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We study second-order differential operators A with lower-order coefficients in
some L � L . We prove the generation of positive, quasi-contractive C semi-q � 0

Ž .groups on L for all p � 1, � . If the second-order coefficients are in somep
L � L , we get upper pseudo-Gaussian bounds of the heat kernel. Maximalq �

regularity, spectral independence on L , and analyticity of the generated semi-p
group on L are studied for these operators. � 2001 Academic Press1
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0. INTRODUCTION

There is now an extensive literature on Gaussian bounds for heat
Ž � �kernels associated with strongly elliptic operators see Davies 8 , Robinson

� � .18 and references therein . The best upper bounds have been derived by
� �a technique introduced by Davies in 7 . We use this technique and ideas

� � � � � �developed in Stampacchia 19 , Daners 6 , and Arendt and ter Elst 2 to
analyze the Cauchy problem,

�d u t � Au t � 0Ž . Ž . on � , for all t � 0, �t Ž . 	u 0 � uŽ . on � , CPŽ .0 
on � � , for all t � 0, �Ž .u t � 0Ž .

1 The author is supported by the Studienstiftung des Deutschen Volkes.
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where � is an open subset of Rn and the operator A is associated with the
closure of the second-order form EE given by

n

EE u , � � a x � u x � � x dxŽ . Ž . Ž . Ž .Ý H i , j i j
�i , j�1

n

� b x � u x � x dxŽ . Ž . Ž .Ý H 1, j i
�j�1

n

� b x u x � � x dx � c x u x � x dx . 1Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ý H H2, j j
� �j�1

This form is well defined for all u, � � W 1 if the coefficients a , b ,�, c i, j l, j
and c are in L and are real valued.1, loc

Suppose that c � Ł � L � L and b � Ł for some q � 1. Then� q q � l, j 2 q
we show that the operator �A generates a semigroup T on L . We prove2
that in this case T can be extended to consistent, quasi-contractive,

Ž .positive C semigroups on L for all p � 1, � . If b � Ł and c � Ł0 p l, j p � q
Ž . Ž .for some p � 2, q � 1, then T t is in LL L , L and is quasi-ultracontrac-1 �

� Ž .� �n �2 � ttive, in particular, T t 
 Ct e . Of course, in this situation TLL ŽL , L .1 �

is associated with a kernel k such that

T t f x � k t , x , y f y dy for all f � L . 2Ž . Ž . Ž . Ž . Ž .H 1
�

Assume in addition that a � Ł for some p � 2. We then prove ai, j p
pseudo-Gaussian bound of order m � 2, explicitly

1�m�1m�n �2� � � �k t , x , y 
 Ct exp � t � � x � y �t 3Ž . Ž .Ž .ž /1 2

Ž .for almost all x, y � �, t � 0, � and some C, � � 0. If a � L , theni i, j �

we show m � 2 and obtain a classical Gaussian kernel as an upper bound.
� � � �This extends the result of Aronson 4 , Arendt and ter Elst 2 , and Daners

� � Ž .6 . Using estimate 3 , we obtain some results about spectral indepen-
dence, maximal regularity, and analyticity.

The plan of this article is as follows. In Section 1 we state the exact
assumptions and the main results. We give some estimates for the coeffi-

Ž .cients in Section 2. In Section 3 we derive the key estimate 6 and use it to
show that the form EE generates a C semigroup on L . In Section 4, we0 2

Ž .prove that EE generates quasi-dissipative C semigroups on L 1 � p � �0 p
and also give an L �L estimate. We derive the upper Gaussian estimates1 �

in Section 5 and apply these results in Section 6.
In this article we fix the open set � � Rn and use the following

Ž .notation. By N and R we denote the set of all natural numbers without 0
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� � .and the set of all real numbers, respectively. We use R � 0, � for short.
We write L to denote the real Banach space of all functions from � intop

� � Ž � Ž . � p .1� p � �R with norm f � H f x dx , if 1 
 p � � and f �p ��

� Ž . �ess sup f x . We use Ł � L � L for short. If p � 2, then L is ax � � p p � 2
² : Ž . Ž .Hilbert space with scalar product u, � � H u x � x dx. By L we� 1, loc

denote the set of all real measurable functions that are integrable on every
compact subset of �. The space W 1 is the subset of L whose functions�, c �

Ž .have compact support and weak derivatives in L , while DD is the set of�

all infinitely differentiable functions on � with compact support. By H1 we
Ž .denote the Hilbert space of all functions in L whose first weak deriva-2

² : 1 ² :tives are also in L , with scalar product u, � � u, � �H2
n ² : 1 1Ý � u, � � . Finally, H denotes the closure of DD with respect to H .k�1 k k 0

Ž . Ž .For functions with two arguments like f t, x , we write f t for the
Ž . Ž . Ž .mapping x � f t, x and f x for the mapping t � f t, x if there is no

	 4ambiguity. By f we denote max 0, � f for short, while sgn f ��

� �1 f� f , where 1 is the characteristic function of the set A. Given	 x ; f Ž x .� 04 A
Ž . Ž . ² :a form EE on a Hilbert space H, we write EE u, � � EE u, � � � u, � ,�

where � � R.
Ž . � �A family A with � � 1, � and A : L � L for all p � � isp p� � p p p

called consistent if for all p, q � �, f � L � L holds A f � A f. Ap q p q
continuous form EE on some Hilbert space H is called coercive if there

Ž . � � 2 Ž .exists a constant c � 0 such that EE u, u � c u for all u � D EE .H

1. CONDITIONS AND MAIN RESULTS

We distinguish three different conditions; each one enables us to state
interesting theorems.

CONDITION 1.1. The coefficients of the form EE satisfy

Ž .a The growth condition. We have a , c � L , b � Ł fori, j 1, loc l, j 2 q
i, j � 1, . . . , n, l � 1, 2, and c � Ł , where� q

�	 41 if n � 1
� 1, � if n � 2Ž .q �� n�2, � if n � 2..

Ž . Ž .b The strong ellipticity condition. There exists � � 0, � such that
n

2� �� 	 
 a x 	 	 4Ž . Ž .Ý i , j i j
i , j�1

for all 	 � Rn and almost all x � �.
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Ž .c The antisymmetric boundedness condition. For i, j � 1, . . . , n,
we have a � a � L .i, j j, i �

These requirements are quite weak. The second-order coefficients are
as arbitrary as possible, and the lower-order ones may still be unbounded.
The boundedness of a � a is only needed in Lemma 3.5 to prove thei, j j, i
continuity of EE. The closure of EE is associated with a generator A and its
generated C semigroup T. These weak assumptions are strong enough to0
prove the following.

THEOREM 1.2. If Condition 1.1 is satisfied, then there is a consistent
Ž .family T of quasi-contracti�e, positi�e C semigroups T on L withp p� Ž1, �. 0 p p

generator �A and A � A.p 2

We cannot expect to always get a quasi-contractive semigroup on L . A1
� �counterexample has been given by Ouhabaz 17, Remark 4.3.a .

CONDITION 1.3. In addition to Condition 1.1, we assume that the
coefficients of the form EE satisfy b � Ł for all j � 1, . . . , n, l � 1, 2l, j p1

and c � Ł , where p � 2 q and p � q; i.e., any choice of� p 1 00

1, � if n � 1�2, � if n � 1 ŽŽ
p � p �1 0½ ½n , � if n � 2 n�2, � if n � 2Ž Ž

is possible if the coefficients are appropriate.
This condition is strong enough to prove the following kernel bound.

THEOREM 1.4. If Condition 1.3 is satisfied, then T is ultracontracti�e.
Moreo�er,

� � �n �2 
 tT t 
 Ct e for all t � 0, �Ž . Ž .LL ŽL , L .1 �

Ž .and some C, 
 � 0 see Theorem 3.3 and Remark 4.7 .

CONDITION 1.5. The coefficients of the form EE satisfy Condition 1.3
and a � Ł for all i, j � 1, . . . , n and some p � 2 q.i, j p 22

THEOREM 1.6. If Condition 1.5 is satisfied, then the associated semigroup
Ž Ž . .Ž . Ž . Ž . Ž .T is gi�en by T t f x � H k t, x, y f y dy, and the kernel k: 0, � � ��

Ž .� � � R satisfies 0 
 k t, x, y and a pseudo-Gaussian estimate of order
m, i.e.,

1�m�1m�n �2 � �k t , x , y 
 Ct exp � t � � x � y �t 5Ž . Ž .Ž .ž /1 2

4qŽ .for all x, y � �, t � 0, � , some C, � � 0, and m � 2 � . If m � 2,i p � 2 q2

Ž .then we ha�e the classical Gaussian estimate of order 2 .
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Ž . Ž .THEOREM 1.7. If Condition 1.5 is satisfied, then � A � � A for allp 2
Ž .p � 1, � . If the semigroup extends to a C semigroup on L with generator0 1

Ž . Ž . Ž .A see Remark 6.4 , then � A � � A as well.1 1 2

THEOREM 1.8. If Condition 1.5 is satisfied and a � L for all i, j �i, j �

1, . . . , n, then A has maximal L �L regularity for all 1 � p, q � �; i.e., forp q
Ž � Ž .. 1Ž � Ž ..e�ery f � L R , L � there exists an unique solution u � W R , L �p q p q

Ž � Ž .. Ž . Ž . Ž . �� L R , D A of u� t � Au t � f t for t � R andp q
Ž .u 0 � 0.

THEOREM 1.9. If Condition 1.5 is satisfied and the associated semigroup
Ž . 	 i 
 � � 4T : � � LL L is analytic with � � re ; r � 0, 
 � � , where � �� 2 �

Ž � Ž .0, ��2 , then for all 0 � � � � there is an analytic mapping T : � � LL L1 1 � 11
Ž . Ž .such that T z and T z are consistent for all z � � .1 � 1

If we ha�e a classical Gaussian estimate of the kernel, then we obtain an
analytic semigroup on L , in particular at 0.1

2. COEFFICIENTS

As we are discussing quite general forms EE, we introduce Ł , a largerp
space than L , as the space from which the coefficients are taken.p

DEFINITION 2.1. For 1 
 p 
 �, let Ł � L � L . Moreover, for 0 
p p �

� � � and f � Ł , letp

� � � �� � � �f � inf k � 0, � ; � f � Ł : f � f � f , f 
 � , f 
 k	 4� , p p �i p 1 2 1 2

and

� � � �f � inf � � f ; 0 
 � � � .	 4� , pŁ p

Ž � � . � �Remark 2.2. Clearly, Ł , � is a Banach space and f is nonin-Łp � , pp

� � � �creasing in � . For all f , g � Ł with 0 
 f 
 g, we have f 
 g .p � , p � , p

Some other properties of the spaces Ł are collected in the following.p

LEMMA 2.3. Let 1 
 p 
 �, f � Ł , g � L and 0 
 � � �. Theni p �

Ž . � � � �i g 
 g �� , p

Ž . � � � � � � � �ii for all � � 0, 1 , we ha�e f � f 
 f � f1 2 � , p 1 �� , p 2 Ž1�� .� , p

Ž . � � � � � �iii for all � � R, we ha�e � f � � f1 � � � � , p 1 � , p

Ž . � �iv If p � q � �, � � 0 and f � L , then f � Ł and f 
q p � , p
� � q�Žq�p. �Ž p�Žq�p..f � .q
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Ž . Ž . � �Proof. Parts i and ii are clear by the definition of f . We show�

Ž .part iii :

� �� f � �� � , p1

� � � � � �� �� inf k � 0, � ; �g � Ł : f � g � g , � g 
 � � , � g 
 k	 4p �i p 1 2 1 2

� � � � � �� �� � inf k � 0, � ; �g � Ł : f � g � g , g 
 � , g 
 k	 4p �i p 1 2 1 2

� �� �� � f .� , p1

Ž . � � q �Žq�p. �Ž p �Žq�p..To prove part iv , let k � f � and set f �1 k
	 	 44 � �min k, max �k, f , g � f � f . Then we have f 
 k and�k k k

Ž .q 1�p�1�q� �f1� p�1� q� � � � � � � � � �g 
 f 1 
 f 1 
 fp p q 1 qk 	 � f � � k4 	 � f � � k4 k q

� � q� p �ŽŽ q� p.�1.
 f k � � .q

� �Thus, f 
 k.� , p

To estimate terms in which the coefficients appear, we need the follow-
ing well-known result.

Ž .LEMMA 2.4 Sobolev embedding . Let n � N and

�	 4� if n � 1
� 2, � if n � 2.q � .

2n� 2, if n � 2n � 2

Then there exists a constant C � R� such that

� � � � � �u 
 C �u � uŽ .q 2 2

for all functions u � DD. We call the infimum of such constants C the Sobole�
embedding constant for n and q.

� �See, for example, Adams 1, Theorem 5.4 .

LEMMA 2.5. Let

�	 42 if n � 1
� 2, � if n � 2Žq � .�� �n , � if n � 2
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1 Ž .For all a � Ł , � , u � W , � � 0, � , we ha�ei q �, c

n

� �a u� �Ý 1i i
i�1

1�2n
2� � � � � � � � � �� �
 � �u � u �� � a u ��Ž . Ý2 2 2 2 2�� n C , q'i 1ž /

i�1

n12 22� � � � � � � �� �
 � �u �� � � �� � � � a u ,Ý2 2 2 22 �� n C , q'i 1ž /2� i�1

with C the Sobole� embedding constant for n and q.1

� �Proof. For all � � 0, there are b , c � Ł such that a � b � c , b qi i q i i i i'Ž . � � � �
 �� n C and c 
 a � �. Let 1�2 � 1�p � 1�q. Then,�1 i i � �Ž n C ., q' 1

by Lemma 2.4,

� � � � � � � � � � � � � �a u� � 
 b u� � � c u� � 
 b u � � � c u� �1 1 1 2 2 � 1i i i i i i i i i i

� � � � � � � �� �
 b u � � � a � � u� �Ž .Ž .q p 2 1�� n C , q'i i i i1

�
� � � � � � � �� �
 �u � u � � � a � � u� � .Ž . Ž .Ž .2 2 2 1�� n C , q'i i i1'n

Letting � � 0, we obtain

�
� � � � � � � � � �� �a u� � 
 �u � u � � � a u� � .Ž . Ž .1 2 2 2 1�� n C , q'i i i i i1'n

n '� � � �Summing up and using that Ý � f 
 n �f , we obtain2 2i�1 i

n

� �a u� �Ý 1i i
i�1

n n�
� � � � � � � � � �� �
 �u � u � � � a u � �Ž . Ž .Ý Ý2 2 2 1�� n C , q'i i i1'n i�1 i�1

1�2n
2� � � � � � � � � �� �
 � �u � u �� � a u ��Ž . Ž .Ý2 2 2 2 2�� n C , q'i 1ž /

i�1

n
2�12 22� � � � � � � �� �
 � �u �� � � �� � 2� � � a uŽ . Ž .Ý2 2 2 2�� n C , q'i 1ž /

i�1

2 �1 2Ž .by xy 
 � x � 4� y for all � � 0.
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LEMMA 2.6. Let

�	 41 if n � 1
� 1, � if n � 2Žq � .�� �n�2, � if n � 2

For all f � Ł , � , u � W 1 , � � R�, we ha�eq �, c

� � � � � � � � 2 � � 2 � � � �fu� 
 � �u �� � �u � �� � u �Ž .1 2 2 2 2 2 2

� 2 2
2� � � � � �� �� u � � � f u� ,Ž . ��C , q2 2 124

with C the Sobole� embedding constant for n and q.2

� �Proof. For all � � 0, there are g, h � Ł such that f � g � h, g 
qq
2 � � � � 2��C and h 
 f � �. Let 1 � 2�p � 1�q. Then, by Lemma�2 � � C , q2

2.4,

� � � � � � � � � � � � � �fu� 
 gu� � hu� 
 gu � � h u�1 1 1 p�Ž p�1. p � 1

� � � � � � 2 � �� �
 g u � � f � � u�Ž .��C , qq p p 12

� � � � � � � � 2 � �� �
 � �u � u �� � � � f � � u� .Ž . Ž . Ž .��C , q2 2 2 2 12

Letting � � 0, we obtain

� � � � � � � � � � 2 � �� �fu� 
 � �u � u �� � � � f u�Ž . Ž . ��C , q1 2 2 2 2 12

� � � � � � 2 � � 2 � � � �
 � �u �� � �u � �� � u �Ž .2 2 2 2 2 2

� 2 2
2� � � � � �� �� u � � � f u�Ž . ��C , q2 2 124

2 2by xy 
 x � y �4.

3. APPROXIMATION

In this section we prove the key to this article, Theorem 3.3. We use this
to prove that EE is a closable, coercive, continuous form. Since we need
estimates about L in the next section, we use a substitution and the Lp 2
norm. This enables us to approximate the L norm using a technique ofp

� �Daners 6 .
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� . � .DEFINITION 3.1. For any x � �, u: � � R, k � 1, � , p � 2, � , let

� � p�2 � �x if x 
 k
f x � ,Ž . pk , p p�2 p�2�1½ � � � �k � k x � k if x � kŽ .2

g x � f x � f x ,Ž . Ž . Ž .k , p k , p k , p

w x � f u x ,Ž . Ž .Ž .k , p , u k , p

� x � g u x .Ž . Ž .Ž .k , p , u k , p

We put together some properties of these functions.
1 � . � .LEMMA 3.2. Let u � W , k � 1, � , p � 2, � ; thenloc

� � p�2 � �x if x 
 k
f x � ,Ž .k , p p p � 2Ž p�2.�1½ � � � �k x � k if x � kŽ .2 p

p Ž p�2.�2� � � �x x if x 
 k2	f x � ,Ž .k , p p �1Ž p�2.�1½ � � � �k x x if x � k2

p Ž p�2.�2p � 2 � � � �x if x 
 k
 2 2f x � ,Ž .k , p ½ � �0 if x � k

f 	 , g	 � L R ,Ž .k , p k , p �

p
2 2w 
 u� 
 w ,k , p , u k , p , u k , p , u2

� u� � w � w a.e.,i k , p , u k , p , u i k , p , u

� � � �u� � 
 p � 1 w � w a.e.Ž .i k , p , u k , p , u i k , p , u

Proof. We obtain the derivatives of f by simple differentiation andk , p
	 	 Ž .see that f , g � L R . Now we fix k, p, and u and write w � wk , p k , p � k , p, u

pp 22 � � � �and � � � for short. Then we have w � u and u� � u ifk , p, u 2
w2 p � 2 k� Ž . � � � � Ž . �u x 
 k, while � 1 � � 2�p, 1 if u x � k. This leads to� �u� p u

p
2 2w 
 u� 
 w .

2
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	 Ž .The next identity is shown using � u� � � uwf u � w� w a.e. by Gilbargi i k , p i
� � � � � Ž . �and Trudinger 10, Theorem 7.8 . Again by 10 , we have for u x 
 k,

p p p � 2p�2� �u� � � u� u u � � p � 1 w� w a.e.Ž .i i iž /2 2 2

and

2p p
p�2 p�2�1 � �u� � � u� u k � k u � w a.e.i i iž /2 2

pp�2�1 p�2 p�2�1� Ž . � � � Ž � � .if u x � k. As k u � k � k u � k 
 w and 
 p � 1,2

the last inequality of the Lemma is proved.

In Section 5 we need to control � . Hence we provide its value in the
following theorem.

� . 1THEOREM 3.3. Let k � 1, �, � � 0, 1 , 2 
 p � � and u � W .�, c
Assume that Condition 1.1 is satisfied. Then

� � 2
EE u , � � � p , � , � wŽ . Ž . Lk , p , u k , p , u 2

� � 2� � EE � u , � � �� 1 � � �w 6Ž . Ž . Ž .Lk , p , u k , p , u 2

with

23 1 � � 1 � � � 2 p � 1Ž . Ž . Ž .
� p , � , � � �Ž .

8 1 � � 1 � � �Ž . Ž .
n

2
� bÝ l , j Ž Ž .Ž .. Ž Ž ..� 1�� 1�� � 4 n C p�1 , 2 q' 1

j�1
l�1, 2

p
2� �� c , 7Ž .Ž Ž .Ž .. Ž .� 1�� 1�� � 3C p , q� 22

n

EE � u , � � a x � u x � � x dx ,Ž . Ž . Ž . Ž .Ý H i , j i j
�i , j�1

Ž . Ž .and C resp. C the Sobole� constant for n and q resp. 2 q . Let1 2
Ž . Ž .� p � � p, 1�2, 0 for short.

	 � Ž . � 4Proof. Let E � x � �; u x 
 k , F � � � E . Fix the constants kk k k
and p and the functions u, w � w and � � � in the rest of thek , p, u k , p, u

1 Ž �proof. Note that w, � � W cf. Gilbarg and Trudinger 10, Theorem�, c
�.7.8 . This is the reason why we do not use DD to define the form EE,

although the closure would be the same.
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On E , we havek

p
� w� w � � u� � a.e.j l j l2 p � 1Ž .

Ž .Applying this and Lemma 3.2 to 4 , we obtain a.e.

� � 21 � � � �wŽ .
n n1 � � pŽ .


 1 � � a � w� w 
 a � u� �Ž . Ý Ýi , j i j i , j i j2 p � 1Ž .i , j�1 i , j�1

n

� � � � � �
 �� a� �, u , � � a �, u , � � b � u� � b u� � � c u�Ž . Ž . Ž .Ý 1, j j 2, j j �
j�1

n

� � � �
 �� a� �, u , � � a �, u , � � b w� w � p � 1 b w� wŽ . Ž . Ž .Ž .Ý 1, j j 2, j j
j�1

p
2� c w ,�2

Ž . n Ž . Ž . Ž . Ž .where a� x, u, � � Ý a x � u x � � x and a �, u, � is the inte-i, j�1 i, j i j
Ž .grand of 1 .

On F , we have � w� w � � u� � a.e. Applying this and Lemma 3.2 tok j l j l
Ž .4 , we obtain a.e.

n
2� �1 � � � �w 
 1 � � a � w� wŽ . Ž . Ý i , j i j

i , j�1

n


 1 � � a � u� �Ž . Ý i , j i j
i , j�1


 �� a� �, u , � � a �, u , �Ž . Ž .
n

� � � � � �� b � u� � b u� � � c u�Ž .Ý 1, j j 2, j j �
j�1


 �� a� �, u , � � a �, u , �Ž . Ž .
n p p

2� � � �� b w� w � b w� w � c w .Ý 1, j j 2, j j �ž /2 2j�1
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As 2 
 p and E � F � �, the inequality for E holds on �. Integra-k k k
tion over � gives

� � 21 � � � �wŽ . L 2

n p
2� � � �
 �� EE � u , � � EE u , � � p � 1 b w� w � c wŽ . Ž . Ž . Ý L Ll , j j �1 12j�1

l�1, 2


 �� EE � u , � � EE u , �Ž . Ž .
p 3�22 2 2� � � � � �2� �� 3� �w � w � c wL L 2� �C2 �2 2 2 2ž /2 2

np � 1 22 2 2� � � �� p � 1 2� �w � w � � b ,Ž . ÝL L1 1 l , j Ž .2 2 � � n C'1 12� ž /1 j�1
l�1, 2

� 1 � � 1 � �Ž .Ž .where we used Lemma 2.5, 2.6, and 2.3. By choosing � � and1 4 p � 1Ž .
� 1 � � 1 � �Ž .Ž .� � , the Theorem is proved.2 3 p

We deduce from this the following corollary.

� .COROLLARY 3.4. The form EE is positi�e for all �, � � 0, 1 if� Ž2, � , � .
Condition 1.1 is satisfied.

Ž .Proof. Choose p � 2 in 6 and use u � � � w sgn u to see thek , 2, u k , 2, u
positivity.

LEMMA 3.5. If Condition 1.1 is satisfied, then the form EE is� Ž2, � , � .
� � 2 Ž Ž ..� � 2continuous with respect to its graph norm u � 1 � � 2, �, � uEE 2� Ž2, � , � .

Ž . � . Ž .� EE u, u for all � � 0, 1 and � � 0, 1 .

Ž . � � 2Proof. By Lemma 3.3 and Eq. 4 we know that 0 
 �� �u 
2
Ž . Ž . Ž .� � 2 � .� EE � u, u 
 EE u, u � � 2, �, � u . Fix �, � � 0, 1 and let � �2

Ž .� 2, �, � in the following.
1 1ˇ ˇŽ . Ž Ž . Ž .. Ž . Ž Ž .Let EE u, � � EE u, � � EE � , u and EE � u, � � EE � u, � �2 2

Ž .. Ž .EE � � , u be the antisymmetric parts of EE resp. EE � . Choose M � 0 such
� � 2that a � a 
 M� for all i, j � 1, . . . , n. Then the Holder inequality¨i, j j, i
Ž .and 4 lead to

2 2n
2 2 2 2ˇ� � � � � � � �4 EE � u , � 
 M� � u� � 
 M � �u ��Ž . Ý H Hi i ž /ž /� �i , j�1

2 � � 2 � � 2 2
 M ��u ��� 
 M EE � u , u EE � � , �Ž . Ž .2 2


 M 2 ��2 EE u , u EE � , �Ž . Ž .��1 ��1
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for any u, � � W 1 . Now we can estimate, by Lemma 2.5,�, c

ˇ ˇ� �2 EE u , � � EE � u , �Ž . Ž .
n

� b � b �� u � u� �Ž . Ž .Ý 1, j 2, l j j
j�1

n

� � � �
 b � b �� u � b � b u� �Ž . Ž .Ž .Ý 1 11, j 2, j j 1, j 2, j j
j�1

� � � � � �
 � �u � u ��Ž .2 2 2

1�2n

� � � �� b � b u ��Ý 2 21, j 2, j Ž .�� n C , 2 q' 1ž /
j�1

� � � � � �� � �� � � �uŽ .2 2 2

1�2n

� � � �� b � b � �u .Ý 2 21, j 2, j Ž .�� n C , 2 q' 1ž /
j�1

� � 2 Ž . Ž . � � 2 	Ž .As �� �u 
 � EE � u, u 
 EE u, u and � u 
 � EE u, u 
2 2��1 1
Ž . Ž .EE u, u by 4 and Lemma 3.3, we can continue the estimate by��1

ˇ ˇ� �2 EE u , � � EE � u , �Ž . Ž .
1�2 1�2
 2 EE u , u EE � , �Ž . Ž .��1 ��1

1�2n� � 1
�1� � � � b � b .Ý 1, j 2, j Ž .�� n C , 2 q' 1ž /' '�ž /� � j�1

Using these inequalities, we obtain

ˇ� �EE u , �Ž .
ˇ ˇ ˇ� � � �
 EE � u , � � EE u , � � EE � u , �Ž . Ž . Ž .

1�2 1�2
 EE u , u EE � , �Ž . Ž .��1 ��1

1�2n� � 1
�1� � � � b � b � M�2 .Ý 1, j 2, j Ž .�� n C , 2 q' 1ž /' '�ž /� � j�1

Together with the Cauchy�Schwarz inequality for the symmetric part of
EE , this implies�

1�2 1�2� �EE u , � 
 K EE u , u EE � , �Ž . Ž . Ž .� ��1 ��1
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with

1�2n� � 1 M
�1K � 1 � � � � � � b � b �Ý 1, j 2, j Ž .�� n C , 2 q' 1ž /' '� 2ž /� � j�1

for all � � 0. This completes the proof.

LEMMA 3.6. If Condition 1.1 is satisfied, then the form EE is� Ž2, � , � .
� . Ž .closable for all � � 0, 1 and � � 0, 1 . The closure is a coerci�e form. The

forms EE and EE � define equi�alent norms.� Ž2, � , � .

1ˆ Ž . Ž Ž . Ž ..Proof. Let EE � u, � � EE � u, � � EE � � , u be the symmetric part of2
ˆ� . Ž .EE �. Fix �, � � 0, 1 and let � � � 2, �, � in the following. Using Lemmas

2.5 and 2.6, we see that

� �EE u , uŽ .
n

2ˆ� � � � � � � �
 EE � u , u � b � b u� u � c uŽ . Ý H H1, j 2, j j
� �j�1

n12 22ˆ � � � �
 EE � u , u � 2� �u � � � b � b uŽ . Ý2 21, j 2, j Ž .�� n C , 2 q' 1ž /2� j�1

12 2
2� � � �� �� 3� �u � � � � c u��C , q2 22ž /2�

5� 3� 1
	
 EE u , u 1 � � �Ž .1 ž � 2 2�

n1
2� �� b � b � c ,��C , qÝ 1, j 2, j Ž . 2�� n C , 2 q' 1 /2� j�1

2 ˆ 2Ž . Ž . � � Ž . � �by 4 and the inequality EE u, u � � u � � EE � u, u � �� �u � 02 2

derived from Theorem 3.3. Using these inequalities, we obtain

c�1 EE
	 u , u 
 EE u , u 
 EE u , u 
 cEE

	 u , u ,Ž . Ž . Ž . Ž .ˆ ˆ1 ��� ��1 1

with

5� 3� 1
�1 ˆc � � � � � 2 � � �

� 2 2�
n1

2� �� b � b � c .��C , qÝ 1, j 2, j Ž . 2�� n C , 2 q' 12� j�1
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�Thus the associated norms are equivalent. By Ma and Rockner 14, I.3,¨
� Ž �Proposition 3.5 the form EE is closable since EE � is closable see 14,�̂��

�.II.2d, Case 1 .
� Ž . � 2 2 Ž . Ž .Since EE is continuous, we have EE u, � 
 K EE u, u EE � , � for� � ��1 ��1

some K � 0. Thus

22 ˆ ˆ� �EE u , � 
 K � 1 EE u , u EE � , �Ž . Ž . Ž . Ž .ˆ ˆ��1 ��1 ��1

2 	 	2
 K � 1 c EE u , u EE � , � .Ž . Ž . Ž .1 1

� �Together with Ma and Rockner 14, I.3, Proposition 3.5 , this shows that¨
the closure of EE is a closed coercive form.�

DEFINITION 3.7. If Condition 1.1 is satisfied, then EE has a� Ž2, � , � .
unique, positive, closed, coercive, continuous extension to the real Hilbert
space

1
1 ² : ² :V � W with respect to u , � � u , � � EE � u , � � EE � � , uŽ . Ž .Ž .V� , c 2

� . Ž .for all � � 0, 1 , � � 0, 1 . This extension is the well-known Friedrichs
extension and is denoted by EE . Using this extension, we can extend� Ž2, � , � .

Ž . Ž . Ž .² :EE to V by setting EE u, � � EE u, � � � 2, � , � u, � .� Ž2, � , � .

It is well known that in this situation EE is associated with an unique
Ž . 	 ² : Ž .4operator A with D A � u � V; �w � L �� � V : w, � � EE u, �2

Ž . ² : Ž .and Au � w for all u � D A , where w, � � EE u, � for all � � V. The
operator �A is the generator of a C semigroup T on L .0 2

Ž . 1 Ž .LEMMA 3.8. Suppose that f � CC R is piecewise in CC with f � � L R�

Ž .and f 0 � 0. The substitution u � f �u is continuous on V and on L .2

Proof. First, we must show that the range of the substitution is in V.
1 Ž .Let u � V and choose u � W such that u � u in V. Then, by Eq. 4 ,n �, c n

n
20 
 sup EE � f �u , f �u � sup a � u x � u x f ��uŽ . Ž . Ž . Ž .ÝHn n i , j i n j n n

�n�N n�N i , j�1

� � 2
 sup f � EE � u , u � �,Ž .� n n
n�N

Ž . Ž . Žsince EE � u , u � EE � u, u for n � � and � f �u � f ��u � u seen n i n n i n
� �.Gilbarg and Trudinger 10, Theorem 7.8 . By the Banach�Alaoglu theo-

rem, f �u � � weakly in V for some subsequence u of u and somen n nk k

� � V. Since f �u � f �u in L , we obtain f �u � � � V.n 2
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Ž .Second, let u � V such that u � u � V. Then, again by Eq. 4 andn n
� �Gilbarg and Trudinger 10, Theorem 7.8 , we have

n
20 
 EE � f �u , f �u � a � u x � u x f ��uŽ . Ž . Ž . Ž .ÝHn n i , j i n j n n

� i , j�1

� � 2 � � 2
 f � EE � u , u � f � EE � u , uŽ . Ž .� �n n

for n � �. Thus there exists a subsequence u and a function g � Ln 1k

such that
n

2
0 
 f ��u a � u x � u x 
 gŽ . Ž .Ž . Ýn i , j i n j nk k k

i , j�1

Ž .a.e. By the dominated convergence theorem, EE � f �u , f �u convergesn nk k
Ž .to EE � f �u, f �u for n � �. This implies continuity, since there is such a

dominated subsequence for all subsequences of u .n
� � � � � �Third, f �u � L whenever u � L as f �u 
 f � u a.e. Finally,�2 2

� � � � � � �f �u � f �� 
 f � u � � a.e. for all u, � � L . Thus we have f �u �� 2
� � � � �f �� 
 f � u � � .2 � 2

COROLLARY 3.9. If Condition 1.1 is satisfied, then the semigroup T
� �associated with EE is positi�e. The mapping u � u is continuous on V.

� . Ž .Proof. Fix �, � � 0, 1 and � � � 2, �, � in the proof. Lemma 3.8
� � � �implies that V is a lattice and u � u is continuous on V, since x � x is

	 4smooth on R � 0 with essentially bounded derivative. Thus we can apply
Ž �the Beurling�Deny criteria for nonsymmetric forms see Ouhabaz 17,

�. Ž .Theorem 2.4 . Since � u � � u1 , we have EE u , u � 0 fori � i 	 x � � ; uŽ x .� 04 � � �
any u � V, and we obtain the positivity of T immediately.

4. UPPER BOUNDS

From the previous section, we know that there are unique solutions of
Ž .CP . In this section we derive upper bounds of these solutions. To do this,
we need a simple generalization of Theorem 3.3.

Remark 4.1. Since f and g are piecewise smooth with boundedk , p k , p
Ž .derivative, see Lemma 3.2 , w , � � V for all u � V, by Lemmak , p, u k , p, u

3.8.
Ž .Obviously Theorem 3.3 holds for all u � V. Since all terms of 6 are

defined and the first part of the proof is a pointwise calculation, while the
second part only uses that w � H1 � V, the proof carries over to thisk , p, u
more general situation.
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LEMMA 4.2. If Condition 1.1 is satisfied and u is an orbit with initial �alue
Ž . Ž .u 0 � D A , then

� � 2 � � 2 � � 2d w t 
 �� �w t � 2� p , � , � w tŽ . Ž . Ž . Ž .2 2 2t k , p , u k , p , u k , p , u

� .for all t � 0, �, � � 0, 1 .

Ž . Ž . Ž � Ž .. 1Ž � .Proof. Since u 0 � D A , we have u � CC R , D A � CC R , L .2
Ž . �Thus the mapping t � f � u t : R � L has the derivativek , p 2

	 Ž . Ž . � �f �u t � u t a.e. by Gilbarg and Trudinger 10, Theorem 7.8 . Now wek , p t
see that

� � 2 	d w t � 2 f �u t � u t , w t � 2 � u t , � t² : ² :Ž . Ž . Ž . Ž . Ž . Ž .2t k , p , u k , p t k , p , u t k , p , u

� �2 Au t , � t � �2 EE u t , � t² :Ž . Ž . Ž . Ž .Ž .k , p , u k , p , u

� � 2 � � 2
 �� �w t � 2� p , � , � w tŽ . Ž . Ž .2 2k , p , u k , p , u

as in Remark 4.1.

Ž .Proof Proof of Theorem 1.2 . By Corollary 3.9, we have the positivity
of the semigroup. Thus we need only show the quasi-contractivity on L .p

Ž . Ž .If u is an orbit with initial value u 0 � D A , then by Lemma 4.2, we
have

� � 2 � � 2 � � 2d w t 
 �� �w t � 2� p w tŽ . Ž . Ž . Ž .2 2 2t k , p , u k , p , u k , p , u

� � 2
 2� p w t .Ž . Ž . 2k , p , u

From this differential inequality, it follows that

� � 2 � � 2 2 � Ž p. tw t 
 w 0 e .Ž . Ž .2 2k , p , u k , p , u

Ž . Ž .Since D A is dense in L , we can choose any initial value in L � �2 2
Ž . Ž . � Ž . � p�2L � by approximation; see Lemma 3.8. Since w t, x � u t, xp k , p, u

as k � �, we have

� � � p�2 � 2 � � � p�2 � 2 2 � Ž p. tu t 
 u 0 eŽ . Ž .2 2

and

� � � � 2 � Ž p. t� pu t 
 u 0 e .Ž . Ž .p p

The proposition is finished by a limiting argument.

The subsequent L estimates of semigroup kernels are based on anp
� �inequality first derived by Nash. See 16 for a discussion of parabolic

Ž n.partial differential equations on L R .2
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Ž .PROPOSITION 4.3 Nash inequality . There exists a constant M � 0 such1
that

� � 2�4� n � � 2 � � 4� nu 
 M �u u2 2 11

4� n � 1 � n�2Ž .1 2� nŽ .for all u � H � L . We call M � the Nash constant.0 1 1 n � 2 1 � n�2

n �Proof. Extend the function u by 0 to R and use Nash’s result 16,
� � �p. 936 ; or see Davies 8, Theorem 2.4.6 .

LEMMA 4.4. If Condition 1.1 is satisfied and u is an orbit with initial �alue
Ž . Ž .u 0 � D A , then we ha�e

�4 p�n1� p �Ž� Ž2 p.� p. t� �w t eŽ . 2ž /k , 2 p , u

2� �4 p�nt 2� p �Ž� Ž2 p.� p. s� �� w s e dsŽ .H 2ž /k , p , uM n 01

	 � � Ž .� 4for all t � J � t � R ; inf u s � 0 , p � 2, k � 1 and M the20 
 s
 t 1
Nash constant.

Proof. By Lemma 4.2 and Proposition 4.3, we have

� � 2d w tŽ . 2t k , 2 p , u

� � 2 � � 2
 �� �w t � 2� 2 p w tŽ . Ž . Ž .2 2k , 2 p , u k , 2 p , u

� 2�4� n �4� n 2� � � � � �
 � w t w t � 2� 2 p w tŽ . Ž . Ž . Ž .2 1 2k , 2 p , u k , 2 p , u k , 2 p , uM1

� 2�4� n �8� n 2� � � � � �
 � w t w t � 2� 2 p w t .Ž . Ž . Ž . Ž .2 2 2k , 2 p , u k , p , u k , 2 p , uM1

The last inequality holds by the definition of w .k , p, u
For positive functions f with f � 
 g � cf on R�, we have

t�M c M t �M�1 c M sf t e � �M f s g s e dsŽ . Ž . Ž .H
0

for all M � 0. Choosing M � 2�n, we obtain

2� t�4� n �8� n4Ž� Ž2 p.� n. t 4Ž� Ž2 p.� n. s� � � �w t e � w s e ds,Ž . Ž .2 H 2k , 2 p , u k , p , uM n 01

which implies the claim.
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4q	LEMMA 4.5. If Condition 1.3 is satisfied and r � max 2 � , 1p � 2 q1
q 4 Ž . Ž .� , then there exists � � 0 such that � p 
 f p � for all p � 20 0p � q0

Ž . Ž . r � �j Ž j�1.with f p � p � 1 . Further, we ha�e Ý 2 log f 2 
 3r log 2.j�1

ˆ ˇProof. Choose b , c � L , b � L , and c � L such that c � c �ˆ ˇ ˇl, j � l, j p p �1 0

ˆ ˆc and b � b � b . By direct estimate using Theorem 3.3 and Lemmaˆ l, j l, j l, j
Ž .2.3 iv , we obtain

2Ž .2 q� p �2 q1n '3 4 8 n C1p �Ž p �2 q.1 1ˆ ˇ� � � �� � � � b � bÝ � p0 l , j l , j 1 ž /ž /16 � �j�1
l�1, 2

Ž .q� p �q026 6C2p �Ž p �q.0 0� � � �� � c � c ,ˆ ˇ� p0 ž /� �

which satisfies the inequality.
The last inequality of this lemma is quite easy, since

� � �
r�j j�1 �j j�1 �j2 log f 2 � 2 log 2 
 r 2 j � 1 log 2Ž . Ž . Ž .Ý Ý Ý

j�1 j�1 j�1

�
�j� r log 2 2 j � 1 � 3r log 2,Ž .Ý

j�1

using the derivative of the geometric series at 1�2.

LEMMA 4.6. Let k � 1, l � N, p � 2 l and let u be an orbit. Then there
exists C, � � 0 such that

1 12� p .�n �4 �Žn �2.Ž � 
 t2 p'� � � �w t 
 2 C t e u 0 8Ž . Ž . Ž .2 2k , p , u

Ž .holds for all t � 0, � if Condition 1.3 is satisfied.

Ž .Remark 4.7. Taking � , f , r as in Lemma 4.5 and choosing � � 0, 1 ,0
the constants in Lemma 4.6 are given by

n�2rM n121

 � �� � 2 and C � .Ž .0 rž /�� 3 � �Ž .
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Ž . Ž . Ž .Proof. Let u be an orbit with initial value u 0 � D A , � � 0, 1 , the
Ž . � Ž2. tfunction h t � e , and2

Ž .n� 4 pM n1 Ž .n� 4 p� Ž2 p.� �Ž p f Ž2 p.. th t � h t e f 2 p � � .Ž . Ž . Ž .Ž .2 p p r rž /2� 3 � 3 � �Ž .

�n �4 
 t'Ž .Then h t 
 2 C e holds, by Lemma 4.5, and h is nondecreasing.p p
To prove the claim, we do an induction over l � log p. We see that2
� Ž .� � Ž .� Ž .� Ž .�w s � u t 
 h t u 0 . By Lemma 4.4 and the uniqueness of2 2 2k , 2 2
the zero solution, we obtain

� �1� pw tŽ . 2k , 2 p , u

Ž . Ž .n� 4 p �n� 4 pM n Ž .� 4 p�nt1 2� pŽ� Ž2 p.� p. t �Ž� Ž2 p.� p. s� �
 e w s e dsŽ .H 2ž /k , p , už /ž /2� 0

Ž .n� 4 pM n1Ž� Ž2 p.� p. t
 e ž /2�

Ž .�n� 4 pŽ .� 4 p�nt 1 1�Ž n �2. � �Ž� Ž2 p.� p. s2 p � �� s h s e ds u 0Ž . Ž .H 2ž /pž /0

Ž .Ž . �n� 4 pn� 4 pM n t1Ž� Ž2 p.� p. t p�2
 e h t s dsŽ . Hpž / ž /2� Ž Ž ..t 1���f 2 p

�Ž � Ž2 p.� p. tŽ1�� � f Ž2 p.. � ��e u 0Ž . 2

Ž .n� 4 pM n1Ž� Ž2 p.� �Ž p f Ž2 p... t
 e h tŽ .pž /2�

Ž .�n� 4 pp�11 �
p�1 � �� t 1 � 1 � u 0Ž . 2ž /ž /ž /p � 1 f 2 pŽ .

1 1 .�Žn �2.Ž �2 2 p � �
 h t t u 0 ,Ž . Ž . 22 p

Ž .f 4 � � p � 1Ž .Ž .p�1Ž Ž .. Ž Ž ..since 1 � 1 � ��f 2 p � ��f 4 , which can be seenf 2 p � �Ž .
e x � 1Ž .by the following elementary calculus. First, g x � is increasingx

Ž . Ž . Ž Ž ..on R. Second, the function � p � � p � 1 log 1 � ��f 2 p �
p � 1 � j� rŽ . Ž .� Ý is decreasing, since f p � p � 1 and r � 2. Third,jj�0f 2 p j � 1 f 2 pŽ . Ž .Ž . Ž .
Ž . Ž . Ž .� x � � x � � log 1 � ��x is increasing for x � � , as its derivative is˜
Ž . Ž . Ž Ž .. Ž Ž ..� � x � �log 1 � ��x � ��x � 0. Finally, � f 2 p g �� p˜ ˜
f 2 p � �Ž . p�1Ž Ž Ž .. .� 1 � 1 � ��f 2 p is nondecreasing.p � 1
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Lemma 3.8, with regard to f , shows that we can approximate anyk , p
initial value in L .2

COROLLARY 4.8. If Condition 1.3 is satisfied, then there exists C, 
 � 0
such that

�n �4 �Žn �4. 
 t'� �T t 
 2 C t e for all t � 0.Ž . LL ŽL , L .2 �

The constants are gi�en in Remark 4.7.
�n �4 
 t'Ž .Proof. Let h t � 2 C e . By definition, we have

� � � � � � jT t � sup T t u 
 sup lim sup T t uŽ . Ž . Ž .LL ŽL , L . � 20 02 �

� � � � j��u �1 u �12 20 0

� � 2�2 j

j� sup lim sup lim f �T t uŽ . 2k , 2 0
k��� � j��u �120

1 �j .�Žn �2.Ž �22 � �
 sup lim sup lim t h t uŽ . 20
k��� � j��u �120

� t�Ž n �4.h t .Ž .

Ž .Proof Proof of Theorem 1.4 . By duality, we obtain

� � � � � � �n �2 Ž� Ž2.�� . tT t 
 T t�2 T t�2 
 Ct e .Ž . Ž . Ž .LL ŽL , L . LL ŽL , L . LL ŽL , L .1 � 2 � 1 2

5. GAUSSIAN ESTIMATES

� �In this section we use a technique developed by Davies 7 to obtain
pseudo-Gaussian upper bounds of the kernel of T. We assume Condition
1.5 in this section.

	 Ž n. � � 4DEFINITION 5.1. Let � � � � DD R ; �� 
 1 . For all real numbers
� and � � �, let

B f x � e �� Ž x . f xŽ . Ž .Ž .� , �

T t � B T t B .Ž . Ž .� , � � , � �� , �
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LEMMA 5.2. For any real � and � � �, the semigroup T is associated�, �

with the form EE gi�en by�, �

n n

EE u , � � a � u� � � b � u� � b �� �Ž . Ž .Ý ÝH H� , � i , j i j 1, j , � , � j 2, j , � , � j
� �i , j�1 j�1

� c u� ,H � �1
�

where

n n

b � b � � a � � , b � b � � a � � ,Ý Ý1, j , � , � 1, j j , k k 2, j , � , � 2, j k , j k
k�1 k�1

n n
2c � c � � a � �� � � � b � b � �Ž .Ý Ý� , � i , j j i 1, j 2, j j

i , j�1 j�1

for all u, � � V.

Ž . 1Proof. For every u � D A , � � W , we have�, c

² ��� �� : ² ��� �� :� T t u , � � � T t e u , e � � AT t e u , e �² :Ž . Ž . Ž .t � , � t

� EE T t e��� u , e �� � � EE e��� T t u , e �� �Ž . Ž .Ž . Ž .� , �

� EE T t u , � .Ž .Ž .� , � � , �

By approximation, this holds actually for all u � V, from which the lemma
follows by a direct calculation.

Ž .THEOREM 5.3. If � � R, � � �, t � 0, � , then there exists Cd, � � 0i
such that

� � �n �2 � � mT t 
 Ct exp � � � � t , 9Ž . Ž .Ž .Ž .LL ŽL , L .� , � 2 11 �

where

4q
m � 2 � � 2, � . 10. Ž .

p � 2 q2

Remark 5.4. The exact values of the constants are not needed in the
Ž .following, but are given here for completeness. Choosing � � 0, 1 and

analyzing the proof provides

n�2rM n121 ˆC � , � � 1 � � � ,Ž .i irž /� 3 � � �Ž .
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4q qr
f p � p � 1 , r � max 2 � , 1 � ,Ž . Ž . ½ 5	 4min p , p � 2 q p � q2 1 0

2Ž .2 q� p �2 q1n '12 16 n C1p �Ž p �2 q.1 1ˆ ˆ ˆ ˇ� � � �� � � � b � bÝ � p1 2 l , j l , j 1 ž /ž /� �j�1
l�1, 2

Ž .q� p �q0218C 32p �Ž p �q.0 0� � � �� c � c � � ,ˆ ˇ� p0 ž /� 16
2Ž .2 q� p �2 q22n n n '12 32n n C1p �Ž p �2 q.2 2ˆ � � � �� � a � aˆ ˇÝ Ý Ý� p2 i , j i , j 2ž / ž /� �ž /�j�1 i�1 i�1

2Ž .2 q� p �2 q22n n '32n n C1p �Ž p �2 q.2 2� � � �� a � aˆ ˇÝ Ý� pj , i j , i 2ž / ž /�ž / 0i�1 i�1

Ž .q� p �q22 2n 18n C2p �Ž p �q.2 2� � � �� a � aˆ ˇÝ � pi , j i , j 2 ž /ž /�i , j�1

Ž .q� 2 p �q12n 18nC22 p �Ž p �q.1 1ˆ ˆ ˇ ˇ� � � �� b � b � b � bÝ � p1, j 2, j 1, j 2, j 1 ž /ž /�j�1

ˆ ˇfor any choice of a , b , c � L , a � L , b � L , and c � L suchˆ ˆ ˇ ˇi, j l, j � i, j p l, j p p2 1 0ˇ ˆthat p � 2 q or p � � and a � a � a , b � b � b for allˇ ˆ2 1 i, j i, j i, j l, j l, j l, j
i, j � 1, . . . , n, l � 1, 2, and c � c � c. If a � L for all i, j � 1, . . . , n,ˇ ˆ� i, j �

then choose a � 0, p � �, and m � 2.ǐ, j 2

Proof. Since the form EE satisfies Condition 1.3, Theorem 1.4 holdsp, �

Ž .with � corresponding to 7 . To estimate � , we choose functions�, � � , �
ˆ ˇa , b , c � L , a � L , b � L , and c � L such that a � aˆ ˆ ˇ ˇ ˇi, j l, j � i, j p l, j p p i, j i, j2 1 0ˇ ˆ� a , b � b � b , and c � c � c. If a � L , then choose a �ˆ ˇ ˆ ˇi, j l, j l, j l, j � i, j � i, j

0, p � �, and m � 2. With the help of these decompositions and Lemma2
Ž . Ž .2.3 ii , iv , we obtain

n

� � � �b 
 b � � âÝ �1, j , � , � 1, j j , k��2�
k�1

Ž .2 q� p �2 q2n � �2n �p �Ž p �2 q.2 2� � � �� � ǎÝ pj , k 2 ž /�k�1
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n

� � � �
 b � � âÝ �1, j j , k��2
k�1

Ž .2 q� p �2 q2n � �2n �p �Ž p �2 q.2 2� � � �� � ǎÝ pj , k 2 ž /�k�1

2n
2 2 m� � � �b 
 3 b � 3 1 � � aŽ . ˆÝ �1, j , � , � 1, j j , k� � ž /

k�1

2Ž .2 q� p �2 qn 22nm p �Ž p �2 q.2 2� � � �� 3 1 � � aŽ . ˇÝ pj , k 2 ž /ž /�k�1

2n
2 2 m� � � �b 
 3 b � 3 1 � � aŽ . ˆÝ �2, j , � , � 2, j k , j� � ž /

k�1

2Ž .2 q� p �2 qn 22nm p �Ž p �2 q.2 2� � � �� 3 1 � � aŽ . ˇÝ pk , j 2 ž /ž /�k�1

n
2 � �� � � �c 
 c � � âÝ ���3� , �� � i , j�

i , j�1

Ž .q� p �q22 2n 3n �p �Ž p �q.2 2 2� �� � ǎÝ pi , j 2 ž /�i , j�1

n
ˆ ˆ� � � �� � b � bÝ �1, j 2, j

j�1

Ž .q� p �q1n � �3n �p �Ž p �q.1 1ˇ ˇ� � � �� � b � bÝ p1, j 2, j 1 ž /�j�1

� � m� �
 c � 1 � �Ž .��3�

Ž .q� p �q22n 3np �Ž p �q.2 2� � � �� a � aˆ ˇÝ � pi , j i , j 2 ž /ž /�ž i , j�1

Ž .q� p �qn 13np �Ž p �q.1 1ˆ ˆ ˇ ˇ� � � �� b � b � b � b .Ý �1, j 2, j 1, j 2, j p1 ž /ž /� /j�1

ˆ mˆŽ . Ž . Ž � � . Ž .Together with 7 , we obtain the estimate � p 
 � � � � f p .�, � 1 2
Then, by Theorem 1.4 and the values of the constants given in Remark 4.7,

� � �n �2 � � mT t 
 Ct exp � � � � tŽ . Ž .Ž .LL ŽL , L .� , � 2 11 �
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Ž .Proof Proof of Theorem 1.6 . Let � � R, � � �, k and k be the�, �

Ž .kernel associated with T and T , respectively. Then k t, x, y ��, �
�� Ž� Ž x .�� Ž y .. Ž .e k x, y, t � 0 for all t � 0 and almost all x, y � �, since�, �

the semigroup T is positive. By Theorem 5.3, we obtain
�n �2 � � mk t , x , y 
 Ct exp � � � � t � � � x � � y .Ž . Ž . Ž .Ž .Ž .Ž .2 1

Replacing � by ��, it follows that
�n �2 � � m � �k t , x , y 
 Ct exp � � � � t � � � x � � y .Ž . Ž . Ž .Ž .Ž .2 1

� Ž . Ž . � � �Since sup � x � � y � x � y , we have� � �

�n �2 � � m � �k t , x , y 
 Ct exp � � � � t � � x � y .Ž . Ž .Ž .2 1

m� 1 Ž .�1 � �Choosing � � � mt x � y proves the claim with � � � and2 1 1
1�Ž m �Žm�1..Ž . Ž .� � � m 1 � .2 2 m

6. APPLICATIONS

Here we can use the results in the literature about kernel estimates.
Ž .First, we get p-independence of the spectrum � A using the following.

Ž � �.THEOREM 6.1 Kunstmann 13, Theorem 1.1 . Let Q be an integral
Ž .operator on L � gi�en by a kernel k which satisfies2

� �k x , y 
 g x � y � x , y � � ,Ž . Ž .
where g is a function satisfying

� � n nx � exp � x g x � L R � L RŽ . Ž . Ž . Ž .Ž . 1 p0

Ž � Ž � �for some p � 1, � and some �-admissible function � i.e., � : R � R is0
Ž . Ž Ž � �..nondecreasing and subadditi�e, lim � t � 0, and x � exp �� x �t � 0

˜ ˜Ž . 	 4.L � , where � � x � y; x, y � � . Then Q extends to consistent opera-1
Ž . � � Ž .tors Q on all L � , p � 1, � , and the spectrum � Q does not dependp p p

on p.

Ž .COROLLARY 6.2. Let m � 1 and d � R such that n � m d � 1 . Let
Ž .R � LL L be gi�en by the formula2 2

R f x � k x , y f y dx � f � L �Ž . Ž . Ž . Ž .H2 2
�

with some measurable kernel k: � � � � C. Assume
� m 1�Žm�1.�d �� t�bŽ � x�y � � t .� �k x , y 
 g x � y � C t e dtŽ . Ž . H� , b

0
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Ž Ž ..for some �, b, C � 0. Then there is a consistent family R � LL L ,p p p��1, ��
Ž . Ž . � �and the spectrum � R � � R is independent of p � 1, � .p 2

Proof. Using the continuous Minkowski inequality and the substitution
m1� m �1� � Ž .x � yt , we obtain g � � if p � d � 1 . Observe that thep� , b n

Ž .range of p does not depend on b. For any c � 0, b and a � 0, we have

m� 1ma m � 1Ž .1� m�1msup as � c s �t � t � t� a, m , c .Ž . Ž .ž / ž /m cs�0

Ž . Ž .Thus, choosing a � 0 and c � 0, b such that � a, m, c � �, we have

� a � x � �e g x 
 g xŽ . Ž .� b ��� Ža , m , c. , b�c1

mn �1Ž . Žfor all x � R . Now choose � r � ar and p � 1 such that p � d �0 0 n
.1 . Then the assumptions of Theorem 6.1 are given. Therefore, R extends2

Ž .to a consistent family R , and the spectrum of R is independentp p��1, �� p
� �of p � 1, � .

	 4LEMMA 6.3. Let n � N, M � z � C; Re z � w for some w � R andi
	Ž .n 4N � � � z ; z � M , where i � 1, 2. If N � N for all � � w,i, � i 1, � 2, �

then M � M .1 2

Ž . 	 � � 4Proof. First, let B x, r � y � C; x � y � r , S � M �i, � i
� � w nŽ . 	Ž . 4B �, , and T � � � z ; z � S . Then T � N �i, � i, � i, � i, �cos ��nŽ .
� � w � � wnŽ Ž . . Ž . Ž .B 0, , � � S � � � M � B 0, is a subset of �i, � i � � ncos ��n cos ��nŽ . Ž .

	 i 
 � � 4� re ; r � 0, 
 � ��n and T � T . Of course the mapping z �1, � 2, �

z n: � � C is injective. Thus � � S � � � S and then also S �� � n 1, � 2, � 1, �

S , for all � � w.2, �

Now we finish the proof by the equations

� � w � � w
M � M � B �, � M � B �,� �1 1 1ž / ž /cos ��n cos ��nŽ . Ž .��w ��w

� � w
� S � S � M � B �,� � �1, � 2, � 2 ž /cos ��nŽ .��w ��w ��w

� � w
� M � B �, � M ,�2 2ž /cos ��nŽ .��w

� � wŽ .since C � � B �, .�� w cos ��nŽ .

Ž .Proof Proof of Theorem 1.7 . If T generates a C semigroup on L ,0 1
� . Ž .then let P � 1, � , otherwise P � 1, � .
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Using the resolvent identity and Theorem 1.6, we have
n n�1 dŽ .n�1

R �, A f x � R �, A f xŽ . Ž .Ž . Ž .Ž .p pnn! d�

� 1
n �� t� t e k t , x , y dt f y dyŽ . Ž .H H n!� 0

for all f � L and � � � . Applying Corollary 6.2, we obtainp 1
ŽŽ Ž ..n�1. ŽŽ Ž ..n�1.� R �, A � � R �, A for all � � � and p � P.2 p 1
Using the spectral mapping theorem for the resolvent, i.e.,

1 1
	 4� R �, A � 0 � � ; � � � A ,Ž . Ž .Ž . ½ 5� � � A � � �Ž .

Ž Ž Ž .. Ž Ž ...and for bounded operators S and polynomials g � g S � g � S , we
obtain

n�1 n�1	 41�z ; z � � R �, A � 0 � � � � ; � � � AŽ .Ž . Ž .Ž . ½ 5½ 5p pž /
Ž Ž ..n�1for all p � P and � � � . Applying Lemma 6.3 to N � � � � A1 p, � p

finishes the proof.

Remark 6.4. If a � L , then, by Theorem 1.6, the kernel associatedi, j �

with the semigroup satisfies a classical Gaussian estimate. Thus the semi-
group extends to a C semigroup on L .0 1

Another way to show that we have a C semigroup on L uses the L0 1 1
Ž . �k t Ž .contractivity of S t � e T t . The semigroup S is L contractive if1

n 	 4k � c � Ý � b � 0 as a distribution. In fact, by Lemma 3.8, min u , 1j�1 j 1, j �
Ž� V whenever u � V. Now direct calculation shows that EE u �

	 4 	 4.min u , 1 , min u , 1 � 0 for all u � DD. This remains true for all u � V,� �
�as DD is dense in V. By Ma and Rockner 14, Proposition I.4.3, Theorem¨

�I.4.4 , T is L contractive.1
The same arguments show that T is quasi-L contractive if there is an�

k � R such that k � c � Ýn � b � 0 as a distribution. In general, EE isj�1 j 2, j
Ž � �.not quasi-L contractive see Ouhabaz 17, Remark 4.3.a , even though�

Condition 1.5 is satisfied.

Second, we have maximal L �L regularity if Condition 1.5 is satisfiedp q
and a � L for all i, j � 1, . . . , n. Since we get classical Gaussian esti-i, j �

�mates by Theorem 1.6, we can use the result of Hieber and Pruess 11,
�Theorem 3.1 to prove Theorem 1.8. Moreover, there exists a constant

M � 0 such that
� � � �

p p p p� � � � � � � �u t dt � u� t dt � A u t dt 
 M f t dtŽ . Ž . Ž . Ž .H q H q H q H qq
0 0 0 0

Ž � Ž ..for all f � L R , L � .p q
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Third, we can prove Theorem 1.9, getting an analytic mapping on L in1
an open sector.

Ž .Proof Proof of Theorem 1.9 . This proof uses Theorem 1.6 and a
� � Ž . Ž .technique of Arendt 3 . Let 0 � m � 1 � � m � 1 � � � � � � � .1 2 3 4

Ž �w t Ž ..Replacing T by e T t for some w � � , we can assume thatt � 0 1

� �T z 
 M for all z � � ,Ž . LL ŽL . 1 �2 4

0 
 k t , x , y 
 Ct�n �2e�b Ž � x�y � m � t .1� m�1
for all t � 0, x , y � � .Ž .

By Corollary 4.8 and duality, we know that if w is sufficiently large, then

� � �n �4T t 
 M tŽ . LL ŽL , L . 22 �

and

� � �n �4T t 
 M t for all t � 0.Ž . LL ŽL , L . 31 2

Ž .Now choose � � 0, 1 such that � t � i s � � whenever t � i s � � . For� �4 3

any z � t � i s � � , we have�3

� �T zŽ . LL ŽL , L .1 �

� � � � � �
 T 1 � � t�2 T � t � i s T 1 � � t�2Ž . Ž . Ž .Ž . Ž .LL ŽL , L . LL ŽL . LL ŽL , L .1 2 2 2 �

�n�21 � � �n�2�n �2
 M M M t � M Re z .Ž .1 2 3 4ž /2

� � Ž .Applying 3, Theorem 4.2 , obtain the analyticity of T : � � LL L , L �� 1 �3
Ž . � �L � � � . By 3, Lemma 4.1 , there exists K : � � � � � � C such� � 3

Ž . Ž . Ž .that K �, x, y is analytic for all x, y � �, K z, � , � � L � � � for all�

Ž . Ž . Ž . Ž . Žz � � and T z f x � H K z, x, y f y dy for all f � L � L . As L �� � 1 2 �3
. Ž . Ž� � is an isometric isomorph to LL L , L by k � f �1 �

Ž . Ž . . � Ž . � Ž .�n �2H k �, y f y dy , we obtain K z, x, y 
 M Re z for all z � �� 4 � 3
Ž . Ž .and almost all x, y � � and K t, x, y � k t, x, y for all t � 0 and almost

all x, y � �.
� � Ž . Ž m� 1 . Žm�1.n �2Applying 3, Lemma 4.4 to H z, x, y � K z , x, y z , we

� Ž . � � ��n �2 �
 Ž � x�y � m � � z �.1� Žm�1.
obtain the estimate K z, x, y 
 M z e for all z �0

sin � � �Ž .1	 4� and almost all x, y � �, where M � sup M , C and 
 � b.� 0 4 sin �1

� Ž .� � .Thus sup T z � � for all r � 0, p � 1, � . Since thepz � � , � z � � r p�1 �operators T are consistent, we can finish the proof by applying 3,p
�Theorem 4.2 again.

We cannot prove the boundedness of the semigroup T on L near 01
using only a pseudo-Gaussian estimate of order m � 2.
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