J. Math. Anal. Appl. 416 (2014) 181-194

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Existence and global asymptotic behavior of positive solutions for @ CossMark
nonlinear problems on the half-line

Imed Bachar ®*, Habib Maagli "

? King Saud University, College of Science, Mathematics Department, P.O. Box 2455, Riyadh 11451,
Saudi Arabia

b King Abdulaziz University, College of Sciences and Arts, Ragigh Campus, Department of Mathematics,
P.O. Box 344, Rabigh 21911, Saudi Arabia

ARTICLE INFO ABSTRACT
Article history: In this paper, we aim at studying the existence, uniqueness and the exact asymptotic
Received 7 January 2014 behavior of positive solutions to the following boundary value problem

Available online 21 February 2014

Submitted by V. Radulescu 1

(Au')/ +a(t)u” =0, te(0,00),

Keywords: A
Green function i I u(t)

iati im u(t) =0 im —= =0
Karamata regular variation theory Pt (t) o (1) )

Positive solutions
Monotonicity methods
where o < 1, A is a continuous function on [0, 00), positive and differentiable on

(0, 00) such that L is integrable on [0, 1] and [;° ﬁ dt = co. Here p(t) = fg ﬁ ds,
for ¢ > 0 and a is a nonnegative continuous function that is required to satisfy some
assumptions related to the Karamata classes of regularly varying functions. Our
arguments are based on monotonicity methods.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

In [15], Zhao considered the following problem

v’ + (., u) =0, on (0,00),

u>0, on (0,00), (1.1)
lim wu(t) =0,
t—0t
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where ¢ is a measurable function on (0,00) x (0,00), dominated by a convex positive function. Then he
showed that there exists b > 0 such that for each p € (0,b], there exists a positive continuous solution u
of (1.1) satisfying lim;—, oo @ = U.

On the other hand, in [10], MAagli and Masmoudi generalized the result of Zhao to the more general
boundary value problem

%(Au')/ + f(.,u, Au’) =0, on (0,00),

u>0, on (0,00), (1.2)
li t) =
i u) =0,

where A is a positive and differentiable function on (0,00) and f is a measurable function on (0,00) x
(0,00) x (0,00), which may change sign and is dominated by a regular function. Then they proved the
existence of a constant b > 0 such that for each w € (0,b], problem (1.2) has a continuous solution u
satisfying lim;_, oo pét)) = u, where p(t fo Zi(sy ds, for t > 0.

Note also that various existence results for this type of equations have appeared in the literature (see [1-15]
and the references therein).

In this paper, we aim at studying the existence, uniqueness and the exact asymptotic behavior of positive
solution to the following boundary value problem

l(Au’)l +a(t)u” =0, te(0,00),

A

u>0, on (0,00), (1.3)
lim u(t) =0, lim u(t) =0,

t—0+ t—o0 p(t)

where 0 < 1, A is a continuous function on [0,00), positive and differentiable on (O oo) We also assume
that is integrable on [0, 1] and fo dt 00. The function p is defined by p(t fo 03] ds for t >

The nonnegative potential functlon a is required to be continuous on (0, 00) that may be singular at O
or unbounded near co and satisfying some conditions related to the Karamata classes I and K> (see
Definitions 1.1 and 1.2 below).

For the case o < 0, the existence and the uniqueness of a positive continuous bounded solution to
problem (1.3) is proved in [2, Theorem 2], under the condition that a is a positive continuous function on
(0, 00) satisfying

/A min (1, p(s))a(s) ds < oc. (1.4)

Also some estimates for such solution are given. Thus, it is interesting to know the exact asymptotic behavior
and to extend the study of (1.3) to 0 < o < 1.

Throughout this paper and without loss of generality, we assume that fol ﬁ dt =1.

To state our result, we need some notations. We first introduce the following Karamata classes of regularly
varying functions.

Definition 1.1. The class K is the set of all Karamata functions L defined on (0,7] by

L(t) :=cexp (/ﬂ @ ds),

t

for some 1 > 1 and where ¢ > 0 and z € C([0,7n]) such that z(0) = 0.
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Definition 1.2. The class K is the set of all Karamata functions L defined on [1, 00) by

where ¢ > 0 and z € C([1,00)) such that lim; o 2(t) = 0.
It is easy to verify the following.

Remark 1.3. (i) A function L is in K if and only if L is a positive function in C1((0,7]), for some n > 1,
such that lim;_,o+ % =0.

tL'(t) _

(ii) A function L is in £ if and only if L is a positive function in C*([1, 00)) such that lim; Tw =

Remark 1.4. (See [3].) Let L be a function in K, then there exists m > 0 such that for every 8 > 0 and
t > 1 we have

(1+8)"™L(t) < L(B+1t) < (1+ B)™L(t).

As a typical example of function belonging to the class IC (see [11,13]), we quote

o= (e (7))

where &, are real numbers, log; x = logologo ---logz (k times) and w is a sufficiently large positive real
number such that L is defined and positive on (0, 5], for some n > 1.

In the sequel, we denote by BT ((0,00)) the set of nonnegative Borel measurable functions in (0, 00) and
by Cp([0,00)) the set of continuous functions v on [0, 00) such that lim;_, . v(t) = 0. It is easy to see that
Co([0,00)) is a Banach space with the uniform norm [|v||e = sup,s |v(t)].

For two nonnegative functions f and g defined on a set S, the notation f(t) ~ ¢(t), ¢ € S means that
there exists ¢ > 0 such that 1 f(¢) < g(t) < cf(t), for all t € S.

Furthermore, we denote by G(t,s) = A(s)min(p(t), p(s)) the Green’s function of the operator u
—%(Au)' on (0,00) with the Dirichlet conditions lim, o+ u(t) = 0 and lim, o, %5 = 0.

For f € B*((0,00)), we put

. /G(t,s)f(s) dt, fort>0.
0

We point out that if the map s — A(s) min(1, p(s))f(s) is continuous and integrable on (0, 00), then V f is
the solution of the boundary value problem

_%(Au’)/ =f, in (0,00),

hm u(t) =0, (1.5)
t~>oc (i 0.

Throughout this paper we assume that the function a is nonnegative on (0,00) and satisfies the following
condition:
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(H) a € C((0,00)) such that

a(t) =

e () (0 p() L (min (1, p(9)) L (max(1,p(1))). 1 >0,

where A < 2, 4 > 1, L; € K defined on (0, 7], for some > 1 and Ly € K satisfying

n

La(s) ds < oo and OOLz(S) ds < o0. (1.6)
/ /

sA—1 st

In what follows, we put

: 2-A . w—1
v= mm(l, E)’ ¢ = mm(l, 1 _U> (1.7)

and we define the function 6 on (0, c0) by

1 1

006 = () (1-+ (o))"~ (B min(1,(0))) = ({1, (0))) a8
where for ¢ € (0,7),

Jy il gs i =2,

S

1 = .
[ s if A =1+ o0,

t
1 itA<1+o,

and fort > 1

ftooLz—()ds if u=1,

S

~ Lo(t ifl<pu<2-—o,
o) = 4 20 oS 7 (1.10)
t+1 Lo(s) .
JiT = 2ds ifp=2-o0,
1 ifu>2-o0.

Our main result is the following.

Theorem 1.5. Let o < 1 and assume (H). Then problem (1.3) has a unique positive continuous solution u
satisfying for t € (0,00)

u(t) ~ 0(t). (1.11)

The content of this paper is organized as follows. In Section 2, we present some fundamental properties
of the two Karamata classes of regularly varying functions C and X°° and we establish sharp estimates on
some potential functions. In Section 3, exploiting the results of the previous section and using monotonicity
methods, we prove Theorem 1.5.

2. Sharp estimates on the potential of some Karamata functions

We collect in this paragraph some properties of functions belonging to the Karamata class K (resp. K>°)
and we give estimates on some potential functions.
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Proposition 2.1. (See [11.13].)

(i) Let Ly1,Ly € K (resp. K*) and p € R. Then the functions
Ly + Lo, LiLy and LY belong to the class K (resp, ICOO).

(ii) Let L be a function in K (resp. K*) and € > 0. Then we have

lim t°L(t) =0 (resp. tlim t7°L(t) = O).

t—0+

Theorem 2.2. (See [11,13].)

(I) Let v € R and L be a function in K defined on (0,n]. We have:

. . v+
(i) If v < —1, then [ s7L(s)ds diverges and [ s7L(s)ds Nt ! 7+L1(t).

(i) Ify > —1, then [ s7L(s)ds converges and fg s7L(s)ds st NTTLl(t)
(IT) Let v € R and L be a function in K. We have:

(i) If v > =1, then [ s7L(s)ds diverges and flt sTL(s)ds e N:ITLI(Q

(ii) If v < =1, then [ s7L(s)ds converges and [ s7L(s)ds o —tw?fl(t).

The proof of the next lemma can be found in [4] (see also [9]).

Lemma 2.3. Let L be a function in K defined on (0,7]. Then we have

L(t)
m ———— =
t—0+ ftn _Lis) ds

In particular

n
t%/L(s)dSGIC.

S
t

If further f0’7 Lgs) ds converges, then we have lim;_,q+ % =0.
In particular
L
t— (5) ds € K.

S

o —_ .

In the next lemma, we have the following properties related to the class K°°. For the proof we refer to [3].

Lemma 2.4. Let L be a function in K°°. Then we have

L(t
tlggo tLES))d -
1 s 08

In particular



186 1. Bachar, H. Mdaagli / J. Math. Anal. Appl. 416 (2014) 181-194

If further floo @ ds converges, then we have

In particular

Now, we put

Cﬁ%pﬁﬁﬂ_ﬁl+p@»&WLJmm(LMﬂ»LMmmdeuny t>0, (2.1)

where L3 € K and Ly € K. We aim at giving sharp estimates on the potential function Vb(¢).

b(t) =

Proposition 2.5. Assume that Ls € KC defined on (0,n)], for somen > 1 and Ly € K. Let § <2 and v > 1
such that

n 0o
/slfﬁLg(s) ds < oo and /377L4(s) ds < oo. (2.2)
0 1

Then fort >0

Vb(t) ~ ¢g(min(1, p(t))) ¢~ (max(1, p(t))),

where for t € (0,1],

Jyeldas  ifp=2,
2=PLs(t)  ifl<pB<2,

t) =
vstt) tfr s ifp=1,
t if B <1,
and fort > 1
tftooL“T(s)ds ify=1,
1277 Ly(t) ifl<y<2,
t) =
a0 i gy gy
1 if v > 2.
Proof. For ¢t > 0, we have
X%@)—/HmmﬁgfwnQﬂﬁyﬁ@+p®»&ﬂLﬂmmU”X@»L4mmdLMQ»ds
0
= /mm(p(t),ﬁ)f*ﬁ(l +§)ﬁ77L3(min(l,f))L4(maX(1,§)) d¢
0
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where

F(r):= /min(r, 5)576(1 + 5)577[/3 (min(l,f))L4(max(1,§)) d&
0

77 o0
zL/nm«nfx_ﬁLaenm+1/nmﬂnsx_”Lusw%
0 n

= I(r)+ J(r).

Case 1: Assume that 0 <r < 1.
By using (2.2), we deduce that

On the other hand,

T n
10) = [ € La@d 47 [ € Lale) de
0 r
= 11(7") + IQ(’I").
Using Theorem 2.2 and hypothesis (2.2), we deduce that

r2=PLa(r) ifB <2,
11(7') "‘{

o Llfde if p=2,

and

I r2=B L(r) ifl<p<2,
2(r) ~ r[TEPLy(€)dE if B< 1.

Hence, it follows by Lemma 2.3, Proposition 2.1 and hypothesis (2.2) that

o 28ae itp=2,
r2=BLs(r) if1<p<2,
rfl B8 de it =1,

r if 5 <1.

Combining (2.3), (2.4) and using Proposition 2.1 and hypothesis (2.2), we deduce that for 0 < r < 1,

F(T) ~ ’(/Jﬂ(’l“).

Case 2: Assume that 7 > n + 1.
By using (2.2), we deduce that

187
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On the other hand,

T o

J(r) = / ETLa(€) de + 7 / €VLu(E) de

= Jl(’l“) + JQ(T).

Using again Theorem 2.2 and hypothesis (2.2), we deduce that

27 Ly(r if 1
Ji(r) = { a(r)

<
Sy € TTLa(€) dE ify > 2,

and

7277 Ly(r) if v > 1,
Jor) = oo La©) ;o e
r fr 3 d¢ ify=

Hence, it follows from Lemma 2.4 and hypothesis (2.2) that

kS de ity =1,

27V Ly(r) ifl<vy<2,

Sy ifds ity =2,

1 if v > 2.

J(r) ~ (2.7)

Combining (2.6), (2.7) and using Proposition 2.1, hypothesis (2.2) and Remark 1.4, we deduce that for
r>n-+1,

B g ity =1,
2L if 1 2
Fr) ~ TTL4(1") ifl<y<?,
Jri&ag ity =2,
1 if v > 2,
R ¢y (7). (2.8)

Now since the functions r — F (r) and 7 — ¢ (r) are positive and continuous on [1,7 4+ 1], we deduce that
for r € [1,n7 + 1],

F(r) = ¢ (r). (2.9)
Finally, using (2.5), (2.8) and (2.9), we obtain the required result. O
3. Proof of the main result

The next results will play a crucial role in the proof of Theorem 1.5.

Lemma 3.1. Assume that the function a satisfies (H) and put w(t) = a(t)0°(t) for t > 0. Then we have for
t € (0,00)
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Proof. We recall that

189

2— -1
v =min| 1, A , ¢ = —min 1,”—
l1-0o l1-0

and

0(t) = (p(1)" (1 + (p(1)))* (L1 (min(1, p(1)))) = (L2 (max (L, p(1)))) ==

where for t € (0,1],

and for t > 1

For ¢t > 0, we have

(A(1)?

x Ly (min(1, p(t))) (El (min(1, p(t)))) &LQ (max (1, p(t))) (EQ (max(1,p(t)))) 7.

1

if A=2,
iflto<)<2,
if A=1+o,

if A< 1+o,

if u=1,
ifl<pu<2-—o,
ifpu=2-o,
ifu>2-o.

(/J(t)) —Xvo (1 n p(t)))\fqu(CfV)a

fed

Using Proposition 2.5 with 8 = A—ve and v = p—Co, Ls(t) = L1 (t)(L1(t)) 77 and Ly(t) = Lo(t)(La(t)) T,

we obtain for ¢ € (0, 1]

Op(t) LIS(S) (f; —Llr(r) dr)ﬁ ds ifA=2,
2-2 . '
V) ~ { POV Lilp@)(La(p(8)) = if 1+ <A<,
p(t) [T, B ([T gr)Ee ds if A=1+0,
p(t) ifA<1+o0,
( Op(t) Lls(S) ds)ﬁ i A =2,
L)) = Lapt) ™ if1+o <A<,
s 1 .
p(t)( ;7(15) Lls( )ds)l_“ lf)\::l—|—o'7
p(t) ifA<1+o0,
~0(t).

On the other hand, using again Proposition 2.5 and Remark 1.4, we get for ¢t > 1,
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p(t) [ B2 (20 L2 ) %7 dsif =1,

p(t) s s
Vao(t) ~ 4 (PO La(p®)(La(p(t) ™ ifl<p<2-o
1p(t)+1 Lzs(s)( 1s+1 LzT(T) dr)ﬁ ds ifpu=2-o,
1 ifu>2-—o,
oo s _1 .
PO ([ 22 ds) ™7 if =1,

() (La(p®)) ™  Hfl<p<2-o,

(flp(t)+1 Lals) g)i=s  ifp=2—o0,

Q

1 ifu>2-—og0,
~ 0(t).

This completes the proof. 0O

Lemma 3.2. (See [2].) Let a > 0 and u € C1((a,0)) be a function satisfying

1
_Z(AUI)/ >0, in(a,0),
lim u(t)=0 and lim —= =0.
t—at t—o0 p(t)

Then u is nondecreasing and nonnegative function on (a,o0).
Proof. Since by (3.1) the function ¢ — A(t)u'(¢) is nonincreasing on (a,o0), then we have lim; ,,+ A(¢) X
u'(t) == 1o € R and limy_,; o A(t)u/(t) :=1 € [—00, +00).

We claim that [ = 0. To prove this, we have the following cases:

Case 1: If [ = —o0, then there exists b > a, such that

Vs >b, u(s) < —ﬁ.
Integrating this, we get
ut) _u®) () _p®)
s St < (1 5) (32)

Now since limg_, % = 0 and lim;_, o, p(t) = oo, then by taking ¢t — oo in (3.2), we obtain a contradiction.

Case 2: Suppose that [ € R. Then Ve > 0, there exists b > a, such that

l—e¢ ,

Integrating this, we get

Vit > b, (l—g)(l—%) <@—@<(l+s)<1—&>.

So as in Case 1 by letting ¢ — oo, we obtain

Ve >0, |l|<e.
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That is [ = 0. Hence, by the monotonicity of ¢ — A(t)u’(t), we deduce that u is nondecreasing on (a, c0)
with limy .+ u(¢) = 0, which implies that u is a nonnegative function on (a,00). O

Proposition 3.3. Assume that o < 0. Let u, v be two positive functions belonging to C*((0,00)) such that

1
—Z(Au’)/ <a(t)u’, in (0,00),
Jm, u(t) =0, (3.3)
lim @ =0
tmoo p(t)
and
1 n’ o
_Z(AU ) = a(t)v?, in(0,00),
Jm, o(t) =0, (3.4)
lim @ =0
t=o0 p(t)
Then u < wv.

Proof. Let w(t) := u(t) — v(t), for t > 0. Assume that there exists ¢ty € (0,00) such that W(tp) > 0. Then
there exists a maximal interval (a,b) C (0, 00) containing to such that

w(t) >0, foreacht e (a,b). (3.5)

This implies that w(a) = 0 and w(b) = 0 if b < oo.
So we have the following cases:

Case 1: If b = oo, then we have

1 ~
_Z( w’)l <0, in (a,0),
t51<111+ w(t) =0,
lim @ =0
t—o0 p(t

From Lemma 3.2, we deduce that @& is nonincreasing on [a, 00) with @(a) = 0. This is a contradiction with
the fact that w(t) > 0, for each t € (a,00).

Case 2: If b < oo, then we have

f%(A&’)/ <0, in (a,b),
w(a) =0,
w(b) =0

This implies that the function ¢ — A(t)&'(t) is nondecreasing on (a,b). In particular there exists
lim,_,;,~ A(t)&'(t) :=1 € R.
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On the other hand, since @(b) = 0 and @ € C*(0, 00), it follows by (3.5) that lim,_;,- itg =w'(b) < 0.
So lim,; ;- A(t)w'(t) < 0.
Hence, for each t € (a,b), A(t)&'(t) < 0 and @(a) = &(b) = 0. This yields a contradiction. O

Proof of Theorem 1.5. From Lemma 3.1, there exists M > 1 such that for each ¢t > 0

1
M@(t) < Vw(t) < Mo(t), (3.6)
where w(t) = a(t)0°(t).

On the other hand, using hypothesis (H) and Theorem 2.2, we verify that

o0

/A(s) min (1, p(s))w(s) ds < co. (3.7)

0

We will discuss the following two cases.

Case 1: 0 < 0. It is obvious to see that if a satisfies hypothesis (H), then a verifies condition (1.4). This implies
from [2, Theorem 2], that problem (1.3) has a unique positive solution u. We claim that u satisfies (1.11).
Indeed, from (3.7) and (1.5), we deduce that the function v(t) := Vw(t) is a solution of

—%(Av’)/ =w, in (0,00). (3.8)

Now using (3.6), (3.8), we verify by a simple computation that the functions MT5v and M7 v satisfy
respectively (3.3) and (3.4). Hence by Proposition 3.3, we obtain that

M5y <u< Mﬁv,
which proves that u satisfies (1.11).

Case 2: 0 < o < 1. Put ¢y = Mﬁ, where the constant M is given in (3.6) and let

A:{veaﬂaw»:—J&l——<Mﬂ<i%%%yt>0}

Clearly, the function ¢ — % € Cp([0,00)) and so A is not empty.

We define the operator 7' on A by

1

T =130

/G(t, s)a(s)(1+ p(s))gv”(s) ds. (3.9)
0

We shall prove that T has a fixed point in A.
First observe that for this choice of ¢y, we have for all v € A and ¢t > 0

cob(t) 0(t)
Tou(t) < d To(t) > —————. 3.10
B T B (e 10) (310
On the other hand, for all ¢,s > 0, we have
G5 () min(L, p(s). (3.11)

1+ p(t)
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Since for each s > 0, the function ¢ — % is in Cp([0,00)), we deduce by using (3.11) and (3.7) that
T(A) C Cy([0,00)). Therefore, T(A) C A.

Now, let (vg)r be a sequence of functions in Cy([0, 00)) defined by

0(t)

= d =T for k € N.
v oL+ p(0) and  vgq1 v, for

Since for 0 < o < 1, the operator T is nondecreasing and T'(A) C A, we deduce that

Coe(t)

v < U1 <U2<"'<Uk<vk+1\Tp(t)-

Hence, by the convergence monotone theorem, the sequence (vy)x converges to a function v satisfying

oo

o) o cft) U(t):%p(t)/G(t,s)a(s)(l—i—p(s))av"(s)ds.

oL+ ) =S 14 p(0)

By similar argument as above, we prove that v is a continuous function on [0, c0).
Put u(t) = (1 + p(t))v(t). Then u is a positive continuous function satisfying

u = V(au").

Since the function s — A(s) min(1, p(s))a(s)u’(s) is continuous and integrable on (0, 00), then it follows
that v is a solution of problem (1.3).

Finally, it remains to prove that u is the unique positive continuous solution satisfying (1.11). To this
end, assume that problem (1.3) has two positive continuous solutions u, v satisfying (1.11). Then there
exists a constant m > 1 such that

1 U

— < —<m.
m v

This implies that the set

1
m

J{m}l:

is not empty. Let ¢ = inf J. Then ¢ > 1 and we have %v < u < cev. It follows that u? < ¢“v? and that the
function w := ¢®v — u satisfies

This implies by Lemma 3.2 that the function w = ¢v — u is nonnegative. By symmetry, we have also
v < c’u. Hence ¢? € J and ¢ < ¢”. Since 0 < 0 < 1, then ¢ = 1 and therefore u =v. O

Example 3.4. Let 0 < 1 and a be a positive continuous function on (0, c0) such that

N - A=hyg 2
o) L ol0) 0 o) o () o
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where A < 2 and g > 1. Then by Theorem 1.5, problem (1.3) has a unique positive continuous solution u
satisfying for ¢t > 0,

1

ult) & (p(1)" (1 + p(0) " (L (min (1, p(1)))) ™ (La(max(1 p(1)))) 77

—mi 2-AY -1
where v = min(1, {=2), ¢ = —min(1, =),

log(2) ifl+o<A<2,
Lyi(t) = { (log(2))? ifA=1+o0,

1 ifA<1+o,
and
~ log(l+t) if u=2-o0,
A
1 ifu#2—o.
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