conditions on the sequence M in order to get extra information about surjectivity.
We recall that M is said to be strongly regular if is (Ic), (snq) and (mg). As commented before, the
first two conditions are natural in this context, and moderate growth, which is stronger than (dc), is
our additional assumption. We recall that a (lc) sequence has (mg) if, and only if, sup,cym, /M;/ P < oo
(see [21, Lemma 5.3]). Hence, since for a (lc) and (mg) sequence one has, with Landau’s notation, log(M),) =
O(plog(p)) as p tends to infinity (see [19, Theorem 2]), using (i) we deduce that

1
w(M) = Tim inf 228(72)
p—oo log(p)
With this, Proposition 4.2 and the equivalence of (snq) and the condition y(M) > 0, for a strongly regular
sequence one always has 0 < v(M) < w(M) < oo (see also [8,11]).

The main known result regarding surjectivity for strongly regular sequences was provided by V. Thilliez [29,
Theorem 3.2.1].

Theorem 4.16 ([29], Theorem 8.2.1). Let M be a strongly regular sequence and 0 < v < y(M). Then there
exists d > 1 such that for every A > 0 there is a linear continuous operator

Tha a5 ¢ Cl[2]lm,a — Awm,aa(Sy)

such that EOTM,A,W = Idey the identity map in C[[2]]y.a. Hence, B : Ani(Sy) — Cl[2]]Jm is surjective.

Z]MA’

Except in the classical Gevrey classes, no information about the optimality of v(M) was provided. Our
next attempt will be to obtain as much information as possible in this direction. The following result rests on
Theorem 4.14 and a ramification argument, what makes us consider only rational values for the constant r
below.

Theorem 4.17. Let M be a strongly reqular sequence, and let r € Q, r > 0 be given. The following assertions
are equivalent:

(i) r <~ (M),
(ii) there exists d > 1 such that for every A > 0 there is a linear continuous operator

T, a,r : Cll2]lm,a — Awm,aa(Sr)

such that Bo Ty a, = Idg(izpy,. 4 the ddentity map in C[[z]]m,a,
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(iii) the Borel map B : Aw(S,) — C[[2]]m is surjective,
(iv) the Borel map B : Ay (S,r) — C[[z]]m is surjective.

Proof. (i) = (ii) = (iii) This is Theorem 4.16.

(iif) = (iv) Trivial by inclusion.

(iv) = (i) In case r € N, we use Theorem 4.14.(i) and we conclude.

Otherwise, we write r = p/q with p, ¢ € N relatively prime, ¢ > 2. Consider the sequence M? = (M2),,en,,
which also turns out to be strongly regular (see [29, Lemma 1.3.4]). We will prove that B : jﬁq(é},) —
Cl[#]]ma is surjective, so, again by Theorem 4.14.(i), we see that p < v(M?). Hence, we get that r = p/q <
~v(M), as desired.

Let us prove the aforementioned surjectivity. Given f = >0 ajzl € C[[2]]ma, there exist C, A > 0 such

that |a;| < CA7 M for every j € No. Let us define a new formal power series g = Z;‘io bjz7 with coefficients
byj = aj, j € No; by, = 0 otherwise.
The log-convexity of M implies that M ;’ < M,; for every j, so we have that
|bqj| < CAijq < C(Al/q)quqjv

and consequently, g € C[[z]]m. By hypothesis, there exists a function g € .ZI’{,H(S,«) such that g(g) =g, and
so there exist Cy, A; > 0 such that for every z € S, and n € Ny one has

n—1
g(z) — Z b2l | < CLATM,|2|". (40)
j=0

Consequently, the function f: S, — C given by f(w) = g(w'/9) is well-defined and holomorphic in Sp.
Moreover, for every w € S, and n € Ny one deduces from (40) that

n—1 n—1 gqn—1
fw) = 37 aguwd| = |g(w'/®) = 37 by (w9 = lg(w!/) = 37 bi(w!/1)*
7=0 3=0 k=0
< CLAT My /9] 0m. (a1)

We apply now the property (mg) of M: it is straightforward to prove that there exists Ag > 0 such that for
all n € Ny we have M, < AyMZ. We may use this fact in (41) and obtain that

n—1
Flw) =" aju?| < Ci(AgAD)" Mi|w|".
j=0
So, f € JZ“N‘M (Sp) and E(f) = f, what shows the surjectivity as intended. O
This result has several important consequences.

Corollary 4.18. Let M be a strongly reqular sequence with v(M) € Q. Then, Sy = gﬁjl = (0,v(M)).

Proof. By Theorem 4.17 and (6), we have (0,(M)) C Sy C §§,ﬂ, while (iv) = (i) in Theorem 4.17 ensures
that, v(M) being rational, it cannot be the case that v(M) € Sy, and so Sf C (0,v(M)). O
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Table 4
Surjectivity intervals for strongly regular sequences.
yM) €Q yM) el
Swu (0, v(M)) (0, v(M)) or (0, v(M)]
S (0, y(M)) (0, v(M)) or (0, v(M)]
S (0, y(M)) or (0, y(M)] (0, v(M)) or (0, v(M)]

In the following I stands for the set of irrational numbers.

Corollary 4.19. Let M be a strongly reqular sequence, and let t € R, t > 0. Each assertion implies the
following one:

(i) ¢ <~y(M),
(ii) the Borel map B : Awi(St) [[z]lm is surjective,

)

) —-C

(iii) the Borel map B : AM(St) — Cl[#]]m s surjective,

(iv) the Borel map B : Aw(S:) — C[[2]]lm is surjective,

(v) for every € € I with € < t, the Borel map B : AM(Sg) — Cl[z]lm ts surjective,
)

(vi) ¢ < ~(M).

Hence, (0,7(M)) € Sm € Sy € Su € (0, 7(M)].

Proof. Only (v) = (vi) needs a short proof. For every ¢ € N we have that ( = £g¢ ¢ N, we will show
that B : Apa(S¢) — C[[2]]me is surjective so, by Theorem 4.10.(i), we see that [¢] < y(M?). Then (M) >
|€q]/q > & — 1/q. Since ¢ is arbitrary, making ¢ tend to oo we deduce that £ < (M) for every irrational
&< t,s0t <~y(M).

The proof of the surjectivity follows the same ramification argument used in (iv) = (i) of Theorem 4.17,
where the asymptotic relations obtained for bounded subsectors of S¢ are transformed into the analogous
ones for the corresponding bounded subsectors of S¢.. O

Remark 4.20. The situation for strongly regular sequences is summed up in Table 4. The conjecture is that,
at least for strongly regular sequences, one always has Sy = (0,7(M)] and Sy = S = (0,~v(M)). The
main difference with the injectivity problem, in which the belonging of the value w(M) to the injectivity
interval depends on the convergence of a series, might lie in the fact that the value of (M) completely
characterized (snq) condition, that is, (M) > 0 if and only if M has (snq), whereas for w(M) we remember
that if w(M) > 0 then M is (nq), but if M is (nq) then only w(M) > 0 is known.

Remark 4.21. A question which was open for some time is: Are v(M) and w(M) always equal for strongly
regular sequences? After some trial and error, a strongly regular sequence has been constructed with v(M) =
2 <w(M) =5/2 (see Example 2.2.26 in [8], also Example 4.18 and Remark 4.19 in [10]). In fact, given any
pair of values 0 < v < w < oo we are able to provide a strongly regular sequence M such that v(M) = v
and w(M) = w (see Remark 2.2.27 in [8] and Subsection 4.3 in [11]). This means that for opening am with
a in the interval (y,w), the Borel map is neither injective nor surjective and the corresponding injectivity
and surjectivity intervals for this sequence are either [w, 00) or (w,c0) and (0,7) or (0,7], respectively.

4.4. Sequences admitting a nonzero proximate order

In this final subsection, taking into account that the Borel map is never bijective, Theorem 3.17, we will
deduce more information regarding the surjectivity intervals. In order to be able to infer from that result
whether or not v(M) belongs to Sy and §f\ﬁﬂ, strongly regularity is not enough and we need to assume
(M) = w(M). Then,
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(i) I Z;O:O (mp)_l/w(M) = 00, we know that It = Iy = [w(M), 00) = [y(M), 00), and then

S = St = (0,7(M)),  (0,7(M)) C S  (0,7(M)].

(ii) If Yo (mp) ™ < 56 and > o (0 + 1)m,) @M = o0 we know that Iy = [y(M), 00) and
It = (v(M), 00), and so

SM = (Ovv(M))’ (O’V(M)) - SI\\%JI - SM - (an(M)]

Hence, the information we have for strongly regular sequences with v(M) = w(M) is summarized in the
first two rows of Table 5. Note that for nonuniform asymptotics this assumption does not produce any
improvements and we will need to go one step further.

Our final result was given by the second author, Theorem 6.1 in [25], for strongly regular sequences M
such that the function dy, defined by dy(t) := log(wm(t))/log(t), ¢ large enough, is a proximate order.
For nonuniform asymptotics, he proved that §M = (0,7(M)] employing the truncated Laplace transform
technique, where the classical exponential kernel was replaced by a function which is constructed using
proximate orders and Maergoiz’s functions. The weight sequences M for which dyy is a nonzero proximate
order have been characterized in [10, Theorem 3.6]. However, this property turned out not to be stable
under equivalence, what motivated the study of a weaker condition which is indeed stable, as shown by the
following statement.

Theorem 4.22 ([10], Theorem 4.14). Let Ml be a weight sequence. The following are equivalent:

(a) There exists a weight sequence L and positive constants A and B such that APL, < M, < BPL, and
di(t) is a nonzero proximate order.

(b) M admits a nonzero proximate order p(t), i.e., there exist a nonzero prozimate order p(t) and constants
C and D such that

C <log(t) (dm(t) — p(t)) < D, t large enough.
Remark 4.23.

(i) The functions p, g in the Example 3.11 are admissible for the corresponding sequences M, s in the Ex-
ample 2.4. This is useful even if, as it happens in this case, the functions dqo, (t) := log(wwm, ,(t))/log(t)
already are proximate orders, since p, 3 are easier to handle and enjoy better regularity properties.

(ii) In the Gevrey case in particular, i.e. for M, = (p!“)en,, the constant proximate order p(r) = 1/«
is admissible, and any V' € MF(2a, p(r)) will provide us, by Theorem 3.15, with a flat function in
the class A (S,). Since the choice V(z) = 2!/ is possible, we obtain the classical flat function
G(z) = exp(—z~1/®).

As it is deduced from [25, Remark 4.11.(iii)], the construction in [25, Theorem 6.1] is also available
whenever M is a weight sequence admitting a nonzero proximate order. We recall that if M admits a
nonzero proximate order then it is strongly regular and y(M) = w(M) € (0, 00) (see [10, Remark 4.15]) but
the converse does not hold [10, Example 4.16], so this is the most regular situation we will consider.

Theorem 4.24 (Generalized Borel-Riti—Gevrey theorem). Let M be a weight sequence admitting a nonzero
proximate order and v > 0 be given. The following statements are equivalent:
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Table 5
Surjectivity intervals for weight sequences admitting a nonzero proximate order.
yM) el
Yy(M) € Q ad 1\ oen _ > 1 S _ > 1 P
§<m> - ,;(@H)m,,) - ;(<p+1>mp> -
S (0,7(M)) (0, (M) (0, ~(M)) (0,7(M)) or (0,v(M)]
Shi (0, (M) (0, (M) (0,v(M)) or (0, y(M)] (0,7(M)) or (0,v(M)]
Su__ (0, y(M)] (0, y(MD] (0, y(MD)] (0, y(MD]
Table 6
Surjectivity intervals for the sequences My g, a > 0, B € R.
B <« a<pf<a+1 B>a+1
SMa, 4 (0, @) (0, @) (0, ) or (0, ]
Sﬁaﬁ (0, @) (0, @) or (0, ] (0, @) or (0, ]
S, (0, a] (0, a] (0, a]

(ii) For every f = > pen, ap2? € Cl[2]lm there exists a function f € Awi(S,) such that

fowm £

i.e., B(f) = f. In other words, the Borel map B : .ZM(SV) — C[[#]]m s surjective.
Hence, Sy = (0,y(M)] = (0, w(M)].

Table 5 gathers the information about surjectivity in case M admits a nonzero proximate order. For the
sequence M, g = (p!o‘ anzo logﬁ (e + m))peNo’ a > 0, 8 € R, the information is summarized in Table 6,
note that the Gevrey case always belongs to the first column.
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