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1. Introduction

For a Banach-space-valued measure m defined on a o-algebra, we obtained in [8] the Calderén interpolation spaces
[Xo, X1]jg7 and [Xo, X117 of the couples (Xp, X;), where X, and X; are the Banach lattices LP(m) or P (v) of equivalence
classes of scalar p-integrable or, respectively, weakly p-integrable functions with respect to the measure m. In such a case,

the first method always gives another P (m)-space and the second one yields an L? (m)-space. More precisely, we obtained
(see [8, Theorem 3.4])for 1 < pg # p; < 00, 0 <6 < 1,and % = % % the following equalities:
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In particular, if the vector measure m is a (real) positive finite measure u all the previous equalities collapse into the well-
known interpolation formulas [LP° (), L (1) ]jg; = [LP0 (1), [P' (10)]"¥) = [P (11). Nevertheless the situation considered in[8]
does not include the case

[ ®), 1 (R)],, = [ (R), ' (R)]"! = 1P (R),

where the Lebesgue measure in the real line R is considered. In order to fill this gap we need to consider a more general
structure than a o-algebra: we must consider vector measures defined on a §-ring. That is the motivation to study the
Calderén interpolation methods of Banach lattices of p-integrable and weakly p-integrable functions with respect to a
Banach-space-valued measure defined on a §-ring. We will see that interpolation results for vector measures on §-rings can
be very different from those ones on the context of o -algebras. Roughly speaking we can say that equalities (x) for vector
measures on o -algebras remain true for vector measures on §-rings (see Corollary 3.7), but equalities (<) for vector measures
on o -algebras cease to be true for vector measures on §-rings (see Example 3.10). However, we will identify a certain type
of vector measures on §-rings (called locally strongly additive measures) which keep completely the same behavior as in the
o-algebra case for all the different combinations of couples (see Corollaries 4.7 and 4.9).

2. Preliminaries

In this section we establish the preliminaries necessary for integration of scalar functions with respect to vector measures
on §-rings, in order to make the paper more self-contained and readable. The basic references about integration for us will
be [6,11-13]. Throughout this paper v : R — X will be a vector measure defined on a §-ring R of subsets of some nonempty
set £2 with values in a real Banach space X. We denote by R'° the o -algebra of subsets A € 2 such that ANB € R for
each B € R. The measurability of functions f : 2 —> R will be considered with respect to the measurable space (§2, R'°°).
The semivariation of v is the set function ||v]| : R'°¢ — [0, co] defined by [|v||(A) = sup {|(v, x*)| (A) : x* € B(X*)}, where
[{v, x*)| is the variation of the scalar measure

(v,x):Ae R — (v, x")(A) = (v(A),x*) € R,

and B(X*) is the unit ball of X*, the dual space of X. Aset N € R!°° is called v-null if ||v||(N) = 0. A property holds v-almost
everywhere (v-a.e.) if it holds except on a v-null set.

A measurable function f : 2 — R is called weakly integrable (with respect to v) if f € L' ((v, x*)) for all x* € X*.
A weakly integrable function f is said to be integrable (with respect to v) if, for each A € R'°° there exists an element
(necessarily unique) fA fdv € X, satisfying

</fdv,x*>= /fd(v,x*), x* e X*.
A A

If 1 < p < 00, a measurable function f : £ —> R is called weakly p-integrable with respect to v if |f|P is weakly integrable
(with respect to v) and p-integrable (with respect to v) if [f|? is integrable with respect to v. The space L? (v) of all (v-a.e.

equivalence classes of) weakly p-integrable functions becomes a Banach lattice when endowed with the usual order v-a.e.
and the norm

Il ) = sup { (/ﬂ P |(u,x*>|>” X e B(X*)} .

The Fatou property holds in L? (v), meaning that if (f;), is a positive increasing sequence in L? (v) converging pointwise
v-a.e. to a function f and sup,, ||fn||in'(v) < oo, thenf € P (v), and ||f||L;an(v) = sup, ||fn||Lﬂ,(u)‘ Moreover, the space [P (v) of
all (v-a.e. equivalence classes of) p-integrable functions is a closed order continuous ideal of I? (v). In fact, it is the closure of
8(R), the space of simple functions supported on [R. Recall that order continuity means that if (f,), is a positive increasing
sequence in LP(v) converging pointwise v-a.e. to a function f € L?(v), then [|f — fullp () — O.The Banach lattices L(v) and
LP (v) of equivalence classes of scalar p-integrable and weakly p-integrable functions were initially studied in [7] for vector
measures v on a o -algebra and its basic properties can be extended and remain true for vector measures on §-rings. Also
we can find in [ 14, Chapter 3] a very good material about spaces of integrable functions with respect to a vector measure on
a o-algebra. Finally, let us consider two more spaces strongly related with the spaces of p-integrable functions with respect
to a vector measure. Denote by L°°(v) the space of classes of essentially bounded measurable functions f : £ — R with
the essential supremum norm. Consider also the vector space L°(v) of all classes of measurable functions f : 2 — R.If
the vector measure v is defined on a o -algebra it is well-known (see [7, Corollary 3.2]) that the following inclusions hold for
allp > 1

L¥() CIP(v) S5, (v) S L") S Ly, (v) S L), (1)

and all of them are continuous inclusions, where the topology of convergence in measure is considered on L°(v). As it is well-

known, this topology is generated by the complete F-norm H %{ﬂ ’ , where f € L°(v). When the vector measure v is

L)
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defined on a §-ring instead of a o -algebra, the inclusions (1) are in general false, but we can save something. For eachA € R
consider the o-algebra X4 := {E € R : E C A} of subsets of A and the vector measure my : E € X3 —> mu(E) = v(E) € X,
that is, the restriction of v to A. Note that |(my, x*)| (E) = [(v,x*)|(E) for all x* € X* and E € X,. In particular,
Imall(E) = |Iv|I(E) for all E € X4. Moreover,if 1 <p < ooandf € L? (v) itis not difficult to check that

f I xal? d (a2 = f I xal? d |(v. 2°)
A 2

and so f xa € P (m,) and ||fXA||L’,';,(mA) = ”fXA”Lﬁ,(u)- Moreover, if f € L(v), in which case fx4 € L'(v), and E € X, then

([£1ntmx) = [£aalox) = [Faadimoc). x ex

and f x4 € L1(my).

. X e X®,

1
Lemma2.1. If f € I} (v),withp > 1,andA € R, thenfxa € L'(v). Moreover, ”fXA”L,lL,(v) < (JJv]|(A)) 7 ||f||L1,';,<u)' where q is
the conjugate exponent of p.

Proof. Given A € R, and f € [ (v), with p > 1 we know that fx, € [P (ms). Now by applying (1) we obtain
. o 1 .
fxa € L5,(my) € L'(my). Now the Holder inequality gives IIf xall;1 i,y < Ifxall2 m,y (IMall (A))9, that is, IIf xall1 ), <
1 1
I xallp oy (IVIEADT < Ifllp oy (IVIEADT. O

3. Interpolation for general vector measures

We wish to apply Calderén’s two methods of complex interpolation to couples of Banach lattices L (v) and L? (v). Since
these methods are defined only for Banach spaces over the complex field C we must in fact apply them to the couple of
complexifications of those spaces concerning complex valued functions f : £2 — C and vector measures with values in
complex Banach spaces. If v : R — X is a vector measure defined on a §-ring R of subsets of £2 with values into a complex
Banach space X we can define the spaces L (v) and L?(v), with 1 < p < 00, analogously as we did in the previous section
for the case of a real Banach space. Moreover, following a standard argument (see [8, Section 2]) we can see that L? (v) and
LP(v) are complex Banach lattices, that is,

P(v) ={f : 2 — C:Re(f),Im(f) € L}, (vp) },
IP(v) = {f : 2 — C:Re(f), Im(f) € ["(vp)},

where Re(f) and Im(f) are, respectively, the real and imaginary parts of f,and vz : A € R —> vRr(A) := v(A) € Xg, Where
Xr denotes X considered as a vector space over R, in which case Xg is a real Banach space. Then a function f € L? (v)
(respectively [P (v)) if and only if its modulus |f| € LP (v) (respectively L”(v)). This means that in the proofs of the
interpolation results of this paper it suffices to consider only nonnegative real functions. We refer to [2,4,5] for general
results concerning interpolation.

In what follows we will always consider vector measures v : R — X which are o-finite, that is, there exist a pairwise
disjoint sequence (£2;), in R and a v-null set N € R'°°, such that 2 = (Uk21 .Qk) U N. There is some connection between
o-finite vector measures defined on §-rings and vector measures defined on o -algebras. The first ones always appear as
densities v, of a certain measurable function g with respect to a measure v defined on a o-algebra, as we describe in the
following example. In fact, the example is a natural procedure to construct vector measures on §-rings coming from vector
measures on o -algebras. See [6, Theorem 3.3].

Example 3.1. Let (2, X') be a measurable space, and m : ¥ — X a vector measure with values in a Banach space X. For
a strictly positive measurable function g : 2 —> R consider the §-ring R; = {A €eX:g € Ll(m)} , where L' (m) is
the space of integrable functions with respect to the measure m. We shall denote by v; the measure with density g with
respect to m, that is, the vector measure defined by v, : A € Ry —> vg(A) := [, gdm € X. Note that ,ﬂ{g"c = Y, and so R,
coincides with (not only a §-ring) the o-algebra ¥, if and only if g € L!(m). Therefore, measurability and (since g is strictly
positive) equality vg-a.e. and m-a.e. coincide. Moreover, the [P-spaces (1 < p < oo) associated with this measure v, can be
easily described in terms of the ones of the measure m. Namely,

P (ve) = {f € L°(m) : [fIP - g € L, (m)},
Pog) ={f eL°(m) : |fP - g e L'(m)},

1
p

Ly’ forall f € IP (vg). Furthermore,

with the norm [If {5 ,,, = ILfI” - gll

(A) If g is bounded from above, then L¥ (m) C L* (vg), and similarly [’ (m) C LP(v,), both with continuous inclusions.
(B) If g is bounded from below, then I? (vy) < LP (m), and analogously L?(vg) € LP(m), both with continuous inclusions.
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The first step for interpolation is to check that each pair of spaces L? (v) or LP(v), where v : R — X is a o-finite vector
measure, forms a compatible couple of Banach spaces, that is, they are imbedded continuously in the same topological vector
space. In our case the environment space will be the linear space L°(v) of all (v-a.e. equivalence classes of) real measurable
functions f defined on £2, endowed with the topology generated by certain F-norm ||-|;0.,, which we shall now describe.

Consider the decomposition 2 = (Ukzl Qk) U N, where (£2), is a pairwise disjoint sequence in R, and N is a v-null set in
R1°¢ Foreach k = 1, 2, ... consider the o-algebra Xy := {A € R : A C 24} of subsets of £2 and the vector measure

mg:A€ X, — mk(A) = \)(A) eX,

that is, the restriction of v to §2;. Note that ||m||(A) = ||v]|(A) for all A € X}, and consequently a set B € R'°C is v-null if
and only if BN £y is mp-null forallk = 1, 2, . ... Now define
e 1

. fellWw).

B If|
”f”LO(v) = Z 2k A+ vl (820) H 1+ |f] e

k=1 L, (mp)

Note that %‘m Xa, € L®(my) C L'(my) forallk=1,2,....

Lemma 3.2. Let (f;), be a sequence in L°(v). The following assertions are equivalent:

(1) lfallow) = 0asn — oc.
(2) fy — 0,asn — oo, in mg-measure on 2 forallk = 1,2, .. ..

Proof. The implication (1) = (2) follows from the inequality

H Ifl

—_— <21+ v (2 o, fellw), k=1,2,....
T A+ vl (2 If oy, fel(v)

LY, (mpo)

For the converse implication (2) = (1) take an arbitrary ¢ > 0 and let ko such that Zk>k0 27k < £.Now using the hypothesis
< 27Ta+vil)e
Lhmy ~ ko

(2) choose ng such that H%’[}MXQ,( foralln > npand k = 1,2, ..., ko. Then ||fyll;0(,, < € forall

n>ng. 0O
Lemma 3.3. ||-||,0(,) is an F-norm, and (Lo(v), I|- ||L0(V)) is a complete metric linear space.

Proof. (i) ||f 0, = Oifand only if f = 0 v-a..If |f, 0, = O, then H%‘w Xa,

; =O0forallk =1, 2,...and hence
Ly, (my)

f=0o0n £, m-ae. forallk =1,2,.... Now take into account the comment above the definition of || - ||;0.,, to conclude
thatf = O v-ae.

Since the function t € [0, 00) — ——

7+t € [0, 00) is increasing the next properties follow:
(ii) llef lliowy < Ifllioy if lel < Tandf € L°(v), and

(ifi) IIf +&lliow) < Ifllog) + llglioq, forallf, g € L2(v).

Next let us see that

(iV) llanfllo) — 0iff € L(v) and @y — O.

Indeed, if («,), is a sequence of scalars with o, — 0, then %ng converges pointwise to 0 on §2, my-a.e. for all
k = 1,2,.... The order continuity of the space L'(v,) means that H 1f“’;{]'f‘ xe| , — Oforallk = 1,2,.... Thus
Ly, (my)

Lemma 3.2 assures that ||af ||;0,) — 0asn — oo.
Finally, from the inequality [leef [|;0(,) < max {1, o} [Ifllj0(, , where f € [°(v) and @ € R, it follows that

V) llefulliow) — 0ifa € Rand [Ifulloq) — O.

Properties (i)-(v) mean that | - [0, is an F-norm on L%(v). Finally we are going to check that (Lo(u), Il - ||L0(U)) is complete.
Take a Cauchy sequence (f,), in L°(v). Then, forevery k = 1,2, ..., (#’[}lxgk) is a Cauchy sequence in the Banach space
n n

L'(my). Thus for every k = 1,2, ... there exists g € L'(my) such that — 0asn — oo. Define

_ L
‘gk T X213

pointwise the functiong := ) ",_ 8 € L%(v) and conclude that ||g — fall oy = 0,asn — oo, with the same argument as
inlemma3.2. O B

Lemma 3.4. Forall p > 1, the space ¥ (v) is continuously included into L°(v).
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Proof. If f € L. (v), then ’ %{”mk = ||fxgk||mmk) < Iflly ) forallk = 1,2,...and [f 00 < Ifll1 - If

Ly (my
f e l? (v),withp > 1,Lemma 2.1 assures thatf xo, € L'(v)forallk = 1,2, ...and then

‘ . = IFxelyo) <

Lzlu (my

1
”f”Lﬂ)(v) (vl ($2k)) 9, where g > 1 is the conjugate exponent of p. Thus

& 1 If1
“f”LO(v) = Z 2k (14 vl ($2k)) ” 1+ If] e

k=1 LY, (my)

1

N 1
(vl (2¢))7

=y F Nl oy < Ifllp - O

£ 2K (1+ il (820)

The key to obtaining the (x)-formulas for the interpolated spaces is the Calder6n-Lozanovskii's product space. Let us now
recall the basic properties of this space that we can see in [4]. Let v : R — X be a o -finite vector measure. For a given couple
(Xo, X1) of Banach lattice ideals of L°(v) and 0 < 6 < 1, the Calderén-Lozanovskii’s product space X& *‘)xf is the Banach space
of all (v-a.e. equivalence classes of) scalar measurable functions f € L°(v) such that there exist fy € B1(Xo), fi € B1(X;) and
A > 0 for which

F )l < A o)™ )", w e 2 (v-ae) (2)
endowed with the norm ||f|| x0x0 = inf A, where the infimum is taken over those A satisfying (2). The Calderén-
Lozanovskii’s product space has the following relationships to the Calderén interpolation spaces.

(CL1) XoNXq € [Xo, Xilje; € x(}*‘)xf C [Xo, X111 C X, + X;. Moreover we have equality of norms (see [1, Theorem]), that
is,
¥l 1 = IXlla-o0 = IXlgpyor s X € [Xo, Xty (3)

(CL2) If X, or X; is order continuous, then [Xp, X1]jp; = xﬁxf.
(CL3) If Xp and X; have the Fatou property then [Xo, X; 11 = X, ~?X?.

Let us compute the Calderén-Lozanovskii’s products of spaces of p-integrable functions. The key is the following result.

Proposition 3.5. Let 1 < p, g < oo be conjugate exponents. Then
(i) 8(R) - L5, (v) S L' (v).
(ii) L5, (v) - L%, (v) = LL(v), with 152113 ) < I 12 ) €118 -
(iii) LP(v) - L(v) = [P(v) - L9 (v) = L1 (V).
Proof. (i) This inclusion follows from Lemma 2.1, because functions in §(R) are linear combinations of characteristic
functions of subsets in R.
(ii) Letf € P (v), g € LY (v). The Holder inequality gives fg € L'(J(v, x*)|), for all x* € X*, and moreover, if x* € B(X*), then

/ gl dlw, x*) < Ifllwq.en g laqwann < W llp, ) 11159 -
Q

Therefore, fg € L, (v) with fgll,3 ) < Ifll, ()€, Conversely, ifO < h € L}, (v) then h = h¥hi, with h7 € L2, (v) and
hi e 19,(v).
(iii) Clearly, L' (v) C IP(v) - L9(v) C IP(v) LI (v).Letf € [P(v),and g € LI (v). There exists (s;)n S 8(R) such thats, — f
in I? (v). From (i), it follows that (s,g), < L'(v). Moreover,
Ufg = suglliy oy = 1 = s00gly ) < If = Sullp oy gl 0y = O,
which yields (s,g), — fg in L} (v). Since L'(v) is closed in L} (v) we conclude that fg € L'(v). O
As we mentioned above, Proposition 3.5 allows us to compute the Calder6n-Lozanovskii's product spaces of several

couples of I and L? -spaces.

Corollary 3.6. Let 1 <py <p; <00,0 <8 < 1, and% = % + p%. Then

(i) Po ()10 1P1(v)? = [P(v).
(ii) L ()1 =171 (0)° = 1P () 7L (1) = 1P (v).
(iii) 129 (1)L} (v)" = L5, (v),
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Po
(1-6)p

From Corollary 3.6, and equalities described in (CL2) and (CL3), it follows that

Proof. It is enough to observe that and g—; are conjugate exponents. Now, apply Proposition 3.5. O

Corollary 3.7. If 1 < py <p; < 00,0 <0 < 1,and% = % + p%,then
[L0 (), L1 (1)] 5, = [L0 ), L' (W) ], = [LP° ), L} ()], = L V),

[Po), 22 ()] = 12 ().

The simplest example of a o-finite vector measure on a §-ring is given by a o-finite measure space (£2, X, u) if we
consider the measure u defined on the §-ring of measurable subsets of finite measure. For example, consider the Lebesgue
measure A on the o-algebra M of Lebesgue measurable subsets of the real line R. Let R := {A € M : A(A) < oo} and define
the vector measure v : A € R — v(A) = A(A) € R.ThenI? (v) = [P(v) = [P(R) for all p > 1 and Corollary 3.7 assures
that

[Po®). @], = [P®. " ®]" = P®),

as we have mentioned in the introduction.

Remark 3.8. Let 1 < py < p < p; < oc. From (CL1) and the above corollary we obtain the following inclusions:

(i) P () NI (v) S LB (v) € LY (v) + L5 (v).
(i) LPo(v) NP1 (v) C [P(v) C LPo(v) + [P1 ().
(iii) LPo(v) N LY (v) S IP(v) C PO (v) + Ly (v).
(iv) LW (v) NIPY(v) € [P(v) C LY (v) + [P1 ().

Each of them assures that the corresponding space that is in the middle of the inclusions is an intermediate space.
Nevertheless, for a general vector measure v onad-ringand py < p < p1, the space LP(v) does not need to be an intermediate
space of the couple (L (v), L} (v)) because in some cases Ly (v) N Ly (v) € LP(v). Analogously the space LP, (v) does not
need to be an intermediate space of the couple (L (v), LP1 (v)) because in such cases [P (v) & LP0(v) +LP1(v). The following
example illustrates the above statements.

Example 3.9. Let R be the §-ring of finite subsets of natural numbers N, and consider the o -finite vector measure v : A €
R —> V(A) .= xa € cp(N), where cy(N) is the space of null sequences. For every 1 < p < oo, it is easy to check that
IP (m) = £*°(N), the space of bounded sequences, and LP(m) = co(N). In what follows it will be interesting to know that
lv]I(A) = 1, for every nonempty A C N, and ||v||(@) = 0.

As we noted in the introduction, if v is a vector measure over a o-algebra, then it is known that, in addition to
the equalities established in the above Corollary 3.7, the following equalities hold [L50(v), L} Wl = IP(v) and
[LPo(v), PP ()] = [0 (v), P (W)W = [1Po(v), L5} ()] = [P (v). Nevertheless, the situation can be completely
different in §-rings as the next example shows.

Example 3.10. Consider the vector measure v of Example 3.9. For every 1 < p < 0o, we know that I? (v) = £*°(N), and
also I[P (v) = ¢o(N). Thus, forall 1 < pg < p < p; < 00, we have

(1200, L2 )]y = [€200), €2 )], = €20 = L, (),

0
[P0 ), 171 ()] = [eo (), co)I¥! = co(N) = IP(v).
But there are cases where the situation is similar to the case of o -algebras even for measures genuinely defined on §-rings.

Example 3.11. With the same notation of the previous examples, let us consider now the vector measure (defined on the
same §-ring R)

V:IAER — VA) =a - xa € co(N),

where o = (o), is the sequence given by o, = n, foralln = 1, 2, .... Itis easy to check, forall 1 < p < oo, that
1P (v) = £ (a%) = {(an)n : (n%an)n e EOO(N)] ,
I’(v) = (a%) = [(a,,),, : (n%an)n € CO(N)} .

In this case, we get the (¢)-formulas, thatis, forall 1 < py < p; < occand0 < 8 < 1, we have

[0 ). )], = L), (4)
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and
[P0 ), P )] = [0 ), 12 )] = [P0 ), 12r ()] = 12, (v), (5)
where % = % + %. Let us see how to obtain equality (4). The proof of equalities (5) must be postponed until Corollary 4.9

because we do not know an easy computation to obtain them. To prove equality (4) it is enough to have in mind the
following:

(A) col@P) C £(@P) C co(a®) C €¥(at), 1<p < q < 0.
1

@) !
(B) £>(a?) =co(a®), 1=p<q<oo.

(©) (ewm%))l_g (co(a%))g — co(a?) (cf. Corollary 3.6(ii)).

Then, taking into account [2, Theorem 4.2.2(b)],

000, = [ () =), = = eh) ) O

(e8] )], () )
= ¢ (a%) = IP(v).

Let us mention for this measure that for every A C N we have ||v||(A) = max A if A is finite, and ||v||(A) = oo if A is infinite.

4. Interpolation for locally strongly additive measures

As we have seen in Example 3.9, for a o-finite vector measure v on a §-ring and pp < p < pi, the space [P(v) does
not need to be an intermediate space of the couple (L’,L0 ), LB} (v)). However, there is a broad class of vector measures for
which this occurs: locally strongly additive vector measures (see Theorem 4.5). Recall that a vector measure v : R — X is
called locally strongly additive if lim,_, , ||v(Ay)|lx = O for all disjoint sequences (A,), in R such that ||v|| (U@] An) < 00.
This concept of locally strongly additivity differs a bit from that of Brooks and Dinculeanu [3], where locally means that
the property is satisfied inside a set of the §-ring R instead of a measurable set of finite semivariation. Note that the vector
measure we have considered in the previous Example 3.11 is locally strongly additive, but the vector measure we considered
in Example 3.9 is not locally strongly additive. In what follows we continue with a o -finite vector measure v : R — X.

Lemma 4.1. Let B € R'°°. Then

(1) xp € L, (v) ifand only if |[v]|(B) < occ.
(2) xs € L'(v) ifand only if lim,_,  ||V(A) || = O for all disjoint sequences (Ay)n in R such that A, € B, foralln = 1,2, .. ..

Moreover, the following conditions are equivalent:

(A) v is locally strongly additive.
(B) If B € R°and xp € L] (v), then x5 € L' (v).
(C) There is no set B € R'° such that xz € L} (v) \ L'(v).

Proof. (1)If B € R, it is enough to note that
IvIl(B) = sup {|(v,x*)| : x* € BX*)} = lIxsll1, ) -

(2) Suppose xz € L'(v) and let (A,), € R be a pairwise disjoint sequence such that A, € B, foralln = 1,2,....
Denote by A := Up=1An. Then x4 < xp and so x4 € L'(v). Moreover, the order continuity of L'(v) implies that
Y one1 Xaw = Xain L'(v), so [v(Ap] < ||XA,. Loy 0,as n — oo. Reciprocally, suppose that lim,_, [[V(Ay)] = O
for all pairwise disjoint sequences (A;), in R such that A, C B, foralln = 1, 2, .... This means that the vector measure
vg: A e R —> vg(A) = v(BNA) e X is strongly additive, which is equivalent to x € L'(vg) (see [6, Corollary 3.2(b)]).
Moreover, for a function f € L°(v) it is not difficult to check that f e L'(vp) if and only if f xz € L' (v). Thus, xz € L' (v) and
the equivalence is over.

Finally note that (C) is a reformulation of (B) and the equivalence between (A) and (B) follows by applying characterizations
()and (2). O
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Notation 4.2. In what follows it will be convenient to consider the following notation. For a nonnegative measurable
function f : £ — R, and two real numbers 0 < a < b, consider the three disjoint measurable subsets of £2

If <al:={weR:0<f(w) <a} e R,
la<f<bl={weR:a<f(w)<b}eR, and
[f > bl :={w e 2:f(w) > b} € R,

The next two lemmas will be useful in what follows.

Lemmad4.3. et 1 <py <p <p1 < Q.
MFo=fe L’,’;,(I;), then
(i) fxir=n € L) (v), and limp_, oo ||fX[f>b] “Lﬂ?(u) =0.
(ii) fXir<a) € L2 (v), and limg_so ||f X1 <a) “L’,’ﬂ =0
(2) If 0 < f e I2(v) N5} (v), then

blin;o I x1r-11 HL,’;W) - lﬂ% I X <a) HL‘ZJ@) =0

Proof. (1i) Note that fP0 xir.p; = fPfPO7P xrp) < ﬁfp)([bb] € L! (v), which means that f x(s-p € L[5 (v). Taking norm in
the above inequalities we have

Loy = PP prle>bl HL,‘,,(V) < boP pr ”L},)(u) -0,

”prX[f>b]

as b — oo, that is, limp_, o ||f)([f>b] || =0.

1 )
(1ii) In that case fP1 xir<q) = fPfP1 P x5 <q) < AP177PfP x(r<q) € L}u(v), so we have f xjr<q) € L5} (v). Now, taking norm
1FP i <al ||LL)(\)) = a7 |fPxya HLEU(V) -0,

0.

asa — 0, thatis, lime_. | Xf<a Py =

(2) According to Remark 3.8 the function f € L? (v) and so the functions f? x(s -4 and f? xjs-.p) belong to L}ﬂ(v) too. Moreover,
using the above arguments we have
p p—po || £P p—po || fP
17 x17 <al ||L}U(v) < a0 ||fP i q) HLEU(V) <a™P|f OHLZU(v)’

oy S PP e ) < PP

1£7 xir=01 o’

that s, limy oo [ xir-01] 2 ) = limaso |[Fxir<al]p,, =0 O

Lemma4.4. Let 0 <f e %), 1<py <p; <oo,and0 <a < b.

(A) If f Xia<r<b) € L (v) + LY} (v), then f xja<r<p) € L1 (v) N LY (v).
(B) If f Xta<r<by € LPO(v) + LP1(v), then f xja<f<b) € LPO(v) NP1 (V).

Proof. (A) Assume that f xja<f<p) belongs to L} (v) + L3} (v), so there exist 0 < fo € L) (v) and 0 < f; € Ly} (v) such that
f Xia<f<b] = fo + f1. On the one hand note that f' < bP17Pof since fo < f x{a<f<bj < b. Therefore,

FP Xiazp<n) = (o +FOP < 2PV ([T + £ < 221 (PSR + ) € L, (),
which proves that f xja<f<p) € L5 (v). In order to prove that f xja<f<b) also belongs to 2% (v), consider the disjoint sets of R'°

D={uela<f<b]l:folw) <fi(w},
E={uela<f<b]l:filu) <fo(w},

and observe that

f=fo+fi=G+)xo+ Fo+f)xe <2fixp + 2foxe,

and also that f; xp > ¢ since a < f xp < 2f; xp. Thus,

FP Xlap<by < 27°f° xp + 27f3° xp < Txp + 276 xg € L, (v),

aP1—Po
which proves that f xj<f<p) € L0 (V).
(B) The proofis similar to (A). O
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Theorem 4.5. Let 1 < pg < p; < oo. The following are equivalent:

(i) v is locally strongly additive.
(i) X (v) N L5} (v) C IP(v), for some/all py < p < p.
(iii) LP (v) € [Po(v) + LP1(v), for some/all py < p < p1.

Proof. (i) = (i) Let po < p < py and take 0 < f € LiY(v) N L}/ (v). Let us consider the sets [f < 1], [1 <f <n],and

[f > n],foralln =1, 2, .... As we know, all these sets are in R'° since f is measurable. According to Remark 3.8, f € P (v)
and so the functions f? x [ ] fP X[ J<n] and f? xis~n belong to Ll (v),foralln = 1,2,....From the inequalities
1 < =1,2 6
o X[ heran] = <fP X[ 1 p=n] _nx[ el ML 2o (6)

e L'(v), for

w

we conclude that X[lg<n] e L} (v),foralln = 1,2, .... By the hypothesis and Lemma 4.1 we get X[ J<n]

alln = 1,2, ....But, applying again inequalities (6) we obtain thatfpx[lifq] € L'(v), for alln € N. On the other hand,
Lemma 4.3 assures that
; P — i P —
nlggo f X[f<%] L) B nlngo ”f Xir>n) ||LZU(V) =0,

and therefore,

fP —fpx[%ikn

Hf X

+ [P Xig=n ||L1w(u) — 0,
Ly, )

w

when n — o0, which says that (pr[lifq]) converges to fP in L}U (v). Hence, fP must be in L'(v) (or equivalently
n - n
f € IP(v)), since L' (v) is closed in L} (v).

(ii) = (iii) Let po < p < p; and assume that [5?(v) N I} (v) € IP(v). Let us see that [P (v) C [Po(v) + LP1(v). Let
0 <f € IF (v) and consider again the sets [f < 1], [1 <f <n],and[f > n]forn = 1,2, ....By applying Lemma 4.3 we
obtainf)([f<l] e LB (v), fxyr-n € L% (v), and moreover

lim Hf)(f 1

n—oo

gy = 3l =0 .

AsIP (v) C LW (v) + LB} (v), Lemma 4.4 leads to
fX[leSn]eL’;O(v)ﬂL‘;}(v), n=1,2,.... (8)

From (7) and (8) we obtain also that

“f —fx[%ifsn] =< fo[k;] e + I xir=mlo ) = 0,

L0 )+5) )
when n — 00, which says that the sequence (fx[1J<n]> converges to f in L0 (v) + L5} (v). If (fX[ ]) were a
n

Cauchy sequence in [P (v) + [P1(v), then f would be in [P (v) + LP1(v) and this would finish the proof. First note that
fxm <] € IPo(v) 4+ [P (v) forn = 1,2,.... This follows from (8), the hypothesis [£°(v) N L[5} (v) € I°(v), and

Remark 3.8(ii). Thus, we have to check for natural numbers k < n that

=0.

koo 19 0)+5 )

lim ”fx [r=i] fX[ <]
Let k, n € N, with k < n. Since

Ieran] =P 2] = I sran]r<)] H X[ rznoir-n
= fx[%if<%] +fX[k<f§n],
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then, having in mind (7) we conclude that

”f Aigrzr] ~I X[ 1<) < Hf X1<r<1] ’L% [ xwer znil gy

150 ()51 (v)

O R E

0
as k — oo.

(iii)= (i) Let B € R such that x5 € L]]L,(v).Then xs € P (v),and by the hypothesis xg € [P0 (v)+LP1(v), thatis, xg = fo+f1
for some fy € [P(v) and f; € LP1(v). We can choose fo, fi > 0 and so sup{fy, fi} < 1.Since f}°, f* € L'(v) and f}' < f3°
we have

xs = ()" = (o + )P <220(f) + 1) <29 (f° + £ e L' (v).
Therefore xz € L'(v), and Lemma 4.1 ensures that v is locally strongly additive. O
Remark 4.6. In relation to the proof of the above implication (ii) = (iii) let us mention the following comment. If Yo and Y;

are Banach spaces and Xy C Yy and X; C Y; are closed subspaces, in general Xo + X; C Yy + Y7 is not a closed subspace of
the sum. Even more, the sum of two closed subspaces of a Hilbert space need not be closed.

Let us see what happens when L? (v) is an intermediate space of the couple (Lﬁ? ), LB} (v)) asis described in Theorem 4.5.

Corollary 4.7. Let 1 < py < p1 < o<. The following are equivalent:

(1) v is locally strongly additive.
(2) [LP W), L3} ()], = P(v), where 0 < 6 < 1,and 1 = L2 4 L.

Proof. (1) = (2) Applying Theorem 4.5 and Corollary 3.7, we have

L) NI (v) € PP) = [L0), ()], S [L0), L} ()],

C (L), r 1™ =12, ().

On the other hand, the norm in L”(v) is the restriction of the norm in [L} (v), L}! (v)][g], because LP(v) and [?, (v) have the
same norm, and as we know from (3) the norm in [L (v), Ly} (v)]w] is the restriction of the norm of [ (v), Ly} (u)][e].
Being [”(v) a Banach space it is closed in [L}} (v), L} (v)]w],
LY (v) N LY (v) is dense in [} (v), LY} (v)][g] (see [2, Theorem 4.2.2]).
The implication (2) = (1) follows clearly from Theorem 4.5, because the inclusion Ly} (v) NLY! (v) € [Lif (v), LY} (‘))][9] holds
forall0 <0 <1. O

and we get the equality [?(v) = [L}?(v), L} (v)]w] because

The key to obtaining the missing (¢)-formulas for the interpolated spaces is the Gustavsson-Peetre’s method. Let us now
recall briefly this method. Its detailed description appears in [9]. For a given couple (Xp, X;) of Banach spacesand 0 < 6 < 1,
the Gustavsson-Peetre space (Xp, X1, 0) is the Banach space of those elements x € X, + X; for which there exists a sequence
(xr)kez of elements of x;, € Xy N X7 such that

(GP1) x = ), X, where the series converges in X, 4 X1, and
(GP2) there exists C > 0 such that for every finite subset F C Z and every real sequence (&y),cr With |g¢] < 1 we have

& &
H > ker JwXk| =<C,and H > ker 2/«(6‘11)7@” =C
Xo X1
We equip (Xo, X1, 6) with the norm [|x||x,,x,,6y = infC, where the inf is taken over all sequences (Xi)xez permissible in

(GP1) and (GP2). The relation of the Gustavsson-Peetre’s interpolation space and the Calderén interpolation spaces is given
(see [10, Theorem 5 and Section 7]) by the continuous inclusion

(Xo, X1, 0) C [Xo, X1 ] (GP3)

Corollary 4.8. Let 1 < py < p1 < o<. The following are equivalent:

(1) v is locally strongly additive.
(2) IP (v) C (LPo(v), [P1(v), O), where 0 < 6 < 1, and% = % + %
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Proof. (1)= (2)Let0 <6 <1, 1 =1L 4 L and put

—(1-0)pq —0pg
c:=2 P17P =2pP0 < 1.

Take an arbitrary function 0 < f € [P (v) and for all k € Z, define f; = fX[Ckif<Ck—1], which belongs to I? (v). Since v

is locally strongly additive, by Theorem 4.5 we have that f, f, € [P°(v) + [P1(v), and applying Lemma 4.4 it follows that
fr € [Po(v) N IP1(v). We are going to check conditions (GP1) and (GP2) for the function f and the sequence (f)ez.

(GP1) First note that f = )", _, fx pointwise. Then, given i < j € Z, we have by applying Lemma 4.3

J
=Y f

k=i

”fX[fch] +f X< ||LP0(v)+LP1 )

10 (v)+1P1 (v)

IA

”fX[fzc"‘ll ”Lﬂ?(u) + ”fX[f<cf] ”Lﬁ}(u) — 0,
wheni — —ooandj — oo, thatis,f =), fi In PO (v) + LP1(v).

(GP2) Let F C Z be a finite set and (gx)rer With |e¢] < 1. Keeping in mind that f° < c*®~Pff and also that
fit < c*=D®1=P)fP e obtain, on the one hand

Po

[ —
Z ﬂf Z T ckpo p)fp
ko Ik = 2k0pg” k = Jkopy K
keF 59 w) keF L) keF L, ()
/4 p
= <
> A < IfI -
keFlLd )

and on the other hand

p1
(k=1)(p1—p)
Sy 3 b < T
2k@—1)7k = k(O—1)p1 K = 2k@O—Dp; Jk
keF fIAYO) keF L) keF L)
_ p P
= 1D A < Iy, -
keF L}u(“)
P P
Therefore, taking C = max { ||f||Lpp°(v) , ||f||L'Jp1 v, { the implication is over.

The implication (2) = (1) is clear from Theorem 4.5, because the inclusion (LP0(v), [P1(v), 8) C L[Po(v) + L[P1(v) holds for
alo <6 <1. O

Corollary 4.9. Let 1 < pg < p1 < oo. The following are equivalent:

(1) v is locally strongly additive.

(2) [P ), PP )] = [LY (), 1 ()] = [1P (v), L ] = LB (v), where 0 < 6 < 1,and | = L0 4+ L.

Proof. (1)= (2)Let0 < 6 < 1and % = % + Pil' By applying the property (GP3), Corollaries 4.8 and 3.7, we have

2 (v) € (), 1" (v),6) € [ ), ' (v)]"”
c [o), )] < [ ), 1] = 12, ).

In the above chain of inclusions we can change the space [Li/ (v), LP! (v)][e] by the other one [LP0(v), L} (v)][g]. This gives
the desired equalities.

The implication (2) = (1) is clear from Theorem 4.5, because the inclusion [LP0 (v), LP1 (v)]'" € [P0 (v) 4 [P1(v) holds for all
0<f6<1. O

Remark 4.10. After Corollary 4.9 we can retrieve equalities (5) of Example 3.11 because the measure considered there was
locally strongly additive. In particular, with the same notation as in Example 3.11, we obtain

o)) )= [ o) e )] = o).

Remark 4.11. Given 1 < py < p1 < 00, 0 < 6 < 1, and a o-finite vector measure v : R — X, Corollary 3.7 tells us that
the smallest space of the list of all possible Calder6n interpolated spaces is LP(v) = [LP°(v), LP1(v), ]jg;, and the biggest one
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s [L (), L) (v), ][6] = [P (v), where % = % + %. Then any other Calderén interpolated space must be laid between

[P(v) and L? (v). We have seen that the method [-, -] 5, always produces an LP-space whereas the method [-, %1 always
produces an I -space, of course under the hypothesis that v is locally strongly additive. Without this assumption the spaces

[Li (v), L} (‘))][91 and [P0 (v), LP1 ()]®! can be strictly located between [P (v) and L, (v). The illustration of this claim is the
purpose of the following example which is a mixture of Examples 3.9 and 3.11.

Example 4.12. Let R be the §-ring of finite subsets of natural numbers and consider the ¢ -finite vector measure
viAe R — v(A) = xano + @ - xane € Co(N),

where o = (&), is the sequence given by o, = n,foralln = 1, 2, ..., and O and E are, respectively, the subset of odd and
even natural numbers. For every 1 < p < oo, it is not difficult to convince yourself that

L) = {f =i fro € €D and fa? x5 € €31
= 170 @ ¢* («7E),

P) = {f = f10 € o9 and far xs € o]
= Co(@) ® co (OZ%E) .

Analogously we define the spaces £*°(Q) & co(a%E) and ¢y (0) & Z"o(a%E). Let us consider 1 < py <p; <00,0 <6 <1,
and let % = % + pe—l. First we are going to see that IP(v) ¢ [Lif(v), L)} (”)][9] ¢ [P (v). Clearly the sequence
f = (1,0,1,0,...) belongs to L (v) N L} (v) € [L¥(v), LY} (v)]w], but f ¢ IP(v) because fxg & co(N). Now recall
that P _ [yPo p1 [0] d theref Po p1 __1Po p1 L (v) Kking i inclusi

atI? (v) = [L¥ (v), Ly} (v)]", and therefore [Li} (v), L} (U)][O] =IPw) NI (v) . But, taking into account inclusions

(A) stated in Example 3.11 we can easily check that LY (v) N L5} (v) C €%°(0) @ co (all’]E). Thus
o nEo"" <o («?E) ¢ @ & ¢ (a?E) = 1, 0.

Second, we will see that L (v) & [LPo(v), LP1 (v G P (v). Observe that
[0 ), 271 )] € 10 () + 171 () = 17 (0) = () @ o (T E)

Clearly the sequence f := (1,0, 1,0, ...) € [?, (v), but f ¢ [LP(v), "1 (v)]"). Finally note that

(%)

) = @) & (a7E) ¢ (@) @ £ («PE) 2 (), 17 (), 6)

N

[P0 ), 171 ()]

The above equality («) follows by using similar arguments of those used to obtain (9).
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