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1. Introduction

Fractional calculus have been intensively developed in recent years and there is a remarkable growth of
applications to physics, economy, biology, engineering and sciences in general. Particularly the theory of
fractional differential equations has been widely studied in recent years; we refer the reader to [13] and [26]
as basic monographs to get introduced in the topic. The discrete counterpart, fractional difference equations,
also has been studied and applied in many fields recently but unlike the continuous case, there are still many
issues to develop in the theory.

A fractional difference equation could be given in different forms, depends on the fractional difference
operator. Among the best known are Caputo, Riemman-Liouville and Griiwald-Letnikov-type operators.
In papers like [1] there are results on Caputo and Riemman-Liouville-type operators and relations be-
tween them. Also it shows solution to one dimensional Caputo-like difference linear equations in terms of
Mittag-Leffler functions. In this fashion, paper [15] analyses the stability under the three scheme operators
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mentioned before for any fractional positive order, doing a reduction to a multi-order equation with orders
in the interval (0, 1). Solutions to fractional linear difference equations with these operators are discussed
in [14], via the classical Z-transform.

This paper focuses on nonlinear Caputo-like fractional difference equations and in this subject F. Chen
et al. [8] give results on the existence and uniqueness of the inial value problem. F. Chen [7] studies the
asymptotic stability by applying the Schauder fixed point theorem and a discrete version of Arzela-Acoli’s
theorem. Asymptotic results for 1-dimensional nonautonomous equations are given in [5]. Recent papers
[4,3,25] are applications in biology and economics. In [22,17,2] are analyzed synchronization, control methods
and higher order equations using the Caputo difference operator and special interest has been the presence
of chaos [11,19-21]

As in the classical theory of continuous and discrete dynamical systems that the Lyapunov method
gives conditions to establish stability (uniform stability) and asymptotical stability (uniform asymptotical
stability) to nonlinear nonautonomous equations, some papers tackle this point. F. Jarad et al. [12] extend
the Lyapunov method to Caputo-like fractional difference equations in terms of K-class functions. D. Baleanu
et al. [6] gives the Lyapunov method to an implicit version of the Caputo-like fractional difference equation,
that is the ¢-th step depends on itself and on all past steps. M. Wyrwas et al. [23] and Xiang L. et al. [24]
modify the Lyapunov method to establish conditions to Mittag-Leffler stability, for h-difference equations.

The goal of this paper is to give conditions to establish uniform stability, uniform asymptotical stability
and Mittag-Leffler stability to a nonlinear and nonautonomous Caputo-like fractional difference equation.
These conditions are on the linear part of this equation, just as in the classical theory of differential and
difference equations of integer order but unknown in the fractional case as far as we have knowledge.
A converse-like-Lyapunov Theorem is needed to get the goal, namely asymptotical stability ensures the
existence of a Lypaunov function. Also we develop useful results about the behavior of solutions of a
nonautonomous linear fractional difference equation with Caputo’s operator. Moreover, it is sufficient to
tackle a partial part of the associated linear part to state Mittag-Leffler stability. In summary the main
result in this manuscript says that linear local behavior does carry over to the full system in suitable cases.

This text is organized by sections, starting with some preliminaries and definitions in order to have a
self-containing reading. In section 3 we introduce some results on the stability for linear nonautonomous
equations, on asymptotical behavior of solutions and we write a reverse theorem of the Lyapunov direct
method, exponential stability implies the existence of a Lyapunov function. In section 4 we present our main
result, conditions on the linear part of the equation that ensure Mittag-Leffler stability of the nonlinear
equation. Finally we illustrate the power of the main results via an example in section 5.

2. Preliminaries

Let us start introducing some basic definitions about discrete fractional calculus. For a € R, the functions
we deal with are defined in the Banach space S(N,, R™), the set of all functions u : N, — R", whose domain
is the discrete set N, := {a,a +1,a+2,...} and norm || - || [L0]. The forward operator o : N, — N, given
as o(t) := t+ 1 and the corresponding forward difference operator is Au(t) = u(o(t)) — u(t). Iteratively we
get

m
Amu(t) = A (A" () =) (Z) (=)™ Fu(t + k).
k=0
Definition 1. Let u € S(N,,R™) and v > 0 be given, the v-fractional sum of u is defined by

t—v

> (t—=o(s)" Du(s)

S=a

A "u(t) = ()
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where a is the starting point, I is the function gamma, as an extension of the factorial function, and

T(t+1)

oy - _LE+D
I'(t+1-v)

corresponds to the falling function.

Thus A7 : S(Ng,R™) = S(Ngty, R™?). In what follows, the fractional difference we assume is the Caputo

derivative in vectorial form.

Definition 2. The v-order Caputo discrete fractional difference for v > 0 (v ¢ N) and u(t) € S(N,,R") is
given by

CAju(t) = AV (A™u(t))

where “AY : S(N,,R") — S(Nat(m—v), R™) is the Caputo delta operator and the order satisfies m — 1 <
v < m. That is

t—(m—v)

CAbu(t) = =—— Z (t —o(s))m "D A™u(s)

S=a

where t € Ngim—s-

From [8] we have a Taylor’s difference formula for the Caputo discrete fractional difference:

- (t—a)® k 1 -« -1 cC
u(t) =y ———A"u(a) + > (t—o(s)V ALu(s),
k=0 k! F(U) s=a+m—v

u(t) = u(a 1 S —o(s))v D CAYy
0=+ gy 3o (o) Catut).

It leads us to a solution for the nonlinear fractional Caputo like difference equation initial value problem
CAbu(t) =f(u(t+v—1),t+v—1), ula)=u,, (1)

with £: S(N,_1,R") x N,y = R®, a=v —1 and v € (0, 1), which corresponds to

t—v

1

— o) Vf(u(s+v—1),s+v—
F ot~ o) Vel v s v 1),

u(t) =u, +

I
=

S

for t € N,_;. In the following sections we omit in the notation the initial time for a simpler notation.

A constant solution & € R™ of equation (1) is said to be a fixed point if it is such that f(@,¢) = 0 for all
t > 0. Without loose of generality we assume from here in after 1 = 0.

We recover the following definitions from [12].

Definition 3. A fixed point @ = 0 of equation (1) is said to be



4 L. Franco-Pérez et al. / J. Math. Anal. Appl. 487 (2020) 124021

1. stable if for every € > 0 and ¢, € Ny_,, there exists d.;, > 0 such that every solution u(¢) with initial
condition satisfying ||u,|| < d¢,, implies ||u(t)|| < ¢, for all t € N,

2. uniformly stable if it is stable and § just depend on ¢,

3. asymptotically stable if it is stable and for all ¢, € Ny_,,, there exists d;, > 0 such that lim;_, ., u(t) = 0
whenever ||u,|| < &,

4. uniformly asymptotically stable if it is uniformly stable and, for each € > 0, there exists T, € N and
d > 0 such that ||u,|| < d implies [|u(t)|| < € for all t € Ny, and for all ¢, € Ny_,,

5. globally asymptotically stable if it is asymptotically stable for all u, € R",

6. globally uniformly asymptotically stable if it is uniformly asymptotically stable for all u, € R™.

Mittag-LefHler functions, a generalization of exponential ones, are the key to understand behavior of stable
solutions in long times. Definition from [14] is introduced.

Definition 4. For «, 5, z € C, with Re(«) > 0, the discrete Mittag-Leffler two-parameter function is given as

(oo}
+ (k= 1)(a —1))*) (2 + k(o —1))B-D
Enp(nz) =S AL .
(0,8) (A 2) kZ:O Nk 7 5)
We write Eq) (A, 2) := Ea,1)(A, 2). Let us observe E(1)(A, z) = e* In(1+2)
In fact, two types of particular stability will be introduced from [23], one generalizes the other; both
useful to characterize solutions to linear and nonlinear systems.

Definition 5. A solution to (1) is said to be Mittag-Leffler stable if

()] < (m(uo)) Ewy(—A1))"

where a € (0,1), A >0, b >0, m(0) =0, m(u) > 0, and m locally Lipschitz on u € B C R™ with Lipschitz
constant m,.
For a = 1 the solution is said to be exponentially stable.

Also in the following section K-class function definition will be useful from [12].

Definition 6. Let ¢ € C(]0, p), RT) a real-valued function, It is said to be of class K if it verifies ¢(0) = 0 and
is strictly monotonically increasing. Moreover, if ¢ € C(R*,RT), ¢ € K and such that lim,_, . ¢(r) = oo,
it is said to be of class KR.

A Lyapunov function will be the main tool to establish when either a linear or nonlinear fractional
discrete system is stable and asymptotically stable.

Definition 7. A scalar function V' : S7~' x Ny — R*, where we assume S~ = {x € R" | ||x|| < p}, is said
to be Lyapunov function if it is positive definite and decrescent. That is, there exist scalar K-class functions
@(r) and 9 (r), with r = ||x||, in such a way that V must satisfy the following conditions:

o V(0,t) =0 for all ¢t € Ny,
o o(r) < V(x,t), for (x,t) € S7~! x Ny and
o V(x,t) <op(r) for (x,t) € S}~ x Np.

Slightly different to the inequality showed in [6], we add a useful expression in the proves about stability
results.
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Proposition 1. For m =1,
CAYXE(t) < 2x(t4+v—1)-CAvx(t).

Proof. CAUXE(t) — 2x(t +v — 1) - CAVx(t)

ol ()
IS a0 1) At
s=0

1 t+v—1

= Fi gy 2 (= o) TIARE) —x(t+v-1)?

s=0
1 t+v—2

= Figy 2 (o)A —x(t+v -1)?

s=0

where the square notation refers to dot product. By using the identity

t+v—1 t+v—1 t+v—1
D gls+DAf(s) = g(s+1)f(s+1) — Y f(s)Ag(s)
s=0 0 s=0

where we identify g(s + 1) = (t — o(s))("*) and f(s) = (x(s) — x(t +v — 1))?, the last equality becomes

t+v—1
— (=) = x40 = 1))~ s ( S (xls) = 2x(t + v — 1)PA( - s><”>> <0,
s=0

Therefore we get the proposition as it is claimed. O

The following theorems in [12] using Lyapunov functions show conditions to yield stability and asymp-
totical stability.

Theorem 1. If there exists a positive definite and decrescent scalar function V(x,t) € C’(S;}*l x Ng, R™)
such that AVV (x,t) < 0 for all t, € N, then the trivial solution of (1) is uniformly stable.

Theorem 2. If there exists a positive definite and decrescent scalar function V(x,t) € C’(Sg_1 x Ng, RT)
such that

CALV(x, 1) < —y(|[x(t+v = 1))
for all ty € N, where ¢ € K, then the trivial solution of (1) is uniformly asymptotically stable.
Last theorem in this section indicates, via Lyapunov functions, Mittag Leffler stability from [23].

Theorem 3. Let x = 0 be an equilibrium point of the system (1). Let V : Sg_l x N, — R* be a function
that is locally Lipschitz with respect to x and such that

arl[x||* < V(x.t) < aglx||*,

ALV (x,t) < —as[x]|”,

where t € N, x € S’,’}_l, v e (0,1), aj,an,a3,a,b > 0. Then x = 0 is Mittag-Leffler stable.
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1/a with m as introduced in Definition 5 and

Moreover, we know |[u(t)|| < [mEq)(—as/as,t)]
tlg(r)lo Ewy(—as/az,t) =0 (2)
sets —2¥ < (—asz/a2).
3. Nonautonomous linear systems
Let us suppose A a nonconstant continuous matrix. In this section we consider
CAX(t) = At +v— D)x(t +v—1) (3)
a linear fractional nonautonomous equation, where x = 0 is the trivial fixed point.

Theorem 4. Suppose the system (3), with A(t) a negative semidefinite matriz and suppose a bounded, sym-
metric and positive definite matriz P(t). The fized point x = 0 is uniformly stable.

Proof. Let us define
V(x,t) =x"P(t)x,

therefore p;||x||> < V(x,t) < pa||x|[? for some pq,pa > 0.
Since P(t) is symmetric, following spectral theorem, we have the decomposition

P(t) =U()"D(t)U(t)

where U = [u;...u,] is an orthogonal matrix formed by the vector-columns (u;), an orthonormal basis
corresponding to the eigenvectors with the eigenvalues \;(t), which are the ith-entries in the diagonal matrix
D(t). In this way we can write

V(x,t)=xTUT(t)D(t)U(t)x
= yT (X7 t)D(t)y(X’ t)
= Z MOIACHIR

where there was a change of variable y = U(¢)x and y; stands for the i-th component of y. All eigenvalues
Ai(t) are bounded as P(t) so is; in fact it holds

in Loewner order, that is (Apmq.I — P(¢)) and (P(t) — ApminI) are symmetric and positive definite matrices.
The constants Amqz and Anip are defined as sup,cg{\i(t)|i = 1,...,n} and inf,er{N;(t) |7 = 1,...,n}
respectively.

Taking into account Proposition 1, we would obtain the following inequality, where we omit dependence
on vector x for a simpler notation,

CAV(x,t) = CAY (Z /\i(t)yf(t)>
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<) A (Anati (1)
< 2\ maw Y wilt + v — 1) AVy;(t)
= 2 ey’ (t+v — 1) AVy(1).
From equation (3), it follows
CAYV(x,t) < 2Amaay  (t+v— DAt +v—Dy(t+v—1)<0, (4)

being true because of the negative semidefinite character of A(t). All this satisfies Theorem 1. O

Corollary 1. Under the same hypothesis in Theorem 4, but suppose A(t) being bounded and negative definite
matriz, then the fized point x = 0 is uniformly asymptotically stable.

Proof. It is about showing that the right hand side term in inequality (4) can be bounded by a scalar
K-class function 1, as Theorem 2 points out. We rewrite the quadratic expression as an affine combination
of A and AT that yields

y' Ay = yT% (A+AT)y

being A + AT a symmetric matrix, where we have omitted the explicit dependence on t for simplicity.
Applying properties of symmetric matrices, the last equality becomes into

1
yT§ (A+AT)y < Xyl

with A* € R the maximum eigenvalue of the bounded matrix (A + AT)/2 for every t. But A is a negative
definite matrix therefore A* < 0. Therefore we set ¥ (||y||) = 2 mazA*||¥||? in right side of (4). O

Since (3) is linear, uniform stability and uniform asymptotic stability properties stay in global sense.

Remark. Taking into account as = A4, and —ag = A, in Theorem 4 and Corollary 1 and that expression
(2), it is imposed A* > —1/2177.

We realize that inequalities in Theorem 3 are verified and therefore we have the following result.

Corollary 2. Suppose the system (3), with A(t) a bounded and negative definite matriz and suppose a
bounded, symmetric and positive definite matriz P(t). The fized point x = 0 is Mittag-Leffler stable.

As in linear discrete systems of integer order [18], we introduce the equivalent of the transition matrix
o(t,t,), that is for the system (3) we define the transition matrix as x(t) = ¢(¢,t,)x(t,), assuming the
condition ¢(t,,t,) = L.

Lemma 1. Suppose the fized point x = 0 of (3) is uniformly asymptotically stable, then there exist M > 0
such that ||®(t,t,)|| < M.

Proof. By definition, there exists 6. > 0 for any given € > 0 such that ||®(¢,%,)z(t,)|| < e provided
[|x(to)]] < de, for all £ > t,. We can write
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max || ®(t, t,)x(t,)|| = max [|®(t,to)x(to)]]
[1%(to)||<de (é)l\x(to)ll<1

:5E< max |<I>(t,to)y(to>|)

lly(to)ll<1

< O||P(E )| < €,
assuming x(t,) = 3.y (t,) and the induced norm. Therefore ||®(t,t,)|| < M with M :=¢/§.. O
The following lemmas will serve to prove the main result of this section.
Lemma 2. In relation to the linear system (3), the following statements are equivalent:
a) x = 0 is globally uniformly asymptotically stable,
b) ||®(t,to)|| = 0 as t — oo uniformly in t,,

c) ||®(t,to)vil| = 0 as t — oo uniformly in t,, fori=1,...,n, where {vy,...,vp} s a basis of R™.

Proof. First (a) implies (c). If ||x(t5)|] < ¢ for some ¢ > 0, then ||x(¢)|| — 0 as ¢ — oo, namely
[|®(t,t0)x(to)|| = 0. Given a basis of R™, {vy,...,v,}, we compute

1
[|®(t, to)vi|| =0 H@(t;to)gvi -0

as t — oo and for a suitable value b such that ||(1/b)v;|| < ¢ and any 1 < i < n.
Second we show (c¢) implies (b). Without lose of generality we can assume a basis {v;}; such that we can
write

[|®(t,to)vi]| =0 t— 0
and by the induced norm que obtain

1@t to)ll = max [1@( to)x(to)ll < D eill @ to)uill -0, # 00,

where ¢; are the coefficients of the linear combination.
Finally (b) implies (a) directly by definition of the transition matrix. O

Lemma 3. The fized point x = 0 of (3) is uniformly asymptotically stable if and only if ||®(t,t,)|| <
ke=Mt=to) for all t > t, and for some k, X > 0.

Proof. On one hand, if the inequality is true, we obtain uniform asymptotical stability in straightforward
way.
On the other hand, supposing x = 0 is uniformly asymptotically stable, so

@[] = [[®(t: to)x(to)|| = 0, =00

when ||x(t,)|| < ¢ for some ¢ > 0, t > t,. From Lemma 2, ||®(¢,,)|| — 0 and we have an increasing sequence
(t1,ts,...) satisfying
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[|®(t,to)|| < 1/2, t>t,
1@(t, L) <1/2%, t>to,

[|®(t,t0)]| < 1/2", t>t,,

thus we define 1 := max{t,+1 — t, |n € NU{0}} to get

1
[|®(t, )] < W — o~ n@)3(t—t,)
n

Taking A = In(2)/n and k = 1, we complete de proof. O

Thus we realize that asymptotic uniform stability is equivalent to exponential stability, a kind of Mittag-
Leffler stability

In2
()] = 19(t, to)xoll < €5 ol By ((1/2)/7,¢)
The following result is a converse-like-Lyapunov Theorem for this family of systems.

Theorem 5. Let x = 0 be a exponentially stable equilibrium of (3) and suppose A a bounded matriz. Let
Q(t) be a bounded, positive definite and symmetric matriz. Then there is a matriz P(t) bounded, positive
definite and symmetric, such that V(x,t) = xTP(t)x is a Lyapunov function for the system.

Proof. Let P(t) = Y07, ®(7,t)T Q(7)®(7,t), so it is bounded, positive definite and symmetric as Q it is,
therefore

V(x,t) = x(t)TP(t)x(t)

=x(t)" <Z ®(7,1)"Q(1)®(7, t)) x(t)

o]
<Y allyml?,
T=t

with y(7) = Q(7,t)x(t) and where go is the supremum eigenvalue of Q(7), since it is bounded, symmetric
and positive definite matrix.
Using Lemma 3 and the exponential stability property we get

Yo ally(™IPF =) all®(r Ox(@)]|

< qllx®)|P Y 1@, 1)l
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< gol[x(t)[[* D ke AT

T=t
(-
1—e "

= q2||x(t)

Also by other side,

o0

> x(0) @ (r. )" Q(r) (7, )x(t)

T=t

Vi(x,t)

v

x(t)T®(t, )T Q(t)®(t, t)x(t)
x(6)"Q(t)x(t)
allx@®)[?,

v

with ¢; the minimum eigenvalue of Q(%).

Definition (7) indicates V(x,t), as was just defined, is a Lyapunov function.

Finally, A"V (x,t) = CA'xTP(t)x < \*||y||?, with \* < 0, following the proof of Theorem 4 and
Corollary 1. O

Again, we have exponential stability implies Mittag-Leffler stability for linear systems, in concordance
with the recent results in [9].

4. Nonlinear nonautonomous systems

Theorems in last section lead us to establish when a fixed point of the nonlinear system (1) is Mittag-
Leffler stable just stating if it is in its associated linear system (3).

In order to give sufficient conditions for having Mittag-Lefller stability, let us start recalling Theorem 3,
that give us conditions on the Lyapunov function to get Mittag-Leffler stability of the fixed point. What
follows to this theorem is the converse, if a nonlinear system is Mittag-Leffler stable then there exists a
suitable Lyapunov function satisfying the mentioned theorem. In this way we prove first some important
results. Both theorems will help us to establish when a fixed point of the nonlinear system (1) is Mittag-
Leffler stable just stating if it is in its associated linear system (3).

In equation (1), let us suppose that f: S?~! x N,_; — R" is locally Lipschitz for x € S"! and x =0 a
fixed point. Also assume that the Jacobian matrix Of /0x is bounded and locally Lipschitz on S"~!, which

implies
ofi ofi
X1,t) — Xo,t)|| < L;||x1 — x2],
Hax( 1, ) 8X( 2 ) = ZH 1 2”
with Lipschitz constant L; and x1, xo € S?~ !, for every i = 1,...,n. By the mean value theorem, there

exists z; in the line joining the origin and the point x that verifies
fi(x,t) = fi(0,t) = Vfi(zi,1) - (x = 0).
Let us observe de dependence on 0 and x for z;. From last expression we write
fix,t) = Vfi(0,1) - x + (V fi(zi, 1) = V[i(0,1)) - x

and we obtain f(x,t) = A(t)x + g(x,t) being A(t) the Jacobian matrix evaluated at x = 0 and



L. Franco-Pérez et al. / J. Math. Anal. Appl. 487 (2020) 124021 11

s0.t) = (Gr(0) — AW ) x

where
Vfl (Zl, t)
of _ Vfg (ZQ, t)
ox Y~ ;
Vi (2n,t)

underlying that z; depends on x and on 0 for all 1.

Theorem 6. Suppose x = 0 is a fived point of (1), considering the function £ : S?~' x N,_; — R™ locally
Lipschitz for x € SP~1. Suppose the Jacobian matriz A(t) = 0f/0x(0,t) is bounded and locally Lipschitz in
Sn=1uniformly in t. Then x = 0 is Mittag-Leffler stable if A(t) is negative definite.

Proof. By Theorem 5, there exists a bounded and positive definite matrix P(¢) such that V(x,t) = xTP(t)x
is a Lyapunov function for (3). Moreover, there exist positive constants ki, ko verifying inequality 0 < kI <
P(t) <X kol.

The target is to prove that V(x,t), as was just introduced, works well for the fixed point of (1), fulfilling
Theorem 3. We recover the expression f(x,t) = A(t)x + g(x,t). Proceeding as Theorem 4 and omitting
explicit dependence on time for y, we have

CAYV (x,t) < 2koyT CAy(2)
= 2koyl [A(t+v— 1)y +g(y,t+v—1)]
< 2k N ||y ||? 4 2oy g(y, t +v — 1)

of
< 2k N |y| | + 2kaoy T (a—y(z,t—i-v —-1)—-A(t+v-— 1)) y

where \* is like in Corollary 1 and in order to avoid complicated notation, we write z as was explained
before even though we are calculating respect to vector y. The second term in the right hand side of the
last inequality can be rewritten as an affine combination, as in the proof of Corollary 1 and therefore

AV (x,t) < 2k A" [[y]| 4 2k A"y |2
being \** the maximum of the eigenvalues of (1/2)(B + BT), B being the matrix (9f/dy)(z,t +v — 1) —
A(t +v — 1), as A(t) is bounded and all partial of f are bounded and Lipschitz in S"~1. Therefore,
CAYV (x,t) < Blyl|?, with B = max{2ka\*, 2ko\**}. O

Finally, a last result says that a condition on a partial linear part of the system (1) is sufficient to ensure
Mittag-Leffler stability. Similar but weaker theorem can be found in [13] for autonomous Riemann-Liouville
fractional differential equation.

Theorem 7. Consider the system
CAYx(t) = At +v—Dx(t+v—1)+gx(t+v—1),t+v—1), (5)

with g : R x RT — R"™ such that g(0,t) = 0 for all t > 0. Let A(t) be bounded and g be a continuous
Lipschitz function respect to x uniformly in t, with Lipschitz constant L. If there exists a bounded positive
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definite matriz P(t) such that 2A(t +v — 1) + (1 + L?)I) < mI then the fived point x = 0 is Mittag-Leffler
stable.

Proof. Let us define V(x,t) = xTP(t)x. Since (1/2)(P(t) + P(¢)T) is a symmetric and bounded matrix we
imitate the proof of Theorem 4,

1
CAYV (x,t) = CNXT5 P@t)+P@t)")x
1 1
= ECAUXTP(t)X + ECA"XTPT(t)X
S 2)\mawyT CAvy )

where we have omitted the explicit dependence on the independent variable on the vector y for simplicity.
Assuming (5), the Caputo difference for V' as was introduced is

CAV(x,1) < 20 maey (At +v— Dy +g(y,t+v—1)). (6)

From the scalar inequality 2ab < a? + b? and taking into account the Lipschitz property on g, we introduce
in (6) the expression 2yTg < (1 + L?)yTy to obtain

QAmaxyTA(t +v - l)y + 2)\mawyTg(yv t+v— 1)
< 2)\maxyTA(t +v— 1)}’ + )‘ma:p(l + L)yTy
= MnazryY At +v—1)+ (14 L*)D)y.

By the hypothesis of boundary, there exists a constant m < 0 such that we know 2A (t+v—1)+(1+L?*)I < mI
for all ¢. Finally,

AV (x,t) < mllyl?
with m = A\,,0em, satisfying conditions in Theorem 3. O
5. Example
The well-known discrete Lotka-Volterra system [16] in its Caputo-like fractional version is

CAVz(t) = azx(t+v—1) —ba(t+v— Lyt +v—1) -zt +v—1), (7)
CAYY(t) = —cy(t +v —1) +da(t+v— Dyt +v—1) —y(t+v—1),

with parameters a,b, c,d € R. There are two fixed points: (z1,y1) = (0,0) and (z2,y2) = (1 +¢)/d, (-1 +
a)/b). We compute the Jacobian matrix at (x;,y;) (for ¢ = 1,2) denoted by A,

a—by; —1 bx;
dz; —c+dx;—1 /)"
In order to apply Theorem 6, we consider the domain S} for some 7 > 0. We determine the eigenvalues for

the symmetric matrix (1/2)(AT + A) at the fixed point (z1,91),

)\1712—1—1-&, )\1722—1—8,
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Fig. 1. Mittag-Lefller stability region for the fixed point (0,0) of (7).
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Fig. 2. Time series for  and y, for a = 0.2 and b = —0.2.

and for the other fixed point (z2,y2),

1/b

. (a(l ro -4 +a)> e <E<1 ro -4 +a)> |

1/b

13

In Fig. 1 it is plotted the parameters region where Theorem 6 ensures local Mittag-Leffler stability for (7)
at (z1,41), with order v = 0.9, that is the set {(a,c) € R?* |1 — (1/2!7") <a <1, -1 <c< —1+(1/21")}

In Fig. 2 are plotted time series for x and y, with initial condition z(v — 1) = 1.9, y(v — 1) = 1.9 and for
the values a = 0.2, b= —-0.2,c=1and d = 1.

Also, we consider the system (7) in nonautonomous case, assuming a(t+v —1) = 0.5+ 0.1 cos(t +v — 1)

and b(t+v—1) = 0.5+ 0.1sin(t +v — 1). Again, we apply Theorem 6 and we get Mittag-Leffler stability
for (7) at (z1,y1). In Fig. 3 are plotted time series for « and y, for v = 0.9, initial conditions z(v—1) = 0.8,

y(v — 1) = 0.8 and coefficients ¢ = 1, d = 1 and a and b as we introduced before.
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Fig. 3. -Time series for  and y, and coefficients a(t +v — 1) = 0.5+ 0.1cos(t +v — 1) and b(t +v — 1) = 0.5+ 0.1sin(¢t + v — 1).

6. Conclusions

We have shown conditions on the associated linear part of a nonlinear nonautonomous discrete Caputo-
like fractional system in order to establish Mittag-Leffler stability respect to a fixed point in the full system.
First we developed properties on the matrix defining the linear system to have Mittag-Leffler stability and
therefore we depicted the behavior of solutions of the linear part. Second we prove a converse version of the
Lyapunov direct method, exponential stability implies the existence of a Lyapunov function. Finally we wrote
the main results: Mittag-Leffler stability of a fixed point of the full system (nonlinear and nonautonomous)
can be inferred either from the associated linear part of the full system.

The results are limited by hypotheses imposed. In order to improve them, we must work in more relaxed
conditions that lead us to stability statements in the discrete fractional nonlinear system.

A possible future work is extending this research to stochastic discrete fractional nonlinear systems and
control methods of these class of systems.
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