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1. Introduction

A Borel probability measure p on R is called a spectral measure if we can find a countable set A C R"
such that By = {e?™3®) . X\ € A} forms an orthonormal basis for L?(u). If such A exists, then A is called
a spectrum of u, we also say that (u, A) is a spectral pair. For the special case that the spectral measure
is the restriction of the Lebesgue measure on a bounded Borel subset €, we call Q a spectral set. The
research of spectral measures was originated from Fuglede [17], whose famous conjecture asserted that  is
a spectral set if and only if Q is a translational tile, that is, there exists a discrete set I' C R™ such that
U~er (2 + 7) covers R™ without overlaps and up to a zero set of Lebesgue measure. The conjecture was
disproved eventually in both directions on R™ for n > 3 [33,21,22], but it is still open in dimensions n = 1
and n = 2.
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Since then, the study of the spectrality of measures becomes an active research topic, especially for
fractal measures, such as self-similar/self-affine measures. Let {¢q4(x)}acp be an iterated function system
(IFS) defined by

pa(x) =M Yz +d), =xcR" deD,

where M € M, (R) is an n X n expanding real matrix (that is, all the eigenvalues of M are greater than 1 in
module), and D C R™ is a finite digit set. It is well known that there exists a unique nonempty compact set
T :=T(M, D) such that T' = {Jyc, #a(T) [18]. Also, there exists a unique probability measure p := pas,p
supported on T satisfying

1
u:#—DZuochl, (1.1)

decD

where #D is the cardinality of D. The set T and the measure uy,p are called self-affine set (or attractor)
and self-affine measure, respectively. In particular, if M is a multiple of an orthonormal matrix, then T and
i, p are called self-similar set and self-similar measure, respectively.

In 1998, Jorgensen and Pedersen [20] discovered that the standard middle-fourth Cantor measure is a
spectral measure. It is the first spectral measure that is non-atomic and singular to the Lebesgue mea-
sure ever discovered. In the same paper, they also showed that the middle-third Cantor measure is not
a spectral measure. Following this discovery, there has been more research on new spectral measures (see
[1-4,6-8,11,9,10,12,14,15,13,16,19,23,26,28,30] and the references therein), as well as the convergence proper-
ties of the associated Fourier series [31,32]. Among these results, Hu and Lau [19] first studied the spectrality
of Bernoulli convolutions j,, and Dai [6] completely settled the problem that ji;/(2x) is the only spectral
measure. The more general N-Bernoulli convolution was completely characterized in [7,8]. For higher di-
mensional cases, Dutkay, Haussermann and Lai [13], and Liu and Luo [30] studied the spectral problem for
self-affine measures, which generated by an expanding integer matrix and an integer digit set. In particular,
Deng and Lau [11] first considered the planar self-affine measure generated by an expanding real matrix,
they proved the following theorem.

-1
Theorem A. [11, Theorems 1.1 and 1.2] Let M = p 1
0 p

0 < |p| < 1, the digit set D = {(0,0)*,(1,0)*,(0,1)"}, and let urr,p be defined by (1.1). Then

0 } € M3(R) be an expanding real matriz with

(i) L*(un,p) admits an infinite orthogonal set of exponential functions if and only if |p| = (q/p)* for some
positive integers p,q,r with p € 3Z and ged(p, q) = 1.
(i) L?(uam.p) is a spectral measure if and only if |p| = 1/p for some p € 3Z.

In the opposite direction, the study of the non-spectrality of self-affine measures 15, p has drawn consid-
erable attentions, and some interesting results have been obtained, see [5,14,24,25,27,29]) and the references
therein. The non-spectral problem consists of the following two types of questions: (I) There are at most a
finite number of orthogonal exponential functions in L?(uas,p). The main questions here are to estimate the
number of orthogonal exponential functions in L?(ups,p) and to find them; (II) There are infinite families
of orthogonal exponential functions, but none of them forms an orthogonal basis in L?(ups p). Relating to
question (I), there are many results about the self-affine measure ppr, p, which generated by an expanding
integer matrix M € M»(Z) and the digit set D = {(0,0)*,(1,0)%, (0,1)*}. For examples, Dutkay and Jor-

gensen [14] showed that if M = [g 2] with p € Z \ 3Z and p > 2, then there exist at most 3 mutually

a b

orthogonal exponential functions in L?(ups p). Later on, Li [24] proved that if M = [0 c} with ac ¢ 3Z,
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then there exist at most 3 mutually orthogonal exponential functions in L?(ua,p), and the number 3 is

g IC’] with ac — bd ¢ 3Z, they

showed that there exist at most 9 mutually orthogonal exponential functions in L?(ps,p), and the number

the best. Recently, Liu, Dong and Li [29] considered the matrix M = {

9 is the best. For the case that M is an expanding integer matrix with det(M) ¢ 3Z and an integer digit
set D = {(0,0)?, (a1, a2)t, (B1, B2)'} with o182 — a1 # 0, the first author of this paper and Liu [5] also
studied the non-spectral problem for the self-affine measure pps p.

Motivated by the above results, we will study the spectrality and the non-spectrality of the planar self-
affine measure pys,p, which generated by an expanding real matrix M € My(R) and the digit set D C R?

with
-1
M_[PO p‘fl] 0<lp|<1) and D—{(S)(é)(?)} (1.2)

Throughout the paper, we will use the following notations: 5 := p~!, © := ©; U©, with ©; = 372+ (1,2)
and Oy = 3Z2 + (2,1), and N denotes the set of positive integers.
Our first main result is the following theorem.

Theorem 1.1. Let pips,p, (M, D) be defined by (1.1) and (1.2), respectively. Then L*(upr,p) admits an infinite
orthogonal set of exponential functions if and only if |5 = (p/q)% and C = kf for some p,q,r € N with
p €37, ged(p,q) =1 and k € Q.

Obviously, Theorem 1.1 is an extension of Theorem A(i). The proof depends mainly on the characteri-
zation of the zero set of the Fourier transform of pps p.

Furthermore, if L?(ups,p) does not admit infinite orthogonal set of exponential functions, we will estimate
the number of orthogonal exponential functions in L?(ups,p) and give the exact maximal cardinality. In
this paper, we mainly consider the case where g is the r-th root of a rational, that is, || = (p/ q)% for some
p,q,7 € N with ged(p, ¢) = 1. By Theorem 1.1, there exist two cases: (i) C # k8 for any k € Q; (ii) C = kS
for some k € Q and p ¢ 3Z. Now we state our second main theorem.

Theorem 1.2. Let pps p, (M, D) be defined by (1.1) and (1.2), respectively. Suppose that |3| = (p/q)% for
some p,q,r € N with ged(p, q) = 1. Then the following statements hold.

(i) If C # kB for any k € Q, then there exist at most 3 mutually orthogonal exponential functions in
L*(un.p), and the number 3 is the best.
(ii) If C = kB for some k € Q and p ¢ 3Z, then
(a) If ¢ ¢ 3Z, then there exist at most 3 mutually orthogonal ezponential functions in L?(unr.p), and
the number 3 is the best.
(b) If q € 3Z, then there are any number of orthogonal exponential functions in L*(unr,p)-

We remark that if 5 is the r-th root of a rational, Theorem 1.2 completely answered the non-spectral
problem of question (I) for the self-affine measure pps p in (1.2). To some extent, Theorem 1.2 is an extension
of the results in [14,24,29] for non-spectral self-affine measures. The proof of Theorem 1.2 is through some
algebraic identities induced by the orthogonality, and the technique to prove the best number is to construct
a suitable orthogonal set for each case. It should be noted that there does not exist any infinite orthogonal set
of exponential functions in the case (b) of Theorem 1.2(ii), although it can admit any number of orthogonal
exponential functions.
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Remark 1.3. For the case that § is not the r-th root of a rational, which is either transcendental or algebraic.
In this case, Theorem 1.1 shows that L?(ups,p) cannot have any infinite orthogonal set of exponential
functions.

(i) If 8 is a transcendental number, by using the similar method used in the proof of Theorem 1.2, we
can show that there exist at most 3 mutually orthogonal exponential functions in L?(uas,p), and the
number 3 is the best. We omit the proof here.

(ii) If B is an algebraic number, then the number 3 is not necessarily the best. For example, let = (v/541)/2
and C = 0, then for any a € ©/3,

EA—{ 2mi( A, x) “AEAN= {0 M*2 ,M*SQ,M*4Q,M*SQ}}

is an orthogonal set in L%(ur,p). In fact, by observing that M**a = B‘a € Z(fip.p) (see (2.4)), we

have
M*(€+1)a M*fa_ﬁe 1( ) — a—M*(Z 1)a€Z(uMD)
M**a — M*2a = %62 - 1Da a—M*3an(,uMD)
M*Pa - M*2a = 32(8% - 5~ 1>a 5%(2e) = M**(2) € Z(funa,p)-

By (2.2), the assertion follows. Unfortunately, it is difficult to give the exact maximal cardinality.

The paper is organized as follows. In Section 2, we introduce some basic definitions and results that will
be needed in the proof of our main results. In Section 3, we prove Theorem 1.1 and Theorem 1.2. Finally,
we give some remarks and open questions in Section 4.

2. Preliminaries

Let p be a probability measure with compact support on R”, its Fourier transform is defined as usual,

p(O) = [ Odu(a),  err.

Let par,p, (M, D) be defined by (1.1) and (1.2), respectively. It follows from [14] that

pp(€) = [[mp(M7¢),  ¢eR?, (2.1)

Jj=1

where M* denotes the transpose of M, and

mD 13 #D Z 2mi{d,x) — (1 +€27rwl +eQ7‘rl’I‘2) = (.’171,.1'2)t c RQ.
deD

Let Z(f) denote the zeros of a function f. It is known that
1
Z(mD) = g(@l U @2)

For any A; # A2 € R2, the orthogonality condition
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0= <627ri()\1,w)7627ri(/\2,w>>L2(uM,D) _ /62wi<z\171\2,w>duM7D(x) _ ﬂM,D(Al - )\2)

relates to the zero set Z(fipr,p) directly. It is easy to show that for a countable set A C R2, Ej = {e2™/3®)
A € A} is an orthogonal set of L?(u p) if and only if
(A= A)\{0} C Z(finep)- (2.2)
In this case, A is called a bi-zero set of pipr p.
For the matrix M given by (1.2), it is easy to check that
A J 0
M = _5. . (2.3)
cipr~t B
It follows from (2.1) that
. %) y oo 1 y
Z(pnp) = | MY (Z(mp)) = S MY (01U 6s) := Ze, U Ze,, (2.4)
j=1 j=1
where
o ooM*j61_ mﬁj % ( )t o
0, — U ? - U CiB~ tantas Hlan,az)n €0
j=1 j=1 3
(2.5)
z _GM*]’@_ GB] % ( )te@
Oy = 3 CiB agtoa clas, g 2
j=1 j=1 3

1

Throughout the paper, we shall denote the number (p/q)+ by the reduced representation. For example, if
(p/q)2 = (18/8)2 = (9/4)2 = 3/2, we take (p/q)2 = 3/2. It is well known that 8 € {£(p/q)* : p,q,r € N}
if and only if |8] is an algebraic rational with a minimal polynomial gz" — p for some p,q,r € N. The
following lemma is useful for proving our main results.

Lemma 2.1. Suppose that € {:l:(p/q)% . p,q,r € NY satisfies a18° + a2 = azf*, where i,j,k are
nonnegative integers. Then the following statements hold.

(i) If a1,a2,a3 € Z \ {0}, theni=j =k (mod r).
(ii) If a1,az2,a3 € Z\ 3Z, and p € 3Z or q € 37, then at least two of the i,j, k are equal.

Proof. We only prove the case § = (p/q)%, because the other case § = f(p/q)% can be proved similarly.

The proof of (i) is essentially identical to that of [9, Lemma 2.5], we write it down for completeness. Let
1 =101 +81,] = j1ir + so,k = kir + s3 with 0 < s1, 89,83 < r — 1. Note that ¢6” — p = 0, so there exist
some integers by, ba, b3 # 0 such that b1 8% 4 by 3%2 = b3B%8. As qx" — p is the minimal integer polynomial
of 3, it follows from 0 < s1, 82,53 < r — 1 that s; = so = s3. Therefore, we have i = j = k (mod ).

For (ii), suppose on the contrary that 4, j, k are different nonnegative integers. Without loss of generality,
we assume that ¢ > j > k. According to (i), we can let ¢ = i1 + 5,5 = jir + s and k = kir + s, where
i1 > 71 > ky and 0 < s <7 — 1. Multiplying a1 5" + a237 = a3f* by ¢"* %1 7% we get that

ok o S ik
p]1 1[&1]?“ J1 +a2ql1 ]1] :agqll 17

qil—jl [agqjl_kl _ a2pjl_kl] — a1pi1_k1.
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Note that ged(p,q) = 1, if p € 3Z, the first equation implies that as € 3Z; if ¢ € 37Z, the second equation
implies that a; € 3Z. They contradict the conditions aj, a3 ¢ 3Z, and hence the assertion follows. O

For the one dimensional self-similar measure

—

m

pom (™ () = 9), (2.6)

1
Np’m(') = m

7=0
where 0 < |p| <1 and m € N\ {1}. Deng [9] studied the existence of infinite orthogonal set of exponential
functions in Lz(upym) and obtained the following result, which will be used to prove Theorem 1.1.

Theorem 2.2. [9, Theorem 1.2] Let p, ., be defined by (2.6). If m is a prime, then L*(u,.m) admits an
1

infinite orthogonal set of exponential functions if and only if |p| = (q/p)+ for some p,q,r € N with p € mZ
and ged(p, q) = 1.

3. Proof of the main results

This section is devoted to proving our main theorems. We first prove Theorem 1.1 by using Lemma 2.1
and Theorem 2.2, and then complete the proof of Theorem 1.2. Let A be a bi-zero set of uas,p, and let
Ep = {e?™®) . X ¢ A}. Without loss of generality, we may assume that 0 € A.

Proof of Theorem 1.1. First, we prove the necessity. Assume that L?(uy p) admits an infinite orthogonal
set Ex. By (2.2) and (2.4), we have A\ {0},(A — A)\ {0} C 2o, U Zp,, where Zg,, Zo, are defined in
(2.5). For s = 1 or 2, define Ay, = {A\is : A; = (Mi1-Ai2)t € A}. We first claim that A; is infinite. Suppose
otherwise, Ay is finite, then Ay must be infinite. By the pigeonhole principle, there exist Ay # A2 € A\ {0}
such that A\1; = Ag1, where A; = (\j1, Ai2)? for i = 1,2, and hence

A1 — A2 = ( ) ¢ 2o, UZe, = Z(fim, D),

A12 — A2z
which is a contradiction. Thus A; is an infinite set satisfying

A0}, (A= AN {0} € | A(Z £ 1/3) = Z(jp,0),
j=1

where p, 3 is defined by (2.6). It follows from (2.2) that Ey, = {€?™* : X\ € A} is an infinite orthogonal
set of L?(p,3). According to Theorem 2.2, we have |3 = (p/q)+ for some p,q,r € N with p € 3Z and

ged(p, q) = 1.

We now prove that C = k8 with k € Q. Since #A = oo, without loss of generality, there must exist
A1 # A2 € A\ {0} such that A;, A2 € Zg,. From the definition of Zg, and the orthogonality of A, we can
write

— AN . am _ _ AW
Ar=p (Cnﬁlau-‘r(hz ) , A2 =p <Cm,810421+a22 ) and Ay — Az =f (Cw,ﬁ’la31+(x32 > ’ (31)
3 3 3
where n,m,w € N, (a11, a12), (21, ag2)t € ©1 and (a3, aze)! € ©. Consequently,

a1 " — a1 M = oz Y (3.2)
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and

CB™ a1 B" — mag B™ — wazi BY) = —a12B" + anf™ + azaBY. (3.3)

Note that |5| = (p/q)% and p € 3Z, by Lemma 2.1, we get that n = m = w (mod r) and at least two of
the n,m,w are equal. As @11 — a9 € 3Z and a3y ¢ 3Z, it follows from (3.2) that n,m,w are not all equal.
Without loss of generality, we assume that n # m = w. By (3.2), we have na11 8" — mag1 ™ — wag ¥ =
(n — m)ay18™. Therefore, (3.3) implies that

Qo + aigp — a2 BT
(n —m)a fr—m

C= B = kp.

It follows from n = m (mod r), n # m and || = (p/q)% that k € Q. The necessity follows.
Second, we prove the sufficiency. Suppose that |3 = (p/q)% and C = kf for some p,q,7 € N with p € 37Z,
ged(p,q) = 1 and k € Q, it is clear that ged(q,3) = 1. Write k = v/u for some u € N, v € Z with

ged(u,v) = 1, and let
p3ué
A_{< §uz> :éeN}.
2p
3

We will show that A\ {0}, (A —A)\ {0} C Z(fr,p). Note that p = ¢|8|", we have

3ul 3ul 3ul
£ : q3 3uré %
3 — 3urt 3 — 3urt — MF3ur 4
o | = T = (&) wa
3

3 3

)

where a; = ¢**¢ and ay = (2 — 3kurl)@vt if |B]3v = B3 or ay = —¢3* and ay = (3kurt — 2)¢3*
if |32t = —p3urt. It follows from k = v/u and ged(q,3) = 1 that (ay,az)® € ©. This proves A \ {0} C
Z(fum,p)-

Next, we prove that (A—A)\{0} C Z(fias,p). For any Ay # Az € A\{0}, we can write Ay = p>“1(1,2)!/3
and Ay = p**2(1,2)*/3 for two positive integers ¢; > fo. Similar to (3.4), there exists (o, as)! € © such
that

(p?’u(élflg)_l)qfiulg

ay
AL — Ag = |B‘3ua~82 _ (p3u(21762) o 1)M*3uré2 (;) .

2.(p3ul1=62) _1)g3uls x

3

It is easy to see that (p**(“'=%2) — 1)(aq, )" also belongs to ©, then Ay — Az € M*3“28  Z(jy p),
which implies that (A — A) \ {0} C Z(fin,p)- By (2.2), E, is an infinite orthogonal set in L%(par,p).
The proof of Theorem 1.1 is complete. O

Now we are ready to prove Theorem 1.2. Under the assumptions of Theorem 1.2, without loss of generality,
we assume that 3 = (p/q)% for some p,q,r € N with ged(p, q¢) = 1. Observe that C # kS for any k € Q is
equivalent to C = kf for some k ¢ Q, we always assume that C = k3 for k € R in Theorem 1.2.

Proof of Theorem 1.2. (i) We prove the conclusion by contradiction. Suppose there exists an orthogonal set
E\ such that #A > 4. Without loss of generality, we assume that #A = 4, and let A = {0, A1, A2, Az}. For
different subscripts ¢,j € {1, 2,3}, it follows from (2.2) that X1, A2, A3, A; — Aj € Z(fim,p) = 2o, U Ze,.
Let C = kf for k ¢ Q, and by (2.5), we can write
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Qi1
Ai = ﬂji (’ijiaj+06i2 ) (Z = 1’ 2’3)
3

for some positive integers j; > jo > j3 and (a1, q42)! € ©. According to the orthogonality of A and
Lemma 2.1, we have j; = jo = j3 (mod r), which means that there exists 0 < s < r — 1 such that
Ji=Ltir+s (i=1,2,3). Obviously, ¢; > {5 > ¢35 > 0. We will divide our proof into the following two cases.

Case I. p, ¢ ¢ 37Z. By the pigeonhole principle and p, ¢, ;1 ¢ 3Z (i = 1,2, 3), it is obvious that at least two of
the 119, ao1p® ¢ 1% ag1pf3¢f % are in the set 3Z + 1 or 3Z + 2. Without loss of generality, we assume
that ap1p%, a1 pq =% € 3Z + 1. Since A\ — A2 € 2o, U Zeg,, there exist j; € N and (ay;, age)? € © such

that
AL — Az = ﬂh Kjacai+oae | °

3

Using Lemma 2.1, we have j; = jo = j4 (mod 7). Let j4 = £47+s, then the equation a1 87! — 91372 = gy 374

implies that
¢ ’ ‘
(5) —on(B) (D)
o | — —az1 | — =41 |~ .
q q q

Multiplying ¢***+ on both sides of the above equation, one can easily get that

¢ (a1p™ — agip™q" ") = anp™qh.

This together with p, q ¢ 3Z and ay1p®, ag1p®2¢“ =2 € 3Z+1 yields that ay; € 3Z, which is a contradiction.

CaseIl. p € 3Z,q ¢ 3Z or p ¢ 3Z,q € 37Z. By the pigeonhole principle, at least two of the A1, Az, Az are in
the set Zg, or Zg,. Without loss of generality, we assume that A1, A2 € Zg,, then aj1,a01 € 3Z + 1. In
view of A1 — A2 € Zg, U Zg,, there exist j; € N and (a1, as52)! € O such that

as1
1 3
_ — A5
AL — Az = B kjsasitase | °

3

Therefore, we have

1187 — g1 B2 = g 7 (3.5)

and

(kjranr + a12)B7" — (Kjaamy + a20)B7? = (Kjsas: + ase)BP. (3.6)

Since one of the p, ¢ is in the set 3Z, Lemma 2.1 implies that j; = jo = j5 (mod r) and at least two of the
J1,Jo2, j5 are equal. Note that a1 — a1 € 3Z and asy ¢ 3Z, it follows from (3.5) that ji1, j2, j5 are not all
equal. If j; = jo, we have j; # j5. As j1 = j5 (mod r), there exists £ € Z \ {0} such that j; — j5 = fr.
Combining with 8 = (p/q)*, (3.5) and (3.6), we conclude that

0 V4
oo — +«
o — ( 22 12)p 524 €Q.

lras gt
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This yields a contradiction by x ¢ Q. Similarly, if j; = j5 or j2 = j5, we can derive the same contradiction.
Hence there exist at most 3 mutually orthogonal exponential functions in L?(u p).
We now show that the number 3 is the best. Fix £ € N, let

() ()

It is easy to check that (A —A)\ {0} C Z(fn.p). By (2.2), E4 is an orthogonal set in L?(uas,p), and hence
the result follows.

(ii) From the proof of Case I in (i), we see that the condition x ¢ Q is not used. Hence (a) holds by (i),
and we only need to prove (b).

Since k € Q and ¢ € 3Z, we write k = v/u for some u € N, v € Z with ged(u,v) =1, and let ¢ = 3%¢
with ged(q’,3) = 1. For any positive integers N and n < N, let

N pBu(N=n) gr3u(n—1)
— *3urn 3
A(nJV) - U M 9p3u(N—n) /3u(n—1) .
n=1 L 4

3

Wi Wl

We will show that Ey, . = {2 A®) . X € A(, )} is an orthogonal set in L?(par,p). In view of p, ¢’ ¢ 3Z,
it is easy to obtain that

o

* urne ~
Aoy \ {0} c [ M 3 € Z(Anp).
n=1
For any A1 # A2 € A, n), we can let

pPuN—n) g/ 3u(n-1) pPuN—m) g 3u(m—1)
_ *3urn 3 _ *3urm 3
=M op3u(N=n) /3u(n—1) and Az =M 2p3u(N—m) r3u(m—1) |7
3 3

where n > m. It follows from (2.3), ¢ = 3°¢’ and p, ¢’ ¢ 3Z that

pAu(N=n) g7 Bu(n—1)

Ay — Ao — Mf*3urn 3 . M*3u7.np3u(N_")q’3“(n—1) 33u(n—m)s
1 2 — 9p3u(N—=n) 7 3u(n—1) 3 _ Su(n_m)s
D R (3u(m —n)r +2) -3

3u(N7n)q/3u(n71) ( 1 — 33u(n—m)s )

— M*Surnp

3 2 — (3v(m — n)r + 2) - 33uln—m)s
C)
c M*3urn_
3
C Z(fim,p)-

This implies that (A, Ny — A,n)) \ {0} C Z(finr,p). According to (2.2), Ey, ,, is an orthogonal set in
L?(pam,p)- By the arbitrary of N, the assertion follows.
This completes the proof of Theorem 1.2. O

4. Concluding remarks

In the present section, we will give some remarks and open questions related to our main results. We use
the following example to illustrate Theorems 1.1 and 1.2.
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Example 4.1. Let par,p, (M, D) be defined by (1.1) and (1.2) respectively, and let

V3 2v3 3 2v3 V5
M1: \/§ 2 ,MQZ 3 \/_ s M3: 3 and M4: \/g 2
0 V3 0 2f 0 2 0 V5

Then L?(pp, p) admits an infinite orthogonal set of exponential functions, and there are any number
of orthogonal exponential functions in L?(upz, p). Moreover, there exist at most 3 mutually orthogonal
exponential functions in L?(ups, p) and L?(upr, p), and the number 3 is the best.

For the affine pair (M, D) given by (1.2), by Remark 1.3, it is of interest to consider the following question.

(Q1): If B is not the r-th root of a rational, but it is an algebraic number, what is the maximal cardinality
of the orthogonal exponential functions in L?(uas,p)?

Another interesting problem is the completeness of infinite orthogonal exponential functions in L?(par,p).
The following question is now naturally raised.

(Q2): For the self-affine measure pps,p corresponding to (1.2), what is the sufficient and necessary condition
for puar,p to be a spectral measure?

It is worth noting that the special case C = 0 in (1.2) has been studied by Deng and Lau in [11], they
showed that pas p is a spectral measure if and only if || = 3p for some p € N. In fact, if |5| = 3p and
C = kp for some p € N with pk € Z, it is easy to prove that pps p is a spectral measure, which is inspired
by [13, Theorem 1.3]. On the other hand, if pas p is a spectral measure, by using the similar method used in
the proof of [8, Proposition 3.1], we can obtain that 3 is a rational. Based on these analyses, the following
conjecture may be a reasonable conjecture to this end.

Conjecture 4.2. Let pupr,p, (M, D) be defined by (1.1) and (1.2), respectively. Then par,p s a spectral measure
if and only if |B| = 3p and C = kB for some p € N with pk € Z.
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