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1. Introduction

The problem of describing the zero distribution of a sequence of polynomials remains an active area of
research. From the classical methods of orthogonality to the spectral theory of positive matrices and asymp-
totic descriptions (i.e. approximate locations) there is a plethora of approaches to the problem. Depending
on the approach one takes, the methods employed to investigate the problem can be quite different. In this
paper we follow the approach used in the works [4], [3], [10], [11], and [12] as we analyze the zero location
of a sequence of polynomials { H,,(2)}5°_, generated by the relation

oo
1
Hp()t" = =————F7, reN

Z m() P(t) + 2t Q(t) ( )

m=0
where P and @) are real stable polynomials with some restrictions on their zero locus. In two of the authors’
recent papers considering such problems the choice of the generating functions was largely motivated by the
theory of multiplier sequences (and stability preserving linear operators in general). As such, we considered
the (family of) generating functions
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where P(t) is a polynomial with only positive zeros, and showed that the sequence of polynomials gener-
ated by these functions is eventually hyperbolic (see [4, p. 632, Theorem 1] and [3, p. 619, Theorem 1]).
Establishing that all polynomials generated by functions of the type in (1.1) have only real zeros, not just
the ones far enough out in the sequence, remains an open problem. Its resolution (in the positive) is in
fact quite desirable, as it would open up the avenue to extending the family of functions that generate
hyperbolic polynomials using locally uniform approximation arguments. This paper generalizes the results
in [4] and [3] by considering generating functions whose denominators are elements of R[t][z] with coefficient
polynomials that are hyperbolic. The elements of R[t][z] we consider can be viewed as linear combinations of
1 and z with coefficients that are hyperbolic polynomials. In this light, connections between the properties
of the coefficient polynomials and the stability of the generated sequence emerge, very much in the flavor
of classical stability theory a la Hermite-Biehler.

The Hermite-Biehler theorem (see for example [9, p. 197]) and the works of R. Ellard and H. Smigoc,
M-T, Ho and A. Datta, and V. Pivovarchik ([2], [6], [5], [8]), among others, address the connections between
the stability of a polynomial f = p(x?) + 2q(2?), and the interlacing of the zeros of its ‘constituents’ p and
q. Some of the cited works study the extent to which one may still be able to draw conclusions about the
location of the zeros of the constituents, even if the polynomial f is not Hurwitz-stable. In particular, if n_
(resp. ny) denote the number of zeros of a polynomial f in the left (resp. right) half plane, then the number
of (interlacing) real zeros of its constituents is bounded below in terms of |[n_ — ny|.

If we regard P(t) and Q(t) as the ‘constituents’ of the polynomials H,,(z), it would be reasonable to
expect, analogously to the Hermite—Biehler theory, that the interlacing of the zeros of P and @) would imply
hyperbolicity (real stability) of the polynomials H,,(z). Alas, somewhat the contrary is true: the more
separated the zeros of P and @ are, the ‘better’ in terms of the hyperbolicity of the generated sequence (cf.
Corollary 1 and Remark 1).

The rest of the paper is organized as follows. Section 2 contains the setup and statement of the main
result. Section 3 is devoted to the development of two key functions 7(6) and z(6), which allow us to identify
points in the interval (0, 7/r) with the zeros of our generated polynomials H,,(z) in a one-to-one fashion. In
Section 4 we establish the stability of the polynomials H,,(z) and complete the proof of Theorem 1 modulo
three auxiliary lemmas. We prove these lemmas in the concluding section of the paper.

2. The setup and the main result

Let

pty=[I @-m), and Q)= [[ - (2.1)

—p—<k<p4 —q-<k<g+

be two hyperbolic polynomials with py, ¢4 positive and p_, g— negative zeros respectively, and suppose
that P(0),Q(0) # 0. We arrange the zeros of P(t) and Q(t) in an increasing order according to their indices.
In particular, 7o (o resp.) is the largest negative zero of P(t) (Q(t) resp.), while 7 (1 resp.) is its smallest
positive zero.

Definition 1. Given a polynomial P(z), we denote by Z(P(z)) the set of zeros of P(z).

Definition 2. Let P and @Q be polynomials. For each « > 0, we let nf(z) and nf(m) be the number of
positive zeros of P(t) and Q(t) on (0,z] counting multiplicity. Similarly, for each z < 0, we let n”(z) and
n9(z) be the number of negative zeros of P(t) and Q(t) on [z, 0).

In light of our discussion in the preceding section, it is perhaps not surprising that the quantities nﬁ — ng

and n® —nP appear in what follows, as those controlling the extent to which the zeros of the constituents of
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the sequence H,,(z) are allowed to intermingle without destroying the hyperbolicity of H,,(z). We formalize
this connection in the next Lemma, whose proof we defer momentarily for the sake of a smoother exposition.

Lemma 1. Let P,Q be as in (2.1), n+ and n+ be as in Definition 2, and let

P Q)

RO =r="5ay T Qu) -

reN, r>2 (2.2)
Suppose that

(i) n¥(z) - nf(m) >2Vx > 719, and ng(m) =0, Vz € (0,72] and
(ii) Im R(t) > 0 on the sector {t | 0 < [t| < 72,0 < Argt < m/r}.

If 11 < 79, then the lone zero t, of P(t)R(t) in (11,72) is its smallest positive zero, and its multiplicity is
one. If 11 = Ta, then t, = 71 = T2 is the smallest positive zero of P(t)R(t).

We are now ready to state our main result.

Theorem 1. Let P,Q be polynomials as in (2.1), and the functions nf,ni,n?,ng be as in Definition 2.

Consider the sequence of polynomials {Hm(z)}szo generated by the relation

1 1
H,, ()™ = - : > 9. 2.
D Hn2) Pt)+247Q(t)  D(t,2)’ (23)
If
1) nf(z) —nf(x) > 2, Vo > 1, and nG(z) = 0, Yz € (0,72],
(2) S?(x)— P(z) >0, Vo <0,
(3) Im R(t) > 0 on the sector {t|0 < [t| < 72,0 < Argt < 7 /r},
(4) Im R(t) > 0 on the semi-disk {t|0 < |t| < t4,0 < Argt < 7},

then the zeros of H,,(z) are real and of the same sign (—1)P+~% for all m > 1. Moreover, U Z(Hp,) is

m>1
dense between

and (—1)P+~ % oc0.

Example 1. If P(t) = (t +2)(¢t — 1)(t — 2)(t — 3)(t — 5), Q(t) = (t + 1)(t — 4)) and r = 3, then ¢, ~ 1.23,
and conditions (3) and (4) are satisfied, as illustrated in Fig. 2.1. We thus conclude that the polynomials

generated by 2 are all hyperbolic for m > 1.

() + Q)

We now provide the proof of Lemma 1.

Proof (of Lemma 1). We note that for any ¢ # 73,7;, —¢— < j < ¢4, —p— < k < p4, we have

Im R(t) = Tm > L > t—tm

< t—
—q-<j<ay Vi —p-<k<py
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2 L .
1L J
O Im(R(t)>0
or S 0<|t|<T2, O<Arg t<%
O<|t|<ts, O<Arg t<sT
-1+ -
=21 ‘ ‘ ‘ ]
-2 -1 0 1 2

Fig. 2.1. The relevant regions for the applicability of Theorem 1 for the choices P(t) = (¢t + 2)(t — 1)(t — 2)(¢t — 3)(t — 5) and
QE) = (t+1)(t—4).

t’7' LTy
S RID VI = D D

—q-<j<qy+ —p_<k<py

- Tk Vi
— 3 TaF > T Imt. (2.5)

< t—
—p—<k<p4 —q-<j<aqy+ | i

Thus condition (ii) implies that

’ .
Y ar X e
—p—<k<py —q-<j<gq+ J

for all t € {t|0 < |t| < 72,0 < Argt < w/r}. We let ¢ approach the z-axis within this sector in order to
conclude that

Ry= Y 2o Y >0 vielo,m)\{n}) (2.6)

_ 2 —~.)2
—p-<k<py (t Tk) —q-<j<q+ (t %)

Consider now the case when 71 < 72. Since r € N, we see that R(0) = r > 0. In addition, by equation
(2.6), R(t) is non-decreasing on (0,71) U (71, 72). We conclude that R has no zeros on [0, 71). The conditions
lim, , + R(t) = —oc and lim, _, - R(t) = 400 now imply that R has a unique zero on (7, 72) since it is a
continuous rational function there. Finally, we argue that ¢, is in fact a simple zero of R(t). By condition
(ii), Im R(t) > 0 on the top half of a sufficiently small circle centered at ¢,, and Im R(¢) < 0 on the lower
half of the same circle, since R(t) is a rational function with real coefficients. Consequently, the change in
argument of R(t) on this circle (oriented counterclockwise) is at most 2. Using the argument principle we
conclude that R(t) has at most one zero (counting multiplicities) in the disk bounded by the circle.

If 74 = 79, then P(71) = P'(m1) = 0 and consequently

71 P(11)Q' (1)

Q(m) -0

P(r)R(m1) =rP(m1) — 1 P'(1y) +

Since neither P nor R vanish on [0, 71), we conclude that the smallest positive zero of P(¢)R(t) is 1. O
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Corollary 1 (to the proof of Lemma 1). Consider the generating relation (2.3). If, in addition to the assump-
tions of Theorem 1, the zeros of P(t) are positive and those of Q(t) are negative, then the zeros of Hy,(2)
are real for all m > 1.

Proof. It is straightforward that under the assumption of the corollary, conditions (1) and (2) of Theorem 1
are satisfied. In addition, equation (2.5) guarantees that conditions (3) and (4) are also satisfied. The result
follows. O

Remark 1. The following observations are immediate:

(i) Since 19 < 0, as t — ¢ in the upper half plane, the right hand side of (2.5) eventually turns negative.
It follows from condition (4) in Theorem 1 that |7| > t,.
(ii) The conclusion of Theorem 1 is false if we allow the zeros of P and @ to interlace. For example, with
P(t)=(t—1)(t—3)(t—5) and Q(t) = (t — 2)(t — 4) and r = 3 we see that His(z) has a non-real root
z = —0.58844... +i-0.106817....
(iii) deg Hp,(2) < |m/r] for all m > 0. This is most readily deduced from induction and the identity

(P(t) +2t"Q(t)) Y Hum(2)t™ =1,
m=0

which is equivalent to

1 m=0

(P(A) + 2A7Q(A)) [Hn(2)] = {O i

where A[H,,(2)] = Hy—1(2), and H_x(z) =0 for k € N.
(iv) With the substitution ¢ by —t in Corollary 1, we see that the zeros of H,,(z) are still real if the zeros
of P(t) are negative and Q(t) are positive.

In the remainder of the paper, which is dedicated to the proof of the main result, the notations introduced
in this section (in particular in Theorem 1) are in effect even if we do not explicitly repeat them in the
statement of a result.

3. The functions 7(0) and z(6)

In this section we develop two key functions 7(0) and z(6), which allow us to identify points in the interval
(0,7 /r) with the zeros of our generated polynomials H,,(z) in a one-to-one fashion.
For each t = 7¢?, 0 < 6 < 7, we define the angles 0 < 0 (t),n;(t) < 7 implicitly by

0r(t) = Arg (Teie — Tk) (—p_ <k <py),

- ;) (—q- <j<aqy),

or equivalently

i _ _
TC T Tk _ 20 (Lp <k <py), (3.1)
Te~ 0 — 7

19

PN . .
Te—i0 _; = i) (—q- <Jj<q4) (3.2)
J
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From these equations we obtain

sin 0 (t) sinn; (t)

Let Log(t) denote the principal branch of the logarithm. Then the function

f(t) =rLogt + Z Log(t — ;) — Z Log(t — 7%)

—q-<j<q4 —p_<k<py

is analytic on the region Imt¢ > 0, and hence f satisfies the Cauchy-Riemann equations there:

dRef Olmf

-~ g~ ReR),
ORef  9Imf
i Im R(t).

On the other hand,

We thus arrive at the following lemmas.
Lemma 2. Suppose t = 7€'?, 0 < 0 < . The following statements are equivalent

(1) Im R(t) > 0.
(2) For any fized 0, the function

is strictly decreasing in T.
(3) For any fized T, the function

is strictly decreasing in 6 € (0,7).
Lemma 3. Suppose t = 7€'%, 0 < 6 < . The following statements are equivalent

(1) ReR(t) > 0.
(2) For any fized T, the function

ooty = D ) —ro

—p—<k<py —q-<j<aqy

is strictly decreasing in 6.

— o OMORWY) 0 S Yy <k < IR
TkSin(ek(f)—@ 'Yjsin(nj(t)—o) (=p- <k<py, —¢-<j<gqy)

(3.3)
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(3) For any fized 0, the function

is strictly increasing in 7.

The next result will allow us to define the function 7(0), which will play a key role in the proof of the
main result.

Proposition 1. Let n and s denote the total number of zeros of P and Q respectively. For each 6 € (0,7 /r),
there exists a unique t = Te'’ for which

Z O (t) — Z ni(t) —r0 = (p+ — g+ — )m. (3.8)

—p—<k<p4 —q-<j<q+
Proof. We first have the inequalities

P — g5 — 1 =nL(00) —n%(0c) 1 >0

and

n—s

P+ —qy—12
since the second inequality is equivalent to

P+ —q+ —22p- —q-.

Next, we observe that

S-S )0

—p-<k<py —q—<k<g+
approaches (py — ¢4 )m — r6 as [t| — 0, and (n — s — )0 as |[t| — oo where

(n—s—nr)w

(n—s—r)f< <(p+ — a4+ — Dm < (p4 —q4)7 — 0.

r

By the intermediate value theorem, there is a 7 € (0, 00) so that (3.8) holds.
To prove the uniqueness of 7, we will show that

Z Hk(t) — Z nk(t) — 7‘9

—p-<k<py —q-<k<gt

is monotone in 7. Indeed, since n® (z) < nf(z), Vo < 0, we deduce that

Yoot— >, <0,

—p_<k<0 —q_<j<0

from which (3.8) implies
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”er

Fig. 3.1. The angles 0, (t) and n;(t).
Pt q+
(p+—aqr — DT <> 0= 1 — 6. (3.9)
k=1 j=1

The inequality n¥ (z) — n?(w) > 2 implies the existence of angles 6y, with the following properties:

(i) kee{1,2,3,...,ps}foral 1 </l <py—qy,
(ii) 0 <O, <m, 1 <l<py—aqy,
(iii) 01,02 € {0k, |1 <L <pi —qs},
(iv) Z?L_(H Ok, < ZLek - ?;1 Mj-

We thus see that
(01 —=0)+(02—=0) = (p+ —q+ — D)7+ (r=2)0 = (p4 — ¢4 —2)7 = 7.
Since 02 — 0 > 61 — 0, we have 6 — 0§ > 7/2. The inequality
To > T (3.10)

follows by noting that in the triangle AOm7e? in Fig. 3.1 the angle at 7e?’ (namely 65 — ) is the largest,
and hence the side opposite this vertex is the longest. Condition (3) of Theorem 1 implies that Im R(¢) > 0,
and consequently

Yoo — D> m()
—p—<k<p4 —q_<k<qy
is monotone in 7 by Lemma 2. 0O
Thus for each § € (0,7/r), we can define the functions 7(6), 6x(0), —p— < k < p4, and 1;(0), —¢— < j <

4+, according to (3.1), (3.2), (3.3), and (3.8). To ensure these functions are analytic, we need to make use
of the complex version of the Implicit Function Theorem.

Theorem 2 (Theorem 2.1.2, p. 24 [7]). Let fj(w,z), j = 1,...,m, be analytic functions of (w,z) =
= 07

(Wi, s W, 21, - .., 2n) 0 a neighborhood of a point (w*,z*) in C™ x C™, and assume that fj(w*,z")
j=1,...,m, and that
8 . m
det (l> #0 at  (w*,z%).
awk j k=1
Then the equations f;(w,z) = 0, j = 1,...,m have a uniquely determined analytic solution w(z) in a

*

neighborhood of z*, such that w(z*) = w*.

We are now in position to state and prove the following lemma.
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Lemma 4. The functions 7(0), 0,(0), —p— < k < py, and n;(0), —q— < j < q4 defined by equations (3.1),
(3.2), (3.3), and (3.8) are analytic in a neighborhood of (0,7 /r).

%
Proof. Let § = (0_p 41.0_p 42....,0p,—1,0,,) and 7 = (n_q_41.7—q +2+--- 7, —1.7q, ). We define
the functions fx,g; : C" ™1 x C — C by

— sin 6y,
= —_— J— <
fk(0a77T70) Tksin(ek_e) 7, ( D— <k_p+)
N L sin n; _ L cic
gj(07777—70)_7]SiH(7]j70) T, ( - =] _q+)

and

h(?,ﬁ,T,Q): Z O — Z 77]‘—7'9—(er—(]+—1)71

—p_<k<py —q-<j<q+
Note that for each § € (0,7/r), there exist 0y, ni, and 7 so that
%
fk(aaﬁv’raa)zov (7p—<k§p+)
— .
9;(0,71,70) =0,  (—q-<j<aqy)

h(?7 ﬁ? T’ 0) = 07

_>
and that there exists a neighborhood W of (¢, 777, 0) € C*+51x C where each of these function is analytic.
We calculate

O fk —Tk sin 6
= =:c
00 sin2(0,—0) "
% _ sin 6 4

dn;  sin®(n; —0) ”

%
and write the Jacobian matrix at ( ¢ ,7, T,0) as

c 0
0o D -1|,
1 -1 0

where C' and D are two n x n and s x s diagonal matrices whose diagonal entries are ¢, —p— < k < py,
and d;, —¢q— < j < g+. By expanding along the first row, we find the determinant of this matrix to be

s I e I el ¥ - ¥ o

—p-<k<py —q-<j<q4 —p-<k<py 7  —q-<j<qg4
We now show that this expression is nonzero. To this end note that since ¢ = 7¢'?,| equation (3.3) implies

t— Tk :7'61'9—7'1C
(3.3) sin 0y, i0

T sin(fy — 0) o Tk



10 T. Forgdcs, K. Tran / J. Math. Anal. Appl. 488 (2020) 124085

Fig. 3.2. The 7(0)e*® curve and the set R (cf. Lemma, 7) for P(t) = (t — 1)(t — 2)(t — 3), Q(t) = (t + 3)(t — 4) and r = 3.

cos 0y, sin @ + isin 0y, sin 0

Sin(ek — 9)
sin § o0
=T——
" sin(6), — 0)
Tsing o
= v 3.11
sin 0y, ¢ ( )
for —p_ < k < p4, and similarly
sin 6 . Tsinf |

t— oy, = i = M 3.12
AL sin(n; — 0) ¢ sin n; € ( )

for —g_ < j < q4. Together with (2.5) these identities yield

Al _ g~ sfG—0) gn st 1)

Im¢t Ty, sin” 6 . -sin? 0
—p_<k<py F —q_<j<aqy VI
5l - X 4
~ sind Ck - d;
—p—<k<p4 —q-<j<q4

From (3) in Theorem 1 and (3.10), we conclude that the last expression is nonzero, which in turn implies
that the functions 7(0), 6x(0), —p— < k < p4, and 1;(0), —q— < j < ¢4, are analytic in a neighborhood of
(0,7/r) by the Implicit Function Theorem. O

We now turn our attention to the function z(#). Heuristically, we expect from the generating relation
(2.3) that the zeros (in z) of the denominator are fundamentally connected to the polynomials H,,(z). This
observation motivates the following definition.

Definition 3. We define the function z(#) for 6 € (0,7 /r) by

z(0) = — (3.13)
where t = 7()e®.

We recall from the definition of 7(6) that equation (3.8) holds for t = 7(6)e®.
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Lemma 5. Let z(0) be as in Definition 3. Under the hypotheses of Theorem 1 the function (—1)P+~%+z(0)
is real valued, strictly increasing and positive on (0,7/r).

Proof. We write equation (3.13) as

pr_<k§p+ (e’ — )

77 eird H—q_ <i<as (Teie _ '7]) '

z(0) =

With (3.11), (3.12) and (3.8), this equation becomes

Iy <jcq, 505

2(0) = (-1 0 (rsing)" ™ .
—p-<k<py

(3.14)

from which we deduce that (—1)P+~%z(0) is a positive real-valued function on (0,7 /r). We continue by
showing that In|z| (and hence |z|) is strictly increasing on this interval. Let f be defined as in (3.4).
Equations (3.6) and (3.8) imply that Im f is constant on the 7-curve defined by 7(6)e?’, 0 < § < 7/r. By
computing the derivative of Im f with respect to 6 on the 7-curve we obtain

OiaImfd_T Olm f
 Or df 00

(3.15)

Using equations (3.7) and (3.13), we see that In |z(6)| = — Re f(¢) for t = 7(6)e*® and hence

dln|z(0)]  ORefdr ORef

o~ or do 00
With (3.15), we recall from (3.5) that
X OlIm f ORe f
0\ __ _
ImR(re") =71 5 = 50
and
» ORef Olmf Olm fdr
0\ __ _ — -
ReR(re) =1 = =36 = o '
Thus

‘R(Tew)‘2 = (Re R<T€i0)>2 + (Im R(Tew))2

ORe f _almfd_T n Olm f _8Ref
or or d0) " or 90

_ OIlmf [ ORefdr ORef
~ " or or do o0
=Im R(Tew)id 1n(|i,;(0)| .

By assumption (3) in Theorem 1 and equation (3.10), Im R > 0 on the 7-curve, which in turn implies that
the right hand side of the above equation is strictly positive there. The result now follows. 0O

Remark 2. From the definition of z(6) in equation (3.13) and the reality of this function given in Lemma 5,
we conclude that for each 6 € (0,7/r),
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to1 = 7(0)e*? (3.16)
are two zeros in ¢ of P(t) + z(0)t"Q(t).

Lemma 6. Let 7(6) and z(0) be defined as in (5.3) and (3.13) respectively for 6 € (0,7/r). Then with t, as
defined in Lemma 1, the following equations hold:

Proof. Combining the Cauchy-Riemman equations (3.5) with equation (3.15) we find that along the 7-curve

dr Re R(t)

a0~ ImR(t)

Recall that R(t) is a rational function, and hence the number of critical points of 7(6) on (0,7/r) is finite.
Since 0 < 7(0) < 7, 7(0) is bounded, and consequently the limits limg_,o 7(€) and limg_,, /. 7(6) exist.
Consider now the two solutions to1 = 7(0)e*® to the equation z(6) + % = 0. Lemma 5 implies that
limg_,0 2(0) =: z(0) exists, therefore limgy_,o 7(6) is a double root of z(0) + P(t)/t"Q(t). As such, it is also a

root of

d P(t
4 (204 750 ) = —Poro Q0.
Having established these facts,

(i) is now a straightforward consequence of Lemma 1 and equation (3.10) and
(ii) follows from (i) and the definition of z(6).

From the definitions of 0, (t), —p— < k < p4, and n;(t), —¢— < j < ¢4, in (3.1) and (3.2), we obtain

lim Yo k(e = Y m(re™T) = (py — gy
—p—<k<py —q-<j<0

Also, if 7(m/r) := limg_, ~/, 7(0) # 0, then the limit of (3.8) as § — 7/r gives

Yo Okra/ne™)y = Y a(r(a/r)e™T) = (py — qi)m,

—p-<k<pj4 —q-<j<0

which contradicts to Lemma 2 for § = 7/r. We conclude 7(7/r) = 0 and (iii) follows. Finally, (iv) is easily
seen using (iii) and the definition of z(f) to establish that limg_, ./ |2(f)| = 400, and noting that the sign
of z(0) is (—1)P+~9% by (3.14). O

In light of Lemma 6, we will henceforth understand 7(#) to be a continuous function on [0, 7/r|. Similarly,
we define z2(0) = —P(t,)/t5Q(ta). The next lemma establishes that the function P(t)/t"Q(t) is real valued
on the boundary of the set shown in Fig. 3.2, but nowhere in its interior.
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Lemma 7. If
R={t=|tl? eC|0<O<nm/rand0<|t|<7(0)} (3.17)
and t = [t|e?® € R, then
P(t)
Im =0
trQ(t)

if and only if t = 7(0)e.
Proof. If t = 7(A)e”, then by the reality of z(#) (cf. Lemma 5)

P(t)

Im o0 =Im(—2(0)) =0.
If t = |t|e?” € R and
P
Mrom ™

then

POQE) _ s

=€

PHQ(t)

For —p_ < k < p; and —¢_ < j < g4 we define the angles 6, (t) and n;(t) via the equations

(3.18)

t 0 _ )

— Ty
|t|ei:_ Vi p2ins (1)
|tle=" —;

Substituting these expressions in equations (3.18) and equating exponents yields

Z Or(t) — Z n;(t) =r0 + Ix, for some [ € Z.

—p-<k<py q—<j<q4

Recall that for each 6 € (0, 7/r), the difference of angle sums is decreasing in |¢| by Lemma 2 (2). Thus

(P4 —q)m > Z Or(t) — Z n;(t) —ro

—p-<k<py —q-<j<q+
i0 i0
> E Or(Te") — E nj(re’) —ro
—p-<k<py —q-<j<gq+

=(p+ —q+ — .

Since | € Z, we must have | = p; — ¢4 — 1. By Proposition 1 we conclude that |t| = 7, and the result
follows. O

Lemma 8. Let 0 € [0,7/r) be a fixred angle with z := z(0) and T := 7(0). The only zeros in t of P(t) +
2(0)t"Q(t) in the closed disk centered at the origin with radius 7(0) are to := 7(0)e*?.
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Proof. Lemma 7 implies that P(t) + z(8)t"Q(¢) has no zero in ¢ on the region R in (3.17) except 7(6)e*%.

Suppose t ¢ R, [t| < 7(0), Imt > 0, and t # 0. We consider four cases.

Case 1: t € (0,t,]. Recall that ¢, as the smallest positive zero of P(t)R(t) where R(t) is given in (2.2). Since
P{)R(t)

d r —

G(P)/trQ(t)) = Q)

derivative is (—1)P+~%+*! for ¢+ < 1 and hence

, we see that P(t)/t"Q(t) is monotone on (0,%,]. From (2.1), the sign of the

P+—q+ P() _1)P+—9+ P(ta)
0 e = T ity

On the other hand, since § > 0, Lemmas 5 and 6 imply

P+—q+ _1\P+—9+ P(ta) — (_1\P+—9+
(F1PF02(0) 2 (1P e = (1P 2(0),

If P(t) + z(0)t"Q(t) = 0, then

P(t) P(t) P(t.)
trQ(ta) trQ(1) trQ(ta)’

from which we conclude ¢t = ¢,. If § = 0, then t = t, = tg = t;. On the other hand, if § > 0, then the
identity z(0) = z(0) contradicts to Lemma 5.

(_1);v+—(1++1 > (_1)p+—Q++1 = (=1)P+ %+ 2(9) > (_1>P+—Q++1

Case 2: 0 < Argt < 6 and ¢ ¢ (0,t,]. Since ¢t ¢ R and [¢| < 7(0), we have 7(8) > [t| > 7(Argt). By the
intermediate value theorem, there exists 0* € (Argt, 6] such that 7(6*) = |¢|. Recall from Lemma 2 that
[t"Q(t)/P(t)| is decreasing in Argt for fixed |t|. Thus the fact that 6* € (Argt, 6] and 7(0*) = [¢| together
with Lemma 5 and (3.13) imply

P(t)
trQ(t)

from which we conclude P(t) + z(0)t"Q(t) # 0.

' < (NPT (07) < ()P 2(0) = |2(0)]

Case 3: 0§ < Argt < w/r. Similar to the second case, the inequalities 7(0) > |t| > 7(Arg¢) and the
intermediate value theorem imply that there exists 0* € (0, Argt) such that 7(6*) = |¢t|. Thus from the
decreasing of [t"Q(t)/P(t)| in Argt for fixed |¢t|, Lemma 5 and (3.13) imply

P(t)
trQ(t)

and consequently P(t) + z(0)t"Q(t) # 0.

’ > (1P 2(07) > (“1)Pr T 2(0) = |2(0)]

Case 4: 7/r < Argt < w. From Lemma 6, we have 0 = 7(7/r) < |t| < 7(0). By the intermediate value
theorem, there exists 6* € (6, 7/r) such that 7(60*) = |t| and thus, after employing similar arguments as in
the previous cases, we conclude

and P(t) + z(0)t"Q(t) # 0.
In all cases we showed that if ¢ is in the closed disk with radius 7 and ¢ # 7e**, then t cannot be a zero
of P(t)/t"Q(t). The proof is thus complete. O



T. Forgdcs, K. Tran / J. Math. Anal. Appl. 488 (2020) 124085 15

4. Zeros of H,,(2)

Having studied the functions 7(6) and z(f), we now turn our attention to studying the zeros of the
polynomials H,,(z).

Let ¢, := t,.(2), 0 < 3¢ < L, be the simple zeros of P(t) + zt"Q(t) in non-decreasing (in modulus) order
according to their indices, so that t;41 is the smallest zero (in modulus) with multiplicity bigger than 1.
Then the Cauchy integral formula gives

1 dt
DT f (PO + Q)+

1 1 dt
- Y segEtwm ) worwamee 0D

0=s<L _ltpiHltp gl
[t|=——%"—

where
Dilt2) = Pt) = g5 (2710000 + £,Q/(10)
P(t,.)R(t,.)

1 1 dt
)= Y pomem e ) poTaeni 42)

ltpl+ltp 41l
‘tlz%

The reader will recall that for 6 € (0,7/r), to and ¢, are distinct zeros of P(t) + z(0)t"Q(¢) (cf. Lemma 8),
hence L > 1 in this representation.
Let

g(t) = P(&)R(t)t™, (4.3)

and denote by {0y}, 0 < 0, < 7/r, the sequence (possibly finite) of angles which correspond to the points
sp := 7(0r)e"" on the T-curve where!

Img(sp) =0. (4.4)

Note that under the assumption (3) of Theorem 1 and the inequality 7(0) < 7o, for 0 < 6 < 7/r, in (3.10),
Im R(t) > 0 on the 7-curve, and hence g(s;) = 0 if and only if s, = t, or s, = 0. Let o (Hp,(2(01);0,7/7)
denote the number of sign changes of the sequence {H,,(2(0x)}, where z(0) and z(7/r) are defined by the
limits in Lemma 6. Deferring the proof of H,(2(6p)) # 0 for m > 1 (cf. Lemmas 9 and 11), we now show
that

o (Hm(2(0n);0,7/r) = [m/r].

1 The function g and the angles 0, clearly depend on m. In the interest of readability, we suppress this dependence in the
notation. When necessary, the dependence will be explicitly emphasized in the text rather in the notation.
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With this inequality, Lemmas 5 and 6 show that function z(6) is monotone and it maps the interval
P(ta)

tQ(ta)

P(t,
: (ta) and (—1)P+~% oo by the intermediate
t6Q(ta)

(0,7/r) onto the interval with endpoints (—1)P+~ %00 and a = — where t, is defined in Lemma 1.

Consequently H,,(z) has at least [m/r| real zeros between —

value theorem.

In order to establish a lower bound on the quantity o (H,,(z(04); 0, 7/r), we first study the sign changes in
the sequence {g(sy)} omitting the first and last terms (which are 0). To this end, let v be the counterclockwise
loop formed by the curve 7(0)e® and its conjugate (see Fig. 3.2). Denote by ' the image of v under the
map g(t) —&, where £ # 0 is a small real number chosen so that £P(0)R(0) > 0. According to the Argument
Principle, the winding number of 4/ around the origin is equal to the number of zeros of g(t) — £ inside ~,
since this function has no poles there. If g(¢t) — £ = 0, truncating the Taylor expansion of P(t)R(t) about
the origin at the constant term yields

PO)R(0)t™ (1 + O(t)) = €.

Rearranging for ¢ yields

fmwp T P(O)gR(O) (1 n O(gl/m)) , (4.5)

2kmi/m

where wy, = e is an m-th root of 1.

If we truncate the Taylor expansion of P(t)R(t) about the origin at the linear term instead, we obtain

Pomor (1+ (20 2O), o) -

Using the expression of ¢ from (4.5) and rearranging lead to the more precise estimate

e o (PO) RO [ € ;
t=w (1775(13(0)*3(0)) poyro) HO¢ )>' 4.6)

Computing the principal argument of both sides gives

2kmw  sin(2kw/m) (P'(O)

Argt == — + R/(0)> T P(Og + 0. (4.7)

m

Equations (4.6) and (4.7) establish that as £ — 0, |[t| — 0, while Arg(t) — 2kn/m. If | Arg(t)| < w/r —v
for some fixed small v independent of £, then for sufficiently small &, |¢| < 7(Argt), and consequently ¢ lies
inside v. Thus g(¢) — £ has at least

2 m/2r] + 1

zeros inside v close to the origin if 2r 4 m (namely one for each value of k between —|m/2r| and |m/2r|),
while it has at least m/r — 1 such zeros in case 2r | m.

In addition to the zeros found by the above asymptotic expansion, g(t) — ¢ has an additional zero near t,.
Indeed, ¢g(0) = g(t,) =0, g(t) # 0 on (0,%,) and g(t) is continuous and real valued on [0, t,]. Furthermore,
equation (4.6) (with & = 0) implies that g(¢) — £ has a simple positive zero close to the origin for sufficiently
small £. It follows that g(t) — & must also have a real zero near (but to the left of) ¢,, which therefore lies
inside . Applying argument principle to ¢g(¢) — £ we conclude that
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1 g'(t) 2|m/2r]+2 if2rtm
/ )—sdtz{ |

1
2mi J gt m/r if 2r|m
5

Note that we may partition the curve « into arcs [sp, sp1+1] C v and their conjugates. Having done so we
obtain

1 g . 1 q'(t)
ami ) gt) €7 2mi / o

Y [shysh+1]U[BhT1,5R]

By the definition of the points {s;}, g(¢t) — £ maps [sn, Sh+1] U [Sht1,Sn] to a loop whose winding number
around 0 is nonzero if and only if

(9(snt1) = &) (g(sn) — &) <0,

which, by taking & is sufficiently small, implies that g(sp+1)g(sn) < 0. Since g(s,) = 0 if and only if 8, =0
or 0, = w/r, we conclude that

2|\m/2r] if2r{m
m/r—2 if2rlm

o (g(sh)a 0,7T/’I‘) 2 {

In Section 5 we will prove that

(i) For m > 1, H,,(2(0)) # 0 and the sign of g(sp) is the same as the sign of H,,(z(6r));
(ii) if 2r|m and one endpoint of (0, 0,41) is 7/r then H,,(z(6)) has a zero on this interval, and
(iii) the sign of H,,(2(0)) is (—1)P+ and (—1)P+*L™/"] as § — 0 and 6 — (7/r)~ respectively.

Using these three results we now complete the proof of Theorem 1. By the intermediate value theorem
H,,(2(0)) has at least |[m/r| — 1 zeros on (0,7/r) each of which gives a distinct zero of H,,(z) between
a=—P(t,)/(thQ(t,)) and (—1)P+~ % o0 by the monotonicity of z(6). Since the degree of H,,(z) is |m/r]
(see (iii) in Remark 1), its remaining zero must be real, and

sgn (Zﬁ(l)lim Hm(z)> = (=)™l sgn ( lim Hm(z))

Pt o z—(—1)P+ "9+ 0o

Thus by (iii), H,(2) has the same sign at z = a as it does near (—1)P+~9+T1oo. We conclude that H,,(z)
cannot change sign between a and (—1)P+~%loo and must therefore have its remaining zero between a
and (—1)P+~ % 0.

We finish this section by proving that the union of the zeros of the H,,(z)’s (m > 1) form a dense subset
P(ta)
taQ(ta)

defined in (3.13)) is a continuous and monotone map from (0,7 /r) to I. Therefore, if we can demonstrate
that the set of 6, s (which depend on m) form a dense subset of (0, 7/r) the claim would follow. To this end,
consider an arbitrary open interval or (a, 8) C (0,7/2), and the arc

of the interval I with endpoints a = — and (—1)P+ % o0. To this end, note that z (the function

A={r(0)e" |0 € (e, )}

associated to it on the 7-curve. Recall that g depends on m, and note that the change in argument of g(t)
on A
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Ap Arg(g) = AA(P#)R(t)) + m(B—a) = 00 as m — oo.

Thus, there exists an m so that Ay Arg(g) > m. Hence g(t) € R for some t € A (i.e., Arg(t) = 6}, for some
h), or equivalently, Im(g(¢)) = 0.

5. Proofs of the three lemmas

We begin this section with a result concerning exponential polynomials. While we will use it to establish
the three claims made at the end of the previous section, the result is interesting in its own right, as
exponential polynomials are objects of interest in a number of active research areas. Without striving for
completeness, we mention only a few here. Shapiro’s 1958 conjecture on the zero distribution of the members
of the ring or exponential polynomials motivated D’Aquino, Macintyre and Terzo to study these objects in
an algebraic setting in the paper [1], where they attribute the origins of Shapiro’s conjecture to complex
analytic considerations. Exponential polynomials are also central objects in the study of decomposition of
integers into sums of powers of integers (such as Vinogradov’s Three primes theorem) and in the methods
used in arriving at such theorems (such as the Hardy-Littlewood circle method). Finally, we note that they
also appear in Weyl’s criterion regarding the equidistribution of sequences. We are unaware of results akin
to that of Proposition 2, which shows that certain exponential polynomials have infinitely many real zeros.

Proposition 2. Let n € N, n > 2, and let w,, = e@*~V7™/" pe the n-th root of —1 for 1 < s < n—1. For
any £ € 7, and x > 0 such that w{e®™' = wie™® € R, the sign of

n—1

Z w e (5.1)

is the same as the sign of the first term. In particular, the function in (5.1), as a function of z, has infinitely
many real zeros.

Proof. The result is immediate for the cases n = 2. We henceforth assume that n > 3, and (without loss of
generality) that 0 < £ < n. The requirements that w{e™ = wge‘”‘*’ﬂ € R and x > 0 necessitate that

w4
s (5)

With this explicit expression for x we also calculate

T = for some b € N.

wlewwo _ (_1)b67r(b—£)cot(7r/n). (52)

Thus, if z is as required, then

n—1 n—1 4
T wleron = e (2 S (j:_%) emw»«ww) (53)
=0 x=2 0

and consequently, it remains to prove that
w eil)(.dk
2+ Z i

We note that
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n—1 n—1

Z wiezw% - wiezw%
Lozwy | — Z £ pwo

=2 Wo€ =2 “o€

= . ( T (23 — 1)7‘(’)
= Zexp T COS — — I COS —————
= n n
i wr . (x—1)m
= Z exp ! (Q:U sin — sin )
= n n
[n/2] 2 2
*) (z(x=1)7
< 2 ;;2 exp (T

2 oo 2
1 [ xT 1 [ X7 5
< Qexp (W) + 2 / exp (Wt )dt,
1

where inequality (x) follows from the fact that 2sin(¢) > ¢, for all ¢ < /2. Observe that

—+o0 +o0

2 2

/expf1 wth dt = @ et dt
2n? T

1 TT/V2n

+o0

\/in t 2
T

IN

Tz /3N (7)
+oo

2n? :
== / te=""dt
X

7 VE/VIn

2
n 677r2:r/2n2
w2

We thus deduce that if x > n?/8, then

n—1
2, -1
E exp ! (x cos & — zcos (%)77) < 2. (5.4)
n
=2

n

We next consider the case when z < n?/8. It is easy to verify that

7r ™7 w2
T>sin->2(1- >1
n_bmn_n( 6712)7 (n=1)
1
and consequently
b—4{/n 2
A<z=— "L "g<(b—0)(1+—). }
nb—f<x sin(w/n)ﬂ_(nb €)< +3n2> (5.5)

The first inequality in (5.5) implies that

2
n
o<

nwetsTg
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which, when put in the second inequality in (5.5) yields

2

<b£—
r<n —1—24

We write z = nb — £ + 6 where 0 < § < 72/24, and expand e*@* in a Maclaurin series to obtain

n—
Zw‘ ”“"=Z Z et

i pin—t too

:nz e
(jn ! —
J
We note that for any j € N,

a - x
bt v
a; kl;[ljn—ﬁ—l-k

Since forany 1 <k <n,z=nb—Ll+6>jn—-C+kifj<b—landz<jn—L+kif j>b+1, we

conclude that the sequence |a;| is increasing when j < b—1 and decreasing when j > b+ 1. Since the series
is alternating, the inequalities

Z a;| < |ap—1] and Z a;| < |apt1]

j<b—1 j>b+1

are immediate. Thus, the sign of (5.1) is (—1)?, provided that

lap| > lap—1] + [ap+1] (5.6)

with the convention that ag = 0. In order to establish (5.6), we observe that if b > 1, then

lap—1] H?:l (n(b—1) = £+j)
In =In
|ay| "

j=1

where the last inequality follows from the assumption z < n?/8. Similarly

n

lap+1] T
In =1 = -
|as| [Tj=1(nb—€+7)

i)
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The inequalities

t/2<In(1+t) forall te(0,2),

and
0<j—0<n—0<2zx
imply that
n ]75 —1 n ]75
1 J 7 _
HH(H ) <>
j=1 j=1
B n(n+1)+n5
- 4z 2x
n> /1 6
20 \2 n
1 2
<‘4<5‘%>
Thus

_ 4 2
|ap 1|+\ab+1| <exp(4+>+exp(2+7r)<1
|as| |ab| n 6n

since n > 3. This establishes that the sign of (5.1) is determined by that of its first term.

With this result in hand it is now easy to see that (5.1) has infinitely many zeros, since the right hand
side of (5.2) changes signs infinitely many times as x ranges through the real numbers. The proof is thus
complete. O

Remark 3. Using equation (5.3) and inequality (5.4) (for > n?/8), we conclude that there is an ¢ > 0
independent of x so that

n—1

0 xw,.
E w;.e

22=0

> ce” cos(mw/n)

for all > 0 such that w{e®™ = we™° € R.

The three lemmas We now prove the three statements preceding the completion of the proof of Theorem 1.
The asymptotic O notation in the proof is used under the assumption that m — oco. We begin by showing
that the function g(sy) and H,,(z(0})) have the same sign for appropriately chosen values of 6p,.

Lemma 9. Let g(t) = P(t)R(t)t™ and denote by {0}, 0 < ), < 7/r, the sequence of angles corresponding

to the points sj, == 1(05)e"" on the T-curve where

Img(sp) =0.

For allm > 1, H,,(2(01)) # 0 and the sign of g(sp) is the same as the sign of Hy,(2(0y)) for all values of
h under consideration.
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Proof. The proof is by cases, based on the asymptotic behavior of the angles 8, as m tends to infinity. Some
of these angles may tend to 0, some may tend to 7/r, and some may remain bounded away from both. We
begin with the latter, simplest case.

Case 1: v < ), < 7/r — v for some small fixed v (independent of m).
Lemma 8 implies there exists € > 0 such that if 2 < k < max(n,r+s), then |t;| > 7(1+2¢). Consequently,
for angles satisfying v < 0 < 7/r — v,

7™(6) 7™(80) dt

PLO)RLO)0 O 2 (P(t) + ()t Q(2))tm
[t|=7(0)(1+e)

Tm(e)Hm(Z(H)) = 2Re

Note that on the contour of integration P(t)+zt"Q(¢) is bounded away from 0, hence the integral approaches
0 as m — +oo. The sign of H,,(z) therefore is the same as the sign of QRGWWM provided this
expression does not also approach 0. We also note that by the definitions of g(¢) and sp, in (4.3) and (4.4)

0 = Im(g(sn)) = Im(g(¢1(6n))
and hence ¢(¢1(6))) € R for 0 < 6;, < 7/r. Consequently the modulus of the first term is

2
|P(t1(60n))R(t1(0n))]

which is bounded away from zero on the compact set v < 8, < 7/r—~. It follows that the sign of H,,(z(0}))
is the same as the sign of g(sp) when v < 0, < x/r — 1.

Case 2: 0, — 0 as m — +oo. Let p be the multiplicity of the zero 71 of P(t). Suppose first that p = 1.
In this case, the multiplicity of 71 (as a zero of P(t)) is 1, and by Lemma 1, ¢, (the smallest positive
zero of P(t)R(t)) satisfies 7 < t, < 2. With a = —P(t,)/thQ(ts) (cf. (2.4)), as § — 0, the polynomial
P(t) + zt"Q(t) approaches

P(t)
trQ(t)

P(t) + at"Q(t) = ( + a> Q(t),

which has a real zero at ¢t = t, with multiplicity at least two, as a complex conjugate pair of zeros converge
there. This means in particular that

d [ P(t)
dt <t’"Q(t)) ‘t:ta =0 (5.7)
On the other hand,
d ( P(t)
ta (-
R(t) = 2 gf(f(”> ,
trQ(t)

and hence using equation (5.7) and Lemma 1 we conclude that

. d* [ P(ts)
Lemma 1 (5_7) a@ <tZQ( a))
7 = P(t,) '

taQ(ta)
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Consequently, % (%) # 0, and we conclude that the multiplicity of ¢, as a zero of P(t) + zt"Q(t) is
exactly two. Thus the remaining zeros t,., 2 < s < max{n,r} still satisfy |¢,.] > (1 +¢€) for some € > 0, and

the argument we gave in Case 1 still applies.
We next consider the case p > 1. Lemmas 1 and 6 imply that

éii%T(a)ew:tale:7_2:"':7—/)

from which (see Fig. 3.1) we conclude as § — 0

0 if —p_<k<0 0 if —qg_-<5<0
0 — and n; — .
m ifp<k<ps m ifl1<j<qy

We combine these limits, equation (3.8), and the fact that §; = 6, = --- = 60, to deduce that 6, — ©—7/p,
for 1 <k <p, as 0 — 0. If we define the angles 0, —p_ <k < p, and 1}, —q— < j < g4, by

—6, if —p_<k<0 . 0
—1; I —q- <
Op=m—7m/p—0, f1<k<p and n; = K ) q. )= , (5.8)
m—mn; f1<j<qq

™ — O ifp<k<pst
then 07 — 0 and 77;-‘ —0as® — 0. For ; =0, =---=0,, we obtain the following estimate:
sinfy  sin(7/p+ 0F)

sin(6; — )  sin(n/p+ 07 +0)
sin(rr/p) + cos(w/p)05 + O(67%)
sin(7/p) + cos(w/p) (05 + 0) + O(0;% + 076 + 62)

—1- <cot %) 0+ 002+ 670 + 62)

The corresponding estimate for the cases —p_ < k <0 or p < k is given by

sin by, 07 + O(0;3) 0 v )
= - = 1+0(0 0% +6:0)) .
sin(0p, —6) 05 + 604+ O((65 +0)3) QZ-I—G( +O0;" + 0~ + 05 ))

Similarly if —q_ < j < ¢4, then

sin 7, ] 2 g2
e p— n;f+9( +On;* + 0% +1;0))

For indices satisfying —p_ < k < 0 or p < k, the identity (cf. (3.3))

T1 sin 64 Tk Sin 0y,

sin(@; —6)  sin(f — 0)
gives

O +0)11 — 11 (cot %) 0(05 + 0) = 705 + O((05 + 05 + 0)*)

which we solve for 6} and obtain
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. T (9 - cot(w/p)92) )
O = T — T1 + 11 cot(m/p)f +O((67 +9)°)

(R (et

Tk —T1 Tk —T1 Tk —T1

) +O((05 +0)*)

__ 1 9

Tk — T1 (T — 11)

B cot(ﬂ'/P)Tl;'k 0> + O((05 + 0)°).

With the similar identity

* T1 0 — COt(Tr/p)TIIYj 92 + O((9I + 0)3)7

n; = —q- <j<4gs,
s (v —71)?

and the angle sum identity

o= > mp4re=0

—p—<k<py —q_<j<qy

obtained from (3.8) and definition (5.8), we deduce that

pi=—{ 3 T,:ﬁ”‘ Y

LT
k<0 or k>p —g <<y W T

.S cot(m/p)Tah _ 3 ot(m/P)TY | g2 4 063,

k<0 or k>p <Tk B Tl)2 —q_<j<qyt (rYj - Tl>2

We now turn our attention to the representation given in (4.2). Note that as § — 0, z — —P(t,)/t,Q(ta)
by Lemma 6 part (ii). Since p > 1, Lemma 1 implies that ¢, = 7 and hence —P(t,)/tlQ(t,) = 0. It follows
that as  — 0, the function P(t)+ zt"Q(t) approaches P(t) which has a zero t, with multiplicity p. Lemma 8
implies there exists € > 0 independent of m such that if p < sr < max(n,r + s), then |t..| > t,(1 + 2¢) and
consequently

. _ L la 0l
£ o (2(0)) = 0; PR | 27 7{ (P(t) + 2(0)tQ(2) e+t
<r<p |t =to (1+€)

where the integral approaches 0 as m — co. Thus it is sufficient to consider the sign of sum

1
Y s 8 teote=7, (0<x<p) (5.9)
o5, PRt

if after multiplication by ¢7*, the summation does not approach 0 as m — +o0o (which is the case, as can be
seen from equation (5.13) and the expression in (5.16)). Recall that

and by the definition of the t,.s,
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Combining these two equations and rearranging yields the equation

B Tet

P(t.) Q(tx) ( toe
P(re®?)  Q(ret?)

)TZO, (1< <p).

We let t,, = 11 + 1€, 0 < 3¢ < p, and expand the left hand side in a Taylor series centered at 7; using the
identity (cf. equation (3.11))

o0 sin 0 01
Te" — T =T1————
N )
Doing so produces
sin” (/p)es, -
T 1)e0e (1+0(ex+0) =1+ 0 (e, +60) =0,
which we rearrange to get
sin(w/p)e?
——2 2 =14+ 0(e,, +0).
ETZEE
We solve for €,, to achieve
Wi
wo=——7—"""-0(14+0(c,, +6 0<
€ Sn(/0) (1+0(e+0)  (0<x<p)

2:c—1)

with w,, = el mi/P We deduce that €, = 6 and the equation above becomes

Wie

L=——2 4 62 < , 1
€ sn(r/p)0 TOE) (0=x<p) (5.10)
Using the estimate

Rt)=r— Y. be | 3 e _ S0/ 4 o) (5.11)

o by — Tk - t%_'}/j_p w,. 0 ’
—p-<k<py —q-<j<q+
together with
PY)(m)
P(t.) = T(t%—ﬁ)p(lJrO(t%—ﬁ)) (5.12)
_ POt sin( /o) (o

p!

we conclude that the main term of the expression in (5.9) is given by

(_1)p+1(/)—1)!sin(7T/P)p_1 Z (L (5.13)

PO (r)or 1o e (1™

If 0 > §/y/m for some small §, then (5.10) implies that for each 2 < 3¢ < p,

m

= ’1 + (61 —€) + 0(92)|m

1+6
1+4e€,
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— ’em(el—e%)+(9(m02)

exp (_mCOS(W/p) —cos((2x —V)m/p) (’)(m92)> ’

sin(r/p)
_mcos(w/p) —cos((22— 1)7/p)
<o 2sin(n/7) )
B mcos(Tr/p) —cos((2s — 1)m/p)
< o (-avm =R )0

as m — 0o. Consequently, the sign of the expression in (5.13) when 6 = 6}, is determined by the sign of the
sum of the first two terms of (5.13) (or equivalently of (5.9)) which is the sign of g(sy).
On the other hand, if 8 < §/y/m for § < 1, then equations (5.11) and (5.12) imply that

; = (fl)erl (p — 1)!'sin(m/p)P~1
PR P®)(1y)gp=17]"FP

- —1)si p—1 -
(,;0) (_1)p+1 (p— D)!sin(m/p) w1 (1 _ s'Le—i_ (’)(92))
111

w1 (1 —+ 61)7m

P (r)gp 17" t0 (/p)
e o= 1)!sin(7r/p)/’*1w ox mw1 0 o>
=(-1) PO ()17 ! p (Sin(ﬂ/p) + O(mb )) : (5.14)

The condition

0 =1Im(g(sn)) = Im(g(t1(6n)))

is equivalent to

which gives the solutions
h—1
o = 2P L o2,
m

.14) shows that g(sp,) and (—1)"*P+1P®) (1)) carry the same sign. We claim that
—1)Hr+1 pe) (7). Writing

() (10 (%)

for large m, we see that the sign of (5.13) is same as that of

When 6 = 6}, equation (5
the sign of (5.13) is also (

_1)pt1p MW,
PP 3 e E= (5.15)
or, with 6§ = 0},, the sign of
_1yrt1pe) welh —1/p)m
(=1)PT P (1) Z W, €XP ( (/) . (5.16)

0<»<p
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Besides the factor (—1)?+t1P()(7;), the first summand in (5.16) is real and its sign is (—1)". The claim now
follows from Proposition 2.

Case 3: 0 — 7/r as m — +oo. If we define the angles 0" = 7/r — 0, and 6§, —p— < k < py, and 77,
—q- <Jj <q4, by

. m—0, f0<k<p,s . m—n; ifl1<j5<q4
05 = and n; = )
—0 if —p_<k<0 —n; if —qg_<j5<0

then as a consequence of Lemma 6, 6, 0} and n} all approach 0 as 6 — 7/r. Using the equations (3.3) and
(3.2) we obtain

sin 0y,
= *sin(0y, — 0)
. 0 + O(0°)
"sin(m/r) + cos(n/r) (0] — 6%) + O((0; + 0%)?)

I L/ S SR P L

~ sin(w/r) (1 cot (0 —07) + O((0x +07) )),
and similarly,

W (et T e .

~ sin(n/r) (1 cot T(na %) + O((nj +67) )) :

Thus for any —p_ < k < p4 and 7], —¢g— < j < g4, we have 0 < 17 =< 7, and consequently from the
equations above we deduce

T T T ™
0f = —sin—(1+0 0* d f=—sin—(14+0 0%)) .
[ smr( + O(1 4+ 6%)) an n; " smr( + O(1 4+ 6%))

We combine these identities with the angle sum identity

S o Y wew

—p-<k<py —q-<j<g+
obtained from (3.8) to get
sl [0S Lo S L) St og+e).
r Tk : Vi
—p_<k<py —q-<j<q+

Thus 6* < 7 and the equation above becomes

Tsing Z 1o Z L rd*(1+ O(07)). (5.17)

—p_<k<py —q <j<ay VI

We claim that as  — 7/r (which implies 7 — 0), the polynomial in ¢

P(t) Q(t) < t )

P(re?) B Q(re?) \ Te?
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has exactly r zeros approaching the circle with radius 7 centered at the origin, each of which satisfies

toe /T — €5 = 2177 () < 50 < . Indeed, if we let u = t/7, then this polynomial becomes

P(1u) Q(ru)
Pre®) T Q(rei)"

which approaches the polynomial 1+ u" as 7 — 0 and the claim follows.
From the claim above we assume t,,, 0 < » < r, approach 7e,, and the remaining zeros t,,, r < » <
max(n,r + s), satisty |¢,.] > 7(1 4 2¢) for some fixed € > 0 independent of m. Consequently

Tm 1 Tm

PR  2mi 7{ (P{0) 1 20067 Q1)) i+

ltl=r(1+¢)

T Hy (2(0) = Y dt

0<se<r

where the integral approaches 0 as m — oco. This leaves us to consider the sign of

1
Z —_— (5.18)
V2 PR

if after multiplication by 7™, the sum does not approach 0 as m — oo (which is the case, as can be seen
from (5.26) and Remark 3). Writing ¢,, = 7(e,. + €,.), €, € C, we expand the left hand side of

P()Qre") ()"
Pre)Q(t0) (0) =0

in a Taylor series centered at 7€'’ to obtain

P(0)  Q'(0) o e — ) (e 4 e VeI — (2
1+(1’3(0) Q(O))(”J“” )7+ (e +ex0) o), (5.19)
where by (5.17)
Pl(o) _ Q,(O) _ i i _ _L v
P(O)  Q(0) _p;gbr Tk * _q_%_:g“ V5 T sin(mw/r) +O0™).

With O(72) = O(0*?) (see (5.17)) and

(e + €)™ = 1= "= _jrg* 4 0 (2 +6%%),

€
equation (5.19) can be rearranged as
0* ;
—_— (e% + e — e”/’“) =g = O(e +6*%)
sin(w/r) €5
from which we express ¢,, as

e 0% (cos(m/r) —e,.) 2 <
€ = sin(7/r) +00™) (05 <m). (>:20)

Using the estimates

Rit)=r— 3 24 Y =i 0) (5.21)
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and
P(t,.) = P(0)(1+ O(6%)), (5.22)

we write the main term of (5.18) as

1 1
rP(0)T oS (€ + €5)
In the case 6* > §/y/m for small § independent of m, we apply the following computations for 2 < 3¢ < r,
which are similar to those in Case 2

e1 + €1 m . 1+61/61 m
€+ € B 1+6,{/6%

(5.20) €1 — €s . wor |

= -0 0
sin(m/r) +0(™)
cos(m/r) — cos((2sc — 1) /r)
< _ 84/
= &P ( ov/m 2sin(m/r) =0

as m — oo, from which we conclude that when § = 6, the sign of (5.23) is determined by the sign of the
sum of the first two terms of (5.23) (or equivalently of (5.18)) which is the sign of g(sy).
In the case 68* < §/y/m for small §, equations (5.22) and (5.21) imply that

1 1 o
PRt~ rP(0)rm (e1+e1) (5.24)

(5.20) 1 —m 0 (COS(TF/T) — 61) * -
- rP(0)t™ ©1 (1 + sin(w/r) +0(0 2)>

1 —m - *
= Wel exp (im0* + O(mo*?) .

The condition 0 = Im g(s) = Im g(¢1(0)) gives the solutions

T  hmw
0r == — == 4+ 06*?). 5.25
h=n ot (Ch! (5.25)

When 6* = 6}, equation (5.24) shows that the sign of g(s;) agrees with that of (—1)"P(0). In order to
demonstrate that the sign of (5.18) is the same as that of (—1)"P(0), we use a calculation analogous to that
in (5.24) to write the main term of (5.23) as

67m0* cotm/r mb*e
- —m —— . 2
POy 2 e <sm(7r /r)) (5.26)

It thus remains to show that the sign of the sum in (5.26) is (—1)" when 6* = ¢;. This claim follows by
setting = m#* / sin(x/r) in Proposition 2. The analysis of Case 3, and the proof the lemma is complete. O

Lemma 10. Let H,,(2) be as in Theorem 1, and let z(0) be as in Definition 3. If 2r | m then H,,(z(0)) has
a zero on the interval (0, /r—1, /7).
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Proof. In case 2r|m, the inequality 6} > 0 and (5.25) imply that the largest value of h is m/r — 1. Since
the sign of the summation in (5.26) is the same as the sign of

Z e = r(—1)lm/rl

0<s<r

as 0* — 0%, and is (—1)™/"~1 when 6* = 0y,/r—1 (see the claim after (5.26)), we conclude that Hy,(2(6))
has a zero on the interval (0,,/,—1,7/r). O

Lemma 11. Let H,,(2) be as in Theorem 1, and let z(0) be as in Definition 3. As8 — 0 and § — (n/r)—, the
limits (possibly infinite) of Hy,(2(0)) are nonzero and their signs are (—1)P+ and (—1)P++1m/m] respectively.

Proof. Since the k-th derivative in 6* of the sum in (5.26) at 6* = 0is 0 for 0 < k < (m mod r) and its
(m mod r)th derivative at 0 is

m(m mod ) Z e;m-{-(m mod ) _ ,r,m(m mod r)(i]_)l_m/rj,

0<se<r

we conclude that the sign of (5.26) is (—1)l™/") as §* — 0. Thus the sign of H,,(2()) as 6§ — (7/r)” is
the sign of (—1)™/m1 P(0) which is (—1)™/m1+P+ by (2.1).
Similarly, since the (p — 1)st derivative of

infatfd=0is

we conclude this sum is negative when 6§ — 0. Thus the sign of (5.15) is the sign of

2.1
(—1P P () E (et T (1 —m)
—p-<k<py
k#1

which is (—=1)?(=1)P+—7 = (=1)P+. O
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