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Abstract

In this paper, we introduce the generalized shift operator generated by the Gegenbauer differential op-

erator D) = (x2 — 1)%_)‘%@2 — 1))‘+% % and define a generalized convolution ® on the half-line
corresponding to the Gegenbauer differential operator. We investigate the Calderon reproducing formula
associated with the convolution ® involving finite Borel measures, leading to results on the L p-norm and
pointwise approximation for functions on the half-line.
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1. Introduction

It is well known that the classical Calderon reproducing formula can be formulated as fol-
lows [1]. Let g and & be L,-functions on R, and

o0
. d
fg(ak)h(ak)—azl, forall . € R\ {0},
a
0
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where " denotes the classical Fourier transform on R. Set

gAX%=lg<£>, hau)=5%(f),
a a a a

T da
7= [ rreaen M
0

then

where * denotes the usual convolution product on R.

The formula (1) has many applications in applied mathematics, in particular in wavelet theory
(see, for example, [2,4]).

Let u be a finite Borel measure on the real line R, then (1) has a natural generalization to

v da
f=/f*mzz @
0

where (1, is the dilated measure of n. Under some restrictions on i, the L ,-norm or a.e. con-
vergence of (2) has been proved by B. Rubin and E. Shamir in [7]. A more general form of (2)
has been investigated by B. Rubin in [6]. In [5], M.A. Mourou and K. Trimeche have studied the
same problems when in (2) the classical convolution x* is replaced by a generalized convolution
on the half-line generated by the Bessel differential operator
d> 20+1d 1
T x4 Y7o )
The aim of this paper is to study similar questions when in (2) the classical convolution = is re-
placed by a generalized convolution ® on the half-line generated by the Gegenbauer differential
operator

Lq

L, d
D; = (x* = 1)2 -

The Gegenbauer functions Pé(x), a €[l,00), x €[1,00), A € (0, 1/2), are eigenfunctions
of the operator D, that satisfy the following differential equation [3]:

“

(xz _ 1)A+%

d? d
{(xZ_ 1)_dx2 +(2x+1)xa—a(a+2x)}P;(x):o, 6))
I'(o +2X) cos A a0 o o 1 s
Pr(x) = 20) MR s+ A, - FAt S+ A+ ) 6
2 (x) F(A)F(a+k+1)(x) 2Fi( S+ At Siatitlix (©6)

and » F| denotes the hypergeometric function.
The second linearly-independent solution of Eq. (5) is as follows

sinal (o +20)'(—a — 1)

—a—2A
2T () (2x)

Chx)=—

o o 1 2
X 2F1 E+A,E+)~+E;a+k+l;x

_}.Mz o g% _g_,_l.l_ — s x 2 7
FOOT (@t 2 2\ —3 —y Tyt ma—hx ) @

where « € [1,00), x € [1,00) and A € (0, 1/2).
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We denote by L ;[0,00) =L, (sh”‘ xdx), 1 < p <00, is the set of all classes of measurable
functions f on [0, co) for which
1

||f||p,xz||f(ch)<~>||,,,k=<f|f(chx)|”sh2*xdx) <00, 1<p<oo,
0

and

1 lloos = | FeO)] o, = ess>sgp|f(chx)| < o0,

x/
Denote by M = M ([0, 00)) the space of all finite Borel measures on the semi-axis [0, 00).
For € M, we assume

llll = 1] ([0, 00)) = / d|pl(chx),
[0,00)
where |1t| is the absolute value of L.

Definition 1. For f € L1 ,[0, 00), the Gegenbauer transformations of f are defined by

fp(a)=ff(cht)P;(chz)sh2Mdr, a €[l,00),
0

fQ(a)=ff(cht)Qg(cm)sh2Mdz, a €1, 00),
0

C'Qa)l(a+1)

where Py(chx) is given by (6) and Qg (chx) = — =0

Cé(chx).

Definition 2. The Gegenbauer transformation of the measure i € M is defined by the formula
@) = / P} (chx)du(chx),
[0.00)
where P}(chx) = PX(chx)/P}(1).

Definition 3.

(1) The generalized shift operator Aﬁht is defined by

T+ 3

Al hx) = ——=—
ch (PO =1 TG

T
/f(chx cht — shx sht cos ) (sing)** 1 dg.
0

(2) The generalized convolution ® generated by the generalized shift operator is defined as
follows
(4 fehx) = [ A, flehx)duteho)
[0,00)
where © € M and f is a smooth function.
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Properties.

(1) For the function 130); (chx), the following “multiplication theorem” holds:
A% PX(chx) = PX(cht) Q) (chx).

(2) If feLpl0,00), 1< p<oo,thenforalls>0, AhtfeLp,\and

[AG s <N lp
(3) Forany f € L;,[0, c0), the following equality holds:

(A%, ) ple0) = fﬁ(a)Qﬁ,(cht), >0,
(4) If peMand f €Lpyl0,00), 1 <p< oo, then

n®felpy and [u® fllpa < Iulllfllp.a

By using Minkowsky inequality and property (2), we obtain property (4):

o]

o
1@ flps <fHAéh,‘fH,,,xd|u|<chr> < ||f||p,)\/d|ﬂl(€hf)= H £
0

0

(5) For w € M and f € L1, the equality

(1w ® NHp@) = fr@ig@)

is valid.

In fact, by using the property (3) we obtain

(@)F(a):[(/Aifhtf(chu)du(chu)>ﬁé‘(chx)du(chx)
0 0
:[(/ (chx)Athf(chx)du(chx)) du(chu)

0

Definition 4. Let i € M and a > 0. We define the dilated measure p, of u by

/(p(chx)dua(chx)= / o(chax)du(chx), weCc([O,oo)),
[0,00) [0,00)

where C, ([0, 00)) is the space of continuous functions with compact support.

®)

©)

0
= f (A%, f) @) du(chu) = f(@) / Qi (chu) du(chu) = fr(@)ig@).
0
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Properties.

(1) Suppose du(chx) = g(chx) sh? x dx with g € L1110, 00), then we give the measure 4,
a > 0, by the function

galchx) = g<ch i) sh?* f/(cz sh?* x), x> 0. (10)
a a

Hence

1
dig(chx) = —g(chi> sh? al dx.
a a a

(2) Forpe M and f € L, ;[0,00), 1 < p < 0o, the following equality holds:
lim [[1a ® £ = (10, 00)) £, , =0,

Proof. We have

oo

(1ta ® f)(chx) = (10, 00)) f (chx) = f (Al f(chx) = f(chx)]du(cht).
0
By the Minkowsky inequality we get

Iia® £ = 1(10.00) ], < [ 1427 = £1, ; dinlatcho
0

o0

</wf<ar>p,xd|m(cht), (11)
0

where @ (8) .5 = supo_,<5 |1A%,, f — fllp. and w7 (8) p 5 — 0 as § — 0.
Since ||A’C\htf — fllp.» < 2| flp,x, the last integral on the right-hand side in (11) tends to zero
by the Lebesgue’s dominated convergence theorem. 0O

(3) Let f € L13[0,00) and g € L, 3([0, 00)), 1 < p < o0, then
lim | f ® gallp.n =0. 12)
a— 00

Proof. From Young’s inequality

I=p
If ®gallps < flLallgallps =1 fllLaliglpaa » —0 asa— oo,

then we get (12). O
2. Calderon’s reproducing formula associated with the Gegenbauer operator

Lemma 1. For p € M and 0 < ¢ < § < 00, assume

Gsy(;(x)=,u[x/8,x/8]/(xsh2)‘x), x>0, (13)
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and
)

~ dt
K. 5(x) =/ / P (ch(tu)) du(chu) e (14)
& [0,00)
Then G s(x) € L1,;[0, 00) and

—_— 8
(Ges)pla) = K 5(a) — 1 ({0}) log . (15)

Proof. By the definition, we have

oo oo , x/e 4

X

||Gg,a||u=/|Gs,a(chx)|sh2*xdx</(/d|u|(chr))7
0

0 ‘x/8§
00 5td 8
X
= [ diuiieho) [ <5 = ui(10.00)) og ? < ox.
0

Further, applying Fubini’s theorem we obtain

~ d
d,mh:)) Pr(chn) ="
X
lx/8 x/g]

( P*(chx)—> du(cht)

(Ge B)P(Ol)
©, 00)

(0,00)

( P*(ch(rx)) )du(cht)

(0,00)

:/( / P;(ch(zx))du(chz))i—x

& (0,00

§
- d
=/< f P;(ch(zx))du(chz)—u({O})>7x

e 0.00)
5
= K¢ 5(@) — u({0}) log -

Hence Lemma 1 is proved. 0O

Lemma2. LetueM, feL,3[0,00),1<p<oo,and0<e <8< oo, then the function

d
£ (chx) = / (f ® o) (16)
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belongs to L 5[0, 00) and can be represented as follows
8
7 (ehx) = (f ® Ge)(chx) + u((0}) f (chx)log =

Proof. Applying Fubini’s theorem we obtain
b

f8,5(chx):/( f Aé‘h(m)f(chx)du(Chl‘)>
& [0,00)
)

d
- / (/Aﬁh(m)f(chx)7a> du(cht)

[0,00) "€

da
a

8t

8 d
:M({O})f(chx)logg—i— / (/Ai‘haf(chx)g)du(cht)

(0,00) et

) 5 “e da
=,u({0})f(chx)10gg+ f Al f(chx) /du(cht) —

(0,00) a/s

8
= 1({0}) f (chx)log P (f ® Ge5)(chx).

1085

A7)

Hence from (8) and Lemma 1 it follows that fg"s € L, 1[0,00) and the equality (17)

holds. O

Lemma 3. Let w € M. Then for f € L3 [0, co) the equality

T " o N 8
(&%) 5(e) = fo(@)Ke s + 1n({0}) (f5(e) — fo(e))log "

holds, where K, s is the function defined by (14).

Proof. In fact, from (9), (15) and (17) it can be easily seen that

-

— A~ 1)
(f99) (@) = (f ® Ges)(@) + 1 ({0}) fp(e) log
o — o 1)
= fo(@)(Ge5)(@) + 1 ({0}) f(@) log -
" A A 1)
= fo@Kes +n((0)(fp@ - fo@)log . O

Theorem 1. Let u € M and
o
d
Cy =f|u([0,x])|7x < 0.
0

If f € Lp[0,00), 1 < p < o0, then
. 5 _
81'_% | e _Cuf”p,;\—o-

§—00

(18)

19)
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Proof. From (13) we have
Ges(x) =Ge(x) — Gs(x),
where
G(x) = p([0,x]1)/(xsh*™* x),  Ge(x) = p([0,x/el)/(xsh* x), x> 0.

Hence from (17) we obtain

FE%(chx) = (f ® Ge)(chx) — (f ® Gs)(chx). (20
Now we have
| £o0 — cﬂf||M SNf®Ge —Cpufllpa+If ®Gslpa 21
and also

v dt
(f ® Ge)(chx) — f(chx)/u([O, 1)—

e 9]

A dt
= [ [AGi f (chx) = f (ch)]u (10, 1/e1)—
0
By the Minkowsky inequality we have

dt
1/ G = SCullps < / |43, = 11, (10,1729

e¢]

< [openpalu(o.) % <2171, A/m 0.1) % <cx.
0
By the Lebesgue’s dominated convergence theorem we get

Elg% If®Ge—=Cufllpr=0. (22)
It remains to prove that
lim || f® Gsllp,. =0. (23)
§—00
By the Young’s inequality we have

If®Gsllpa<Ifillia- IIGsllpx<5 |If||1xI|G||px—>0 as § — oo.
Thus the proof of the theorem is completed. O
Definition 5. Let f be locally integrable function on [0, 00), a point x € [0, c0) is a Lebesgue

point of f if

th_r)% peren f|Ach,f(chx) — f(chx)| sh* udu =0.
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It is well known that if x( is a continuity point of the function f, then it is a Lebesgue point
of f.Further, if f € L1 ,[0, 00), then almost every points of the interval [0, oo) are the Lebesgue
points of f.

We will need the following lemma being analogue of I.P. Natanson’s lemma [8, p. 304] later.

Lemma 4. Let f € L1 ;[0, 00) be a nonnegative function and assume the following condition
holds:

t
sup 1 /f(chu)sh”‘udu:M < 00. 24)
0

O<t<oo

Then for any nonnegative function g € L1 [0, 00) decreasing on [0, 00), the integral

f f(cht)g(cht)sh® tdt 25)
0

exists and the inequality
o o
f F(cht)g(cht)sh™ tdt < M2 + 1) / g(cht)sh™ tdt (26)
0 0

holds.

Proof. We note that if g(1) = oo, then the integral (25) exists as a singular integral. If g(1) < oo,
then the function g(cht) is bounded and therefore the integral (25) exists as an ordinary Lebesgue
integral.

Without loss of generality we assume g(oo) = 0. In fact, if it were not so, then we would take
g(cht), instead of g(cht) which is defined by

ht), O0<t ,
g(cht)={g(c ) <t <00

0, t =o00.

If we take g(cht) instead of g(cht), then the value of this function at any isolated point does not
effect the value of the integral. So we assume g(oco0) =0. Let 0 < a < 0o. The function g(cht) is
bounded on the ray [«, 00) and therefore the integral

i~
/ f(cht)g(cht)sh® tdt (27)
p
exists. Assuming
t
F(t):/f(chu)shz)‘udu,
0

we can write the integral (27) in the following form:
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o0

/f(cht)g(cht)shz)‘tdt:/g(cht)dF(t)

o
o0

=—g(cha)F(a)+/F(t)d[—g(cht)]. (28)

o

By using (24) we get
0<F@) < MtPT, >0, (29)

and

o
/g(cht)sh”‘tdt>g(cha)/sh2)‘tdt
0

20+1
g(cha)/ 1 dt = g(cha) e
since g(cht) decreases. Hence, it follows that
2+1 [
+ 21
g(cha) < W/g(cht) sh* tdt. 30)
0
From (29) and (30) we have
0< Fla)g(cha) < M(21+1) f g(cht)sh* tdt, (31)

further

@]

/F(t)d —g(cht)] <M/t2)‘+1 [—g(chn)]

o

= Mo g(cha) + M1 + l)/tz)‘g(cht) dt
<MQ2r+ 1)/g(cht)sh2)‘tdt. (32)

Now from (28), (31) and (32) we have

ff(cht)g(chr)sh”tdt<M(2,\+ 1)/g(cht)sh2*zdz

Taking limit as &« — 0, we obtain the assertion of the lemma. O
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Theorem 2. Let f € L, 3[0,00), 1 < p < 0o, and let g(ch(-)) be a measurable function
on [0, 00) such that g* belongs to L1 ;[0, 00), where g*(chx) = ess SUP; > |g(cht)|. Then for
every Lebesgue point x € [0, 00) of f, the following equality holds:

lirgo(f ® ga)(chx) = f(chx)/g(cht) sh* tdt.
0

Proof. We have

1
gr(chx)=—g" (ch£> sh? i/shnx.
a

a a
Since
o0 001 o
t t
/dga(chz)zf—g(ch —)shm—dr:/g(chr)sh”tdt,
a a a
0 0 0
we get

‘(f ® ga)(chx) — f(chx)/dga(chn
0

o]

= /Aéhtf(chx)dga(cht)—f(chx)/ dg,(cht)
0

0
= /[Ac)rhtf(Chx) - f(ChX)]lg(Ch L) ShZ)L Ldt
a a a
0

= /[Aifhtf(chx) - f(chx)]ga(cht) sh? t dt
0

= J,(x). (33)

Since x is a Lebesgue point, then for Va > 0, 35(a) > 0, 0 < ¢ < §, we have

chu

t
f|AA f(chx) — f(chx)|sh* udu < at®™*". (34)
0

Now, divide the integral J into two parts as the following
8 00
Ja(X)=/+/=J1,a(x)+12,a(X)~ (35
0 3

Firstly, we estimate the integral Jj 4,
8

[J1a(0)| < /|A§mf(chx) — f(chx)||ga(cht)| sh** ¢ dt
0
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$
< /|A§hlf(chx) — f(chx)|gk(cht) sh* t dt

8
/|Achtf(Chx) - f(Chx)|lg*<ch £> sh2 zd[
a a a
0

Since g* is a decreasing function, we obtain from Lemma 4 the following

)
1 t 1
|J1,a(0)] <a(2,\+1)52“1/—g*<ch —)sh”—dt
a a a
0

8/a
=ax + 1)sPH! / g*(chu) sh® udu
0
<a@r+ 18P |g*] >0 asa—0, (36)

for all Lebesgue point x € [0, 00).
Now consider the integral J,. By the Holder inequality we have

J2.a(x) AN f(chx) — f(chx)|g(cht)sh® t dt
\ | | cht | a

1/p , o 1/p

< (/|A§h,f(chx) —f(chx)|g;"(cht)sh2)‘tdt) (fga(ch:)sh2A )

§ 1)
= AS,a (x)- Bé,aa (37)
where 1/p+1/p' = 1.
We get
oo 1/p
As.a(x) ggj(ch3)</|A§h,f(chx) - f(chx)}psh%\tdt)

< g (ch®| ALy f = f,., <284(ch&I flpi (38)

since g (cht) is a decreasing function.
By inequality (30) we have

8

8

20 +1 2 20+1 (1 t o

g;(Ch(S) < W/g:(cht)sh tdt = Fores /;g* (Ch ;) sh ;dt
0 0

8/a
20+ 1 » 2A
:W/g*(cht)sh tdt < ——— 52“1 Hg ”1,\ (39)

0
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From (38) and (39) we obtain

2021 +1
Asa(x) < (52111 )”f”p g Hu (40)

Furthermore, we have

o0

oo
BgaZ/gZ(cht)shntdt:/_g*(ch_>sh2,\_dt
: - - -

5

s
o0
:/g*(cht)shntdt—>0 asa — 0, 1)
8/a

since g* € L1.,[0, 00).
Hence, for all Lebesgue point x € [0, co) we get

lim J 4(x) =0. (42)
a—0
By combining (36) and (42), we get the proof of the theorem. O

Theorem 3. Let f € L), 5[0, 00), 1 < p < 00, and assume . € M satisfies the following condi-
tions:

l dx
/ 1(10.61) < o0 43)
and
v d
/ (10, )| < o0, (44)

1
If G* € L1,[0, 00), where G*(chx) = ess SUP; > |G (cht)|, then for every Lebesgue point x €
[0, 00) of f, the following equality holds

umo e (chx) = Cy f(chx).

§—00

Proof. From (20) and Theorem 2 it is sufficient to show that (f ® Gs)(chx) — 0 as § — oo.
From condition (43) it follows that u({0}) = 0, then we have lims_, o, ([0, 2/5]) = 0.
Further,

1 o)
(F ® Gy)(chx) = / Al eh0([0,1/5) % / Al Fchm(10,1/5)
0 1
= As.4(x)(x) + Bs 4(x). (45)

Foré > 1,

| A%y f (chx)u(10,1/81) [t] < A, | £1(chx) || (1O, r/a])
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and from (43), we have

1

d
/Aﬁh;|f|(6hx)lul([0, t])Tt < 00,
0

Hence from the general theorem of convergence it follows that
lim As,(x)=0 (46)
§—o00

for all Lebesgue point x € [0, 00). From (44)

r d
[ 148 £iehoeo.0) / 45071, 10.7) [
1

d
< ||f||p,A/|u([o, r])|7’ < o0.
1

Finally, since A htf € L, 3[0,00) for all f € L,3[0,00), 1 < p < oo, it follows from the
general theorem of convergence that

lim Bs.o(x) =0 @7)
§—00
for all Lebesgue point x € [0, 00). From (46) and (47), the proof of the theorem is completed. O

Lemma 5. Let f(ch(-)) be an essentially bounded function on [0, 00), and

t

lim =21 / AY f(chx) sh® udu = 0. (48)

t—00

0
If g € L1110, 00), then

Jim (f ® ga)(chx) =0 (49)

uniformly for x € [0, 00).

Proof. It is sufficient to consider the case f > 0 and g(ch(-)) is continuous on [0, R], R > 0.
Then we have
aR

|(f ® ga)(chx)| = /Aﬁhtf(chx)ga(cht)shutdt

0

aR
1 t t
= —/Aifhlf(chx)g<ch—> sh? —dt|.
a a a
0

Note that, sh g < 417 sht for all a > 1. Then by virtue of (48), we have

(50)
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|(f ® ga)(chx)| <

aR
1 A AN

a1 /Achtf(Chx)g<ChE) sh™ t dt

0

1 aR
< ||g||oo,AR2)”+l(W/Aﬁh,f(chx)shz’\tdt> -0 asa— oo.
a
0

The proof of the lemma is completed. O

Theorem 4. Assume w € M satisfies the condition

o
dx
u(10.51)|2 <oc,
0
f € Loo 1[0, 00), and Eq. (48) holds. If G* € L1 3]0, 00), where G*(chx) = ess SUp; > |G (cht)],
then at each Lebesgue point x the following equality holds

lim &9 (chx) =C, f(chx).

§—00

Proof. The proof of the theorem follows from equality (20), Theorem 3 and Lemma 5. O

Lemma 6. Let u € M and ([0, 00)) = 0. Then the following assertions are equivalent
1

(D fo ] (1O, t]) < ooandfl |l ((t, oo))— < 00;

2) f0.00) I T0g x| d 1] (x) < 00.

Proof. We have

flul [0, t] fIIOgXIdIMI(X) (51
[0,1]
further, since
then

r dt
flul((t,OO))7= f log x d|u|(x). (52)
1 (1,00)

From (51) and (52), we get the assertion of the lemma. 0O
Theorem 5. Let 1 € M, ([0, 00)) =0 and let

[log x| d|u](x) < oo. (53)
[0,00)
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Then the integral C, given in (18) is finite and can be represented as follows

1
C,= / log)—cd,u(x). 54
[0,00)

Proof. From (51) we have

1
/u [0, t] / logidu(X)- (55)
[0.1]
On the other hand
o0
/M([o, t])?: f logldu(chx). (56)
1 (1,00) *

Combining (55) and (56), we get the assertion of the theorem. O
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