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1. Introduction

Liquid crystal describes a state of matter in which the molecules may be oriented like a crystal. There are
three main types of liquid crystals, namely, nematic, smectic and cholesteric. What of frequent occurrence
is the nematic type in which the molecules don’t present any positional order but organize in long-range
orientational order.

In this paper, we study the following incompressible flow of nematic liquid crystals in R3:

ou—Au+ (u-Vu+ VP =-V-(Vdo Vd), (x,t) € R3x (0,+0c0),

Od + (u-V)d = Ad + |Vd|?d, (z,t) € R? x (0, +00), (L1)
V-u=0, z,t) € R? x (0, 4+00), ’
(u,d)|;—o = (uo,do), z € R3,

where u(z,t) : R? x (0, +00) — R3 is the unknown velocity field of the flow, P(x,t) : R3 x (0, +c0) — R is
a scalar pressure, d(x,t) : R? x (0, +00) — S? is the unknown (averaged) macroscopic/continuum molecule
orientation of the nematic liquid crystal flow, where S? is the unit sphere in R3. ug is a given initial velocity
with V - ug = 0 in distribution sense, and dy : R® — S? is a given initial liquid crystal orientation field and
satisfies lim ;o do(2) = dy with the constant unit vector d, € S2. The notation Vd® Vd denotes the 3 x 3
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matrix whose (4, j)-th entry is given by 0;d - 0;d(1 < i,j < 3). Note that we have set the viscosity constants
to be 1 for simplicity.

System (1.1) couples the forced Navier-Stokes equation with the transported flow of harmonic maps to
S2. It has been simplified. The original one was formulated by Ericksen and Leslie in 1960s (see [5,21]) and
is one of the most successful models for the nematic liquid crystals.

Lin [23] and Lin-Liu [25-27] initiated the rigorous mathematical analysis of (1.1) and considered the
Ginzburg-Landau approximation of it after replacing |Vd|*d by % (1 —|d|*) d(e > 0). They proved the
existence of global weak solutions and their partial regularities.

In 2D, Lin-Lin-Wang [24] established the existence of a global weak solution that is smooth away from
at most finitely many times for the original system (1.1) (see also Hong [9], Hong-Xin [10], Hong-Li-Xin
[11], Huang-Lin-Wang [13], Li-Lei-Zhang [20], Wang-Wang [40] for relevant results in dimension two, and
Liu-Zhang [33] and Ma-Gong-Li [34]).

In 3D, Wen-Ding [41] proved the uniquely existence of local strong solutions. Huang-Wang [14] established
a blow-up criterion of strong solutions. The well-posedness for initial data (ug,do) with small BMO~! x
BMO-norm and with small L3, (R3)-norm was verified by Wang [39] and Hineman-Wang [8], respectively.
Under the assumption that the initial director field do(Q2) C S3, Lin-Wang [29] established the existence of
global weak solutions.

For the issue of large time behavior, Liu-Xu [32] obtained an optimal decay rates for ||(u, Vd)| gm®s)
provided that (ug,do) € H™(R?) x H™ ! (R?,S?)(m > 3) has sufficiently small ||(ug, Vdo)| £2(rz) — norm,
where the smallness depends on norms of higher order derivatives of initial data. Under the assumption that
luoll 1 (rsy + [|d — e3|| g2 (rsy is sufficiently small, Dai-Qing-Schonbek [3] and Dai-Schonbek [4] established
an optimal decay rates in H™(R?). Very recently, Huang-Wang-Wen [15] consider system (1.1) in R? and
established some time decay estimates under the condition that (ug, do) € L3 (R}) x Wl’g(]R‘j_, S?) has small
[[(uo, Vido)|| (3 ) norm, which improves the conditions on the initial data given by [3,4,32].

Also, there are some results concerning the issue of finite time singularities. For instance, Huang-Lin-
Liu-Wang [12] considered the initial-boundary value problem of equation (1.1) in dimension three. They
constructed two examples of finite time singularity with the first one belonging to the class of axisymmetric
solutions and the second one for generic initial data having small energy and nontrivial dy. Lai-Lin-Wang-
Wei-Zhou [19] considered the initial-boundary value problem in a bounded smooth domain in dimension
two. They developed a new inner-outer gluing method and constructed solutions blowing up exactly at k
prescribed distinct points in the domain as ¢t — T, a finite time. They also gave a precise description of the
blow-up.

For more results on the nematic liquid crystal equations, we can refer to [22,25,28,30,31,43].

This paper aims to treat system (1.1) in a new setting. We consider the framework of Besov-Morrey
e
filaments, or surfaces (see e.g. [[6], Remark 3.3] for more details). Besov-Morrey spaces have been studied

spaces N which contain strongly singular functions and measures supported in either points (Diracs),
in a large number of literatures and found wide applications in analysis and partial differential equations;
see, e.g., [2,7,17,35,42,45-47].

Our motivation of this paper is due to Almeida-Precioso [1] and Yang-Fu-Sun [44]. Almeida-Precioso [1]
obtained the global well-posedness and asymptotic behavior for a semilinear heat-wave type equation in
Besov-Morrey spaces. Yang-Fu-Sun [44] established the existence and large time behavior of global mild
solution to the coupled chemotaxis-fluid equations in Besov-Morrey spaces. Their results are closely related
to the scaling property of the corresponding equations and the indexes of the solution spaces they obtained
are critical.

Recall that system (1.1) also has a scaling property and is invariant under the following transformation

(ux(z,t), Px(x,t),dr(x,t)) := (/\u ()\a:, /\2t) AP (/\x, /\Zt) ,d (/\JU, )\Qt)) ) (1.2)
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We say a function space is the initial critical space for system (1.1) if the associated norm is invariant under
the transformation (ug,dp) — (uonr, dor) := (Aug(Az), do(Ax)) for all A > 0.
This fact leads us to consider system (1.1) in some critical spaces and we found the method in [44] can

be applied to (1.1) to some degree.
In order to state our results, we first exhibit the following range of the indexes and the solution spaces.

Throughout this paper, we fix N = 3. Let

qj,m; >N =X 0<A<N,1<r; < g5 < oo,

and
aj:]_qu—.)\, (14)
J
_ N=) .
Bi=1- o
where j =1, 2.
Let M, » and ny g be the Morrey and Besov-Morrey spaces, respectively. For the precise definition, we

can refer to Section 2.
Let © := X x Y with the usual product norm

[(u, )| = l[ullx + [y
For initial data, we choose the following space
E =N R ¥ NS e

For a Banach space F, let BC,([0,0),F) be the Banach space of all maps 7 : [0,00) — F such that = (¢)
is bounded and continuous for ¢ > 0 with the respect to the norm topology of F and continuous at t = 0
with respect to the weakly-star topology of F.

For the solution, we choose the following space

X:= {u :Vou=0, ueBC, ([0700)7N;fi,oo) ’t%u € BC. ([O’Oo)’Mq“’\)}
¥i={a:vae Be. (0,00,N,% ) ,t% Vd € BC. ([0,50), My, 0) . d € BC. ([0,50), %) |
and
ol 1= sup u(t) -y sup (¢ Ju(t) )

[dlly :=sup [Vd(t)[|-s2 +sup (t%IIVd(ﬂIIMm,A) + sup [|d(t)]| e
t>0 2,00 t>0 t>0

For each ¢y > 0, we say u € X, if [Ju|lx < Cey. We denote Y,,,Z., and O, simply as X,, respectively.
Our first result is the uniquely existence of the global mild solution to system (1.1).

Theorem 1.1. Suppose that there hold (1.3) and (1.4). There exists a sufficiently small €9 > 0 such that if
[I(uo, Vdo)llg + lldo — doll o < €0, (1.5)

then there exists a unique global solution to system (1.1) such that (u,d — dy) € O,.
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Remark 1.1. We would like to point out a small difficulty in the proof of Theorem 1.1. The small difficulty
comes from the term |Vd|?d. This term leads us to include the L>-norm of d — d, to ||d|y. In fact, in the
proof of the uniform bound part (Lemma 3.1), there’s no need to consider the L°°-norm of d — d,, since
|d — dy| < 2. However, in the proof of the contraction part (Lemma 3.2), we encounter the term |Ve|?c*,
where ¢* = ¢ — € denotes the difference of two solutions in the approximation sequence. This term denies
us to repeat the process of the proof of the uniform bound part to prove the contraction part if L°°-norm
is not considered. This is also a difference between the proof of Theorem 1.1 in this paper and the proof of
Theorem 1.1 in [44], where L°°-norm must be considered in the proof of the uniform bound part.

Since we work in Besov-Morrey spaces with critical indexes, we have the following existence result on
forward self-similar solutions to system (1.1).

Corollary 1.1. Let all conditions in Theorem 1.1 hold. If the initial data (ug,do) satisfy
up(z) = dug (Ax), do(z) = dpy (Ax)
for all z € RN and A > 0. Then the global solution (u,d) of system (1.1) given by Theorem 1.1 satisfy
u(t,z) = Au (A%, \z), dt,z) = d (Nt A\z) .

We also prove an asymptotic behavior result of the global mild solution obtained in Theorem 1.1 as
t — oo.

Theorem 1.2. Let the assumptions in Theorem 1.1 hold, and let (@, d) and (i, d) be two global solutions for
system (1.1) given by Theorem 1.1 corresponding to initial data (T, do) and (i, dy), respectively, where

(@0, Vo) || + [|do — do| - < €0
and

(@0, Vo) ||z + [|do = o[ ;o < €o-
Then we conclude that

limt_mo (tuf?l HetA (ﬂo - ﬂo)”qh)\ + taTZ ||V6tA (EO - Jo) ||q27A>

e (et (o — o, Ty — Vo) g + | @ o)) =0

if and only if

limgo (51T = @)l 0+ 5 [V = )0

s o (1.7)
+limy o0 (|(@ — @, Vd — Vd)||g + ||d — d|| =) = 0.

The remaining of this paper is organized as follows. In section 2, we review some basic properties of
Morrey and Besov-Morrey space. In section 3, we prove Theorem 1.1. In section 4, we prove Theorem 1.2.

2. Preliminaries

In this section, the basic properties of Morrey and Besov-Morrey space is reviewed for the reader’s
convenience, more details can be found in [1,16,18,35,37,38].
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Let Q,(zo) be the open ball in RY centered at xg and with radius r > 0. Given two parameters 1 < p < co
and 0 < pu < N, the Morrey spaces M, ,, = M, ,(R") is defined to be the set of functions f € LP(Q, (o))
such that

1£llp.e = sup_supr™/P(|f]| o, (ag)) < 00 (2.1)
zo€RN >0

which is a Banach space endowed with norm (2.1). For s € R and 1 < p < 00, the homogeneous Sobolev-

Morrey space M, , = (fA)*S/QMmL is the Banach space with norm

1Fllazg, = I(=2)""Fllp

Taking p = 1, we have || f||11(, (z,)) denotes the total variation of f on open ball Q; (2) and M, stands
for space of signed measures. In particular, M; o = M is the space of finite measures. For p > 1, we have
M, = LP and M7, = H; is the well known Sobolev space. The space L> corresponds to M, ,,. Morrey
and Sobolev-Morrey spaces present the following scaling

N

1F Olpe = A7 1 llpun

and

_N-—p
If g, =277 | fllaag,

where the exponent s — % is called scaling index and s is called regularity index. We have that

/2 s s—1
(—=4) / M, =M,

Morrey spaces contain Lebesgue and weak-L?; with the same scaling index. Precisely, we have the continuous
proper inclusions

L? (RY) ¢ weak —L* (R™) ¢ M, , (RY),

where r < p and p= N(1—r/p) (see e.g. [36]).
Let S(RY) and S'(R¥) be the Schwartz space and the tempered distributions, respectively. Let ¢ €
S(RY) be nonnegative radial function such that

supp(p) C {E € RN;% <&l < 2}

and

o0

Z ;&) =1, forall £ #0,

j=—o00

where ¢;(§) = ©(279¢). Let ¢(z) = F1(p)(x) and ¢;(z) = F~* (¢;) (z) = 27"¢ (2/z) where F~! stands
for inverse Fourier transform. For 1 < ¢ < 00,0 < g < n and s € R, the homogeneous Besov-Morrey space

N;#,T (RY) (Ng%r for short) is defined to be the set of u € &’'(R"Y), modulo polynomials P, such that

F (&) Fu e M,, for all j € Z and

1
. N\ =
g, = (Zoez (27000 ull,,) ) <oo 127 <on,
e supjez 27° ||, * qu,u < 00, r = 00.
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The space Ng,u,r (RY) is a Banach space and, in particular, NZ’O,T = B(‘;T (case p = 0) corresponds to the

homogeneous Besov space. We have the real-interpolation properties

N = (M;’L’M;?u)e,r (22)
and
Ngur = (Ngfu,rl’Ng?ﬁwz)o,r (2.3)

for all s1 # $2,0 < 0 <1 and s = (1 —0)s; + 0sy. Here (X,Y )y, stands for the real interpolation space
between X and Y constructed via the Ky ,—method. Recall that (-, )o.r is an exact interpolation functor
of exponent # on the category of normed spaces.

In the next lemmas, we collect basic facts about Morrey spaces and Besov-Morrey spaces (see [1,16,38]).

Lemma 2.1. Suppose that s1,s2 € R, 1 < p1,p2,p3 < oo and 0 < pu; < N,i=1,2,3.
(i)(Inclusion) If % = % and pa < p1, then

0 g0
MPLM — Mpz,ﬁm and Npl,;tl,l — Mpluﬂl — Npl,ul,oo'
(it) (Sobolev-type embedding) Let j = 1,2 and pj,s; be po < p1,s1 < so such that sy — Nopz — g — N;‘“ ,

then we have

Mpz, = Mp! o, (=1 = p2)

P2, P11
and for every 1 < rq <r; < oo, we have

_ n—pa

. . . . So
N2 ey N and N2 < Boo,, ™

Pp2,H2,7T2 P1H41,71 Pp2,H2,T2

(#ii) (Holder inequality) Let p% = %"_p% and Z—g = ﬂ—l—%. If fj € My, ., with j = 1,2, then fifo € M,

p D2 3,13

and

||f1f2||p3“u3 S Hfl”puln ||f2||p27“2 :

Set @ =1 in [[1], Lemma 3.1], we have the following decay estimates about the heat semi-group in the
Sobolev-Morrey or Besov-Morrey space.

Lemma 2.2. Let s, e R,1<p<qg<o00,0< u<N, and(ﬁ—s)+¥—%<2wher6528,
There exists C' > 0 such that

N—p N-—p
P q

et £l < CHOA 1 lass,
for every t >0 and f € M, ,

The following Lemma can be found in [35].
Lemma 2.3. If 1 <p,q < 00,5 >0,0< A< N, then f € N;ifq if and only if

1
[fooo (ts HetApr’)\)q %} " <oo, ifl1<q< oo,

SUP;~( (ts HetApr’)\) < 00, if ¢ = 0.
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3. Proof of Theorem 1.1 — global mild solution

The proof of Theorem 1.1 is a consequence of the following Lemmas 3.1 and 3.2. We will prove it by a

fixed point argument.

Let P £ I — VA~!div be the Leray projection operator. Denote ¢ £ d — dy and cq L dy — dy. Then we

can rewrite system (1.1) as

Ou — Au= —Plu- Vu + div(Ve ® V)],
dic — Ac= —u-Ve+ |Ve|?e + |Ve|?dy,

uly—g = uo(x),  cli_g = colx),
where the initial data satisfying the following far field behavior

u—0, co—0 as|z|]— o0

By the Duhamel principle, we can express a solution (u,c¢) of (3.1) and (3.2) in the integral form:

u(t) = etPug — f(f et=3)AP [y - Vu + div(Ve © Ve)](s)ds,
c(t) = ePey + fg et~ [—u - Ve + [Ve|?e + |Vel2dy] (s)ds.

Define the map
(uv C) =T (ra, &) = (Tl(ﬁv é)a T2 (ﬁv 5))

with

IS

u(t) = Ty (@,8) = ePug — [, e 92P[a - Vi + div(Ve © Vo)) (s)ds,
c(t) = To(@, &) = ey + [} =92 [—ai- VE+ |Ve|%E + [VEl2dy] (s)ds.

Then we have

(3.2)

(3.4)

(3.5)

Lemma 3.1. Given a constant ey > 0 small enough, the initial data (ug,co) satisfies (1.5) and (@, ¢) € O,

then the solution of (3.5) satisfies
(u,¢) = T(4,¢) € O.

Proof. Let’s first consider the Nr_lﬁ j\’oo—norm of

t
/6@4)@[@ - Vi + div(VE® V)](s)ds.
0

Lemma 2.3 and the boundedness of P in Morrey spaces lead to

¢
/e(t—s)Ap[a - Vi + div(Ve © Ve)(s)ds
0

N—ﬂl

T1,\,00
t
=sup |s71/2 ||les? / eIAPG - Vi + div(VeE® V) (-, 7)dr

5>0
0 rl,A
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t
§/Sup [S/ﬁlﬂ
0 s>0

For 0 < s <t — 7, we have by Lemma 2.1 that

esAe(t—T)AP[ﬂ -V + div(Vée @ Vo) (-, 7)

} dr.
Tl,A

sup [sﬁl/Q e 2e"DAP(g - Vi + div(VeE© V) (-, 7)

0<s<t—7

Tl,)\:l

SN g
<(t—m) 7wl =) V2

g2,

For s >t — 7, note that (t — 7 +s)/2 < s <t — 7 + s, so we have from Lemma 2.1 that

sup [Sﬁl/z |22 @ Vi + div(Ve © V(- 7)

s>t—T1

_N-x s\ m _ 9
HE—7) = sup (14— IVeC, TG

s>t—1 t
_N=A 2 _N=A ~ 2
<(E=7) mfal, g+ E=7) = [[VEC, 7l 5

Substituting (3.7) and (3.8) into (3.6) and using g1 > N — X, ¢g2 > N — X yield

t
/e(tfs)A]p [0 Vi + div(Ve o Vo)|(s)ds
0

N*ﬁl

r1,A,00
2 2
o2 ~
5{ sup (+ a. >||m)} - [sup (¢4 192 0| }
t>0 t>0

_N-a
x [(t—"7) = 7'70‘1 +({t—7) e r%dr
0

IZANRZAN

[Bla,1 - a1) + Blaz, 1 — ax)](|allk + llé]l5)
lall% + 125

where B(z,y) fo (1 —t)==1v=1dt, for x > 0,y > 0.
Next, we calculate the Mg, »-norm of

¢
/e(t_s)AP[ﬂ -V 4 div(Ve © Ve)(s)ds.
0
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Using Lemmas 2.1, 2.2 and 2.3 and noting that 2/¢s — 1/q1 < 1/(N — X),q1 > N — X\, we have

t
/ E=DAP[G - Vi + div(VE® VE)(-, 7)dT
0

q1,A
¢
_1j2-N=A(2 1
S/(th) 1/2— 5 (q1 Q1)||Ia®a||q1/27>\
0
—1/%@(1__)
+(t—7') a2 a1 ||VC@VCH,12/2)\dT
2 2
21 . ag B
S {[sup (t : ||u(~7t)|q1,>\):| + {Sup (t 3 ||VC(',t)||q2,A)} }
>0 >0
¢
x/(t—r)*l/%%(%iﬁ)rﬂ“ +(t—7)71/27¥(%7ﬁ)7—0¢2d7

_‘_N—)\

o ([lallk + l1ell)- (3.10)

[N

St

Next, we calculate the N2 __norm of V f(f et=MA [—4 - Vé+ Ve’ + |Vé|*d,y ] (1)dr. By Lemma 2.3,

T2,\,00

t
V/e(t_T)A [—@- Vé+|Ve]e + Ve dy)] (r)dr

0 N—ﬂz

r2,A,00

t
= sup |s%2/2||vesd /e(th)A(—ﬂ -Veé+ |VE?e + |VE?dy) (-, T)dr
s>0

0

’1"2,)\

t
< /sup |:852/2
0 s>0

Employing the fact that || < 2 and |dy| < 1, we obtain by Lemmas 2.1 and 2.2 that

BV (—i - VE+ |VePe + |Vl dy ) (-, 7)

. 11
7“27/\:| dr (3.11)

sup [s% ervelt (Ve (v (et
0<s<t—r T2,
Bo 717N—A(i i*%) 5 -

St—m)z@t—r) > 2 \nre w/al,r)Ve(, )| ne y

q1+q2”’

=l

—l—(t—T)T(t—T)_%_¥(i_ )HIVCI( )2z

_N=A_N-A _ _N=x
St —7) 2 T Al 1) g AIVEC T llgn + (8 =7) 7 2 [[VE(, )17, - (3.12)

7"2,)\:|

For s >t — 7, note that (t — 7+ s)/2 < s <t— 7+ s, one obtains

e AV (—i - VE+ |Ve?e + |Vedg) (-, 7)

Bz
sup (s 2
s>t—T1

_1_N-XA(1 , 1 _ 1
<s%(s+t-7) 2T @) at, r) Ve, 1) me s

a1+a2’

1 _N-x(2 1
5% s+t —n) T @GR vape )l
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_N=X_N-=X

N—-X_ N-X 2q1 242 N _
S(t—7) 2 " Fe osup (1+ NaC ) lg A IVEC, )l gz,n
s>t—T t—T
_N-X
R s a2 5 9
+(t—7)" "= sup (1+— ||Vc(-,7)||q2 A (3.13)
s>t—T t—7 ’
Note that qil + q% < L_A, q% < ﬁ, we thus obtain

t
V/e(t—r)A [—a-Vé+ |VePe+|Veldy ] (r)dr

0 NP2

T9,A,00

< {Joup (¢ 1. 00.) ] [sup (1% 1920 0100) | + [sup 202t 02, 0]}
t>0 t>0 t>0
t
_N-A_N-x oy ag _N-»x
[ R S o R
0
S ullxlele + 212 (5.14)

Next, we calculate the My, y-norm of V fot el=MA [~ - VE+ |VE2e + | Vé2dy) (T)dr.

t
Vi/e“*ﬂﬁ(—a-va+¢vaﬁé+|vaF¢@(,ﬂdT

0 q2,A

_1_N—-XA(1 .1 _ 1 2 1
S [e-n T E S javel w4 - ) R Ve g
q1+a2”’
0

t
>\ 1,11 _1_N—-XA(2 1
x/t—r 3= (‘11+q2 q2)7'_a717_a_22+(t—7') R (q2 ‘IZ)T_asz
0

N—X

_1
St (Jalx ey + 12)15)- (3.15)

We calculate L>°-norm of fot et=mA [—q - Vé+ |Ve?e + |Vé[2d, | (1)dr. Note that g1 > N—X, g2 > N—A),
we get

t
/e(t—‘r)A [—11 VE+ |V5|25 + |V6|2C_i0] (-, 7)dr
0

1o°

R aes R v
(t=7) 2 2 fla@dga+ (E=7) = [[[VE7|g  dr

s (1% 10l )| €0l + [su (t?|ve<-,t>||q2,x)r}

A

A
—_— O\ﬁ
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t
_1_N-X o1 _N=X
0
< lalixlelly + llell- (3.16)

Moreover, note that 71 > N — A\;ro > N — A by Lemmas 2.1, 2.2 and 2.3, we have

oq
e uoll = supllesollgog -+ sup [1% e uoll,,,]

S HUOHN;ﬁm + HUOHN:;W
S lluolly,”, (3.17)
and
le*3eolly = sup || Ve eollg-se  +sup 1 [Vedeofl, | +sup [leeol]
S HVCOHNZfE,m + HVCOHNQ?E’M + llcoll oo
S Veollg-ss A+ licoll e - (3.18)
Combining (3.9)-(3.18) and (3.5), we obtain
[(u,c)lle == [T (@, é)lle
Sl + ey + lalxlielly + ll(wo, Veo)llg + llcoll o
S €o, (3.19)

which implies that
(u,¢) =T (@,¢) € O.
We thus complete the proof of Lemma 3.1. O
To complete the proof of Theorem 1.1, we need the following Lemma.

Lemma 3.2. For ¢y > 0 small enough, let (u,¢) € O, and (4,¢) € O, with (u,¢)|,_, = (4, ¢)|,_q = (uo,c0),
where (ug, co) satisfies (1.5), then the map T = (Tq,Ta) defined in (3.4) is contractive.

Proof. For simplicity, we write (u*,c¢*) = (& — @, é — ¢). Then we have

t
Ty (@,¢) — Ty (T,¢)| = /e@ﬂ)ﬁp (@ Vu* +u* - Vi + div(Ve* © Ve + Véo Ver)) (-, s)ds

0

and
|’]F2 (Iaa 5) - TQ (ﬂ7 E)|

¢
= /e(t_s)A (—a-Ve* —u* - Ve+ (Ve — |Ve) (€ — dy) + | Ve*e®) (-, s)ds| .
0
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We first compute the N_? _norm of

T2,A,00
t

v / (A (VP — |VeP) (@ — dy) + [Veler] (r)dr.
0

Using Lemma 2.3, one has

t
V/e(t_T)A (Ve — |Ve) (& — dy) + [VE)*e™] (r)dr (3.20)
0 N7/32

T9,A,00

t
= sup |s%2/2 VeSA/e(t_T)A (Ve = |Vel) (e —dy) + [Vele*] (-, m)dr

5>0
0 T2,A
t
< /Sg% [5[32/2 ‘ eSAVeDA[(1VE? — |Ve?) (@ — dy) + |Ve2e*] (-, 7) . J dr.
0

Employing the fact that |¢—d,| < 3 and ||Vé|* —|Ve|?| < C|Ve*|(|VE|+]Ve|), one obtains by Lemmas 2.1
and 2.2 that
T2,>\:|

BV (Ve — |Ve?) (@ - dy) + [Ve*e] (-, 7)

Ba _l_M(A_L) " 5 _
S-nFe-n T E e |(ve + ey »
_1l_N-A(2 1
He-nF - T B vepe g ,

_N=X _ *
[(VE, V) lgon + (t =) 2= [[Ve(, )15, Alle" 2o

7‘2,/\:|

_N-x N
St=7) 2 [V g

For s >t — 7, note that (t — 7+ s)/2 < s <t—7+s, it then holds that

e AVe A [(|Ve? — |Ve) (@ — dy) + [Vel*e] (- 7)

{ 82
sup |s?
s>t—T

B _1_N-X(2 1
< 5% (s +t—7) T @) we(ve + Vel

2 1

_1_N-X(2 1
tsF(stt—r) i (F r2)|||w|%*||%27A

N—-X

_N-2 s\ . I
S@=7)" = sup (1+-— Ve g Al (VE VE)[lgo,x
s>t—T t—1
N-—x
N s\ wm o
H(t—7) = sup (14— Vel Tl alle [ zoe
s>t—T - T

Since q% < ﬁ, we thus obtain

t
V/e“‘”A [(IVe* = |[Vel*) (e — do) + [Ve[*e] (r)dr
) NP2

T9,\,00
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ag " ag ~ _
< { o (4190l [su (47 (1960l + 1920010 |
t>0 t>0

t
oD} — 2 * —N=A —a2
+ SUIg(t IVe(, )llgan) | € lpoo p x [ (= 7)7 2 77%2dr
t
> 0
S el (lelly + Ifelly + llell)-

Next, we calculate the My, y-norm of V fot et=MA[(IVE? — |Ve|?) (¢ — dy) + | V2] (r)dr.

t
v/e“”)A [(IVel? = |Vel*)(@ — dy) + [Vel*e"] (- 7)dr

0 q2,A

t
122 (%) v 6, Ve
< [(t-7) 2 9/||Ve ||q2’)\||(VC,VC)Hq2,)\
0

_ 7%7¥(%7é) =12 %
+(t—7) [IVel"c*|l s T

< { o (£ 19 )| [sup (6% (19l + 1921,..0)]
t>0 t>0

t
_1_N-a(2_ 1
+ [Sup (ta2||VE||§27>\)} ||c*||Loo} X /(t—T) 2772 (qz q2)7-’a2d7'
t>0

0
< —%+I\;—7>‘ * ~ — =12
St = ||y (lelly + llelly + Ilelly)-
We calculate L*-norm of fot et=mA[(|Ve]? — |Ve|?)(é — dy) + |Ve|*e*] (r)dr. Note that go > N — A, so
there holds

/e(t’T)A [(IVe]? — |Ve|*) (¢ — dy) + |Ve|*c*] (-, 7)dr

0 Lo

< { [ (%196 0l | 500 (% 9l + 19000
t

2
+ {sup (t(?||VE(~,t)||q2,A)} ”C*”Loo} X /(t _ T)—NQ—QAT_asz
>0
0

< _N-x . e IN-A .
S [E=1) 2 [V g all(VEVE)lgon + (E—7) 2= [[Vel|g, allc™ |eedr
0

S Ny lelly + llelly + lizll%)-

For the estimates of the remaining part of ||T:i(a,¢) — T1(w,¢)||x and ||Te(@,¢) — T2(w, )|y, we can
repeat the proof of the corresponding part as in Lemma 3.1, and thus we conclude that
[T (@ ¢) — Ty (w,)lIx
< llutllx (allx + [[zlx) + e lly (lelly + llelly)

S Creo(lle”[lx + llelly)
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and
||T2(f"75) - Tg(ﬂ, E)”Y
S (lullx + e lly) (lallx + llx + 12ly + lelly + 1Iel%)

< Caeo(llutllx + 11 ly)-
Choosing ¢y > 0 small enough so that (C7 + C3) ¢ < %, we can then prove Lemma 3.2. O

4. Proof of Theorem 1.2 — large time behavior

In this section we prove Theorem 1.2.
The proof of Theorem 1.2 is a consequence of the following Lemma 4.1.
Let (w,¢) and (@, ¢), respectively, be the solutions of (3.5) constructed in Theorem 1.1 corresponding to

the initial data (U, ¢p) and (g, ¢o), respectively. According to Theorem 1.1, there exists a constant Cy such

that
1@ F)lle < Coeo, [I(a;E)lle < Coeo. (4.1)
Let (u*,¢*) = (@ — u,é — ¢), then we have
U—u= etA(ﬂ() — UO)
t
+ / AP (4 - Vu* +u* - Vi 4 div(Ve* @ Ve+ Ve Veb)) (-, s)ds,
0
c—c= etA(Eo — C())
t
—|—/e(t_s)A (=@ V' —u* - Ve+ (Ve — |Ve*) (- dy) + | Ve*c®) (-, s)ds.
0
Next, we introduce two auxiliary functions
h(t) =7 [|e" (g — o) ||, +17 ||V (G0 — )|,
+ HetA (ﬂo — g, VEég — VEO)H]E + ||6tA (5() — EO)HLO@
and
() =t (i =g 0+ 7 [VE=Dgor + (@ =7, VE = VO & + & — ] 1~
Lemma 4.1. There holds
tliglo h(t)=0 (4.2)
)
lim I(t) = 0. (4.3)

t—o0

Proof. We just prove “(4.2) = (4.3)”, the proof of the opposite direction is similar.
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First, invoking Lemma 2.3 and the boundedness of P in Morrey space, one finds

1@ =@, Ve=Volign iz .

= || ("o — e iig, Ve — Ve ) || g-m  p-p2

T1,A,00 T9,,00

t

+/sup [sﬂl/QHeSAe(t_T)A]P’(ﬂ -Vu* +u*-Vu
s>0
0

+div(Ve" © Ve+ Ve Ver) (1) )\:| dr

t

+/sup {sﬁ"’/QHeSAVe(t_T)A (@-Ve* +u* - Ve
s>0

+(|Ve)? — |Ve?) (@ — dy) + IVEIQC*)(-J)HTQ,A] dr

= || (emﬂo — By, Vetley — Veméo) +I+11. (4.4)

r17A:|
<=7 o)y (@G, T) g

+(t—m) Ve )y a 1(VEC ), Ve, 7)llgz,x (4.5)

7‘2,)\:|
_N—XA_N-x B N « _
< (=) T (JAC DA T g+ 1) gy 0 1900

+H(t=7)" 7 [V (T gy 0 (IVElgox + [ V2lg20)- (4.6)

e

Employing Lemmas 2.1 and 2.2, we have

e BetDAP (4. Vu* +u* - Va4 div(Ve® Ve + Ve* 0 Ve)) (-, 7)

B1
sup |s 2
s>0

and

e AVel=TA (- Ve +u* - Ve + (|VE? — |Ve?) (e — dy) + |Ve|*e?) (-, 7)

B2
sup [s2
s>0

Let 0 < 6 < 1, using (4.1), we estimate I as follows

ot t
< _NoA o
I3 + [t =7)" (]l (@) [lg, A
5t

0

_N-x . o
H(t—71) 2 [V, 1(VE VE) o] dr

5t
Sl alx (e -5 e (5% (), ) dr
0
it
— —N=2 —a %2 *
H@D [(=n7 5 e (Ve (1), ) dr
0

il [ s (7% (ol )]

77—7
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i@ Ik [ sup_ (7% ||Vc*<~,7>||qZ,A)}
it<r<t

77—7

ot
_N-2 ay
Seo [(t=n) T (5 ()l ) dr
0

ot

_N=X ag
+60/(t —7) @ 792 (TT HVC*(',T)HQ%/\) dr

0

+60{ sup |7 ||u*(-,r)||m}+ sup [ ||Vc*(-,7')||q2’)\}}.

St<r<t 5t<r<t

For I1, we use the same argument as above to get

ot
= = a [4 @
e [(t-r) 5075 (28 Ve ()l + 7 7 ) 0
0
ot
N—=X a
—l—eo/(t =) e (¢ |V ()l ) dr
0
~+€o [ sup (Tal/z ||u*(.,7)||q17/\) + sup (Taz/z |Vc*(.,7)||q27/\>} .
ot<r<t at<r<t

From (4.7)-(4.8), we get

(@ —a, Ve~ V6)||N;151 N

T, )\ oo
_ H(etAEU o CtAfl/o,vetA VetA )H]E 4+ T4+ IT
)

60/ (1—s) o s 1[(ts)a1/2 ||u*(ts)Hq1,A] ds
0

5
N /2 %
+eo (1—5) = s 2[@5)2 Ve (ts)Hq?,A]ds

5
_N-x 7(11«{»(!2 g
+eo / (1 — )75 N (1) F |V (1) g+ (1) Tt (19)]],,] ds
0
rao | swp (<l ) + s (12 9 ()
0t<7<t §t<r<t ’
Next, we calculate Mg, » X Mg, » x L norm of (@ — 4, Ve — Vé ¢ —é).

[(@ =@, Ve = V& e = &) ary, s xay, s x Lo

S H (etAﬂo - etAﬂo, VetAEO - VetAéo, €tAE() — €tA 0) HMQL)\ X Mgy A% Lo

+J1 + JZ + J37

where

(4.8)
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t
Iy = / He(t_T)A]P (@ Vu' +u* - Vi +div(Ve@ Ve + Ve 0 Ve) (1) ar,
0 q1,
t
Jo = / He(t’T)A]P’ (i Ve' +u' - Vot (Ve = [VeP) (@ - dy) + [VelPer) ()| ar,
q2,
0

t
Jy = / He@*ﬂAﬂ» (- Ve* +u* - Ve + (Ve — |Ve?) (@ — do) + |VEl2e?) (-,T)HLOC dr.
0

Let 0 < § < 1, we estimate .J; as follows

1

C ,;,M(;,;) . N " _

ng| [+ ) e-n T G jat D @ w (o) +ur o) @ T,y
ot

0

+(t _ T)_%_T(E_%)Tia2 (7'04TZ ||VC*(’7T)Hq2,>\) dT

N—-X « «
I T [ sup (771 ||u*(.,r)||q17/\) +6sup (7-72 ||Vc*(.77-)||q2,/\>] . (4.10)

6t<r<t t<r<t

Similarly, we estimate Jo as follows:

q1+a2”’

ot t
_1_N7)\(L+L_L) - " S
J2§ + (t*'r) 2 2 a1 92 92 ||(qu +u Vc) (,7—)” ajaz
0 ot

(-1 Ew) (e ver 4 Ve 90 (7)1 dr

_1_ N1 41 1 ajta o o
< e /(t— 7.) 2772 (q1+q2 qz)T_il-; 2 <7'71 ||u*||q1’)\ —l—TTZ ||VC*(~7T)Hq2,)\)

- R B e (2R ve ), ) dr

_%4’_—1‘;*)‘ o1 * 22 *
+ept a2 sup (T 2 ||lu (',T)th)\) + sup <7’ 7 ||Ve (.77')Hq27>\> .
t<r<t t<r<t

For Js, it holds that

ot
_1_N-X g oy * *
Jo e [(0=n I (2 (e D)) b
0
ot

N-—X a
teo [t =) B T (FF IV (Dl + 7)) dr
0
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o1
+eo[ sup_ (7w ()l )
t<r<t

@2
+ s (FFIVECl ) + s Gl |
6t<r<t 6t<r<t

Let

[
Q= [(1-9) T e (0¥ s, )
0

#an) gman ()% |9 t9)ll, 0 ) s

0
beo [(1=9)H S (1) F Ju t5)], 0+ (69 F 919, 0)
0
_;_7(7_;) a ag *
t(1—s) o (ma)g 2((ts)z Ve (~,ts)\|q2y/\)ds

1
_1_N—=X o3 o1 * *
o [(0= ) (1) F o t5) o+ )] ) s
0
)

_N=X —a a2 * *
beo [(1=9)7 5 7 (1) F [V (1t3) 0+ t5) )

Then we conclude that

M‘Il:)‘ ><Mq2,)\ X L

ra| s (7% 0l ) + s (7F 9, )
ot<r<t ot<r<t

+ sup ||c*<-,7>||Loo} ‘o

ot<r<t

From (3.17)-(3.18) and condition (4.2), we have
h(t) € L*([0, 00)), Jim h(t) = 0.
Let

M =limsupl(t) = lim supl(t),
t—00 k€Z,k—ro0 t>}

(4.11)

(4.12)

then it suffices to prove M = 0. (4.1) implies that M is non-negative and finite. Hence combining (4.9) and

(4.11), then using the Lebesgue dominated convergence theorem and (4.12), it finds
M < Cyeo(1+ F(6)) M,

where F(§) is defined by

(4.13)
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N-—X\

) )
F(8) = e /(1 — ) s ds + 6 /(1 —5) = s %ds
0

N-XA_ N-x ajtas

(1—s) 20 22 g7 2 "ds

with

lim F/(5) = 0.

Hence, choosing €p and ¢ small enough and using (4.11), we deduce M =0. O
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