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1. Introduction and results

The stability problem of the Hamiltonian systems can be traced back to the time of Newton. Since then a lot of results on
this question have been obtained. But whether or not regular orbits are exceptional has been unknown until the establish-
ment of the famous KAM theory in 1960s, which states that the measure of the initial point set for quasi-periodic solutions
of a nearly-integrable Hamiltonian system is positive in the phase space. Recently, many nearly-integrable Hamiltonian sys-
tems have also been found to possess unstable solutions, see [2,3,15,22] and references therein. Thus it is interesting to
study the coexistence of stable and unstable solutions for the Hamiltonian systems.

In this paper, we will study the equations:

]
x;’+x,2"’“+8—xc(x,t):0, 1=1,2,....m (11)
1
where nj e N*, X = (xq,...,xn) C R™, x’ denotes %. G is periodic on t and polynomial on X.
If m=1, (1.1) becomes
k .
X XL K pit) =0, pit+1) =piD). (12)
i=0

which is actually a planar Duffing-type equation. The Lagrangian stability study of the Duffing equations was initiated by
Littlewood [10,11] in 1960s. In [18], Moser commended that even for the equation
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X+ fad +bx=p@t), pt+1)=p() (1.3)

with a, b > 0 two constants and p small enough, it is very delicate to decide whether all solutions are bounded.
The first result on the boundedness of solutions of (1.2) was established by Morris [16] for the equation

X'+ =p(o)

with p(t + 1) = p(t) piecewise continuous. Then Dieckerhoff and Zehnder [4] extended Morris’ result to the polynomial
system (1.2) with k <2n+1 and p;(t) (j=0,1,...,£) smooth 1-periodic functions.

For more results along this line, see [4,7,12,13,16,20,23-25] and references therein.

The idea for proving the boundedness of solutions for a planar Duffing equation is as follows. By means of transformation
theory the original system outside of a large disc D = {(x, x) € R%: x2 + (x)2 <r?} in (x,x')-plane is transformed into a
nearly integrable Hamiltonian system. The Poincaré map of the transformed system is closed to a so-called twist map in
R2\D. Then Moser’s twist theorem [17] guarantees the existence of arbitrarily large invariant curves diffeomorphic to circles
and surrounding the origin in the (x, x’)-plane. Every such curve is the base of a time-periodic and flow-invariant cylinder
in the extended phase space (x,x',t) € R2 x R, which confines the solutions in the interior and which leads to a bound of
these solutions.

On the other hand, many results on the existence of unbounded solutions have been established for planar superlinear
Duffing equations, see [8,9,11,14,21,27].

In the study of planar semilinear Duffing equations, some results on the coexistence of periodic and unbounded solutions
have been obtained, see [1,5] and references therein.

A natural question then arises on the stability and instability of the coupled Duffing equations (1.1). As the authors know,
the only two results on the existence of quasi-periodic solutions for this system were obtained by [6,26] for Egs. (1.1) under
the assumptions that n; e NT, G is periodic on t and polynomial on X = (X1, ..., X,) with some suitable restrictions on its
degrees. In particular, the degree of each monomial on x; in G is assumed to be smaller than 2n; + 2.

In this paper, we will consider the case for which the assumption on degrees of G in [6,26] stated as above is not
satisfied. More precisely, we consider (1.1) with the following assumptions:

(G) G is a monomial of X of the form
GX, ) =X Xmp®), p)eC(S")

with i; odd and satisfying 0 <i; < 3 —2, ny > 6.

Remark 1.1. The condition (G) imposes a strong restriction on i;. However, the degree of G on x;, [ > 2 can be arbitrarily

large. For example, consider the case m =2, ny = 100 and ny = 100, G(X, t) = x{7 - xJ°%% . sint, which obviously satisfies the

condition (G). The degree of G on x; is 10000, which is much larger than ny. Thus in this case the conditions in [6,26] are
not satisfied.

We will prove the following result:

Theorem 1. Assume G (X, t) satisfy the condition (G). Then for any given

Do=[w, ®] x -+ x [w, ] CR™,

there exists (large) A* > 0 such that for A > A* and (w1, ..., wn) € Do satisfying

|ei<K’Q>—1|>W, YO£KeZ™ neN (14)
where T >m, a =y - A=%™M=D 5 0 with y > 0 a constant, 2 = (Awq, @y, ..., wn), there is an analytic vector function
f(®n,...,0m,t) periodic in every variable with period 1 such that for any (61, ...,0m,to) = (O, to) € T+ X(t) := f(O + 2t,
to +t) is a quasi-periodic solution of (1.1). Moreover for the set Dg of (w1, ..., wy) satisfying (1.4), we have

meas(Do \ Do) = 0 (¥).

Remark 1.2. (1.4) is a variant of the Diophantine condition. It is well known that for every bounded region D in R™, the
measure of the subset of it in which every point w = (w1, ..., wny) satisfies the classical Diophantine condition

e
|K|™’
is (1 — Cy)mes(D), where the constant C > 0 is independent of D. Similarly, it holds that the subset of Do in which every
point satisfies (1.4) has a measure (1 — C’y)mes(Dg) with C’ > 0 independent of A, see Section 4. Thus for sufficiently
small y, we have a positive measure subset of Do such that every point in it satisfies (1.4). One can easily see that the
union of all quasi-periodic solutions obtained in Theorem 1 is of infinite measure in the phase space R?™ x S1.

etk 1] > YO£KeZ" neN (1.5)
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Remark 1.3. Theorem 1 can be easily extended to the case in which G is of the form: G = xi1 - G{(x, ..., Xp,t) with G;
periodic on t and polynomial on xp, ..., X;.

Theorem 1 states the stable aspect of (1.1). On the other hand, we will show the unstable aspect of it by proving that
with some further conditions besides those in Theorem 1, (1.1) possesses also infinitely many blow-up solutions.

Theorem 2. Consider the system (1.1), where G(X,t) = x'f ~~~x,i$’p(t) satisfies the assumptions that p € C(S') and p(ty) < O for
some point tg € [0, 1]. Suppose Z;"zl ij > maxqgigm(2n + 2). Then we can find a constant ¢ > 0 which depends only on p(t) and

m such that iflin(' —1| <c1, j,k=1,...,m, then there is an open set with an infinite measure in the phase space R>™ x S! such that
each solution of the system (1.1) starting from this set will blow up.

Remark 1.4. In Theorem 2, if we also suppose that iy is an odd number satisfying the inequality i1 < ”71 —2,n1>6 and

p(t) € C, then the function G(X,t) meets the assumptions of Theorem 1 but fails to satisfy the conditions in [26] or [6].

Remark 1.5. The invariant tori we obtained lie in the following strip region of the action-variable vector (see Section 3),

O, hm) € [A, 00l x [p@, 5O x - x [p©@, 5 7] (16)
D
m—1

with A > p© > 1. That is, the scale of the first action-variable is much larger than the others. On the other hand, the
blow-up solutions we obtained lie in the following strip region of the action-variable vector:

Oy dm) € [0, 8] x - x [p©, 57], (17)
—— e’
m

that is, all the action-variables are of the same scale.

It is worth pointing out that it is not clear whether or not the coexistence of stable and unstable solutions is generic in
the higher dimensional Duffing equations.

The remaining part of the paper is organized as follows. We introduce the action-angle variables in Section 2. In Sec-
tion 3, we construct a canonical transformation to transform the original system to a nearly integrable one. Theorem 1 will
be proved in Section 4 by a variant of the small Moser’s twist theorem for higher dimensional cases in [19]. The proof of
Theorem 2 is given in Section 5.

2. Action-angle variables
If G=0, (1.1) is of the form

241
x;’—i—xl"’Jr =0, I=1,...,m,

which is m uncoupled one degree of freedom Hamiltonian systems:

0 0
/ nayD. Y= — . 21
X oy 11, Y1) Y ox 1(x1, Y1) (2.1)

. 2(n+1
with hy(x, y) = $y? + 2(n11+1)x, D 1 —-1,2,...,m.
With the notation (X,Y) = (x1,...,%Xm, ¥1,...,Ym) and h(X,Y) = Zlmzl hi(x;, 1), we have that (1.1) is equivalent to the

Hamiltonian system

JH
—_ yi=——, 1=1,2,....m, (2.2)
ay ax

where the Hamiltonian function is

) aH
Xl =

H(X,Y,t) =h(X,Y) + G(X,t). (2.3)

Denote by (C;(t), S;(t)) the periodic solution of the Hamiltonian system (2.1) satisfying (C;(0), S;(0)) = (1,0),[=1,...,m.
Then h;(Ci(t), Si(t)) = m Let T; > 0 be the minimal period of (C;(t), S;(t)), then C;, S;, [=1, 2, ..., m satisfy the follow-
ing propositions:

(1) G =Ct+T), S;(t) =St +T);
(2) €ty =Si(t) and Sj(t) = —Cy(t)*M+T;
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(3) (m + DS + G (0)2m+D = 1;
(4) Ci(—t) =Ci(t) and S;(—t) = —S;i(t);
(5) Ci(—=t+1/2) = —C(t) and S;(—t +1/2) = —S;(b).

Define the action-angle variables by the symplectic transformation

x=chIqOT),  yi=cdWsi@T,

where
o= ! Bi=1—-« = ! 1=1,2 m
l_n,+2’ l_ l? I_OCITI’ - & 9y .
Then (2.2) is transformed into another Hamiltonian system
_ R
o) =202 + a_xl
Lo1=1,2,....m (2.4)
, oRq
A==,
06
with the Hamiltonian function
m
Hi(4,0.0 =Y da" +Ri(4.0.0), (2.5)
=1
A
where (A,0)=(1,...,Am,01,...,0m), d = m I=1,...,m and
R1(A.6.t) = (€121)1*1C (01 T1) - (CmAm) ™" Co O Trn) P(0) (2.6)
= Ri(A%, 0%, )21 CH O Ty), (2.7)

where A* = (A2, ..., Am), @% = (62, ..., Om).

Remark 2.1. Remind that i; is assumed to be odd in (G). Thus with the symmetric properties of C;(t) stated in (4) and (5),
we have

/Rl(A,@,t)d61 = Ri(A*, 0%, )2 [C? (0:1T1)d61 =0. (2.8)
T T
This fact is crucial in the proof of Theorem 1.

3. More canonical transformations

In the following, for any m-dimensional vector Z = (z1, z2, ..., Zm), We denote (za,...,zy) by Z*, eg., f(Z) = f(z1,Z%).
Let Diy—q be any domain in R™~!. Next we introduce a space of functions F(r).

Definition 3.1. For r ¢ R, we call f(A,®,t) € F1(r) if f(-,t) € C®°([1,00] x Dpy—1 x T™) and for all nonnegative integer
vectors J, L and nonnegative integer j, it holds that

sup MDD a0 (Do)t f (11, A%, 0,t)| < 0.
(M,A%,0,t)€[1,00]x Dyyp_q x Tm+1

We also call a vector function

G(A,0,t)=(81(A,0,1),82(A,0,1),...,8n(A, O,1)) € F1(1),
if g1(A,©,t) € Fi(r), 1=1,2,...,m.

From the definition of 7 (r), we can easily verify the following properties:
Lemma 3.1.

(1) Ifr1 <1y, then F1(r1) C .3:1 (r2).
(2) If f € F1(r), then (D 4+))" (Do)t f € F1(1).
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(3) If f € F1(r1), g € F1(r2), then f - g € Fi(r1 +12).
(4) If f € F1(r) satisfies | f| > cA], then % € Fi(-r).

Without loss of generality, consider the Hamiltonian

m
H1(4,0,0) =d23" + 3 df? + Ry (31, 4%, 0.1) (31)
1=2

defined in DY x T+ with

DY :=[1,00] x DY ., (32)
where ¥, = @, 2P x - x[p@, p@] is a bounded domain. Thus, from (2.6) we have Ry € 1 (by) with by =ija1.
—_—
m—1

Next we show that there exists a canonical transformation with which the term Ry € Fy(b1) in (3.1) is transformed into
another one in JF7(by) with by < 0. More precisely, we have

Proposition 3.1. For the Hamiltonian (3.1) in D', there exist AV > 1 and a canonical diffeomorphism ® defined in D)) =
[AD 00) x D,g),] c D9 depending periodically on t of the form:
{A: U+o1(U,V,t),
O =V +&yU, V,0)
with &1, & € Fi (b1 — 21 + 1) such that for u1 > AV, (D) c DY and the Hamiltonian is transformed into &*(X,) = Xu,
with
m
Hy =dui™ + " du? + Ry (ur. U™, V. 1), (3.3)
=2
where Ry € Fy(by) with by =2b; — 281+ 1 <0.

Proof. We will construct the canonical transformation @ by means of the generating function:

A=U+ 25U, 0,0),
V=6+SU,06,0.

The transformed Hamiltonian function expressed in the variables (U, ®) instead of (U, V) is of the form:

m
mw.e.n=du + 3 du” + [Ri11(U, ©%.t) + Ry (3.4)
1=2

with

[Rm(u,@*,t)=/R1(u,@,t)del,
T

and IAQZ = &21 + kzz +---+ IA?25, where

. 1 9S

Ror = 2d1 gy 1ﬁ+R1(U,(~),t)— [Ry11. (3.5)

b 281 2B 211 05

Ry =d; ()»1 —u] ) —d2p1u] %, (3.6)
m m

Ros = dpf" =y du™, (3.7)
=2 1=2

. 39S

R24:R1<U+@,G),t>—R1(U,G),t), (3.8)

. 3s

Rys = 22 3.9

5= (3.9)

It follows from (2.8) that [R1]; =O0.
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We define S by the equation

Ra1 =0, (3.10)
ie.

0s __wm My U, 0,0

9 2dip D
Thus S is defined by

0
1 1-28
S=— /u 'R1(U, ©, t)d6;. (3.11)
2d1 81 . !

Note that R; € Fi(b1). Thus we can prove that 3AM > 1, s.t.

261 -1-bi+j j *
sup W2 Dy YDy (D) (S (ur, U, ©,t))| < oo,
W1.U*,0,0e[A1D 00]x DY | xTm+1

ie. S Fi(b1—2p1+1), where by — 281 + 1= ;15 — 215 <0.

Let @1(U, V,t), d2(U, V,t) be determined implicitly by
0 0
o) —SWU,V +dy,t)=0, DU,V , t)=—SU,V + Dy, t).
2+8U( + @3, 1) 1( )8(»9( + @3, 1)

Similar to [4], we have &1(U, V,t), (U, V,t) € F1(by — 21 + 1) with by — 281 +1 < 0. Thus shrinking the domain D,S?i1
a little, we can easily find D:T}ll =[pM, oM x - x[pM, pM] D,(T?l1 such that

1 1 1 0
d)(D,(n)) =& ([A1V, 0] x D,(ﬂ)_1) c DY,
Moreover the following functions, expressed in U, @, t, possess the properties:

R € F1(2b1 — 281).
Ros € Fi(b1 — 281 + 1),
Raa € F1(2b1 — 281 + 1),
Ros € Fi(by1 — 281 + 1).
Thus we have ﬁz € F1(2by — 281 + 1). And by definition, Ry (U, V,t) = IAQZ(U, V 4+ @5, t) which implies that

Ry e F1(2b1 =281+ 1).
The proof is completed by setting Hy(U, V,t) = 1:11(U, eWU,V,t),t). O

4. The proof of Theorem 1

In this section, we will prove the existence of quasi-periodic solutions of (1.1) via the following theorem [6], which is a
variant of the small twist theorem for higher dimensional cases in [19].
For any two vectors X = (X1,...,Xp) and y = (y1, ..., Yn), we define x*x y = (X1 Y1, ..., Xn¥Yn).

Theorem 3. et y >0, T >n+ 1, a= (ai,az,...,an)T be a constant vector with 0 <a; < ay < ---<a, <1 and b =
(b1, b2, ...,by)T be any constant vector. Consider a family of exact symplectic mappings Sq : (p, q) — (P, §) defined in phase space
D x T" by

p=p—ah(p,9,
q=q+ &)+ dhp,q), (41)

where D is a bounded open set in R", h possesses the same regularity as in Theorem 4 [6] and &(p) is of the form: &(p) = al =
w(p) + b, where w(p) is analytic and satisfies the non-degenerate condition. Then there exists a constant 8o > 0 such that if
IhllpxTn < é‘oyza%, there is a Cantor set Dq,, C D such that for each vg € Dq,y,, w(vo) is in the set
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20y = {a): |e“<k"7’(“’)> —1|> %, forall0#£k e Z”},

and Sy has an invariant torus diffeomorphic to {@(w(vp))} x T™. Moreover, the measure of 50,], satisfies
meas(Dq,y) > (1= 0(y))meas(D).

Remark 4.1. The proof of this theorem can be found in [6].

Consider the Hamiltonian system given by (3.3):

2p—-1
[v;=2dzﬁ,u,“" +ouRaU VO,

u;=—3dy,Ra(U, V1),
Similar to Lemma 4 of [4], the time 1 map P! of the flow P! of the vector field X, defined in
Dﬁ,}) = [A(l), oo) X D,g})_1 x T™
is of the form
pl. [ Vi=V+rU)+ fWU,V),
CUi=U+gWU,V)
with

rU) = (r), .., fm(Um)),
f=(f17~"7fm)7 g=(g17'--7gm)s

where

riup) = 2di ;"
1 1
fu,v) = / dR2(U®), V(). ) dt + f 2diByuy (6P~ dt — 1 (uyp),

0 0
1

(U, v>=—/av,Rz(U(t), V(t),t)dt
0
withl=1,...,m.

Moreover for every pair (J, L):

| DL AU, V)|, [(Du)! DEgU, V)| <c-ul?, 1=1,....m

’

with ¢ some positive constant in D,(,}) x T™,

(4.2)

Given a sufficiently large u?, let uy = u? + (1, U = U2,...,Un = Um, M1 € [®, @], some bounded interval determined

later, then

P = @) )+ 0 (@) )

For simplicity, we still denote by (U, V) the coordinates of the transformed symplectic map, which is of the form

1. { Vi=V+FU) +FU.V),
Ui=U+gU,V)
with

1

FU) = (2d1 1 (u9)*" 7 4 2d1 81 (u0) P P, 20 2PN 2B,

F=(fi+0(W) 7). fn), g=(g1..... &),

where
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|(DW) (D fU, V)|, (D) D g, V)| <c- @)™, 1=1,...,m, (4.6)

in D2 x T™ with DY) = [w, @] x DV ..
Denote 7(U) =ax w” (U) + b with

)

1 2/3,,,—1)

o) = (1. 2d2 257 L 20 Bt
a=Q2dp )2 1,...,1),  b=dsud)? " 0,...,0).

Note that (u?)zﬁl*2 =o0(1) since u? > 1 and 287 —2 < 0. Thus the twists for all the action-variables of U are in different
scales.

Then the map P1 is, with its derivatives, closed to a generalized small twist map. Moreover it is an exact symplectic
map. On the other hand, since the twists of action-variables are not of the same scale in our case, which are defined by
the vector a as above, we cannot use the small twist theorem for higher dimensional cases in [19] directly. Instead, we will
apply Theorem 3 to our case.

Note that |bz| > |41 — 4| provided iy < 3 — 2, thus 9)?2 < (9)?#1=2)2. Combining this with (4.6), we have that the
map P! meets the small assumption on the perturbation in Theorem 3. It follows that if u? is sufficiently large, then there

is an embedding ¢ : T™ — D,(,f) x T of an m-torus, which is invariant under the map P1. Moreover, P! o ¢(S) = (S+ 2)
with

2 = (i (1) 4 2001 ()

where

* * *
Wi, ), ... wp),

o' = (0], 0}, ....0p) €@ 0] x - X [©, @]

lies in the set {2, in Theorem 3 and [w, @] C [2d11(p )21, 24181 (p1D)2A~ 1], 1=2, ..., m. By setting A=2d; B (u$)*12,
we have that §2 satisfies the Diophantine condition (1.4).

Thus by Theorem 3, the solutions of the Hamiltonian equation starting at time t = 0 on this invariant torus determine a
1-periodic “hypercylinder” in the set {(U,V,t) | (U, V,t) € Dg) x T™ x R}. Since the Hamiltonian vector field Xy, is time
periodic, the phase space is D,f) x T+, Let ¢! with ¥° =1d be the flow of the time-independent vector field (XH,,1) on
D x T™+1 and define the embedded torus ¥ : T™1 — D& x TM+1 by setting

¥(S,7) = (6(S), 7).

In view of the rigid rotation, we have

Y(i..,s5+1,....,0)=v(C..,S,....,T+ 1) =v¢(S,1).
Moreover ¥f o/ (S, T) = (S + £2t, T +t). So the torus ¥ (T™t1) is quasi-periodic with the frequencies (§2, 1).

5. Blow up

We have already obtained Theorem 1 about the existence of infinitely many invariant tori in the region (1.6). It means
that in this region the orbits are stable in the sense of possibility. But there still remains a large region in the phase space
where it is not clear whether or not the orbits are also stable. In this section, we will prove the unstable aspect of (1.1)
described in Theorem 2.

We first consider the special system:

i .
x{’—i—le”“+X—1x‘1~~x;np(t)=0, pe(C(S]),I=1,...,m (5.1)

2n4-2

where i, m, n are positive integers satisfying the inequality =

[0, 1]. Under these assumptions, we have the following result:

< i. Moreover, we assume p(tp) < O for some point tg €

Theorem 4. There is an open set with an infinite measure in the phase space R2™ x S of the system (5.1) such that each solution of
the system starting from this set will blow up.

Next we consider a special situation of (5.1), which is helpful for us to understand the general case.

Lemma 5.1. Under the assumptions of Theorem 3, each solution of (5.1) with an initial condition satisfying x1 (to) = - - - = X (to) > 1,
X (to) = -+ = X, (to) > 1 will blow up.
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Proof. Consider the auxiliary equation:

X' x4 ix™p ) =0. (5.2)

The relation between (5.1) and (5.2) is that if x(t) is a solution of (5.2), then (x(t), x(t),...,x(t)) is a solution of (5.1);
conversely, if X(t) = (x1(t), ..., xm(t)) is a solution of (5.1) satisfying the conditions of Lemma 5.1, then x{(t) = --- = x;(¢t)
and x = x1(t) is a solution of (5.2). Thus the proof of Lemma 5.1 is reduce to prove the existence of blow-up solutions
for (5.2).

Since p(tp) <0 and p is continuous, there exist €g > 0 and tg < t; < 1 such that p(t) < —2¢q for t € [tg, t1]. From the
condition 2”nf2 < i, we have mi —1 > 2n+1. Thus it follows from (5.2) that for x(t) > 1 for t € [tg, t1] with some ty <t; <1,

it holds that

1" 2n+1 _

X =—x X" p(t) > 2iegn™ 1 — X211 S jegx™T, (5.3)

Consider the equation

X' =iegx™ 1. (5.4)

It is easy to prove that for any initial condition satisfying x(tg), X' (tp) > 1, the corresponding solution x(t) will blow up on
the interval [to, t3) with t; = %

Comparing the solutions of (5.3) and (5.4), we have that each solution of (5.2) with the initial condition x(tg), X' (tg) > 1
will blow up on the interval [to, t2). O

Proof of Theorem 4. Denote G1(X) = xi] . x;n Then for any small § > 0, we have that

(1=8)(—p(1))3G1/0xi <x{ < (1+8)(—p(t))dG1/dx; (5.5)

for sufficiently large r.
Fix 0<c<1.Let 0 <8, n <1, r>1 and define D, be a set in the phase space R?™ satisfying the following conditions
fork,j=1,...,m:

(i) Xk, Xy > T3
/ /2
X X
. J -1 k -1
(ii) c<—<cC c<——<(mo)y
x0T
/ /
Xj So (% Xj
(iii) c<—J<c1+—<—/j—l) forc<—/1<1;
Xk 1-c\x X
/ /
. 8o X X X
(iv) c+— —/]—1 <Hd <! for1<—,J<C71.
T =1\x Xk X

Obviously, D, is of infinite measure. The proof of Theorem 4 can be reduced to the following proposition:
Proposition 5.1. There exist 0 < 8o, 7 < 1 and r > 1 such that D, is an invariant set of the flow defined by Eq. (5.1).

Proof. It is equivalent to prove that every vector at the boundary of D, points inward.
To analyze the situation on the boundary of Dy, it is sufficient to deal with the cases x;, x, =r as well as the following
cases:

2 /2
X, X
k k —1.
=nc =)
G1(X) G1(X)
X X
—,J:c or —f:c”,
X
k k
/ /
_ 80 X. X
T—coor L=cT+ (L -1), c<d<1;
Xk k 1—c\x, X
/ /
X B X 80 X. X B
J_c 1 or —]:c—l— — <—f—1 , 1<—/]<C 1
Xk Xk Tl =1\x, Xy,

/2
Y _
For the case G0 = 1¢, we have
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( X2 )’zzx,;x,’gcl—x,gzz;’;lac1/ax,.x;

G1(X) G2
211—8 x),G? £)) /X — ix]? Gi/X-X,
(1= 80)x, G (—=p()) /X — X, Y124 G1/X; - x| from (5.5)
GZ
X/ Xi X/.
= (4€0i(1 — 80)G1 — imc2x2) =%~ sincec < =L, L < 7!
Gix Xk xk

1

1
>0 withn <m™ cegp, 6o < 3

. X2 1. ..
We can analysis the case ﬁ = (nc)~! in a similar way as above.

/

For the part of the boundary of D, in the hyperplane i—f =, from the condition (iii), we have that every point in this
k
part also satisfies ¢ < f(—i < ¢~ — 8. It implies that for sufficiently large r and sufficiently small &g, it holds that

(x_,) X% =X, iGIO0GCPO)(L = 30% /x5 = (4 80x)/%0
X

/2 /2 ’
X Xy

where 8; = ([2c~ 11+ 1)~18p. Thus each vector at this part of the boundary of D, points inward.
Similarly, we can prove the same conclusion for the case ;ﬁ =c!
k

/

For the part of the boundary of D, satlsfymg w=06c< :—{ 1, we can easily have that
k

’ VY
ﬁ _ Xij XjX, ~o
Xk X?

/

. . Xi _ X 1 . ..
The situation for the case 7 =c 1< F<c 1 is similar.
k

/

For the subset of the boundary of D, satlsfymg %= c T+ %(i—i —-1),c< j:—,f < 1, we have that
(ﬁ_ % (X_?_l»/_x;xk—xjx;(_ S XjX, X,
- 2 2
X 1—c\x, X 1-c X,
So+1—chHxx,  i8oG1(X)(—p(t X X
<(0 k XXy 180G ( )(/l;())_(1+8])(_k+_1)
X (1—o0)x, Xj Xk
So+1—c Hxex, illpls X, X
<& > P, Tipld, -(—k+—1) from (ii), ||p|| =max|p()|
X (IT—-0cn \xj x tesl
2illplldo \ X, xj Xj
< 80+1—C71+ﬂ & sincec<—],—f< -1
(1 —0c)c?n ) x X X,

<0 fordp«1.

X,

We can deal with the subset of the boundary of D, satlsfymg -1, 1<y 4 <c

-1

in a similar way.

In conclusion, a flow X(t) = (..., x,(t),...) of (5.1) starting from Dr always satisfies the conditions (ii)-(iv). Especially,
we have ¢ < ﬁ"gg <c L 1<k j<m. Hence similar to the argument in Lemma 5.1, we can find €; > 0 such that on the
time interval t € [to, t1] the following inequality holds true for X(t):

X >eax®™ 1, k=1,2,....m (5.6)

Then we have that the flow is inward on the boundary x; =r or x,/c =r for r > 1. Thus we complete the proof of the
proposition. O

From (5.6) and the same argument as in Lemma 5.1, we can prove that a flow X(t) = (..., X¢(t),...) of (5.1) starting from
D, with r > 1 will blow up during t € [tg, t1). Thus we complete the proof of Theorem 4. O

Proof of Theorem 2. Theorem 4 is the special situation of Theorem 2 with i; =--- =i,,. For the general case, we observe
that in the proof of Proposition 5.1, all the inequalities hold strictly. Thus we can find ¢y > 0 dependent only on p(t) and m
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such that with the assumptions |:—lfc —1| < for j,k=1,...,m, we can prove that Proposition 5.1 holds true for (1.1) instead

of (5.1). Remember the condition that Z}i] ij > maxygigm (2m +2). Thus we obtain that a flow X(t) = (..., x(t),...) of (1.1)
starting from D, always satisfies

X0 > ax =10 k=12, m, tet,t] (5.7)

for some €1 > 0. Thus we can prove Theorem 2 with the same argument as in Lemma 5.1. O
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