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1. Introduction and main results

Let Q C R™ be open and convex and consider a convex function ¢ € C1(Q2). For € Q and t > 0 the
Monge-Ampere section S, (z,t) associated to ¢ is defined as the open convex set

So(z,t) :={y € Q:d,(z,y) <t}
where

Sp(2,y) == p(y) — p(x) = (Vp(2),y — 1) Vr,y € (1.1)

In all what follows the Monge-Ampére sections of a convex function ¢ will be assumed to be bounded sets,
which amounts to saying that the graph of ¢ does not contain half lines.

The Monge-Ampere measure associated to ¢, denoted as p,, is the locally-finite, Borel measure defined
as

po(F) :=|Vo(F)| F CQ,F Borel set, (1.2)
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where |E| denotes the Lebesgue measure of E C R™.

Through its Monge-Ampeére sections and measure the function ¢ models the geometry and measure theory
in the analysis of regularity properties for solutions to the linearized Monge-Ampere equation L, (v) = 0
where

L, (v) = trace(A,D?v), (1.3)

with Ay, (z) := det D*¢(z)D?*p(z) "', as well as other singular/degenerate elliptic PDEs, see for instance
[3,4,11-13,16,18,19,23).

If ¢ is three times differentiable at some z € Q with D?p(z) > 0, the fact that the columns of A, are
divergence free implies that

trace( Ay (z)D*v(z)) = div(A,Vv)(x), (1.4)

that is, L, is a singular/degenerate elliptic operator that takes both the nondivergence and divergence forms.
The divergence form of L, has naturally led to the study of various properties for the Monge-Ampeére sections
and measure that guarantee the existence of Sobolev, Poincaré, or other first-order inequalities related to
Ag. In turn, such first-order inequalities have been crucial to the regularity theory for solutions to the
linearized Monge-Ampeére equation in [16,19] as well as to its applications to semi-geostrophic equations
and optimal transport in [13,14] and capacitary estimates [17].

Such first-order inequalities are modeled by the function ¢ through its associated Monge-Ampere gradient
V¥ defined on a function u differentiable at a point € Q with D?p(x) > 0 as

Véu(z) := D2<p(a:)_%Vu(m).

Always in the context of the linearized Monge-Ampeére equation, the first authors to explore and develop
a first-order calculus associated to ¢ (that is, the existence of Sobolev and/or Poincaré inequalities framed
by the sections S, (x,t), the measure p,, and the first-order operator V¥) were G. Tian and J.-X. Wang in
[23] who proved

Theorem A (Theorem 3.1 in [25]). Fiz n > 2 and ¢ € C?(Q) with D*¢ > 0 in Q such that

(a) there exist Cy > 0 and 6y > 0 with

i (E) [E[\™
no(5) =0 (|S|> (15)

for every section S := S,(x,t) CC Q and measurable E C S;
(b) there exist § > 0,0 > 0, C1,Cy > 0 such that

C1IS" < 1p(S) < Cal |1+ (1.6)
for every section S := S, (x,t) CC Q,

then the following Sobolev inequality holds true for every u € C2°(2)

[P dn@| <o | [1vou@P du (1.7)
Q Q

(M
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where du,(x) = det D*¢(z) dx, p = % > 2, and the constant C' > 0 depends on the constant

from the conditions (1.5) and (1.6) as well as on the diameter of Q.
In particular, if det D?¢ ~ 1, in the sense that there exist constants 0 < A; < A, such that
A < det D?p(x) < Ay Yz €Q, (1.8)

it follows (see [23, Example 3]) that the Sobolev inequality (1.7) holds true with p = 2n/(n — 2), thus
recovering (when n > 2) the classical Sobolev inequality in the Euclidean setting from the choice p(z) =
Laf2.

The proof of Theorem A relies on a crucial lemma ([23, Lemma 2.1]) establishing a rate of decay for the
distribution function of the Green’s function associated to the linearized Monge-Ampeére operator (1.3) in
() as a sufficient condition for the Sobolev inequality (1.7).

Notice how the condition (1.5) from Theorem A resembles the classical Coifman-Fefferman characteriza-
tion Muckenhoupt’s A, weights, with the role of the Euclidean balls now being played by the Monge-Ampeére
sections. It follows from [4, Sections 0 and 5] and [9, Section 3| that the condition (1.5) implies (and it is
in general strictly stronger than) the so-called DC-doubling condition defined as follows: A Borel measure
1 oon € is said to satisfy the DC-doubling condition if there exists a constant Cp > 1 such that for every
section S := S, (x,t) CC Q we have

u(S) < Cou(y ®8), (1.9)

where the open and convex subset % ® S denotes the %—contraction of S with respect to its center of mass.
We will denote (1.9) as u € DC(£2,6,,). Also, for a Borel measure p on Q a set E C Q with 0 < u(E) < oo
and a p-measurable function u defined on E, we write

1
u(x) du(x) := 7/u x) dp(x).
f 5 | @
E E
Now, if instead of (1.5) and (1.6), the Monge-Ampeére measure is only assumed to satisfy p, € DC(€,9,),

the first author of this article proved

Theorem B (Theorem 1 in [15]). Fiz n > 1 and ¢ € C*(Q) with D*¢ > 0 in Q and p, € DC(Q,6,).
Then the following Sobolev inequality holds true for every section S := S, (xo,t) with S CC Q and every
u € CH(S)

2n 2

Flu@= @) | <cit [ £ 9u@P @ | (1.10)

S S

where the constant C' > 0 depends only on the doubling constant from the condition p, € DC(,0,) and
dimension n.

The Sobolev inequality (1.10) has played a key role in the implementation of Moser’s iterations in [19]
towards Harnack’s inequality for nonnegative solutions of certain singular/degenerate elliptic PDEs.

More recently, when proving Holder regularity of solutions to the 2D dual semigeostrophic equation by
means of the linearized Monge-Ampére equation under the assumption det D% ~ 1 in the sense of (1.8)
(which, in particular, renders du, ~ dz), N.Q. Le proved
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Theorem C (Proposition 2.6 in [15]). Fix n = 2 and ¢ € C?(Q) with det D?>¢ ~ 1 in the sense of (1.8).
Then, given q € (0,00) there exists a constant C' > 0, depending only on q and Ay, Ay from (1.8), such
that the following Sobolev inequality holds true for every section S := S,(xo,t) with S CC Q and every
u € CL(S)

2

][|u(x)|qu <cth ]l|wu(x)|2dx . (1.11)
S

S

The proofs of both Theorems B and C rely variations of the aforementioned crucial lemma ([23, Lemma
2.1]).

Regarding Poincaré inequalities, a combination of the Poincaré inequality with respect to Lebesgue
measure in [16, Theorem 1.3] and the change of variables from [15, Section 4] yields the following weak
(1,2)-Poincaré inequality, which has also been essential to the Harnack inequalities in [19].

Theorem D (/15,16]). Fizn > 2 and ¢ € C*(Q) with D*¢ > 0 in Q and p, € DC(,6,). Then, there exist
constants C1,Cy > 1, depending only on the doubling constant from the condition p, € DC(Q,6,) and di-
mension n, such that for every section S := S, (xo,t) with Sy(zo,C1t) CC Q and every u € C1(S,(xo, C1t))
the following Poincaré inequality holds true

2

Fluw) —drldpo@ <cit | f DR dug(a) | (1.12)
S o (x0,C1t)

where ug“’ = fqudpg.

The purpose of this article is to improve upon all the mentioned Sobolev and Poincaré inequality in two
ways. Firstly, by increasing the exponents on the left-hand side of the inequalities and by decreasing the
ones on the right-hand side, under various assumptions on the Monge-Ampeére measure p. Secondly, by
developing approximation arguments to have the condition ¢ € C%(Q) with D%y > 0 in Q replaced with
@ € W2, dz) with D%p > 0 a.e. in Q.

We remark that by [20, Theorem 1] the condition ¢ € Wfocn (92, dx) with ¢ convex implies that ¢ € C1(Q)
and that du,(z) = det D?*¢(x) dz, that is, det D?p € L}, (€, dz) and

loc

to(E) = /det D*¢(z)dx VE C Q, F Borel. (1.13)
E

Before stating our main results, let us introduce the four possible conditions on the Monge-Ampére weight
det D?¢ that will be involved in their statements.
Let w > 0 be a weight in Lj, (2, dz) and, for a Borel set E C Q, define y1,,(E) = w(E) := [, w(z) dz.
(i) We write w € DC(R,0,) if p, € DC(£,0,), as defined in (1.9). If p, satisfies (1.13), we will write
interchangeably 1, € DC(£,6,) and det D¢ € DC(£,6,). In such case, all the constant depending
on the doubling constant from p, € DC(,d,) and dimension n will be called geometric constants.
(if) We write w € Ao (€2, 6,) if there exist constants Cq,Cy > 0 and € > 0 such that

w(E) [E2h%
ma<a<w> (1.14)
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for every section S := S, (z,t) with S, (z,Caot) CC Q and every measurable E C S. As mentioned
before, the condition w € A (£2,0,) implies w € DC(R,0,), quantitatively (see [4, p. 426]). When
det D% € A (92, 6,) all the constants depending only on the constants Cy,Cs and 6 from (1.14) and
dimension n will be called structural constants.

(ili) We write w € A;(£,0,,) if there exist constants ©1, H; > 1 such that

w(z)dr < Hy es% inf) w, (1.15)
w(To,t
Se(@ost) ’

for every section S, (zo,t) with S, (zq, ©1t) CC Q.
(iv) We write w € RHo(2,0,,) if there exist constants O, Ho > 1 such that

esssup w < Hey, ][ w(z) dz, (1.16)

S )
o (z0,t) S, (zort)
for every section Sy (xo,t) with S, (z¢, Ot) CC Q.

It follows from [4, Section 5| that if w € A1(Q,d,) or w € RH(Q2,0,), then w € A(€,0,), quantita-
tively. Consequently, if det D*p € A1(£2,6,) or det D?¢ € RH(2,0,) the constants depending only the
corresponding pairs (01, H1) or (O, Hy) and dimension n will also be called structural constants.

Finally, given an open set U C R™ we denote by Lip(U) the class of Lipschitz-continuous functions in U
with respect to the Euclidean distance.

We are now in position to state our main results regarding Poincaré inequalities in the Monge-Ampere
quasi-metric structure (€2, ,,) with respect to the Monge-Ampeére measure p, and to the Lebesgue measure
dz, always based on the Monge-Ampére gradient V¥.

1.1. Poincaré inequalities when det D?*p € DC(,6,,)

Theorem 1.1. Fixn > 2 and let ¢ € WZZO’C"(Q, dx) be a strictly convez function with D?*¢ > 0 a.e. in Q and

py € DC(Q,0,). Then, there exist geometric constants K1, Ko > 1 and €1 > 0 such that for every section
S = S, (zo,t) with S, (zo, K1t) CC Q and every u € Lip(K1.S) we have

1
a1

Flutw) = @) | <Kot | f IVou@ P digla) | (1.17)
S K1.S

N

where q := 2% + e and vy’ = fqu(x) dpg,(z).

Remark 1. The strict convexity of ¢ is not required in Theorem 1.1. However, keep in mind the underlying
hypothesis that all the Monge-Ampére sections involved are bounded.

Remark 2. Theorem 1.1 improves upon Theorem D by weakening the hypotheses and by allowing for an
exponent ¢ > 2 on the left-hand side of (1.12).

Theorem 1.2. Fiz n > 2 and let p € WQ’”(Q, dx) be a strictly convex function such that D*p > 0 a.e. in

loc

Q, (D2p)~ | € L (Q, duy), and p, € DC(Q,8,). Then, there exist geometric constants Kz, K4 > 1 and

loc

€1 > 0 such that for every section S := S, (xo,t) with S, (xo, K3t) CC Q and every h € Lip(K3S) we have
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1

ar 2

][|h(x)—hs\Q1dx < Kyt? ][|Wh(x)|2dx , (1.18)
S K3S

where q := 2% + ¢ and hg := f¢ h(z) du.

Remark 3. The hypothesis ||(D?¢)~Y| € L7 (9, du,) will only be used to prove local L™-integrability of

loc
D24, where 1 is the convex conjugate of ¢, and it will play no role in the behavior of the constants.

1.2. Poincaré inequalities when det D?p € Axo(9,0,)

If the assumption det D¢ € DC(f,4,) is replaced with the (strictly) stronger det D%p € Ao (€2,,),
then the exponent on the right-hand sides of the Poincaré inequalities (1.17) and (1.18) can be improved
from 2 to 2 — € for some structural 0 < € < 1. More precisely, we have

Theorem 1.3. Fix n > 2 and let ¢ € Wli’:(Q, dz) be a strictly convex function with D*p > 0 a.e. in 2 and

det D*p € Ao(Q,0,). Then, there exist structural constants Ky, K¢ > 0 and €y > 0 such that for every
section S := Sy,(x,t) with Sy(xo, K5t) CC Q and every u € Lip(K5S) we have

1
a0 2—e0

Flutw) oo | <Kot | f IV P e dpp(oyas | (1.19)
S KsS

with qo 1= 2("760)(2760)) > 2.

2(n—ep)—(2—e€o

Theorem 1.4. Fiz n > 2 and let o € W2™(Q, dz) be a strictly convex function such that D%*p > 0 a.e. in

loc

Q, (D?p) Y| € L} (Q, duy) and det D*p € Ao (Q,8,). Then, there exist structural constants K, Kg > 1

and 0 < €9 < 1 such that for every section S := S,(x0,t) with S,(xo, K7t) CC 2, and every u € Lip(K7S)
we have

1 1

a0 20
][|u(:c) —ug|? dzx < Kgt? f |Veu(z)*~ % dx , (1.20)
5 K+S

2(n—eo)(2—eo0)

with qg 1= 2(n—co)—(2—e0) > 2.

1.3. Poincaré inequalities when det D*p € A1 (€2, 6,)

Theorem 1.5. Fiz n > 3 and let ¢ € Wli’C”(Q, dz) be a strictly convex function with det D*p € A1(£2,6,).
Then, there exist structural constants Ky, K19 > 1 such that for every section S := S,(zo,t) with

Se(xo, Kot) CC Q and every u € Lip(K9S) we have

n—2 1

2n 2

Flutw) =1 () | < Kotk | 0P| (1.21)
S KoS

In addition, there exists a structural constant eg > 0 such that for every 0 < e < €y there is a constant
K. > 0, depending only on € and structural constants, such that
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qe 2—e

“dpo(o) | < Kth [ f V@ dugla) | (1.22)
K9S

with q 1= nn_(?;_i) > 2.

Theorem 1.6. Assume n = 2 and let ¢ € leocz(Q) be a strictly convex function with det D*p € A1(Q,0,).
Then, there exist structural constants K9 > 1 and 0 < €y < 1, such that for every section S := S,(xo,t)
with S, (2o, Kot) CC Q, every u € Lip(KyS), and every 0 < € < ¢y we have

1

qe 2—e

“dpg(e) | <Ktk | f V@R dug(o) | (1.23)
K9S

Flutw) - ute
S

with gc :=2(2 —€)/e and K. > 0 depends only on € and structural constants.
1.4. Poincaré inequalities when det D*¢ € RHoo(€2,6,)

Theorem 1.7. Fizn > 3 and let ¢ € Wl2’n(Q, dz) be a strictly convez function with det D*¢ € RHoo(2,8,)

oc

and ||(D?*¢)~Y|| € L .(, dx). Then, there exist structural constants Ki1,K1a > 1 such that for every

loc

section S 1= S, (xo,t) with S, (zo, K11t) CC Q and every u € Lip(K11S5) we have

2n

][ |u(z) — us|% dx < Kppt? ][ |Veu(z)|*dr | . (1.24)
S K1, S

N

In addition, there exists a structural constant ¢g > 0 such that for every 0 < ¢ < €y there is a constant
K. > 0, depending only on € and structural constants, such that

N
|
o

1

de
9 dx < K.t ][ |Veu(z) > da , (1.25)
S KoS

with qc 1= % > 2.

Theorem 1.8. Assume n =2 and let ¢ € leocz () be a strictly convex function with det D*¢ € RHoo(2,8,)
and ||(D?p)~Y|| € Li,.(Q, dz). Then, there exist structural constants K11 > 1 and 0 < ¢y < 1, such that for

loc

every section S 1= Sy (xg,t) with Sy, (xo, K11t) CC Q, every u € Lip(K11.5), and every 0 < € < ¢y we have

F lu(e) - us
S

with q¢ :=2(2 —€)/e and K. > 0 depends only on € and structural constants.

1
2—e

de
e dx < K.t> ][ |Veu(z) > ¢ da , (1.26)
K1 S
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2. Preliminaries
2.1. Doubling measures

Given ¢ € C'(9), a section S := S,(x,t) and A > 0 we will write AS to indicate the section Sy (z, At).
In particular, the contraction %S has a different meaning than the contraction % ©® S defined in (1.9). Now,
given a Borel measure p on €2 we say that p is doubling (in the Monge-Ampére quasi-metric structure
(2,0,)) if there exists a constant C,, > 1 such that

u(S) < Cupn(35) (2.1)

for every section S := S, (x,t) with S,(z,t) CC Q.

By [4, Lemma 5.2] the Lebesgue measure satisfies the doubling condition (2.1) with C,, = 2". By [11,
Corollary 3.3.2], every Borel measure satisfying the DC-doubling condition (1.9) will also satisfy the doubling
condition (2.1) with a geometric constant C,, > 1.

2.2. The engulfing property

By [11, Theorem 3.3.7] and [7, Theorem 8], the condition p, € DC(£2,d,,) is quantitatively characterized
by the so-called engulfing property of the sections of ¢; meaning the existence of a geometric constant © > 1
such that whenever zo € Q and 7 > 0 satisfy S, (29, 0%7) CC , then for every z € S,(xo,7) following
inclusions holds true:

S, (20,7) C Sy(w,07) C Sy(w0, O27). (2.2)

Let us briefly indicate how the inclusions (2.2) amount to a quasi-symmetry and a quasi-triangle in-
equality for d,. Indeed, given z,y € Q such that S,(z,0,(z,y)) CC Q and S,(y,Od,(x,y)) CC Q, for
e > 0 sufficiently small we have y € S,(z,0,(z,y) +¢) CC Q and the engulfing property then implies
Se(x,0,(x,y) +€) C Sp(y, 00, (z,y) + €)); in particular, 6,(y,z) < O(0,(z,y) + €) so that by letting
e — 0, we get the inequality

60(1,) < 00, (a,1), (2.3)
which represents the ©-quasi symmetry of §,. On the other hand, given x,y, z € €2 such that
Se(2,0(2,9)), Sp(2,0(y, 2)), Sp(x, 00,(2, 7)) CC Q, (2.4)
assume first that d,(z,z) < d,(z,y) to write, for ¢ > 0 small enough,
x € Sy(z,0,(2,2) +¢€) C Su(z,0,(2,y) +€) CCQ,

so that the engulfing property applied to z and S,(z,0,(z,y) + €) yields y € S,(z,0,(2,y) + ) C
Se(x,0(0,(2, ) + €)); in particular, d,(x,y) < ©(d,(z, ) + €) and by letting e — oo, we get

do(x,y) < Oy (2, ) (2.5)

Next, if 0,(2,2) > 0,(2,y), we reverse the roles of  and y in the argument above, which requires the
inclusions (2.4) with y replaced with z, to obtain
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If, in addition, it holds that S, (y,d,(y,x)), Sp(z, 00, (y,x)) CC Q, the inequalities (2.3) (with  and y
interchanged) and (2.6) give

0p(w,y) < ©20,(2,y). (2.7)
Since (2.5) or (2.7) will hold true, it follows that
3p(2,y) < ©(O3,(2,y) +0,(2,7)) < O*(8y(2,y) + (2, 2)), (2.8)
which effectively represents a ©2-quasi triangle inequality for d,.
2.3. Doubling implies reverse doubling in (£2,9,)

Next, we recall the following result from [21] about reverse-doubling properties of doubling measures in
the quasi-metric Monge-Ampeére structure.
From now on © > 1 will always indicate the geometric constant from the engulfing property (2.2).

Lemma 2.1 (See [21], Section 2). Fiz p € C*(Q) with p, € DC(,6,) and let p be a Borel measure on
which is doubling with respect to the sections of ¢. Then, for every « € (0,1) there exists £ € (0, 1), depending
only on «, the doubling constant of p, and geometric constants, such that for every section S,(xo,t) with
S,(xg, ©%t) CC Q we have

(S, (o, at)) < €S, (@0, 1)). (2.9)

Using Lemma 2.1, it was proved in [21, Section 2], that if u, € DC(€, 6, ) there exist geometric constants
Cp >0 and ¢ € (0,1) such that

(Selro.1) _ oo < t )"‘E (2.10)

He\PplTo, )

uw(Sg,(xo,t’)) B 4
for every section S, (zo,t) with S,(zo,t) CC Q and every ¢’ € (0,t). Also, Lemma 2.1 will be useful in the
proof of Theorem 3.2 and in the proof that every (g, p)-Poincaré inequality implies a corresponding Sobolev
inequality in Section 9.

2.4. The convex conjugate

Given a strictly convex ¢ € C1(Q) let v € C1(Vp(Q)) denote its convex conjugate, which satisfies

P(Ve(z)) = (Vo(z),7) —p(z) Ve,
Vo(Vi(y)) =y Yy € Vp(Q), (2.11)
Vi(Ve(z)) =z Ve, (2.12)

since the strict convexity of ¢ means that V¢ is one-to-one. Also, by [8, Theorem 12] if j1,, € DC(2,0,,), then
py € DC(Vp(2),0y) with a constant depending only on the constant from p, € DC(Q,6,); in addition,
there exists a geometric constant K* > 1 such that

Se(z, 7/K*) C V(Sy(Ve(2),7)) C Sp(2, K*7), (2.13)

for every section S, (z,7) with S, (2, K*7) CC Q.
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Let us now outline the proof of the fact, to be used in Section 6.1, that u, € A (f2,0,) implies that
ty € Asc(Vp(Q),0y). That is, the A-property is preserved, quantitatively, under conjugation. Fix ¢ €
C'(Q) such that pu, € Ax(,d,); in particular, u, € DC(,d,) and the sections of ¢ satisfy the engulfing
property. Now, since a section S, (z,t) coincides with the set {y € Q : d,(z,y) < t}, the quasi-symmetry and
quasi-triangle inequality for d,, allows to think of the interior sections (meaning sections with S, (z,t) CC )
as balls in a space of homogeneous type. Consequently, the usual characterizations of the Muckenhoupt class
Ao hold true, see for instance [4, Section 5] and [22, Corollary 14]. Thus, the fact that py, € As(Ve(£2), dy)
will be a consequence, for instance, of the existence of structural constants ag, 5y € (0,1) and My > 1 such
that for every section Sy (y,t) with Sy(y, Mot) CC V() and every measurable set F' C Sy(y,t) the
implication

ps (F) < o (Sy (y, 1)) = |F'| < BolSy (y, 1)l (2.14)
holds true. Let us then assume that p, satisfies (1.14) with constants C;,Cy > 1 and 6 € (0,1) and fix a
section Sy, := Sy (y,t) and a measurable set F' C Sy,. From the second inclusion in (2.13), setting x := ¢ (y)
we get
Vy(F) C Vi(Sy) C Sy(x, K*t). (2.15)
Now, setting F := Vi (F), the fact that Vi and Vi are inverses to each other gives
pe(E) = [Vo(E)| = |F|

and the first inclusion in (2.13) and the doubling property (2.10) for p,, imply

1 (S (z, K*t)) < Cp(K*)*" ) (S (0, /K™))
< Cp (K29, (Vip(Sy)) = Cp(K*)* 2|5,

On the other hand, |E| = |VY(F)| = py(F) and, from (2.15), py(Sy) = [V(Sy)| < |Sp(x, K*t)|. Hence,
by using (1.14) with E := V¢(F) and S, (z, K*t) (and this requires S, (x, K*Cat) CC ) it follows that

7| _ w(B)
Co(B 20 [Sy] = (S, (w, K1)

<o (k) <o (2563)

Consequently, by taking ag € (0,1) so that By := Cp(K*)2"=9)C1af € (0,1), the implication (2.14) holds
true with structural constants ag, By € (0, 1).

3. Self-improving properties for Poincaré inequalities in the Monge-Ampére quasi-metric structure

Throughout this section p will denote a Borel measure on ) absolutely continuous with respect to
Lebesgue measure (so that Lebesgue-a.e. implies p-a.e.) which will later be chosen as dz or as det D%y dx.
Also, we assume that the convex function ¢ € C'(Q) under consideration satisfies D*p > 0 a.e. in  and
(D%)~t| € L}, (2, dp). This latter assumption will guarantee the finiteness of some integrals, but will

not play into the actual value of the constants involved. Also, © > 1 will always indicate the geometric
constant from the engulfing property (2.2).
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Lemma 3.1. Let o € C1(Q) be a convex function with D*¢ > 0 a.e. in Q and let u be a Borel measure on
Q absolutely continuous with respect to Lebesgue measure. Let S, Sy be sections of ¢ with S C Sy CC Q and
fir 0 < p < q < oo with q > 1. If, for some constant Cy > 0, the inequality

({a € 8 u(w) — o] = 7h) < Con(s) | F 17 dy (3.1)
So

holds true for every T > 0 and u € Lip(Sy), then

1/q

][ |u — u|?dp <y ][ |VPulP du Yu € Lip(So), (3.2)
3

8=

where C := 16 (1 + (q%l)q)% C’O%.

Proof. Given u € Lip(Sy), without loss of generality we may assume u’ = 0 (otherwise consider u — uf).
Let ko € Z such that

gho—1 < ][m dp < 2ko (3.3)
S
and for k > kg set
0, u < 2k,
up, = 2F u > 2k (3.4)

u—2F 2k <y < 2k

so that Vuy, = Vu x{okcy<ort1y (Lebesgue) a.e. in Sp (see, for instance [10, Theorem 7.8]) and consequently
VPuy = VPu x ok cucar+1} (Lebesgue) a.e. in Sp. In particular, uy € Lip(Sp) and, in view of (3.3),

(ur)s = ][“k dp < 7[“+ dp < 2F0 <21k > k. (3.5)
5 5

From the definition of uj and the estimate (3.5) we get

{xeS ulx)>2""Y c{recS:u(r) =2}
— fre S up(e) — ()l = 2° — ()l 2 21},

which, along with (3.1) applied to uz and 7 = 2¥~1 yields

I = / d‘u < Z 2(k+2 ({l‘ cs: 2k+1 < U( )< 2k+2})
{z€S:u(x)>2k0+2} k=ko+1

< 2% Z 26 D({z € S+ fug(e) — (we)§] 2 271))
k=ko+1

q

<2Cou(s) . | f Ivemlrdn) <29Cous) | f Iveulrau |
k= k0+1 A

1S
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where the last inequality uses the facts that V¥up = VPu x ok oycort1y (Lebesgue) a.e. in Sy for every
k > ko and that ¢ > p. On the other hand, given ¢ > 0, the inequality (3.1) applied to u gives

][qugg %/u{xes (2) — | = 7)) dr
S ¢

g q
P

¥
<(+Co ][|V‘Pu|pdu /T—Z:C 1+Cy ][|ku|de ¢

So ¢ So

1
Therefore, by choosing ¢ := C’é/q (JL‘SO |VPulP d,u) " (see Remark 4) we get

1/q
][u+ dp < % ][|V‘”u|p du | . (3.6)
]

Notice that (3.6) holds true also in the case ¢ = 0. Now, the definition of ky € Z from (3.3) and (3.6) imply

q
= [ ude< 2 us) < 2s) | f s du

{zeS:u(z)<2k0+2} S

. g
< 2%(y (%) u(S) ][\V“"U\”du
So

Finally,

aq
p

/uidu =T1+1I<C{u(S) ][|V‘”u|p du |
s

q
with O := 234( (1 + (q%’l) ) Reasoning analogously with u_ finishes the proof. O

Remark 4. When 0 < p < 2 (which is the case we will be using), the condition ||(D?p)~!|| € L}, (2, dp)
1
guarantees that ¢ := C’é/q (f |V PulP du) " in the proof of Lemma 3.1 is finite. Indeed,

W=

2

][|ku|1: du | < ][|V“"u\2du = ][<(D2¢)_1Vu,Vu> du
So So So

2

< esssup |Vu| ][|\(D2<p)_1|\ dp | < oo.
So

Theorem 3.2. Fiz p € CY(Q) with D*p > 0 a.e. in Q and p, € DC(Q,6,) and let u be a Borel doubling
measure on ) absolutely continuous with respect to Lebesque measure satisfying the following conditions:
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(a) for some Cp >0, A > 1, and p > 0, the Poincaré inequality
1
p

Flu— i< cots | fIveapan) (3.7)
S AS

with u == fgudp, holds true for every section S := S, (xo,t) with AS CC Q and every u € Lip(AS);
(b) for some Cp >0 and s > p/2 it satisfies the growth condition

r S
Sy (2m) < Cp (5) wlSp(z1"), (3.8)
for all 0 <" <1 and all sections S, (z,1) with S,(z,7) CC Q.

Then,

2s—p
2sp

S W L I (3.9)

AO2S

B =

Flu—
S

for every section S := Sy (z0,t) with A©O?S CC Q and every u € Lip(AO2S), where Cp s > 0 depends only
on s,\,0,Cp, and Cp.

Proof. Fix S := S,(wo,t) such that S,(z9,\O?*t) CC Q, z € S, and u € Lip(A©2S). For j € N set
tj =279t and S; := S,(x,t;), for j = 0 set Sy := S, (70, O%*t) and ty := ©2%t. Notice that these choices
imply S;j41 C S; for every j € Ny and, for A > 1, ASj11 C AS; for every j € Ny. To check this last inclusion
when j = 0, we use that © € S = S,(z¢,t) C S,(xo, At) and the second inclusion from (2.2) with “7 = At”
to obtain AS7; C ASjy.

Since u is continuous, x € S is a Lebesgue point of u, then

z € Sy(z0,t) CC Sy(wo, O%) C Sy(wo, \O*t) CC Q,

we can use (3.8) with S = S, (z¢,t) and S; = S, (x,t;) to obtain
. Sz )\
t; <COfet (“(“’7] Vj €N, 3.10
1= O G ) (3:10)

with 1(So) = pu(Sp (o, ©2t)) < CpO* pu(Sy(2o,t)) from (3.8). Hence,

) 1/s
t; < CH e <%) Vj e N. (3.11)

Notice that (3.11) is obviously true for j = 0 because Cp > 1 and © > 1. In addition, x(S;) < Cppu(S;+1)
for every j € N and, when j = 0, the doubling condition (3.8) and the fact that S, (z¢,t) C S, (x, Ot) give

1(So) < CpO** u(Sy(wo,t)) < CpO* (S, (z, O1))
< 250303 (S, (w,t/2)) = 2°C% 03 1u(S). (3.12)

Consequently, by using the estimates above for p(S;)/u(S;j41) with j € Ny, the Poincaré inequality, and
(3.11),
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lu(z) —ulg, | = hm |uS —u50|<z ][ |u—u5|du

I=0s; 41

=

< 25C% @3527[|u = us |dp < 2° CD@3SCpZt2 ][ [VPulP du

7=0g, 3=0 AS;
1
P

03“ Z DES ][|ku|de \
=0

AS,;

with C3 := 2503/2@35+3/2Cp. On the other hand, recalling that to := ©%t,
D

| < f | dp < €@ f Ju— u d
So

=

< CpO*Cpt? ][ |V PulP du

ASo

Therefore, for every x € S we have

8=

)7 ][ IVeul? du (3.13)

Next, introduce

M(z) = sup][ [VPulPdp >0
S/
S/

where the supremum is taken over all the sections S’ C A©%S, with z € S’. From [3, Section 5] it follows that
M (x) is finite for a.e. x € S and then ﬁ f/\so [VPulPdp > 0 a.e. © € S. Now, the fact that u(AS;) — 0
as j — oo (which follows from Lemma 2.1) implies that, for a.e. z € S, there is a smallest j € Ny such that
the inequality

1 ©,|P
O) < 57657 S/ V2 ul dy (3.14)

holds true. Let jo € Ny denote such integer (which depends on ). Notice that if jo = 0 then equality occurs
n (3.15). In particular, we have

1 S
W) < 317 [ 170 di < 1AS0-1) < CoN(Ss0-),
ASo

with 1(Sj,—1) < Cpu(Sj,) if jo > 1 and, if jo = 1, we use (3.12) to obtain (S;,—1) = u(So) < C%035u(S1).
Hence,
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,L"()‘Sjo)

/ VPP dp < CH(AO%)*u(S;,)

15

. (3.15)
ASO

Let us now split the sum from (3.13) into

=

%) Jjo—1 %)
Z’“‘ )2 ][|ku‘de :Z"'+Z"'::E/+E/I‘
j=0 AS; 7=0

J=Jjo

Let us first consider ¥'. Notice that we can assume jo € N (that is, jo > 1, because X' = 0 if j, = 0). Now
for jo > 1, Lemma 2.1 with a = 1/2 implies

1(S50) < €077 u(S;)

Vi < Jjo, (3.16)
where £ € (0,1) depends only on Cp and ©. Now, if jo =1 and j = 0, from the inclusion S; = S, (z,t/2) C
S, (g, ©%t) = Sp, we get
1. .. .
1(S1) < p(So) = Efm‘]u(So). (3.17)

Hence, for each jo € N, we have that p(S;,) <

%570 Iu(S;) for every j < jo, which, in turn, implies (recall
that 25 > p)

1
.jO ! = i ]0—1 2
S )z
.= Z H’( ])21 /|V</’u|Pdﬂ < /J(S])i_% /|vtpu|pdﬂ
7=0 HAS;)” QS 7=0 AS;
11 1 1j0_1 Ly
<€z Tru(S;,)%E e 5(7 »)(G—Jjo) /|v¢u|pdu
=0 \S;
1
2
< Cap(Sjo) * » /|V“"U\”du < CsM ()72 /\V”u|pdu ,
ASo ASo

where Cy 1= £37» > ¢G5k and Cy = C’4[C’,33()\G)3)S]%7i and we used the second inequality from
k=1
(3.15).

We now turn to X”. We first use Lemma 2.1 again with a = 1/2 to write

1(S;) < E7°u(S;,) Vi > jo,

at least if jo € N. If jo = 0 the inclusion S; C Sp and Lemma 2.1 give u(S;) < &~ 1u(S) < %fj’jou(&)) =
égﬂ Jou(S;,). Hence,

(3.18)
Consequently, from (3.18) and (3.15),
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P

N 1 1 1 > Ji—J
ML A L e R ES LD S
J=Jo ij =
1
2s

< CoM(x)h % / Ve du |
ASo

with Cg := £ 2¢ 3. £2-. Coming back (3.13), we now have
k=0

|~
¥
o

< 2C5(Cs + CG)t%

)~ £ 7 O M ) [ v a
ASo
35
< Cyt2 M(z) 57 ][|V‘/’u|pdu : (3.19)
ASo

1
with C7 = 2)\%Cff C5(C5 4 Cg). Setting g, := Qis_pp > p and given 7 > 0, the inequality |u(z) — ulg] > T,

the weak (1,1)-type of M with a constant Cy; > 0 depending only on Cp and O (see [3, Section 5] or [1,
Lemma 3.12] along with [18, Lemma 15]), and (3.19) then yield

u({z € S : Julx) - ul] = 7))

<pl|lzeS: M) >0, %t/ ][ |Veul? du
ASo

9s

%
< Cy O :49:/2 ][ [VPulP du / |VeulP du
ASo 5
ge+1 s
< Cot™ % pu(S) ][ [VPulP du = Cot~ % pu(S) ][ [VPulP du )
ASo AO2S

with Cp := C’l,lC'gsCD)\sth/Q. Hence, Lemma 3.1 applied with ¢ = ¢, and Sp = A©2S imply (3.9). O

4. Proof of Theorem 1.1

Let us start by recalling the following fact from [16].

Theorem E (Theorem 1.3 in [16]). Given an open convex set U C R™ and ¢ € C*(U) with D*¢ > 0 in U
and py € DC(U,04) there exists a geometric constant CT > 0 such that for every section S := Sy(zo,t)
with Sy(z0,t) CC U and every h € C*(S) the following (1,2)-Poincaré holds true in the Monge-Ampére
quasi-metric structure with respect to the Lebesgue measure

1
2

][|h(g;) _hglde < Ot} ][|V¢h(:p)\2 dr| (4.1)
S S

where hs == fg h(z)dx.
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Theorem 4.1. Fix an open convexr set & C R™ withn > 2 and ¢ € I/VIZOCR(Q) such that D*p > 0 a.e. in
and p, € DC(Q,6,). Then, there exist geometric constants C3 > 0 and K* > 1 such that for every section
S = Sy(zo,t) with Sy(zo, K*t) CC Q and every h € C*(S,(xo,2K*t)) the following Poincaré inequality

holds true with respect to the Monge-Ampére measure fi,

Fln@ — b lduse) it | £ 19 R@P dugle) | (4.2
s o (z0,2K*t)

Proof. Let ¢ € W2 (Q, dz) with D% > 0 a.e. in Q and p, € DC(R,4,). Given a section S := S, (x0,t) CC

Q2 let Qs C R™ be an open convex set such that S CC Qg CC Q set gp := dist(Qg,IN) and for 0 < € < g

and = € Qg define

Pe(x) i= @ *n(r) = /w(x —y)ne(y) dy (4.3)
Rn

—n

where € C°(R™), n > 0, supp(n) C B(0,1) and [|n||L1grn) = 1 with n.(y) := e~"n(e~'y). Then, for each
e > 0, we have that . € C*°(Qg) with D%p. > 0 in Qg. Indeed, since D?p(z) = [p. D*p(x—y)n(y) dy, if
we had (D?p. (yo)v,v) = 0 for some point yo € € and non-zero vector v € R™\ {0}, then it would follow that
(D?p(yo — y)v,v) = 0 for almost every |y| < ¢, contradicting D?¢ > 0 a.e. in Q. Also, ¢. and V. converge
to ¢ and Vi, respectively, uniformly over compact subsets of {2g. Moreover, from the characterization of
pe € DC(§,9,) in terms of the engulfing property in [8, Theorems 1 and 4] we have that pu, € DC(£,9,)
for every € € (0,e9) with constants depending only on the constant from p, € DC(Q,6,) (and, in particular,
independent of ¢).

Next, for each 0 < & < g let ¥ : Vip(2) — R denote the convex conjugate to ¢., which is smooth,
strictly convex, and satisfies

Voe(Vie(y) =y Yy € Vi (Q), (4.4)
Vipe(Voe(z)) =2 Ve e Q.

Moreover, by [8, Theorem 12] we have py, € DC(0y,., V() with a constant depending only on the
constant from p, € DC(€,d,). In addition, there exists a constant K* > 1, also depending only on the
constant from p, € DC(£,0,,), such that

S (2,7/K") C Ve (Sy. (Ve (2),7)) C Sp. (2, K77), (4.6)

for every section S,_(z,7) with S,_(z, K*7) CC €. At this point, given a section S,_(zo,t) with
Se. (z0,2K*t) CC Q, the second inclusion in (4.6) and (4.4) give

S2 1= Su. (Vipu(20),1) C Vipu (S (w0, K*1)) CC Vip. (9. (4.7)

Notice that from the fact that ¢. and V. converge to ¢ and Vi, respectively, uniformly over compact
subsets of 2 we can assume that € > 0 is small enough so that

Vioe(Si. (w0, K1) C ViplS, (w0, 2K71)) CC Vio(Q). (4.8)

The next step is to apply (4.1) with ¢, in the section S¥. Given a function h € C(S,(xo,2K*t)) define
u € CH(Vp(S,(wo,2K*t))) as u(y) := h(Vie(y)). In particular, the inclusions (4.7) and (4.8) imply u €
C1(S?), so that the Poincaré inequality (4.1) applied with 1. in the section S* to u reads as
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f|u<y>—us;|dysc;t% f\v%u@)m . (1.9)
S S

By setting y := V() for € S, (z0,2K*t)), and recalling (4.5), we get
Vh(z) = D*¢.(x)Vu(Vi.(z)) = D*¢:(y) ' Vu(y)

and then

IV¥Y=u(y)|? = (D2 (y) ' Vuly), Vu(y)) (4.10)
= (Vh(z), D*p-(z) "' Vh(z)) = [V h(z)]>.

Hence, by changing variables y = V. () in (4.9) we get

1
57 [ o) —hslda D) de
T vwi(se)
1
N 2
< C;’t / Ve h(z)|? det D2p. (z) dz (4.11)
1521 Vb (S2)
where
1 2
hs. 5] h(zx)det D@, (z) dz.

Vipe (S7)

Notice that from the inclusions (4.6), (4.7), and (4.8) it follows that
Se(xo,t) C Vpo(S7) C Sy (w0, 2K™t), (4.12)

so that the integral on the left-hand side of (4.11) can be replaced with the integral over S,(zo,t) and the
one on its right-hand side by the integral over S (zo,2K*t). In addition, the inclusions (4.12), along with
the fact that V. and V. are the inverse of each other, imply

e, (Sw(xOvt)) = |v§0€(sgo(x0at))| < |S:| (4.13)
< Ve (Sp(wo, 2K7t))| = pip, (S (w0, 2K71)).

We are now in position to start taking limits as e — 0. From the definition of ¢, in (4.3) we get that D2, (z)
(or a subsequence) converges to D?p(x) for a.e. x € Q. In particular, det D?p.(z) converges to det D?*p(x)
for a.e. x € Q. Let us first show that ., _(F') converges to p,(F) for every Borel set F' C S, (xo,2K*t).
Indeed, since S, (z,2K*t) CC € let S’ denote a compact set such that S, (zo,2K*t) CC S CC Q and
introduce H(z) := Ap(x) xs (x). Let us also assume that ¢ < g1 := dist(S,(zo,2K*t),dS’) so that, for
z € Sy(xo,2K*t), we get (A *n.)(x) = (H *n:)(z). Then, for every x € S,(zo,2K*t), the arithmetic-
geometric inequality implies

0 < det D?pc(2) < Age(2)" = (Ap*ne)(2)" = (H *n:)(2)" < M(H)(2)",
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where M denotes the Hardy-Littlewood maximal function whose (n,n)-strong type (here is when we use
n > 2) gives

M(H)(z)" dz < |MHE)|En®n, o) < CrllHI|Tn®e, ga)

Sy (x0,2K*t)

= Cn/Ago(a:)" dx < oo,
S/

where the hypothesis ¢ € Wlicn (Q) guarantees the finiteness of the last integral. (Recall that for a convex
function ¢ we always have 2A¢ < ||[D?¢|| < A¢ almost everywhere.) Therefore, Lebesgue’s dominated
convergence theorem implies that p,_(F) converges to i, (F) for every Borel set F' C S,(xo,2K*t) as
claimed. Next, we will use Lebesgue’s dominated convergence theorem on the integral

/ |V h(z)|? det D*. (x) da.
Sw(m0,2K*t)
Given x € Sy (z0,2K*t) let 0 < Ay o(z) < -+ < A\, (x) denote the eigenvalues of D%, (z) and using that

[Veeh(z)|? = (D%*p.(2) "' Vh(z), Vh(z)) we get

2
(Vo h(@)? det Dp.(2) < (- sup  |VA|) [ D%pc(2) " det D2p. ()
SAP(I072K*t)

with

and, by reasoning as above, in the case n > 2 we obtain that M(H)" ! € L*(S,(zo,2K*t), dz). In the case
n = 2 we just do

/ M(H)(z)dz < /M(H)(x)2 dx |S¢(x0,2K*t)|% < 0.
) 2

S¢($0,2K*t

Finally, by taking limits as ¢ — 0 in (4.11) (and we can just use Fatou’s lemma on its left-hand side) and
by recalling the inequalities (4.13) and the doubling property of p,, the Poincaré inequality (4.2) follows
with Ky :=2K*. O

4.1. Proof of Theorem 1.1

The idea is to use Theorem 3.2 to improve the Poincaré inequality (4.2) from Theorem 4.1. Let us first
remark that the condition ¢ € W2 (€2, dx) with D?p > 0 a.e. in Q implies that ||(D?¢)~!|| € LL.(Q, du,).

loc loc

In fact, even p € W2""1(Q, dz) with D2p > 0 a.e. in  will do so. Indeed, since D?p(z) > 0 for a.e. x € Q,
¥ ¥

loc

let 0 < A\(x) < -+ < A\ (2) < oo denote the eigenvalues of D?¢(z). Then,
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1D%6(@) " det D%(a) = 1 [ ) < [ 5 3 0(0)

Let us now recall the growth condition (2.10) for pu,, so that (3.8) from Theorem 3.2 holds true with
s = n — e. Therefore, by using Theorem 3.2 with p = 2 and s = n — € (notice that s > p/2 iff n —e > 1 iff
n > 2) the Poincaré inequality (4.2) self-improves to (1.17) since from our choices of p and s we get

2sp  _ dn—e)  2(n—e) 2n

2s—p 2(n—5)—2_(n—5)—1:n—1

+517

where 1 := (i(fe_)i)l — 2—"1 > ( is a geometric constant. O

5. Proof of Theorem 1.2

The idea of the proof is to apply Theorem 1.1 to 9, the convex conjugate of ¢, and then do a change of
variables. In order to see that ¢ € WfOC"(Vga(Q), dy), we first notice that (2.12), along with the hypothesis
D%p > 0 a.e. in Q, implies D%¢(Vp(z)) = D?*p(x)~1 > 0 for a.e. x € Q; therefore, given a compact set
F C Q and changing variables y := V(z),

/ D2 ()| dy = / 1D? ()" det D3 () di < oo,
Veo(F) F

where the finiteness of the last integral above follows from the hypothesis ||(D?p) || € L} (9, du,). Notice

loc

that y = Vp(z) is a valid change of variables because V is one-to-one and ¢ € VVZQOC"(Q) (see [20, Section
3]).

Now, given a section S := S, (zo,t) with S,(zo, K1K*t) CC Q and h € C*(S,(zo, K1K*t)) (where
K; > 1 is the geometric constant from the Poincaré inequality (1.17) in Theorem 1.1 and K* > 1 is the
geometric constant from 2.13), by applying (1.17) to the section S* := Sy(Ve(xo),t) and the function

u(y) == h(Vip(y)) we get

V)| <Kath | £ IVPuPdist) | CBY
K,S*

Flutw) — ute
S*

where ¢ = % + €1 and uf! = fg. uly) dpuy(y). Now, by changing variables y = V(x), using the second

inclusion in (2.13), reasoning as in (4.10), and noticing that det D?(y) det D?p(z) = 1 for a.e. € Q, the
integral on the right-hand side of (5.1) can be controlled by

[ WP < [ P, 5:2)
K18* Sy (o, K1 K*t)

while, due to the first inclusion in (2.13), the integral on the left-hand side of (5.1) can be bound from below
by the integral over V(S (zo,t/K™)).
On the other hand, the inclusions in (2.13) and the doubling property of the Lebesgue measure give

pp(S%) = [V (S¥)] ~ |Sp (20, 1)1, (5.3)
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where the implicit constants are geometric constants. Thus, the Poincaré inequality (1.18) follows, with
Ks:= K1(K*)? > 1, from (5.1), (5.2), and (5.3). O

6. Proofs of Theorems 1.3 and 1.4

Let us start by proving the following improvement on Theorem E from Section 4.

Theorem 6.1. Fiz an open conver set U C R™ and ¢ € C*(U) with D?¢ > 0 in U and pg € Axo(U, ).
Then, there exist constants N1,€ > 0, depending only on the constants from gy € As(U, d4) and dimension
n, such that for every section S := Sy(zo,t) with Se(xo,t) CC U and every h € C'(S) the following
(1,2 — €)-Poincaré holds true in the Monge-Ampére quasi-metric structure with respect to the Lebesgue
measure

1
2—e

][|h(w) — hg|dz < Ny t3 ][ |V?h(x)|?~€ dx , (6.1)
S S

where hs = fg h(z)dx.

Proof. The proof of Theorem 6.1 goes along the lines of the proof of [16, Theorem 1.3]. We will follow the
notation in [4, Section 1] regarding the normalization technique of a given section S := S,(zo,t). Thus,
let T : R — R” be an affine transformation such that B(0,n~3/2) c T(S) C B(0,1). In particular,
apn, < |S||det T| < B, for some positive dimensional constants «,, 8,. Always as in [4, Section 1], let A > 0
and ¢* be defined by

W= B 6t(y) 1= 30T ) - 1) -

t

A’

where [ is a linear function, so that 7i(y) = det D?¢*(y) with 7(T(S)) = 1. We will also use the fact that
Cst < A < Cit, (6.2)

where C3,Cy > 0 depend on the doubling constant from pg4 € DC(U, é,) and the dimension n (see Theorem
8 in [7]). From the definition of ¢* we get

T D26 ()T = { D*(T ) (63)

and from the first few lines of the proof of Theorem 2 in [4] or Lemma 3.2.1 in [11] or Lemma 3.2 in [5],
there exists a constant C5 > 0, also depending only on the doubling constants from p, € DC(U,d4) and
dimension n, such that

A¢*(y)dy < Cs. (6.4)
T(S)

Now, by W21t estimates in [6, Theorem 2] and [16, Lemma 3.1] when ps € Ao (U,d,), there exist
constants Cs > 1 and 0 < ¢y < 1, depending only on the constants from pg € As (U, dy) and dimension n,
such that
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_1
T+eo

f As* @) Fody | <o ][ Ag*(y) dy (6.5)

I'(5) T(5)

Then, given h € C1(S) let uw € C1(T(S)) be defined as u(y) = h(T~'y). Thus, the usual (1, 1)-Poincaré
inequality applied to @ on the convex set T'(S) (recall that B(0,n3/2) ¢ T(S) € B(0,1)) yields

f laly) — i) dy < Ch f Vi(y)| dy. (6.6)

T(S) T(S)

where C,, > 0 is a dimensional constant, and by changing variables y = Tz in (6.6) we obtain
][|h(x) —hs|dr < C, ][ (T~ Y!'Vh(z)| d. (6.7)
S S

Next, notice that from the identity (6.3) and the fact that | D?¢| < A¢ we get
(T D?¢(2)T 7| < AAG* (Tw),
which followed by the simple matrix identity
|@ D)2 |* = (T~ D2 ()T,
gives [|[(T~1)!D%p(z)2||2 < AA¢*(Tx). Consequently,

( ][n 1 D2 (a) ||2<1+6°>dx)”” SA( f aswre dy)

T(S)
< C5C6A,

where the last inequality follows from (6.5) and (6.4). Finally, by setting p := 2(1 4 ¢) and recalling that
V¢h = D2¢~2Vh,

][\ )V h(z |dm—][| YeD2¢(x)? D> p(x) 2 Vh(z)| da

][ |1 D2(x) | D?(z)~F Vh(z)| de

Fl@ D oe)ipa )| | f19on@) ds
S S

1
7 I

< (C5CsN)? ][ IVeh(z)| dz | < (C4Cs5Cet)? ][ IVOh(z)|" da |
S

1
'Y

where p’ = 2 — € with € := 2¢p/(1 + 2¢g) € (0, 1), which combined with (6.7) proves (6.1). O
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6.1. Proof of Theorem 1.3

The proof of Theorem 1.3 now follows along the lines of the proof of Theorem 1.1. First, Theorem 6.1
(used in lieu of Theorem E from Section 4) implies a version of Theorem 4.1 where the exponent 2 on the
right-hand side of (4.2) can be replaced by 2—e. Recall that the A, property is qualitatively preserved under
convex conjugation (see Section 2.4). It is also quantitatively preserved by the approximations ¢. due to
the fact that . and V. converge uniformly on compact sets. Set €y := min{e, e} with € > 0 the geometric
constant from (2.10). Then, just as in Section 4.1, Theorem 3.2 applied with p as the Monge-Ampere
measure, p = 2 — €y, and s = n — €q, yields with

2(n —€)(2 — €g)
Q(TL — 60) — (2 — 60)7

qo =
and (1.19) follows. O
6.2. Proof of Theorem 1.4

The proof of Theorem 1.4 goes just like the one of Theorem 1.2, where (instead of using Theorem 1.1)
we use Theorem 1.3 with 1), the convex conjugate of o, and then change variables y = Vo(z). O

7. Proofs of Theorems 1.5 and 1.6

Since ¢ € WIQO’C"(Q, dz) is a strictly convex function with det D*¢p € A;(€2,6,), from [21, Section 4] we
have that there exists a structural constant M; > 0 such that the Monge-Ampeére measure satisfies the

growth condition

n

(S, (10, ) A%
/W(Sw(xoat/)) =M (t/> 7 1)

for every section Sy (xg,t) with S,(z0,01t) C Q and every 0 < t’ < t. Therefore, Theorem 3.2 applied with
[ = [y, p = 2 (the right-hand side exponent from the Poincaré inequality from Theorem 4.1), and s = n/2
(the growth exponent from (7.1)), yields

2sp  2n

1= 95— p n-—2’
which is finite in the case n > 3, and (1.21) follows.

On the other hand, let ¢y > 0 be the structural constant from Theorem 1.3 so that for every 0 < € < ¢,
the inequality (1.19) implies (since ¢ > 2)

1
2—¢

f () - ule | dpg(x) < Koth f VPu()? dug(z)de | . (7.2)
S KsS

Now we use Theorem 3.2 applied with © = p,, p = 2 — € (the right-hand side exponent from (7.2)), and
s =n/2 (the growth exponent from (7.1)) to obtain the inequality (1.22) with

_2sp n(2—¢)
S 25—p n—(2—¢)

q (7.3)

Notice that in the case n = 2, the expression for ¢ in (7.3) reduces to ¢ = 2(2 — €) /e and (1.23) follows. O
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8. Proofs of Theorems 1.7 and 1.8

Since ¢ € VVZ%):(Q, dz) is a strictly convex function with det D*p € RHoo(Q,4,), from [21, Section 3]
we now have that there exists a structural constant M., > 0 such that the Lebesgue measure satisfies the

growth condition

1Sy (0, 1)] t\?
o0 V1~ - .
Soteont)] = M \7) (8.1)

for every section S, (xo,t) with S, (zo, Oxct) C  and every 0 < t' < t.

Hence, the proofs of Theorems 1.7 and 1.8 follow as the ones of Theorems 1.5 and 1.6. Indeed, the same
reasoning from Section 7 but now using Theorem 1.2 instead of Theorem 4.1, and Theorem 1.4 instead
of Theorem 1.3, as well as using Theorem 3.2 with the Lebesgue measure instead of p, (but always with
s=mn/2 as in (8.1)) yields (1.24), (1.25), and (1.26). O

9. Sobolev inequalities

In this section we point out that from each one of the Poincaré inequalities in Sections 1.1-1.4 a corre-
sponding Sobolev inequality can be obtained. Indeed, it is a well-known fact (see for instance [1, Theorem
5.51]) that weak (g, p)-Poincaré inequalities with respect to a reverse-doubling measure imply (g, p)-Sobolev
ones. For the sake of completeness, we briefly sketch the proof. Given a section S := S, (z,t) CC Q,
u € Lip.(S), that is, u € Lip(S) with compact support within S, and ¢ > 1, we have

¢ S) 1-1/q
I3 < d < Qd l££4,
il < fluvsde s | Froma) (455)

28 25

Q=

< f W d | €Y,

where £ € (0,1) is the constant from the reverse-doubling property in Lemma 2.1 corresponding to « = 1/2.
On the other hand, since

1 1
q q

fmmzu < f\u—uf;s\wu + ks,
25 2S

it then follows that

Q=

1
][|U|qd,u < T/ ][|U*U§s|qdﬂ ;
35 29

which combined with an arbitrary weak (g, p)-Poincaré inequality

: :
Flu—usslrau ) <cott | £ [wupdn)
25 2\S
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for some A > 1, and recalling that u is supported in .S, yields the Sobolev inequality

P

Cpt?
][\U|qdﬂ < T 1 ][|V¢“|pdl~b : (9.1)
s s

As an illustration and for future reference, we state the Sobolev inequalities that follow from the Poincaré
inequalities in Theorems 1.5 and 1.6 of Section 1.3.

Theorem 9.1. Fix n > 3 and let ¢ € VVIQOS(Q, dz) be a strictly convex function with det D*p € A1(£2,6,).
Then, there exist structural constants Kg,Ki9 > 1 such that for every section S := S@(:vo,t) with
Se(zo, Kot) CC Q and every u € Lip(S) we have

n—2

2n 2

Flu@ dusta) | < Kot £ [92u@R disto) | (9.2
S S

In addition, there exists a structural constant ¢g > 0 such that for every 0 < ¢ < €y there is a constant
K. > 0, depending only on € and structural constants, such that

Flutw)
S

_1
de 2—e€

“dpo(o) | <Kot | £ 9P o) | (9.3)
S

with q. 1= % > 2.

Theorem 9.2. Assume n = 2 and let ¢ € WIQOE(Q) be a strictly convex function with det D*p € A1(Q,0,).

Then, there exist structural constants K9 > 1 and 0 < €y < 1, such that for every section S := Sy(xo,t)
with S, (xo, Kot) CC Q, every u € Lip.(S), and every 0 < € < ¢y we have

Flutw)
S

with g. :=2(2 —€)/e and K. > 0 depends only on € and structural constants.

1
de 2—e¢

“dpa(e) | <Kot | F VU@ dug(o) | (9.4)
S

Remark 5. Notice that Theorem 9.2 extends Proposition 2.6 in [13], that is, Theorem C from the Introduc-
tion, by weakening the assumption det D?p ~ 1, in the sense of (1.8), to det D¢ € A;(12,4,).

Remark 6. Poincaré and Sobolev inequalities such as the ones in Theorems 1.5, 1.6, and Theorems 9.1, 9.2,
respectively, play a central role in the implementation of Moser’s iterations for solutions to the linearized
Monge-Ampeére equation, as described in [19, Section 2.4].

10. Examples and applications

We close this article by recording a list of examples from [21] of convex functions ¢ with det D?p €
A1(2,6,) or det D*¢ € RH(9,0,) and by discussing further applications and connections of Theo-
rems 1.1-1.8 (as well as their corresponding Sobolev inequalities) with related inequalities in the existing
literature.
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Let us start by listing the following examples from [21].

Examples of det D% € A;(£2,6,).

(A1) The case det D?p ~ 1 in  in the sense of (1.8). Here ©1 = 1 and H; = Ay/A;.

(A2) The case det D?p ~ |g¢|=® in Q with ¢ = ¢(x) polynomial and 0 < a < 1/deg(q). Here ©1 = 1 and
H; > 1 depends only on a, dimension n, and deg(q), the degree of ¢ (and not on its coefficients).

(A3) The case @,(x) = %|x|p, x€R”and 2—-1/n < p < 2. Here ©; =1 and H; > 1 depends only on p
and n.

(A4) The case pp(x):= > mmﬂpi with ¢ = (z1,...,2,) € R" and P := (p1,...,pn) € (1,2]™. Here
j:1 J J
©1 =1 and H; > 1 depends only on p1,...,p,, and n.

Examples of det D?p € RHo (12, 6,).

(RH1) The case det D?p ~ 1 in Q. As before, here O, = 1 and Hy, = Ag/A;.

(RH2) The case det D?*¢ ~ |q|* with ¢ = ¢(z) polynomial and a > 0. Here O, = 1 and H,, > 1 depends
only on a, n, and the degree of ¢ (and not on its coefficients).

(RH3) The case when ¢ is a convex polynomial in R™. Here ©,, = 1 and Hy, > 1 depends only on n and
the degree of ¢ (and not on its coefficients).

(RH4) The case p,(z) := %|x\1’ with 2 < p < 00. Here ©,, =1 and Hy, > 1 depends only on p and n.

(RH5) The case ¢p(z) = anl mmﬂpi with ¢ = (z1,...,2,) € R and P := (p1,...,pn) € [2,00)™.
Here O, =1 and hﬂo > 1 depends only on p1,...,p,, and n.

As mentioned in Remark 6, Theorems 1.1-1.8 will find applications in the implementation of Moser’s
iterations for certain degenerate/singular PDEs. Also, Remarks 2 and 5 point out how they improve upon
a few previously known results. In addition, in view of the examples above, Theorems 1.1-1.8 give rise to
a large variety of new or improved Poincaré and Sobolev inequalities some of which complement or extend
inequalities from the existing literature. As an illustration, in this section we take a look at just a couple of
such inequalities. We start by mentioning the following Sobolev inequality by Tian and Wang in [23] when
 is a strictly convex polynomial in R™.

Theorem F (Theorem 1.1 in [23]). Let ¢ be a strictly convex polynomial in R™, n > 3. Then, for any
bounded domain Q@ C Bgr(0) and any function u € C§°(Q2),

1
P 2

Ju@Pdn @ | <c | [Ivu@P @) . (10.1

where p > 2 depends on n and ¢ and C' also depends on R.

Now, Theorem 1.7 and Example (RH3) provide a Poincaré inequality with respect to the Lebesgue
measure which, in turn, yields a related Sobolev inequality (as described in Section 9) that complements
Theorem F where the Monge-Ampere measure is replaced with Lebegue measure and with a finer tuning
on the constants.

Theorem 10.1. Fiz n > 3 and let ¢ be a strictly convex polynomial with ||(D*¢)~Y|| € L}, .(R™, dz). Then,
there exist constants K11, K12 > 1, depending only on the degree of p and dimension n, such that for every
section S := S, (xo,t) we have
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F lut@) - us
S

for every u € Lip(K115), as well as

=

n—2
2n
% dx < Klg t% ][ |V¢u($)‘2dm

K118

N|=

][|u($)\fr2 da < Kipt? ][|V@u(z)|2d:c
S S

for every u € Lip,(S).

On the other hand, given a vector A = (a1, ...,a,) € R", with a; > 0 for every j = 1,...,n, Cabré and
Ros-Oton in [2] proved the following Sobolev inequality.

Theorem G (Theorem 1.3(a) in [2]). Given 1 <p < D :=n+ a1+ --- + ay, there exists Cp, > 0 such that
for every u € CL(R™)

DPx P

Peg da <Gy / |Vau(z)[Pzt do | (10.2)

[ uto)

n
where Py i= %7 :L'A = H |;17j|aj’ and
j=1

*

R = {(z1,...,2n) : with x; > 0 whenever a; > 0}.

*

By means of the Poincaré inequalities from Section 1.3 and Example (A4) we will next obtain Poincaré
and Sobolev inequalities related to the weight 24 as in (10.2) but now in the case —1/n < a; < 0 for every
j=1,...,n. Indeed, for —1/n < a; <0 set p; :=2+a; € (1,2] and

n

op(x) :zzmkﬂﬂpﬂ',x: (1,...,2n) € R™, (10.3)
j=1
as in Example (A4). Then
‘(Ellal 0 0
) 0 |£L’2|a2 0
Dpp(x) = : : . 0o |’
0 0 0 l|zglo

n
so that det D*¢pp(x) = [] |z;|% = 2. Notice that the condition —1/n < a; < 0 for every j = 1,...,n
j=1

guarantees that pp € VVIQOZL(]R”, dr). Also, for a.e. z = (x1,...,2,) € R" and u € CY(R"),

Veru(z) = D?pp(x) "2 Vu(z)

= (Jlea] " F (@), Jen]~ Fun(2))

and consequently
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1

2

IVeru(a)| = | D lag| 7 uy ()
j=1

Moreover, by [9, Lemma 6] the Monge-Ampere sections of pp are related to the ones of ¢, (z) := I%|:E|pf )
J

x € R, by means of the inclusions

S@P(yvt) - S&Opl (ylvt) X X S<Ppn (ynvt) - SSPP(yvnt)»

for every y = (y1,...,yn) € R",y; €R,j=1,...,n,and t > 0.
Therefore, by using, for instance, Theorem 1.5 from Section 1.3, we obtain

Theorem 10.2. Fiz n > 3 and let pp be the strictly convex function defined in (10.3). Then, there exist
constants Ko, K19 > 1, depending only on a1,...,a, € (—1/n,0] and dimension n, such that for every
section S := S, (xo,t) we have

[N

on
Flutw) = s 12 ey (@) | < Kaoth | 99 u(@) diep (0
S KoS

for every u € Lip(K9S), as well as

N
3
=

F @l duge )| < ot (1997 P it 0
S

for every u € Lip,(S), where dp,, (z) = 24 dz.
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