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Let {S,}, denote a sequence of polynomials orthogonal with respect to the
Sobolev inner product

(f: 8)s = [ FRd(x) + A [ F()g (¥ (),

where A > 0 and {dy,, di,} is a so-called coherent pair with at least one of the
measures di, or diy, a Laguerre measure. We investigate the asymptotic behaviour
of S,(x) outside the supports of di, and di;, and n — +00. © 2000 Academic Press
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1. INTRODUCTION
Consider the Sobolev inner product

b b
(f. 9)s = [ F)g)dwe(x) +1 [ f g dya(x). (LD

where ¢, and ¢, are distribution functions on (a, b) and A > 0.
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In [2] Iserles et al. introduced the notion of a coherent pair of measures
for inner products of the form (1.1). This concept proved to be very fruitful
(see [3, 7]). We define the notion here as follows. Let {P,}, and {T,},
denote orthogonal polynomial sequences with respect to the inner products
defined by diy, and disq, respectively. The pair {di,, di,} is called a
coherent pair if there exist non—zero constants A4, and B, such that

T,=A,P,. +B,P, n>l (1.2)

Let {dy,, dip} denote a coherent pair and let {S,}, be a sequence of
polynomials orthogonal with respect to (1.1). As a direct consequence of
(1.2) there exist non—zero constants C, and D,, such that

AP,i +B,P,=C,Sy1 +D,S,, n>1. (1.3)

The existence of this simple relation between the “Sobolev” polynomials
S, and the “standard” polynomials P, makes the concept of coherent pair
so useful. The relation will play a central part in the present paper. In
[8] all coherent pairs of measures have been determined. Especially, it has
been proved that at least one of the two measures dis, or di; has to be a
Laguerre or Jacobi measure (apart from a linear change in the variable).

In the present paper, {diy,, di;} is a coherent pair where one of the
measures is a Laguerre measure x*e¢~* dx, «a > —1, on (0, +00). We in-
vestigate the asymptotic behaviour of S, (x) outside the supports of di, and
diy, and n — +oo. In [4] the special case dify(x) = dif(x) = x%e™* dx
already has been treated. In [6] the similar problem for coherent pairs of
Jacobi type has been studied.

In Section 2 we recall some well known results for Laguerre polynomials
{LE,“)},, which will be used in the paper. Especially we give the asymp-
totic result of Perron for Lg,a)(x) with fixed x € C\ [0, +00) and n — oo
(Lemma 2.1).

In Section 3 we study coherent pairs {di,, diy,} where dif; is a Laguerre
measure. We obtain the first two terms of the asymptotic expansion of S,,(x)
where x € C\ [0, +00) and n — oo (Theorem 3.5). In two special cases our
method even gives the complete asymptotic expansion (Theorem 3.6).

In Section 4 the first measure di is a Laguerre measure and {dys,, di;}
is again a coherent pair. The situation is more complicated than in Section 3
and we can only give the first term of the asymptotic expansion of S,(x)
outside the supports of dys, and diy; and n — oo (Theorem 4.11).

In both sections we choose the normalization of S, in such a way that
the leading coefficients of S, and LE,“) are equal. Then there exist positive
constants B, and D, such that

L -B,LY =S,,,-D,S,, n>0, (1.4)
see Lemmas 3.1 and 4.7, respectively.
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In Lemma 3.1 we have B, = 1 and Lemma 4.7 is just (1.3) in the present
normalization. Then it suffices to determine the asymptotic behaviour of

the constants in (1.4) in order to obtain the asymptotic behaviour of S, (x)

from Perron’s result on the asymptotic behaviour of Lﬁ,a).

We obtain for B, and D, in (1.4)

lim B,=1,
n— o0

A+2— VN F A
lim D, =¢= 2" : Ty
n— o0

(see Lemmas 3.3 and 4.10). As a consequence the asymptotic expansion of
S, depends on A.

We remark that in the Jacobi case studied in [6] the asymptotics fol-
low from a relation similar to (1.4), with lim B, a non-zero constant and
lim D, = 0. Then, in the Jacobi case, the asymptotic expansion is indepen-
dent of A.

2. CLASSICAL LAGUERRE POLYNOMIALS

Laguerre polynomials, for arbitrary real «, are defined by (see Szegd6 [10,
pp- 100-102])

@, (nt+a) (=x)f _
L (x)_g)(n_k) S =012

The leading coefficient, (—1)"/n!, is independent of « and

L{0) = (”:“). @.1)
The Rodrigues formula reads
(@) _ 1 X, —a d § —Xx n+ta
Ly (x) = —e'x (E) (e *x™e). (2.2)
If a > —1, then {Lﬁ,“)}n is orthogonal with respect to the inner product
~+00 S
(f9)=[  f@sxe dx.

Moreover, if a > —1, then

+00 o 2 r 1
[ (18@) xwe ax = Tntat) 012, (23
0 n!
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For arbitrary real a the following relations are satisfied

L (x) = L () = LY (), (2.4)
d @ (o)

Tl () =—L, (), (2.5)

2 (L90) L) = L, o). 26)

The following asymptotic result, due to Perron (see [10, p. 199]), will play
a central role in our investigations.

LEMMA 2.1. Let « be an arbitrary real number. Then

(@) 1
L, =

x/z(_x)(—(a/z))—1/4na/z—1/4ezﬁnx [1 + 0(n_1/z)] .

The relation holds if x is in the complex plane cut along the positive part of the
real axis; (—x)~@/2)=V4 and /=X must be taken real and positive if x < 0.
The bound for the remainder holds uniformly in every closed domain with no
points in common with x > (.

As a direct consequence of Lemma 2.1 we have for an arbitrary real «

(@)
L
lim i )( *) =1, 2.7)
n—00 L « (X)
and
1/2L£la*1)
fim L ) 2.8)

n—o0 Lﬁla)(.X)

uniformly on compact subsets of C \ [0, +00).

3. COHERENT PAIRS OF LAGUERRE TYPE I
Consider the coherent pair {d{,, di;}, where diy; is a Laguerre mea-
sure on (0, +00),
dy(x) = x%e " dx,
with « > —1. For di, there are three different situations (see [8]):

(Ia) If a> 0, then dify(x) = (x — &)x*Le™ dx, with £ <0.
(Ib) If a =0, then dify(x) = e dx + M56(0), with M > 0.
(Ic) If -1 <a <0, then dify(x) = x*e* dx.
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In all cases, the support of di is [0, +00). We abbreviate to
dyy(x) = (x — E)x* e ™ dx + M5(0),

with é =0ifa<O0and M =0if a #0.
Let {S,}, denote the sequence of polynomials orthogonal with respect
to the Sobolev inner product

(£8)s = [ FX)g)ding(x) + A [ £ (x)g (¥)dun(x),  (3.1)

with A > 0, normalized by the condition that S, and LY have the same
leading coefficient. Then, in particular, S, = Lga).
LEMMA 3.1. There exist positive constants a,, such that
L) - L2 () = $,(x) — 4, 18,40, nzl  (32)
Proof. Put
n—1
Li?(0) = L2 (x) = 8,(x) + X %"S,(0).
i=0
Then, for 0 <i < n — 1, with (2.6)
(n) (@) () (@) (@)
%’n (i, Si)s = (Ln =L,y S‘)s = / (Ln - Ln71) Si di.

If £ <0, > 0we apply (2.4) and if M > 0, « = 0 we apply (2.1) in order
to obtain

J (L 105, dvg = [ (57— 1) s .

For 0 < i < n — 2, the last integral equals zero. For i = n — 1 we have

Vfln)1(5n 1 Su1)s = —f L(a) 1(X0)S,_1(x)x%e™* dx

LEMMA 3.2. The sequence {a,}, in (3.2) satisfies the recurrence relation

n+a«a
= >1 33
fn n2+ AN +a—€&—na, = (33)

with ay = 2%z if a > 0, ay = ifa=0,and ay=1if -1 <a <.

M+1



SOBOLEV ORTHOGONAL POLYNOMIALS 533

Proof.  Write
Ry = Sp,
R,=8,—a, 15,1, n>1,
then for n > 1,
(Ruy1, Ry)s + a, (R, Ry)s + a,a, (R, R, 1)s = 0.

On the other hand, by (3.2), R, = LY - Lff_)l and then computing the
Sobolev inner products with (3.1) we obtain

I't+a+1
(Ry1,Ry))s = —¥, n=>0,
'n+a+1) TI'(n+a)
R,,R)¢ =
( n» n)S n! (n _ 1)!
I'(n+ ) I'(n+ @)
—¢ P +)\(n—1)!’ n>1.

Therefore, the recurrence relation (3.3) follows.
In order to obtain a, we use (3.2) withn =1, §, = Léa), and (S, 1) = 0.
Then

/(Lga) - Lf)a)) dipg = —ag fL(()a)d%,
and evaluating the integrals as before we obtain a,. I

In order to derive the asymptotic behaviour of S, we need more infor-
mation about the sequence {a,},.

LEMMA 3.3. The sequence {a,}, is convergent, and

. A+2—VA2 44
¢=lim a,= <1

n—oo 2

Moreover, for all p < 1, we have
lim n?(a,—¢)=0. 34

Proof. First we observe 0 < a; < 1, and then a simple induction argu-
ment applied on Lemma 3.2 gives 0 < a, <1 for all n > 0.
Suppose that £ = lim a, exists, then (3.3) implies
n— 00

C—t2+N)+1=0.
Since 0 < a,, < 1 for all n > 0, we have 0 < £ < 1. Hence

A+2— VA2 44
<

0<t=
= 2

1.




534 MEIJER, PEREZ, AND PINAR

Now, we prove that (3.4) is satisfied; in particular this implies that {a,}
is indeed convergent.
With (3.3) and €(2 + A) = €> 4+ 1 we have

Z_a—E(oz—§)+l’l€(a,,_l—E)
I o= n2+N)+a—&—na, |

Then, using a,_; <1,

@, — ] < la —al + L& nlla, | — ¢
" “n(l+AN)+a n(l+A)+a

(3.5)

Put ¢, = n?|a, — ¢|, with p < 1, then
nPla — al 4 £&] nptl »
nA+N+a  (n=0)Pn(A+A)+a] "

Let £ > 0 and ¢ < r < 1. Then there exists a positive integer number N
such that

n —

t, <e+rt,_q, n>N+41.
By repeated application, for k > 1 we deduce
vk <11+ 4+ 1k, < l—ir—i—rktN.
This implies
lim ¢, = 0.

n—oo

Remark 3.4. In two special cases,

(i) dipp(x) = (x — &)x* e~ dx, with & > 0, £ <0 and a = — 5 ¢,
(i) diy(x) = e dx + M5(0), with M > 0,

relation (3.5) reduces to

|an _€| =

l V4 n
1+/\|an—l_€|§ A lag — £].

Then, for every value of p we have

lim n?(a,—1¢)=0.

n—oo

Now, we are able to derive the asymptotic behaviour of the Sobolev
polynomials for coherent pairs of Laguerre type 1.
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THEOREM 3.5. Let dip(x) = x%e™ dx with o > —1, djy(x) =
(x — &xle™ dx + MS(0) with ¢ =0if @« <0, and M =0 if a # 0; the
support of the measures is [0, +00). Let {S,}, denote the sequence of poly-
nomials orthogonal with respect to (3.1), where the leading coefficient of S,, is
equal to the leading coefficient of Lﬁ,“). Put

1 4

(a=1)
S, =——L, ——F,.
T1—¢ 1—-¢"

If x e C\ [0, 4+00), then

F, 1
lim i (;)C) = ,
n—oo p (a= (x) 1-¢

uniformly on compact subsets of C\ [0, +00), where £ is given by Lemma 3.3.

Before proving Theorem 3.5 we mention two special cases in which our
method gives the complete asymptotic expansion of S,,.

THEOREM 3.6. Suppose
(i) di(x) = x%™ dx, diy(x) = (x — E)x*Le ™ dx, with a > 0,
£§<0,and a = —ﬁg, or
(i) dy(x) =e* dx, dipy(x) = e dx + M8(0), with M > 0.
The support of the measures is [0, +00) and {S,}, is defined as in Theorem

3.5. Then the complete asymptotic expansion of S,, is

Sn(x) Z ( 1))£+1L(akl)(x),

uniformly on compact subsets of C \ [0, +00).

Proof of Theorem 3.6. For k > 0, put

k i k+1pk+1
Sn(x):Z (— 1)£ (0111)( )+%

q—o H(x). (3.6
i=0

We will prove

H 1
im Z(;C) = , 3.7)
n—00 Lgla* - )()C) 1—¢

uniformly on compact subsets of C \ [0, +00). This will prove Theorem 3.6.
We start from (3.2) where we write a,, = ¢+,

LY LY =5, -8, —r,_.S, .. (3.8)
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We have, with (2.4),

(o3 a 1 a— oa—
L -1 = — LV — e} -

¢ (a-1) _ 1 (a-1)
1—¢ {L” ~ L }
By repeated application

@ _ @ ( D0 () (amio1) (a—i-1)
L~ L Z — {e " — e

1 k+1pk+1 o o
+—( )yt [L( Dl “)} (3.9)

( g)kJrl
Substitute (3.6) for n and n — 1 in (3.8) and apply (3.9); then
L™ — LY = Hy = (e ) H,

(1 _ E)k+1 k (—1)i€i (a—i-1)
pk+1 Z(:) (1— g)i+] n—1

+r1 (_1)k

On the left hand side we apply (2.4). Then we rewrite the relation as

A, =14b, 1A, 1+ pni> (3.10)
with
H
A, =—1
" k)
(a k 2)

byy=U+r ) (a k 2)°

k-1 (a i-1)
R 1)5’ L,
Pn—1 = Tn- 1( 1) Z E)z ElakZ)'

By Remark 3.4, for every value of p, we have

lim n’r,_; =0.
n— 00

Then, with (2.7) and (2.8),
lim Pn—1 = O,

n—o00o

uniformly on compact subsets of C \ [0, +00). Moreover, by (2.7),
lim b, =¢,

n—o0

again uniformly on compact subsets of C \ [0, +00).
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It is our intention to prove (3.7), i.e.,

1
lim A, = ——,
n—00 1—¢

uniformly on compact subsets of C \ [0, 00).
Put

Ay=A4,— —.
Then (3.10) implies

A = bn—l —¢

n 1—¢ + Pn-1 + bn—lAZ—l‘

Let K denote a compact subset of C\ [0, 00). Let e >0 and £ <r < 1.
Then there exists an N, such that, if » > N + 1 and x € K, we have

[l < e 44|
By repeated application, for £ > 1 and x € K, we deduce
[Aa] < oo b A b Ay < = b 47
This implies

lim A% =0,

n—o00

uniformly on K. This proves (3.7); thus Theorem 3.6 follows. 1

Proof of Theorem 3.5. The proof of Theorem 3.5 is just the proof of
Theorem 3.6 with k& = 0. Observe that, by Lemma 3.3,

lim »nfr,_; =0,
n—00

but only for p < 1. Hence

llm pn—l = 0,
n—o0

only for k = 0, and we can give by our method only two terms of the
asymptotic expansion of S,. I
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4. COHERENT PAIRS OF LAGUERRE TYPE II

In this section we consider the coherent pair

a+l ,—x

e
g Mae),

dipo(x) = x%e " dx, i (x) ="

where the absolutely continuous part of the measures are defined on
0, 400),a>—-1,£<0,M > 0.

Let {T,}, denote the sequence of polynomials orthogonal with respect
to di;, normalized by the condition that the leading coefficients of 7, and

Lff) are equal. The aim of this section is to derive the asymptotic behaviour
of the sequence of Sobolev polynomials {S,}, orthogonal with respect to
the inner product

(£ 8)s = [ FR)g)dirg(x) + A [ £ (x)g (¥)dun(x),  (41)

with A > 0, outside the supports of the measures. As before the leading

coefficient of S, is taken equal to the leading coefficient of LY. Observe
that

L=S=L¢", $i=L".
We start with a study of {7,},.
LeEMMA 4.1.  The polynomials T, satisfy

T, =L — e, L0 a1, (42)
with
(T2 d
= ATy din (4.3)
IF'n+a+1)

Proof. For 0 <i<n-—1, we have
/0 T L et g gy / T,L V(x — £)dy,.
For 0 <i < n—2, the last integral is zero. For i = n — 1 we have
J 1L = )y = —n [ T du

and the Lemma follows from (2.3). 1

Observe that (4.2) with (2.5) implies that {di,, di,} is indeed a coher-
ent pair as defined by (1.2).
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LEMMA 4.2. Let {c,}, denote the sequence of coefficients in (4.2). Put
d,=c,—1(n=>1). Then
é:f(+00 L(O‘)x e~ d +ML(a)(§)

f0+oo L(a+1)xa+le dx + ML(Q-H)(f)

Proof. For n > 1 we have

/Tn d, = 0.

Substituting (4.2) we obtain

+00 a+1
(a+1) X" 7€ (a+1)
C, {/0 Ln71 x—fdx +ML (g)}

atl) x* e a
—/ L — T dx+MLETV(o).

Then the lemma follows with (2.4). 1
LEMMA 4.3. Let &€ <0. Then

o o x +1e
r(;)= [ L( +1) - dx ~ (— é‘_—)a/2+1/4 /241/4 ,=2J/=n€ 5(~ 1128 /7

if n — oo.

Proof.  Using Rodrigues’ formula (2.2) we obtain

(@) (a +1>X“+1 U™ b g, v nta
I, = L, d = D" XYY dx.
" /o x—& (n—l)!/o wo gD (@ dx
After integration by parts n — 1 times, we have
(a) +00 xn+ae
I, = 4.5
! /o oo )

Substitution of x = —¢&t gives

(a) a+1 &t t " a
I, — .
=(=¢) / ¢ <t+1> £ di

The function e%(z/(t + 1))" has a maximum in

P L
MmN T T
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Substitute ¢ = ¢,,(1 + 7). Then

a+1 +00 1
(@) _ a+1 ¢t Z::_ N ét, +7 a
=(— esm—— es’m 14+ 7)%dr.
= getm o [ T e

Put

h(t)=é&rt,+n log(l+7)—n log<1+ _:1>

We divide the interval of integration in three parts: (—1, —7), [—%, %]
and (%, 00). We determine the asymptotic behaviour of the integral over

[-3. 3]

We have
t,T
log(1 + 7) —log (1 + P 1)
r
=—log(l—-—————
g( (T )t + 1))
T 1 72 R(7)
- T3 2 2 T 3’
1+, +1) 21 +7)2(¢,+1) t,+1)
where the remainder R(7) is uniformly bounded in [_E’ 5] Then, with
2+ €t +n =0,
1 2
h(T) = &Tly, + o & + Pus

A+7)(t,+1) 2(1+7)?

where |p,| < &, if n is sufficiently large, uniformly on [—%, %]
We obtain
72 1 &r?
ol +11+r 2(1+r)2
Then Laplace’s method (see, e.g., [9, p. 81]) gives

h(r) =

t,+1
aa

12
/ eh(T)(l + 1) dr ~
—(1/2)

if n — oo.
It is easy to see that the other intervals of integration have a contribution
of lower order. Hence

(a)N(_g)a+le§tmta+l t_m n\/tﬂﬂ_
" mo\t,+1 n

From this result the lemma follows. 1
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LEMMA 4.4. Let {d,}, denote the constants in (4.4). Then

. —(=&'2  if M=o,
LS I A A

n—oo

Proof. (i) Suppose M = 0. If £ = 0, then (4.4) implies d, = 0
for all n > 1. If ¢ < 0, then the result follows from Lemma 4.3.

ii) Suppose M > 0 and £ < 0. By Lemma 4.3 and Perron’s result
pp Y
(Lemma 2.1), we have

(a)
illLOO L(0‘+1)(§)

Then the result follows from (2.8).
(iii) Finally suppose M > 0, ¢ = 0. From (4.5) we see

+00
/ L(Hll)x“e’x dx =T'(a+1).

Then (2.1) gives

and the result follows. 1

THEOREM 4.5. Let {T,}, denote the sequence of polynomials orthogonal
with respect to the measure

a+1 —X

egdx—i—M(S(g), a>—1, ¢<0, M=>0,

dy(x) =

where the support of the absolutely continuous part of the measure is [0, 00),
and the leading coefficient of T, is equal to the leading coefficient of Lﬁ,a).

Then, if x € C\ [0, 00),
,g)l/ . _
T _ | 1Tem i M=0
lim @ e
e Wy | 1o e if M>0;

()77

the convergence is uniform on compact subsets of C \ [0, 00).
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Proof. Relation (4.2) with ¢, = 1+ d,, reads
a+1 a+1 a+1
T, = LS - g b,
Then with (2.4),

(a+1)
Tn 1— nl/Z n—1
(a) - mo(a) 1 2'
Ly L, 'nY

The theorem follows from (2.7), (2.8), and Lemma 4.4. 1

Remark 4.6. Observe that the limit in Theorem 4.5 becomes zero if M >
0, x = £ < 0. However, in that case, x is in the support of di;. If x is
outside the support of dif;, then the limit is different from zero.

We now return to the study of {S,},, the sequence of orthogonal poly-
nomials with respect to the inner product (4.1). Define ¢, by

) Ty di,
"7 T(a+1)’
in such a way that (4.3) holds for all n > 0.
LEMMA 4.7. There exist positive constants a,, such that

510[) — Cn71L2?1 = Sn — anilsnil, n E 1, (4.6)

where the coefficients c, are defined by (4.3).

Proof. By (2.5) and (4.2) we have

d a (a
E {Lﬁl )(x) - Cn—anjl(x)} == n—](x)’ n>1.

Write

n—1
Ly — Cn—1L£i)1 =8, + 2 7S,
i=0

Then, for0<i<n-—1,
+o00
an)(sia Si)s = (Lg - Cn—lqujla Si)s = /o (Lﬁz )~ Cn—lL(Jl) Six%e ™" dx.

n

For 0 <i < n — 2, the last integral is zero. For i = n — 1 we have

() oo (@) (@) -
Va1 (Su-1> Su-1)s =/0 (L,, - Cnfan—1> Sp1x%e™ dx

+00 2
= —cn_1/0 (LSZ) x%e " dx,

and the lemma follows. 1
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LEMMA 4.8. The sequence {a,}, in (4.6) satisfies the recurrence relation

n+a
a, = cu(n+ ) , n>1, 4.7)
n+a+ nc 1+ Anc,_y —nc,_qa, 4

with ay = ¢.

Proof.  As in Section 3, we write Ry = S,, R, =S, —a,_S,_1,n > 1.
Then, for n > 1,

(RrH—l’ Rn)S + an(Rn’ Rn)S + anan—l(an Rn—l)S =0.

With R, = LY - c,,,lLSla_)l we evaluate the Sobolev inner products. Then

F'n+a+1)
(Ruy1, Ry)s = —¢, T n>0.
With (4.3),
F'n+a+1) F(n+a) I'(n+a)
(Rn’Rn)S = T Ch1 ( 1)' + Cnflm, n>1.

Now, the recurrence relation (4.7) follows. With S, = L(()a), S = L(a) we
obtain from (4.6) ay =¢,. 1

Remark 4.9. From a,_; < c,_, it follows with (4.7) that a, < c,. Since
ap, = ¢y, by induction a, < ¢, for n > 1. In particular we have for the
denominator in (4.7)

n+4a+nc |+ Anc,_ | —nc,_ia,_; > n+a. (4.8)
LEmMMA 4.10.  The sequence {a,}, in (4.7) is convergent, and

. A+2—VA24+4)
¢=lim a,= > < 1.
n—oo

Proof. Write ¢, =1+ d,,, with, by Lemma 4.4,

lim d,=0.

n— 00
We can rewrite (4.7) as

n+ nr,
n(2+ A) +ns, —na,_;’

a, =

with

lim r, = llm s, =0.
n— 00
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Then, with £(2 + A) = €2 + 1 we have

nr, — nts, + nl(a,_; — )
n(2+A)+ns, —na,_;

a,—L{=

With (4.8), we have

n
|an_£|§
n+

Let £ > 0 and £ < r < 1. Then there exists a positive integer number N
such that

Il + sl + —"tla,, —¢]
¥, S —L\a,_1 — t|.
LTI LTI

la, — | < e+rla,_; — 1, n>N+1.
Proceeding as in the proof of Lemma 3.3, this implies

lim |a, — ¢ =0.

THEOREM 4.11. Let

dg(x) = x%e " dx,

a+1,—x

al FAEMa(E),  ax-1, £50, Mz0,

d =
P(x) P
where the support of the absolutely continuous part of the measures is [0, co).
Let {S,}, denote the sequence of polynomials orthogonal with respect to (4.1),
with the leading coefficient of S, equal to the leading coefficient of LY.

If x e C\ [0, 00), then

1 (=& ; _
. S (x) 1—¢ {1 + (_x)l/z} lf M - 0>
lim (aril) = 1/2
" Ly (x) ﬁ{l—%} if M > 0;

the convergence is uniform on compact subsets of C \ [0, 00).
Proof. With ¢, =1+ d, (4.6) becomes
LWL —a, L' =5,—a, .S, .
Then, using (2.4),

() (a—1)
L S S L
1-d 711’11/2 n—1 — n —a, n—1 n—1 . (49)
n Lgf_l)n]/z Lgla—l) n LEla_—ll) L&a—l)
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In the sequel the upper sign in the symbols + and F is connected with
M > 0 and the lower one with M = 0. With (2.7), (2.8), and Lemma 4.4,
we have

(@) 1/2
lim 42 to _  COF
n—00 Lﬁla—l)nl/z (—x)1/2

Then we can rewrite (4.9) as

(=o'
A =15 —5 +burAucr + P
with
S
An = ﬁ’
Ly
(a=1)
L,
b1 =a,, ?a_ll) >
n
() (a)
L
_ n—1 5 n—1
Pt = =y (a—1) +nll>nolo -1 (a=1)"
n n
Here
lim b, ; =¢,
n— o0
o5 o1 =0,

the convergence is uniform on compact subsets of C \ [0, co). Proceeding
as in the proof of Theorem 3.6 we arrive at the desired result. 1

Remark 4.12. 1If x is outside the support of the measures, then the limit
in Theorem 4.11 is not zero. However, if M > 0, x = £ < 0, then x is in
the support of diy; and the limit becomes zero.
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