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< Cou(B(x,1)) < 0o (doubling property).

1. Introduction

The multiplier theory of function spaces has been studied for a long time and a lot of results have been obtained. We know
that the multiplier theory is one of the important parts in the studies of the Gleason problem, function space properties and
the general operator theory. The pointwise multipliers on R? are studied as a part of the research of function spaces in several
monographs, cf. [ 1-8]. Pointwise multipliers have been found many important applications in partial differential equations.

However, it was not clear how to generalize the pointwise multipliers on R" to spaces of homogeneous type introduced
by Coifman and Weiss (see [9]) because the Fourier transform is no longer available. The main purpose of this paper is
to establish pointwise multipliers on inhomogeneous Besov spaces in the setting of Carnot-Carathéodory spaces. To be
more precisely, we first recall some necessary definitions. In this paper, we always assume that (X, d) is a metric space
with a regular Borel measure . such that all balls defined by d have finite and positive measures. In what follows, set
diam (X) = sup{d(x,y) : x,y € X} and foranyx € X andr > 0,setB(x,r) ={y € X : d(x,y) <Tr1}.

Definition 1.1 ([/10]). Let (X, d) be a metric space with a Borel regular measure w such that all balls defined by d have finite
and positive measures. The triple (X, d, i) is called a space of homogeneous type if there exists a constant Cy € [1, 00)
such that forallx € X and r > 0,

(B(x, 2r)) < Cou(B(x,1)) (doubling property). (1.1)
Remark 1.2. We point out that the doubling condition (1.1) implies that there exist positive constants C and n such that for
allx e Xand A > 1,

w((B(x, Ar))) < CA"u(B(x, 1)), (1.2)
where C is independent of x and r. Denote by n the homogeneous “dimension” of X as in [10].
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A space of homogeneous type is called a RD-space, if there exist constants ao, EO € (1, oo) such that for all x € X and
0 < r < diam(X)/ao,

Con(B(x, 1)) < ju(B(x, agr))

i.e.,, some “reverse” doubling condition holds.

Clearly, any Ahlfors n-regular metric measure space (X, d, ) (which means that there exists some n > 0 such that
w(B(x,r)) ~r"forx € X and 0 < r < diam (X)/2)is a (n, n)-space, also is a RD-space and a space of homogeneous type
in the sense of Coifman in [10]. In other words, u satisfies the doubling condition which is weaker than Ahlfors n-regular
metric measure spaces and RD-spaces.

Another such typical space is the Carnot-Carathéodory space. One example with unbounded total measure studied in [11]
is that X arises as the boundary of an unbounded model polynomial domain in C?. Let 2 = {(z, w) € C? : Im(w) > P(2)},
where P is a real, subharmonic, non-harmonic polynomial of degree m. Then X = 092 can be identified with C x R =
{(z,t) : z € C, t € R}. The basic (0, 1) Levi vector field is thenZ = % — 13—’; % and we write Z = X; + iX;. The real vector
fields {X;, X,} and their commutators of order < m span the tangent space to X at each point. See [12,10] for more details
and references therein.

We also shall suppose that 1 (X) = oo, u({x}) = Oforallx € X.Foranyx,y € X and § > 0, set Vs(x) = u(B(x, 8))
and V(x,y) = w(B(x, d(x,y))). It follows from (1.1) that V(x, y) ~ V(y, x). The following notion of approximations of the
identity on RD-spaces was first introduced in [10].

We begin with recalling the definition of an approximation to the identity, which plays the same role as the heat kernel
H(s, x, y) does in Nagel-Stein’s theory [11]. Let Z, = N U {0}.

Definition 1.3 ([12,10]). A sequence {Si}rez, of operators is said to be an approximation to the identity (in short, ATI) if there
exists constant C; > 0 such that for all k € Z, and all x, ¥, y and y’ € X, Sk(x, y), the kernel of Sy satisfies the following
conditions:

1
_ . —k .
Sk(x,y) =0 ifp(x,y) = C27° and [Sk(x,y)| < Vo) 1 V) (1.3)
1
_ / k /
1Sk(x,¥) = Sk, Y $ 2 p(x,x)—VTk V) (1.4)
for p(x, X') < max{Cy, 1}27%;
1
_ / k /
Sk (%, ¥) — Sk(x,y)| < 2 p(y,y)—vsz(x) Vo) (1.5)
for p(y,y) < max{Cy, 1}27%;
1
_ / _ / _ / / 2k / /
[[Sk(x, ¥) — Si(x, y)] =[Sk, ¥) — Si(x', y)]| < 2 p(x,x)p(v,y)—vz_k(x) V) (1.6)
for p(x, ¥') < max{Cy, 1}27* and p(y,y') < max{C;, 1}27%,
f S0 Y)du(y) = f SeCe (o) = 1. (17)
X X

The space of test functions plays a key role in this paper; see [10].

Definition 1.4. Fix two exponents0 < 8 < 1and y > 0.A function f defined on X is said to be a test function of type (8, y)
centered at xo € X with width r > 0 if there exists a nonnegative constant C such that f satisfies the following conditions:

rV
C ; 1.8
PN = C ) T V30 (4 dx, x0))7 (18)
, dix,x) \’ 1 rY
V0o =feat=c <r T dex, Xo)> (W (x0) V(. %0)) (7 & d(x x0))7 (19)

ford(x, ') < 3(r +d(x, x0)).
If f is a test function of type (8, y) centered at xo with width r > 0, we write f € M(xo, 1, B, ¥), and the norm of f in
M(xq, 1, B, y) is defined by

If Il mxo,r,8,) = Inf{C > 0 : (1.8) and (1.9) hold}.
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We denote by M (B, y) the class of all f € M(xg, 1, B, v). It is easy to see that M(xy,1, 8, y) = M(B, y) with the
equivalent norms for all x; € X and r > 0. Furthermore, it is also easy to check that M (8, y) is a Banach space with respect
to the norm in M(S, y). N

In what follows, for given € € (0, 1], we let M (8, y) be the completion of the space M(e, €) in M(B, y) when 0 <
B,y =< €.0bviously M(e, €) = M(e, €). Moreover, f € M(B, y) ifand only if f € M(B, y) when0 < B, y < € and there
exists {[}}jENNC M(e, €) such that |If — fillsp.,,) — 0asj — oo. Iff € M(B,y), we then define |f || 75,,) = If lacc.1)-
Obviously M (B, y) is a Banach space and we also have |If | j75,,) = limj— [Ifill.u(p.)) for the above chosen {f};en.

We denote by (ﬂ(ﬂ, y))’ the dual space of e/Q(,B, y) consisting of all linear functionals £ from ﬂ(ﬂ, y) to C with the
property that there exists a constant C such that for all f € M (8, y),

LA < Clfll g,y

We denote by (h, f) the natural pairing of elements h € (ﬂ(ﬂ, y)) andf € ﬂ(ﬂ, ). Since ﬂ(xh r,B,y)= eﬂ(ﬂ, y) with
the equivalent norms for all x; € X and r > 0, thus, for all h € (M(B, y))’, (h, f) is well defined for all f € M (xq, T, B, ¥)
withxg € X andr > 0.

The following constructions, which provide an analogue of the grid of Euclidean dyadic cubes on spaces of homogeneous
type, were given by Christ in [13].

Lemma 1.5. Let X be a space of homogeneous type. Then there exist a collection {Q(ff C X : k€ Zy,a € I} of open subsets,
where I} is some (possible finite) index set, and constants § € (0, 1) and Cs, Cs > 0 such that

(i) 14(X \ Uy Q)) = 0 for each fixed k and Q¥ N Qf = B if a # B;
(ii) forany a, B, k, L with | > k, either Q4 C Q) or Q4 N Q¥ =¥;
(iii) for each (k, @) and each | < k there is a unique § such that Qo’f - Qé;
(iv) diam (Q}) < G8%;
(v) each QX contains some ball B(zK, C38%), where zX € X.
In fact, we can think of Qo’j as being a dyadic cube with a diameter roughly 8¥ and centered at z")j. In what follows, we always

suppose § = 1/2. See [14] for how to remove this restriction. Also, in the following, for k € Z,,t € I, we will denote by
Qkv, v =1,...,N(k 7, M), the set of all cubes Q™ C Q¥ where M is a fixed large positive integer.

Now, we can introduce the inhomogeneous Besov spaces Bg’q(x) via the approximation in Definition 1.3. Note that the
Besov spaces have been already investigated for decades in the study of partial differential equations, interpolation theory
and approximation theory.

Definition 1.6. Suppose that {Sy}icz, isan ATland let Dy = So, and Dy = Sk — S—1 for k € N. Let M be a fixed large positive
integer, QTO'“ be as above. Suppose that —1 < s < 1.

The inhomogeneous Besov space BZ"’(X) for max(ﬁ, n+’{+s) <p < 00,0 < q < ooisthecollectionofallf € (ﬁ(ﬁ, y)),
for some B and y satisfying
1 n
max (0,5, —s+n| ———-1) ) <B <1, — — —n<y<1 (1.10)
min{p, 1} min{p, 1}
such that
N(,7,M) % 00 q
Uf g5 ) = {Z > M(Qf"’)[ng.v(lDo(f)l)]"I - {Z[ZkS”Dk(f)”LP(x)]q} <00
telp v=1 k=1

where mao. (Do(f)) are averages of Do (f) over QTO"’.
T
n n
n+1°_n+1+s

The restrictions (1.10) guarantee that the definitions of the inhomogeneous Besov spaces Bf;"(x) for max( ) <
p < 00,0 < q < oo are independent of the choices of 8 and y satisfying these conditions and Bf;q(X) C (ﬂ(ﬂ, )Y,
M(B,y) C M(B,y) CB(X)in[10].

The classical scale of inhomogeneous Besov spaces contains many well-known function spaces. For example, if « >
0,p = q = oo, one recovers the Hélder-Zygmund spaces C*(X), i.e. B3, (X) = C%(X),a > 0.The space C*(X) is
defined as the collection of f such that

) @ —f)l
Ifllee @0 = If lloo +iiyp d(x, y)* -

If1>5s>0,1<p<oocand1 <gq < oo, then B;?(%) coincides with the classical Besov-Lipschitz spaces A, ?(X).
The inhomogeneous Besov spaces have the following Plancherel-P6élya characterizations in [ 10], which will be one of the
basic tools to prove the main result of this paper.
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Lemma 1.7. Let {Dy}iez, be as in Definition 1.6, —1 < s < 1. Then, if max(#, #Hs) <p <000 < q < oo, forall
f e (M(B,y)) with B, y satisfying (1.10), we have

1

N(0,7,M) P
I Nl ey ~ :z > M(Qf’”)[mqg.u(lDo(f)l)]"}

tely v=1

Q=

0 N(z,k,M) P73
+ Z{Z D@ (Z“Zgg{,v |Dk(f)(z)|”

k=1 | rely v=1
1

N(0,7,M) P
~ !Z > M(Qf’”)[ng,u(lDo(f)l)]”}

tely v=1

Q-

q

00 N(t,k,M) Py
+ Z[Z 3 @) (2’“ sup |Dk<f)<z)|”

k=1 [ tel, v=1 zeQky

We now introduce the following definition of the pointwise multiplier.

Definition 1.8. Suppose that g is a given function on X. Then g is called a pointwise multiplier for Bf,’q(X) if f — gf admits
a bounded linear mapping from B, ?(X) into itself.
The main result in this paper is the following.

Theorem 1.9. Let —1 < s < 1, max( ) <p<00,0<gq<=<ootheng € C*(X)with1 > o > max(s

#’ n+q+s ’ min?v,l} o
n — s), is a multiplier for By*(C). In other words, f — gf yields a bounded linear mapping from B, () into itself and there is a
positive constant C such that

l&fllsa ) = Cllglex oo If llg59 () (1.11)
holds for allg € C*(X) and f € By(X).

We would like to point out that the study of pointwise multipliers is one of the important problems in the theory of
function spaces. It has attracted a lot of attention in the decades since starting with [7]. Pointwise multipliers in general
spaces Bf,‘q(R”) where 0 < p < 00,0 < g < 00,5 € R have been studied in great detail in [5,8] and in the more recent
paper [4].

Theorem 1.9 was proved in [8] for pointwise multipliers of inhomogeneous Besov spaces on R" based on the Fourier
transform. In the present setting, however, we do not have the Fourier transform at our disposal. Since the Fourier transform
on Carnot-Carathéodory spaces is not available and hence the idea used in [8] does not work for this more general setting, a
new idea to prove Theorem 1.9 is to use the discrete Calder6n reproducing formula, which was developed in [10]. Therefore
this scheme easily extends to geometrical settings where the Fourier transform does not exist. The Fourier transform is
missing but a version of the pointwise multiplier is still present.

We would also like to point out that the above restrictions for « are sharp in the following sense. Let s € (—1, 1), max

SRy < p<00,0<q<ooanda > max(s n — s), then there exists a function g € C%(R") which is not
n+1° n+1+s

a pointwise multiplier for B, (R").

Throughout, we also denote by C a positive constant independent of main parameters involved, which may vary at
different occurrences. Constants with subscripts do not change through the whole paper. We use f < g and f > g to denote
f < Cgandf > Cg,respectively.Iff < g < f,wethenwritef ~ g.Foranya, b € R,setaAb = min{a, b}, avb = max{a, b}.
Ifp > 1,set%+l%: 1.

_n___
> min{p,1}

2. Proof of Theorem 1.9

In this section, we will prove Theorem 1.9. Since there are no Fourier transforms on spaces of homogeneous type, the proof
of Theorem 1.9 is quite different from the proof of Theorem 2.8.2 in [8]. The key new ingredient in the proof of Theorem 1.9
is to apply the following discrete Calder6én reproducing formula established in [12,10]. This formula can be stated as follows.

Lemma 2.1.  Suppose that {Sy}iez, is an approximation to the identity as in Definition 1.3. Set Dy = S — S—1 for k € N
and Dy = Sp. Then for any fixed M € N large enough, there exists a family of functions {5k(x, Wikez, and {5k(x, Wlkez, such
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that for any fixed y** € Q%" k € N,z € Iyandv € {1,...,N(k,t,M)}and all f € (M(B,y)) with0 < B,y < € and
xeX

N(,7,M)

0= ) [, B im0

telp v=1

N(k,7,M)

FY3 ) w@EN)De. YD ) 2.1)

keN telp,  v=1
N(0,7,M)

=2 > [, et nidumgg. Gotr)
Qr

telp v=1

N(k,7,M)

+ YD D @D YD B (22)

keN telp,  v=1
where the series converges in the norm of Bi;q(x) with max(#, ﬁ) <p<00,0<qg=<o0,—1<s<1and ﬂ(ﬂ/, y')
for f € ﬂ(ﬁf,vy) with B’ < Bandy’ <y, and (M(B, y")) for f € (M(B, y)) withe > 8’ > Bande > y’ > y. Moreover,
Bk(x, y) and Ek(x, y), the kernels of Ek and Bk,satisfy the similar estimates but with x and y interchanged in (2.4): for0 < € < 1,

~ 1 2—ke
Dl = O Ve T Vi y) 2+ dx,y)) (2.3)
De(x. y) — DX y)| < c(‘“"’”)

k(X, Y (X, Y = 2_k+d(x,y)

1 2—I<e
x , (2.4)
Vo (%) + Vo ) + V(x,y) 27F 4+ d(x, ¥))¢
ford(x,x) < 2 % +d(x,y))/2;

/ Di(x, y)dp(y) = / Di(x, y)du(x) = 0, (2.5)

X X

whenk € N; [, De(x, y)du(y) = [, Di(x, y)du(x) = 1when k = 0.
To prove Theorem 1.9, we first show the following lemma.
Lemma 2.2. Let {Sk(x, y)}kez, and {Gi(X, ¥)}kez, be two approximations to the identity as in Lemma 2.1 above and D, =
Sk — Sk—1, Ex = G — Gy_1 for k € Nand Dy = Sy, Ey = Go. For any givene € (0, 1) and g € C*(X) with0 < « < ¢, then
1
Vi, enkry %) + Vo eary @) + V (X, y)

|ExgDie (%, )| < llgllex (a2 F 1

2—(/{/\/{’)6
X
2N + d(x, y))©

(2.6)

wherek, k' € Z.,.

Proof. We only consider the case k' > k > 0, other cases are similar or easier. We write
|ExgDie (x, y)| = ‘ / [Ex(x, 2)g(2) — Ex(x, Y)g») 1D (z. y)dpu(2)
x
< / |E(x, 2) — Ex(x, ) g (2) | D (z, y)|dp(2)
x

+ / |Ex(x, y) g @) — g0 1D (z, y)|da(2)
X

1 2—I<e
Vy—enry @) + Vi @) + V(x, y) (27K +d(x, y))¢
1 2—ke
Vo (%) + Vo ) + V(x,y) 27F 4+ d(x, ¥))¢

< llglleaony 2~ 0

+ lIgllexx)
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-l —k/é
x / d(z, y)* — .
X V, v @ +V, v () +V(z,y) ¥ +d(z,y))

1 2 ke
Ielle oy Vo) + Vixy) @ F +dex )

»1 2—k6
S lglewc ——ha
~ Vot (0) + Vo (0) + VX, y) 275 + d(x, y))¢

This finishes the proof of Lemma 2.2. O

du(z)

[2—(k/—k)€ + 2—’(’0(]

N

Now we show the following technical version of Theorem 1.9.

Proposition 2.3. Suppose that —1 <'s < 1, max(;5, H’;H) <p <000 <qg=<o0,a > max(,

geC*X)with0 <a < 1,f € ﬂ(ﬂ, y) for B and y satisfying (1.10), then
g g5y < Cllglom ooy Il

Proof. For any givene € (0, 1) and g € C*(X) with0 < o < €,f € ﬂ(ﬂ, y) we have

1

1
N(0,7,M) P oo q
Wellgoy = 12 2 M(QB’”)[ng.v(lEo(fg)l)]p} +{Z[2k5||5k<fg>||Lp<x>]‘J}

telp v=1 k=1
=G+H.
Using the discrete Calderén reproducing formula and Lemma 2.2 implies

N(0,7,M) N(©,7/,M)

G<lgllescry 3. Y. @)Y Z M(Qf”)lmow(Do(f))I

tely v=1 el =1

LSTN

Py >

1 1
x inf inf
xeQ®" yeo®” V1) +Vi(y) +V(x, y) (1 +d(x,y))°

N(0,7,M) N,/ ,M)

Hlgleron 1Y Y 1@ ZZ Z 2751 Q5 IDe (H O]

tely v=1 K=11"ely =

Py b
1 1

X in(f,u kv K v K v B
xe@?” Vi) + iy, ) + Vi y, ) (T+dx y, )

Applying the Holder inequality for p, % > 1and

p
(Z |ak|) <) ol
k k

for all @, € C and p, % < 1, it follows that

N(0,7,M) N(,7',M)

G<lgley§ Y. D m@@MH> > M(Q.?V)|m0u(Do(f))|p

telp v=1 t'ely V=1

p

1 1 pAl
0,v/ pAl—1 f inf
X QT ol [vl(x)+v1(y>+vo< » (1 +d@x ) ]

N(0,7,M) N(K',t",M)

+ lgllex(x) Z Z M(QOV)ZZ Z 2~ I<[a+s](pM)|2ksD (f)(yk 1))|p

telp v=1 K=1t'ely v'=1

p/\l

583

— n —s). For any

(2.7)

(2.8)
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=

1 1 pA1
K v \pAl
X Iu( /’ )P lnf ) ) /0

& xe®” | Vi) + Vi) + Vi v 1+ dx, y5))e

==

N(0,7/,M)
||g||ea<x>{2 > M(Q,O”)Im o (Do (NP (@ P Va1 w}

tely v'=1

1
N v’ M) V](yk/,v’) —-p P
/01 4 I/, / / k/, ’
+llgllexcx) Zz"HSJW“Z > [k} w@5)12X D (H O HIP
K=1 tely V=1 N(er )
N(0,7/,M) P
< llgllew [Z > M(Q,O”)Im o (Do(f))lp}
el V=1
0y q
00 N(K',7’,M) 4
K 4 K v
+liglleec 1 ) > m@HRCD (LI

K=1| el V=1

S lglleeooIf g )

where we used the fact that for anyyg;”/ € Q?,"’,, yl;/,’“/ € Qf,/’”/, Vi (yg’,“’) < /L(Q?,'Vl), Vi (yl;,,’”/) < Zk/";L(Qf,/’”/) ands > —«
ifp > 1and% —n—s<aifp < 1,and Lemma 1.7.

Similarly, by Lemmas 2.1 and 2.2, we have

N(0,7/,M)

> g @) [ | EeeBol. 1)y
QY

tely v'=1

T
A

ik
ks

k=1

LP(x)

1
00 N,/ M) 9y g

A1) > @ )EEDe Ly D (H )

— J ! /—
k=1 K=1t'ely =1 (%)

A

lgllexx) Zz Kom9a 3" Z @D D Im 0t (IDo(IDY

tely v= tely V=1

N(k,7,M) |: N(0,7",M)

ESTE
Q=

0,1 \pAl ; 1 1 -
x p(Q;") inf inf .
xeQt” yeot” LVi®) + V1) +V(x.y) (1 +d(x.y))

N(k,7,M)

+ ||g||ea(X) Z |:Z Z M(Qk V) Zz [k—k' |a(p/\1)2ks(pAl)2 K's(pAl)

el v=1 k=1

N(K,7/,M)
/Y/ / ’/‘/
XY @YD (HG I

vely V=1

1
q

q
' 1 2~ (knk)e pAL P
X ln’fv Ko Ko —(knK) Ko

Q" | Vo) ) + Vo 0 ) + VX, ¥ ) (2 +dx,y.,))

1
ol
o) N(0,7/,M) V1(y°;”’) 1-pal o ) q
< lglleoc Zz Ko Z > ’, w(@Q")Im o, (IDo(HDI
l T

0,
t'ely V=1 /'L(Q[/v )
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o0 o0

TR o k/, ’ _ k/, roq_

+ lgllew(x) Z |:Z 9~ lk=kla(pA1) Hks(pAT) o kS(pM)M(QT/ Vel 1V2—(k/\k’) o vyt pAl
k=1 | k'=1

N(k/’r/’M) AN / i ?
X Y @YD (DL HP

el V=1
< lgllew o I g3
,/Y i ,_ / ,/Y i ) / k/, ’ . .
where we used V, ) (v, ") S 207NV, (v 26700 and s < wifp > 1,5 —n—s < aifp < 1,
which verifies Proposition 2.3. O

Since for f € Bi,‘q(x), in general, f could be a distribution and hence the multiplication gf, even for g € €% (X), does not
make sense. For this purpose, we need the following lemma. The proof of Theorem 1.9 then follows from Proposition 2.3
and this lemma.

Lemma 2.4. For any f € B*(X) with max(;15, 7755) <P <00,0 <q<o00,—1 <5 < 1,andg € C*(X) with1 > € >

" — n — s). There exists a sequence {f;}jen such that f; € ﬂ(f, €), ||fj||Bf;q(x) < ”f”B;’q(x) and lim;_, . (gf;, h)

Al
converges forany h € M(B, y) with B and y satisfying (1.10).

Assuming Lemma 2.4 for the moment, for g € C*(X) andf € Bf,’q(X), lim;_, oo {gfj, h) exists, where f; is given by Lemma 2.4.
Therefore, for g € C*(X), f € By?(), we can define

(e 1) = lim (gf,. )

o > max(s,

for h € M(B, y) with (B, y) satisfying (1.10), f; is a sequence given by Lemma 2.4 and the limit is independent of the choice of

fi.
Fatou’s lemma and Proposition 2.3 imply

I8 1530 < Hminf gy < gl o 1 gy

which gives the proof of Theorem 1.9.
Therefore, it remains to show Lemma 2.4. To this end, we need the following lemma.

Lemma 2.5. Let {Si(x,y)}rez, be a approximation to the identity as in Lemma 2.1 above and Dy = Sy — Sx_1 for k € N and

Dg = So. Forany g € C*(X) with0 < o < 1, h € M(B, y) with B and y satisfying (1.10). Then
1 1

Vi(x0) + V (%0, ¥) (1+d(y, x0))"”

|(Di(e, ¥)g, h)| < Cligllex () Ihllacp.py2 " (2.9)

wherek € Z.

Proof. We only prove the case k € N, the case k = 0 is similar. We write

[{Dr (e, y)g, h)| < / IDk(x, Y)1Ig(x) — gW)IIh(x)|dw(x) +/ [Dk(x, Mg W Ih(x) — h(y)ldu(x)
x x
=1+1.
For I, since D (x, y) = 0if d(x, y) > 2C;27%, we obtain

IS lglleweo Il )27

X / ! ! du(x)
diey)<20,2—% Vok(X) + Vi () Vi(xo) + V (X0, X) (1 + d(x, X0))¥

< lgleoco lhllugp 2™ [ / o . }
d(x.y)<2C127, d(x.y)<3 (1+d(.x0)) 20127k >d(x.y)> 3 (1+d(y.%0))
= lglleapollhll g2 + L],
For I, d(x,y) < %(1 + d(y, xo)) implies that d(y, x¢) < 2(d(x, x¢) + 1) and
1 - 1 _ 1
Vi(Xo) +V(X0, %) ~ Vi(xo) + u(B(xo, d(x0,¥)))  Vi(xo) +V (%0, )
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Thus
1 1 1
I S f ——————dux)
Vixo) + V(x0,y) (1 +d ¥, X0))" Jay)<aciz—* Va—k(X) + Vyir (y)
1 1

S Vi) + Vo) (1 +d(y, 1007
For b, 2C;27% > d(x,y) > 3(1+d(y, Xo)) implies that
1 1 1
Vok () + Vo () ™ V(v x) "~ Vl(XO) +V(x0,y)

1 —l—d(y, X()) < C,

Thus

A

1 1 1
L / du )
Vi) + V0. 9) (4 dGo. ) s Vitro) + Vixo %) (1 1 d(x %0))7
1 1

< .
~ Vilxo) + V(x0,y) (1+d(x0,))”
Similarly we can deal with II
2—kﬂ 1
S .
Vi(xo) + V(x0,y) (14 d(y, x0))Y

Combining the estimates of I and I, we obtain that for k € N

—k(BAx) 1 1 .
Vi(xo) + V(x0,y) (1+d(y, x0))¥
Thus, (2.9) also holds. This finishes the proof of Lemma 2.5. O

|(Di (e, ¥)g, h)| = Cligllexcx) 1hll a2

Now we show Lemma 2.4.

Proof of Lemma 2.4. For any f € B, (), with max (-2~

)<p<000<qg=<o00 —1<s < 1,denote

n+1° n+1+s
i N@©,7,M) ~
f=2_ D m@")mgesDo(f)Dgos (x)

=1 v=1
i ~
DD D m@EIDx yEID B,

_ 1
where Do (x) = D fQ?‘LDO(X’ »duy).

It is easy to see that f; € M (e, €). Applying a similar proof as in Proposition 2.3 with g = 1and f = f; gives ”ﬁ'”Bj;"(x)
=< C”f”gi;q(x)-

Next we prove that lim,_, » (gfs, h) converges for any h € ﬂ(ﬂ, y) with 8 and y satisfying (1.10). Forj, m € N,m < j,
we can write

j N(0,7,M)
16— fmeg)l < [ 3 ) 1@ mgon (Do) (Dyos . gh)

T=m+1 v=1
J j_ N(k,z,M)

33T 3 w@) Do ). gD 04)
k=m+1 =1 v=1
J j_ Nkz1,M)

+3) B(QE") (Di(o, ¥5), g DN G|
k=1 t=m+1 v=1

We consider the following four cases respectively:

MD1<p<ooandl1 < q < o0;
(I 1T<p<oocand0<q<T;
(M 1<p<oocandg=ocorp=o0and0 < q < o0;

(IV) max(ii5, i) <P <1
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We now consider case (I). By the duality and Proposition 2.3, we have

[{fa — fin, g0} < Ilfa —fmIIB;qllghlpr_/s.q/ S IIgllewmIIhIIB;,q/(X)IIfn = fllgsa-
Note that [|h|| _
B 7" (X)
Oasn,m — ocowhens € (—1,1),1 <p <oocand 1 < q < oo and hence case (I) is concluded.
For case (II), the fact (2.9) implies

i N(,T,M)
>y M(QO“)IDOu(gh)I"I

t=m+1 v=1

==

-

< ligllea ) 1Allas,y) -du(y)

1 P 1
/{y:2f<d(xo,y)ng+1} |:V1 (x0) + V(Xo,J/):| (1+d(y, x0))7P

1
v

r>logl)!

_ /
< lglexcolhllagy § Y 2777

t>logl)

=m7lIgllex o 1l ap. )

and
sup  27UDE@EN I o) S lglleacn IRllagpyy  sup  27KCHAA
keN,m+1<k<j keN,m+1<k<j
1
f [ ! ]p ! Wl
X /
e L) + Va0 | (1 +dw,xo? X
< llgllex o 1hllaccp.p)2 ™S TEAD),
and

= =

J N(k,z,M)
sup (Z Z n(@Qkvy2~ ksD*(gh)(ykv)P) < llglleao Ifllagy) sup 27K rOm=r

keN, 1<k<j \ 31 V=1 keN, 1<k<j
< llgllew o Irllapnm™

Applying the Hoélder inequality for p > 1and (2.8) for g < 1, it follows that

T=m+1 v=1

j N(0,7,M) P
| — fin: gh)| :Z > u@MI mOv(IDo(f)I)]”]

i N(,T,M)
<12 X M(QO”)lDov(gh)W]

T=m+1 v=1

j ~ 7
+1 > 125D lip ey 17 sup 27D}l o,
k=m+1 keN,m+1<k<j

J j N(k,t,M) ) ‘17
+ Z(Z 3 u@EMI24D (f)(y"”)|”>

k=1 \t=m+1 v=1

i NkT,M) l/

X sup (Z > @2 "‘D*(gh)(y"“w’)
keN, 1<k<j \: S v=1

S ||g||ea<x>||f||B;~q(x>IIhllmw,y){Z—m(”ﬂ’\“) +m7}

S Wkl jis,y) and [lfn —fimn ||B;.q tends to zero as n, m tend to infinity. This implies that | (f, — fn, gh)| —

Using the fact that s4- 8 Ao > 0, this proves |(f; — fn, gh)| — 0asj,m — cowhens € (—1,1),1 <p <ocand0 <q < 1.
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For case (Ill) , if p = 00, g = 00, we obtain

j N(0,7,M)
16— fn 8] < Wfllgsocny | D Z 1(Q")Dyo. (gh)
T=m+1 v=1

NS [ 2 eniemwiaue
k=m41Y%
i N(kT,M)

Z >0 m@FM27Deh) 4|

=1 t=m+1 v=1

+ ||f||35 59°(%)

—s,1

Applymg Proposition 2.3, we have gh € B> (X). Note that the terms in brace are remainder of (gh); — (gh), in the norm
S1(%), which go to zero as n, m tend to infinity. Thus |(f; — fn, gh)| — 0asj, m — oo whens € (-1, 1),p = oo and
q = 00.
The estimate of caseco > p > 1,q = o© orp = 00, q # oo is similar to case (III) above.
For case (1V), applying (2.8) for max(;15 1 ) < p < 1,we have

1’n+l+s
j N©.M 7
|f; — fin» g1)| {Z > w@)im 0v(|Do(f)|)}
T=m+1 v=1
1(QO)' b 1
X sup

m<d(x0 yg Yy<j V] (XO) + V(XOv ,v) (1 + d(Vg’v, XO))V

+ Z 251D l1p ) sup 2 B Q") TP D} () 4]

k=m+1 y, Vex

Jj ~
+ 328D Plpe sup 27 @) DL Y.
k=1 m<d(xg, s

By (2.9), fori € N we have

_1 N a—n(l_
sup 275(Q%") 7 D} (gh) ()] < llgllew oy 1l acgp.gy 2 HAAE G0,

yEvex
and
_ 1-1
sup  278(QEY) TR D (gh) (V)|
m<d(xo.y5")<j
1
(ViOA") +Vxo, piM)p ™1 1 27k kB
S lglleecx Ihllacpyy — sup P
m<d(xg.y¥")<j n(Q )P V1(X0)" (1+d(r", x0)”
_ Vixo, y5r)7 ! 1
< lgllew o Ihllaccp.n2 2 sup —— sup T
loggl<i2i<d(x0‘y Vy<2i+l M(Q U)P7 (l+d(yt 7X0))y
—k _n(lo —[y—n(i_
S lgllea o 1l ap 2 PR G D~y =nG =Dl
wherei € N.

Similar, by the Holder inequality for co > q > 1, it follows that

1

Jj N(0,7,M) P
|fi — fn» )] {Z > M(Qo”)[mw(lDo(f)l)]"}

T=m+1 v=1

u(@d)' > 1
X sup oy
O medoy® < V100) + V(x0, y2") (1+d(2" x0))7

!

Qe

J ~ % q
+ { > [2"S||Dk(f>||Lp<x>]Q] Z sup 27u(@Qf )17 D (gh) (% U)'}

k=m+1 k=m+1 , Vex
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1
j - q j : )
=~ _ 1-1
+ 1) 25Dl 1D sup 27u@EN) TR IDE e 4]
k=1 k=1 [ m<dxo.y¥")<j
S lghew oo Il I lggapom™
4 1
J q
—k[s—n(1— _ /
+lglles o Il If g § D (274" D2k
k=m+1
. 1
L s—n(l— I
+”g”@"‘(x)”h”'M(ﬂ,V)”f”B;‘q(x) Z[z kls—n(; 1)]27k(om/3)]q m~r=nG="DI
k=1
1_qy)._ ly—n(l_
< ||g||@°‘(x)||h||M(ﬂ,y)||f||3§q(x)[m_y +2—m[s—n(p Dly m(omﬂ)_l_m ly—n(3 1)]]'
From (2.8) and (2.9) for 0 < g < 1, we also have
i NOTM) ~ ;
[ —fmgW <1 D Y w@")Imges (IDe(HDP sup Do (gh)|
T=m+1 v=1 y?‘ve{m<d(x0,y?‘v)§j]

1

J ~ 1
+1 ) 2°IDePllreol’p  sup  sup 279u(@QE) P D} (gh) (M)

k=m+1 keN.m<k§in§.vex

: ks |2 ! ks Ky -1 I
+ [2° Dk () llp 2001 sup  sup 270w(Q )P D (8 (v )]

k=1 keN1<k<i m < d(xg.y% ") <j

_ _nl_ _ [y—n(l_
< lgew o IlLacp.p I gy (277G D) = 071Gl

where we use the arbitrariness ofy’j’”, and B Ao > ;1) —n — swhen p < 1. This proves |(fj — fm,gh)| = 0asj,m — oo

when s € (—1, 1), max( I ) <p<1landO0 < q < 00, and hence the proof of Lemma 2.4 is concluded. O

n
n+1° n+1+s
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