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1. Introduction

We consider the problem of the embeddability of two commuting continuous injections in semi-flows called
here iteration semigroups. The characterization of the embeddability of continuous commutable bijections
in iteration groups is given in [12]. It turns out that, except some very regular particular case, omitting
the assumption of surjectivity results in the lack of the embeddability in an iteration semigroup. In this
paper such a case is considered. We explain this phenomenon and we construct the Abelian semigroups
of mappings defined in the same interval I which substitute the iteration semigroups. The construction of
the maximal Abelian subsemigroups containing settled two commuting mappings is given. To this end let
us introduce the following notions.

Let I be an interval and let T be an additive dense subsemigroup of R™ such that 1 € T'. A one parameter
family F := {f*: I — I, t € T} of continuous functions f* such that fo f* = fi*s for all t,s € T is said
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to be a T-iteration semigroup, however the semigroup T will be called a support of F. We will also say that
F is supported by semigroup T. Note that every T-iteration semigroup is Abelian.

If for every = € I the mapping t € T — f!(x) is an injection then a T-iteration semigroup is said to
be injective. If T = Rt then T-iteration semigroup is said to be an iteration semigroup also called in the
literature a semiflow (see [3]). Note that if f! is an injection then the remaining f* are also injective.

If f,g: I — I are given functions and there exists a T-iteration semigroup {f*: I — I, t € T'} such that
f'' = fand f° = g for an s € T then we say that f and g are T-embeddable. If T = Rt then we will say
shortly that f and g are embeddable.

A family of functions A is said to be disjoint whenever f,g € A and f(z) = g(z) for some x then f =g
(see [2]). Note that a T-iteration semigroup {f*: I — I, t € T} is disjoint if and only if, for every t € T', f*
either has no fixed points or is the identity.

Denote here by N the set of natural numbers with 0. The mappings f,g : I — I are said to be iteratively
incommensurable when for every x € I and every n,m € N such that n+m # 0, f™(x) # ¢"(z). In such a
case the graphs of iterates are disjoint.

2. Preliminaries
Let I = (0,b] be an interval. On given functions f and g we assume the general hypothesis:
(H) f,g:I — I are continuous, strictly increasing, f o g =go f and f, g are iteratively incommensurable.

Note that the assumption I = (0, b] implies that f and g are not surjections, f < id and g < id.
It is easily visible that for every x € I there exists a unique sequence {my(z)} of positive integers such
that f7+@+1 () < gF(x) < f™@) (). Moreover, there exists the finite limit

- my ()
lim —— =:
Jm — s(f.9),
and this limit does not depend on z (see [11]). This limit s := s(f,g) is said to be the iterative index of f
and g. Index s ¢ Q if and only if f and g are iteratively incommensurable.

Assume that f and g satisfy (H). Define

Ni(z) = {(n, m) e NxN: f*(x) € gm[I]},

N_(z) :=={(n,m) e NxN: g"™(z) € f"[I]}
and

Co(x) == {g™™ o fM(x): (n,m) € Ny(x)},

C_ (&) = {0 g"(@): (n.m) € N_(@)}.
Put

Lfyg = C+(x)d7
where A? means the set of all limit points of A. After [6] we quote

Proposition 1. (See Theorem 1 in [6], Theorem 1 in [9].) The set Ly , does not depend on the choice of x.
C_(2)¢ = Cy(x)? and Ly 4 is either a Cantor set, i.e. a perfect and nowhere dense set or Ly 4 is an interval.
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If we drop the assumption that f(b) < b and assume that f and g are the surjections then we get the
following.

Lemma 1. (See Theorem 1 in [6].) If the surjections f,g satisfy (H) with I = (0,b) then Lyy = {g~™ o
fr(x): n,m e N} ={f"ogm(z): n,me N} ={gmo fi(x): n,m € Z}°.

Proposition 2. (See Corollary 1 in [7].) If Int Ly, # (0 then there exists a unique iteration semigroup
continuous with respect to iterative parameter in which f and g are embeddable.

In particular (see [7]), if f and g are diffeomorphisms on (0, c) for some ¢ < b and the derivatives f’, ¢’
are of finite variation in (0, ¢), then there exists a continuous iteration semigroup embedding f and g.

Proposition 3. (See Corollary 1 in [7].) If Int Ly, = 0 then f and g are not embeddable in any iteration
semigroup.

Now let us quote some useful fact from [3]. Denote by B;(J) the set of all increasing bijections from
open interval J onto itself. A disjoint group G C B;(J) is said to be a spoiled group whenever L(G) :=
{f(x): f € G}?for an z € J is a Cantor set. The set L(G) does not depend on = (see Theorem 2a in [3]).

For L C I being a Cantor set let L*~, L** and L** be the sets of all left-sided, right-sided and two-sided
limit points of L, respectively.

Proposition 4. (See Proposition 5 in [3].) If G is a spoiled subgroup of B;(I), L = L(G) and f € G, then
F(L*=) = L*=, f(L*t) = L*T and f(L**) = L**, where f is a continuous extension of f onto clI.

The important role in the next considerations is played by the following.

Proposition 5. (See Theorem 2 in [6], Theorem 2 in [10].) Let f and g satisfy (H), where I = (0,b] or
I =(0,b). The system of Abel’s equations

, x€l, (1)
p(z) +s(f.9)

S
—~
Q
—~
8
~
I

where ¢ is an unknown function, has a unique up to an additive constant continuous solution. This solution
is decreasing. The solution is invertible if and only if Int Ly 4 # 0. Moreover, the closure of each component
of the set I\ Ly 4 is a mazimal interval of constancy of ¢.

Combining the selected parts of Lemma 2 and Theorem 4 in [5], Theorem 1 in [6], Theorem 6 in [3],
Proposition 12 in [4] and Theorem 2 in [10] we get

Proposition 6. Let f, g satisfy (H) on I = (0,b]. Then for every interval J = (0,b"), b < V' and for every
homeomorphic extension f of f onto J such that f(x) < z, x € J and f(b') = U there exists a unique
homeomorphic extension g of g mappings clJ onto itself such that

gof=7fog.

f, g satisfy (H) on J, s(f,3) = s(f,9) and Lz ;0[0,b) = Ly 4\ {b}. Moreover, every continuous solution ¢
of system (1) has a unique continuous extension @ satisfying system

{@G@»=¢uﬂ4 vel @

?(5(2)) = p(z) + s(f.9)
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IfInt Ly 4 = 0 then @[Lf g] = R, the functions ¢|L}* » P and P+ are injective and the closure of each
£ 5 g f.g f.g

component of the set I\ Ly 5 is a mazimal interval of constancy of .
From the last statement we get

Corollary 1. IfInt Ly , = 0 and ¢ is a continuous solution of system (1) then ¢ restricted to the set L}TQUL’};
and ¢ restricted to the set L} U L}j; are strictly decreasing.

Let G := {f" 0g™: n,m € Z}. This is a spoiled subgroup of B;(I). By Propositions 4 and 6 we get the
following.

Corollary 2. If f and § are the extensions of f and g defined as in Proposition 6 and Int Ly, =0 then

FlE7) = 175 =9(L75),
Tyl =15 =alky,)

The aim of the paper is to consider the problem of T-embeddability in the case when Ly, is not an
interval. As it was mentioned in Proposition 3, in such a case there is no iteration semigroup embedding f
and g. This means that always T # R™.

As a matter of the above fact we have the lack of surjectivity. Under the surjectivity, with some additional
conditions, f and g can be embedded even in an iteration group but nonmeasurable with respect to the
iterative parameter (Theorem 2 in [12]). So, our aim is to construct a new notion, a modified iteration
semigroup, with the restriction on time index, where f and g can be embedded without any changes in
domains of theirs iterates. Thus we will consider T-iteration semigroups embedded f and g and we determine
the maximal semigroups with this property. Obviously then T' # RT. For this purpose let us introduce

Definition. A T-iteration semigroup such that 7" # R* and T is dense in R is said to be a refinement
iteration semigroup.

To determine the refinement T-iteration semigroups containing f and g such that Int Ly , = () we define
a special subsemigroup Sem(f, g) of R™ limiting the sets of indices T. We give a construction of refinement
iteration semigroups supported by this maximal semigroup Sem(f, g). To do this we first determine some
special simple semigroups generated by f and g—! as well as by g and f~! supported by (Z+ sZ)NR*. Next
we deal with a set-valued semigroups generated by f and g. Based on the properties of these semigroups
we give the mentioned construction. We deal also with the structure of Abelian semigroups of continuous
injections containing given functions.

3. Auxiliary results
Let us start with some useful lemmas
Lemma 2. Let ¢ be a continuous solution of Abel’s system of Fqs. (1). Then for every a € (0, b
(p[Lf,g N (O,a]] = [ap(a),oo).
Proof. Let b < b’ and f and g be the homeomorphic commuting extensions of f and g on (0,4'). Let b € Lz ;.

Then, by Proposition 6, Ly, N (0,a] = Lz ;N (0,a]. Let ® be a continuous solution of the system of Abel’s
equations for f and g and p = @|1- We know, by Proposition 6, that  is decreasing and p[Lz ;N (0,V)] =R
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Hence R = ¢[Ly N (0,a]] UP[LF ;N (a,b)], ¢[Lf,yN(0,a]] C [p(a),o0) and B[L7 ;N (a,b)] C (—o0, p(a)].
This relations imply that ¢[Ly,q N (0,a]] = [p(a),00). If b ¢ L; , then » is constant in the interval [c, b],
where ¢ = sup Ly 4. Hence by the first part of the proof we get our equality. O

Lemma 3. The set {n — sm: (n,m) € Ny(z)} for every x € I is dense in RT.

Proof. Let « € I and ¢ be a continuous solution of (1). Since ¢ is decreasing, ¢(z) € [p(b),00). Fix ¢ > 0
and put y := ¢(z) + c. By Lemma 2 there exists z € Ly 4 such that ¢(z) = y. The definition of the set Ly,
ensures the existence of a sequence {(ng, my)} with terms in N; (z) such that g™+ o f™(z) = 2z, k — oo.
The continuity of ¢ gives ¢(z) = limg_ o0 (g~ ™* o f™(x)). From system (1) we get

@™ o f (2)) = (a) + g — smy..

Hence limg o0 (ng — smy) = ¢(2) — ¢(z) = ¢, what means that the set {n —sm: (n,m) € N, (z)} is dense
in RT. O

The same property has the set {n — sm: (n,m) € N_(z)}.
Now we consider some particular but useful refinement iteration semigroups. Define

Ny :={(n,m) e NxN: f"< g™}, N_:={(n,m) eNxN: g™ < "}
and

Gf={g ™o " (n,m) €N},
G, ={f"og™ (n,m)e N_}.
Note that N_ = N_(b) and N = N4 (b). By Proposition 5 it is easy to see that
(n,m)e Ny ifandonlyif n—sm>0
and
(n,m) € N_ ifand only if n—sm <O0.
By Lemma 3 sets
Vti={n—sm: (n,m)eN,}, V= i={sm—n: (n,m) e N_}, (3)
are dense in RY, VtNV~- ={0} and Vt + V- =R N (Z + sZ).
Putting A := g~ ™o f" for t = n—sm and h? := f~"o0g™ for t = sm—n we can write Gj[ ={ht: tc V+}
and G = {ht: te V7}, ie. G}' is a V T-iteration semigroup and G, is a V™ -iteration semigroup. We have

the following.

Theorem 1. G}' and G are disjoint refinement iteration semigroups supported, respectively, by VtandV—,
fe G}' and g € G, . Semigroups G}' and G have the only one common element, the identity function.
Moreover, the functions from G}" commute with the functions from G, and

Grgi={hiohy: h1 € G}, hae Gy}

is a disjoint refinement semigroup containing f and g, supported by the semigroup V := (Z + sZ) NRT.



D. Krassowska, M.C. Zdun / J. Math. Anal. Appl. 416 (2014) 862-880 867

The proof is very technical but for convenience of the readers we present it below.

Proof. Take hy,hs € G;{. There exist (n,m), (¢,p) € Ny such that hy = g~ o f™ and hy = g~Po f9. By the
definition of set N} we get f™* < ¢™ and f? < gP. Consequently, f" o f9 < g™ o f9 and g™ o f1 < g™ o gP,
and, furthermore, o f7 < g™ o g?, whence (n +q,m + p) € Ny and, by the commutativity of f™ and g=?
on gP[I] and the inclusion f9[I] C gP[1],

hiohy=¢g ™o ffogPo fl= g*(mﬂ?) ° fn+q c G}'.

Similarly ho o hy = g~ (™*P) o f7+4 Reasoning for G is the same.

Now we show the disjointness of the set G;{. Let hy =g ™o f" € G;{, hy =g Po f9¢ G;{. Assume
that there exists an x¢ € I such that hj(xo) = ha(xg). Then, for m = p, f™(xo) = g™ P(f%(xo)) and for
m < p, gP""™ o f"(xg) = f%(xo). In the first case, for n > g, after the substitution yo := f9(zp), we obtain
" 9yo) = g™ P(yo), what means that n — ¢ = m — p = 0 and consequently, h; = hs. For n < ¢ putting
Yo := f™(zo) we get yo = g™ P o f97"(yo), what contradicts to the condition f(z) < x and g(x) < z. In the
second case one can use similar argumentation. Again, reasoning for G/ is the same. To show that f € GJT
and g € G it is enough to see that (1,0) € Ny and (0,1) € N_.

Suppose g~ ™o f* = f~%0g? for some (n,m) € Ny and (q,p) € N_. Then g?[I] C fi[I], f*[I] C g"[I] and
we get fT9 = flof" = flogMof~9ogP = g™oflof %ogP = g™*P what, in a view of noncommensurability
of f and g, gives n + ¢ = m + p = 0 and, consequently, n = ¢ = m = p = 0. Thus G}L NG, = {id}.

Take hy = g™ o f™ € G? and hy = f~%ogP € G,. Put Hy := hyohy = (g™ o f")o(f70gP)
and Hy := hgohy = (f~%04gP) o (g™ o f™). Note that there exists a § such that (0,6) C ¢™[I] and all
factors of Hy and Hs commute on (0,d). Thus on the interval (0,0) functions H; and Hs coincide. Let
x € I. Taking the index i such that fi(z) € (0,6) we get fi(g~™(x)) = g~™(f(x)) and consequently
Hi(f'(z)) = fi(Hi(z)) and Ho(f(z)) = f(Ha(z)). Since f! is invertible, H; = H,. Hence we infer that
Gy,qg is a semigroup containing f and g. By Lemma 3, GT, G, and Gy,4 are the refinement semigroups
supported, respectively, by V', V= and V* + V- =Rt N (Z +sZ). O

Put N} := N, U(N x —N), N* := N_ U (—N x N) and define
G;g ={g ™o f" (n,m) € N}}, Gy, = {f=™og™ (n,m)eN*}.

Similarly as in Theorem 1, G}' @ G; g can be treated as iteration semigroups. Moreover, using the same
technic of the proof as in Theorem 1 we obtain also the following.

Corollary 3. G;g and G;g are disjoint refinement iteration semigroups, G}' C G}"g, G, C G;g, f9 €
+ - _ ot -
Gf’g N Gf’g and Gy 4 = Gf’g ) Gf’g.

Hence we infer
Remark 1. G 4 is not a minimal refinement iteration semigroup containing f and g.

4. Main results

Let f and g satisfy (H), Int Ly , = () and ¢ be a continuous solution of Abel’s system of Egs. (1).
Define (see [4])

Realm(f,g) :={h: 1 — 1, 3ceR, Vz € I, o(h(z)) = ¢(z) + c}.

It is easy to verify the following.
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Remark 2. Realm(f, g) with the operation of composition is a semigroup containing f and g.

The set Realm(f,g) does not depend on the choice of the solution ¢ (because ¢ is unique up to an
additive constant). Since for every h € Realm(f, g) the function p o h — ¢ is constant in I we can define the
mapping ind : Realm(f, g) — R by the formula

indh:=poh — .
Remark 3. The function ind is a homomorphism mapping semigroup Realm(f, g) into R™.

Proof. Let h € Realm(f,g). Since h(b) < b and ¢ is decreasing ind h = p(h(b)) — p(b) > 0. Let hy, ho €
Realm(f, g). Then ¢ +indhy o he = po (hy o hy) = pohg +indhy = ¢ +indhy +indhy. O

Remark 4. If h € Realm(f, g) is continuous then ind h = 0 if and only if h has a fixed point.

Proof. If h has a fixed point z then ind h = p(h(zg)) — ¢(x0) = 0. Conversely, if ind h = 0 then p(h(x)) =
w(z), for z € I. We know, by Proposition 5, that ¢ is decreasing and each closure of component of the set
I\ Ly, is a maximal interval of constancy of ¢. Hence hlclJ] C clJ for every component J of I\ Ly .
Consequently h has a fixed point in each interval clJ. O

Remark 5. If A € Realm(f,g) is continuous, strictly increasing, commutes with f and indh > 0, then
indh = s(f,h).

This is a consequence of Proposition 5 since the pair (f, h) satisfies (H).
Lemma 4. If h : I — I is either continuous or monotonic and commutes with f and g then h € Realm(f, g).

Proof. Since f, g € Realm(f, g) we have pohof =gpofoh=poh+1and pohog=gpogoh=poh+s.
Putting v = ¢ o h gives

hence 1 is a solution of system (1). If h is continuous then % is also continuous. If i is monotonic then 1 is
also monotonic and consequently continuous except at most countable set. Since the set L , is uncountable
1 is continuous at least one point of L ;. The solution of (1) continuous at least one point of Ly , is unique
up to an additive constant (see Theorem 2 in [6] and Corollary 2 in [10]), so ¥ = ¢ + ¢, for a ¢, hence
woh =@+ c. The proof is ended. O

Let C(I,I) :={f : I — I, fis continuous} and M(I,I) := {f : I — I, f is monotonic}. Lemma 4
implies the following.

Theorem 2. If AC C(I,I) or AC M(I,I) is an Abelian semigroup and f,g € A, then A C Realm(f, g).
Directly by the above statement and Theorem 1 we get
Corollary 4. If f and g are T-embeddable in {ft, t € T} then f' € Realm(f,g) for everyt e T.

Corollary 5. G, C Realm(f, g).



D. Krassowska, M.C. Zdun / J. Math. Anal. Appl. 416 (2014) 862-880 869

Remark 6. ind[G7] = V*, ind[G;] = V™, where V* and V'~ are given by (3), and ind[Gy 4] =Vt + V™~ =
{n—sm: n,m e N}NRT.

Proof. Let (n,m) € Ny. We have n = ind f* = indg™ o (g™ o f*) = indg™ + indg™™ o f™. Since

ind g™ = ms we obtain indg™™ o f* = n — sm. Similarly ind f~" o ¢™ = sm — n. Since ind[G}L] =
{indg=™o f"*, (n,m) € N} we get the first statement. The second one is a consequence of Theorem 1. O

It is also easy to see that
ind[G},] =V*+M and ind[G} | =V~ + M,
where M := {n + sm: n,m € N}.

Now we move to semigroups of set-valued functions.
Let ¢ be a continuous solution of Abel’s system of Egs. (1). Define the following set-valued function

Fi(z) = ¢ 't +¢(x)], ¢=0. (4)
The values of F* are either closed intervals or singletons. Denote cc[I] := {[c,d] C I}. We have
Theorem 3. The family {F' : I — cc[I], t > 0} is a set-valued iteration semigroup, that is
F'o F’(z) = F*""(2), w,v>0, z €1,
where

FUoF'(z):= |J F“(y),

yeEFv ()
such that f(z) € F1(z) and g(z) € F*(z) for x € I, where s = ind g.

Proof. Fix an « € I. Let z € F* o F¥(x). Then there exists a y € FY(x) such that z € F*(y), that is
o(y) = v+ @(x) and p(z) = u + ¢(y). Consequently, ©(2) = u + v + ¢(z), what means that z € Fu*?(x).
To see the opposite inclusion let z € F“T¥(z). Then p(z) = u + v + ¢(z). Take a y € F¥(x). We have
o(y) = v+ p(z), and, what follows, p(2) = u+ ¢(y). Whence z € F*(y) and, consequently, z € F* o F¥(x).
To show that f(x) € F*(z) and g(z) € F*(z) for x € I it is enough to use Abel’s equations p(f(z)) = ¢(z)+1
and ¢(g(x)) = (x) + s, respectively. O

Lemma 3 allows us to introduce the following families of functions

f(z) :=sup{g™" o f"(z): n—sm >t, (n,m) € Ny(2)}, t=0,
fi(z):=inf{g"" o f*(z): n—sm <t, (n,m)ENy(z)}, t>0 (5)

defined on I.
We have f! < fi for ¢ > 0. This is a simple consequence of the following implication (see Lemma 2
in [6])

ny—smp <ng—smg = g "o f"(x)<g ™ o fM(x) (6)

for (ny,m1), (n2, ms2) € Ni(z).
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We have also
fiL<id, t>0. (7)

In fact, if (n1,m1), (n2,ma) € Niy(z) and ny — sm; < 0 < ny — smg < t then g7™2 o f™(z) < = <
g~ ™ o f™(z). Now, taking into account Lemma 3, we obtain that inf{g=" o f*(z): n —sm < ¢, (n,m) €
Ni(z)} =inf{g ™o f™"(z): 0 <n—sm <t, (n,m) € Ny(z)} <z which proves (7).

Ifn—sm >t, n,m € N then n—sm > 0 and, by Proposition 5, f* < ¢g™. Thus (n,m) € N (z) for every
x € I and consequently

fL=sup{g ™o f": n—sm>t, n,meN}. (8)
Similarly we get
fi=inf{g"™o f" 0<n—sm<t, n,meN}. (9)
In fact, {g7™ o f*(x): n—sm < t, (n,m) € Np(2)} = {g ™o f*(z): 0 <n—sm <t, nme N} =
{g7™ o f™(x): n—sm <0, (n,m) € Ny(z)}. f 0 < n—sm then g ™ o f*(z) < z. If n — sm < 0 and
(n,m) € Ny (z) then z # g=™ o f™(z) which implies (9).

Let f and g be the homeomorphic extensions of f and g on an interval J = (0,b') D (0,b] = I defined as
in Proposition 6. Put

ft= sup{gfmof”: n—sm >t, n,me N} (10)

and

It :zinf{g_MOF": 0<n—sm<t, n,meN}. (11)
Since g™™ o f* = g™ o f™ in (0,b] for n — sm > 0 in a view of (8) and (9) we get
fhr=rt and fh; =1t (12)

Theorem 4. Both of the families {f': t > 0} and {f.: t > 0} are iteration semigroups of increasing
functions.

Proof. The mappings f! are increasing as lower bounds of strictly increasing functions. In [13] (see
Lemma 16) it is proved that f{ofy = f%* for u,v € RT. Hence, directly by (12), we get also f{of? = fi?,
uw,v €RT. O

If Ly, is an interval then f! = f! for all z € I and ¢t > 0 and these families build the continuous
iteration semigroup {f* := fi = f, t > 0}, the same unique iteration semigroup in which f and g can be
embedded.

Let further again Ly, be a Cantor set. We have

INLyg= | I, (13)

acA

where I, are open pairwise disjoint intervals and A = (—oo, p]NQ for a p > 0 except at most one interval I,
as far as p € Q, in this case I, = (o, b].
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Lemma 5. For every x € I andt >0, f'.(x) € Ly 4 and for every t >0, fi(x) € Ly,.

Proof. Let # € I and ¢ > 0. By Lemma 3 the set S(z) := {n—sm: (n,m) € N (z)} is dense in RT, so there
exists a decreasing sequence {n; — smy} C S(z) converging to ¢ such that f (z) = limg_0o g~™* o f™(x).
By Lemma 2 in [6] the sequence {g~™* o f™ (z)} is strictly increasing, so, by Proposition 1, f!(z) €
{g7™* o fr*(z)}? C Ly,4. For fi(z) one can use analogous argumentation. 0O

Taking into account (12), directly by Proposition 6 and Lemmas 11, 20, 26, 24 in [13] applied for the
semigroups {f1, t > 0}, we get the following non surjective version of these lemmas.

Lemma 6. The functions fi. are discontinuous, however, they are constant on every interval clI,,. Moreover,
for every x € I the mappings t — fi(x) are strictly decreasing.

Lemma 7. If f* (x0) = fi(x0) =: d; for an xo € Int I then d; € L', If f£(x0) # fi(xo) for an zo € Int [
then (f* (x0), fi(x0)) = Io for an o € A and a < p.

We prove the following.
Lemma 8. f' and f% are in Realm(f, g) and ind f£. =ind f% =t fort > 0.

Proof. Fix z € I and t > 0. By Lemma 3, there exists an increasing sequence {nj; — smy} such that
ngk — smy — t and limy_, g~ o f™(z) = fL(z). By the continuity of ¢ we get

o(fi(z)) = lim (g7 o f™(x)) = lim @(z) + ng — smy = p(x) + t.
k—o0 k—o0
The proof for f! is analogous. O
By Remark 3 and Lemma 8 we get
Corollary 6. The index function ind is an epimorphism of the semigroup Realm(f,g) onto RY.
Theorem 5. f* (z) = inf F*(z) and f(x) =sup F'(x) for x € I and t > 0.
Proof. By Proposition 6 the continuous solution ¢ of system (1) is weakly decreasing and the intervals cl I,,
from the decomposition (13) are the maximal intervals of constancy of ¢. Fix an x € I such that F*(x)
is not a singleton. Hence F'(z) = ¢ [t + ()] = cl I, for an a € A. By Lemma 8 o(fL(z)) = o(z) + t,
so fL(z), fi(z) € F*(x) = cll,. Suppose fL(x) = fi(x) =: dy, then, by Lemma 7, d; € L}, but this
is a contradiction since L3*, N cll, = 0. On the other hand, by Lemma 5, f'(z), fi(z) € Lyf,. Since
fi(z) # f(z) and f! (), fi(x) € clI, Lemma 7 implies that [f£(z), f%(2)] = clI. Thus we get F'(z) =

clly = [fL(x), fL(2)]. If F*(z) is a singleton then F'(x) = f’ () = f%(x) and the thesis is proved. O

Every function from an Abelian semigroup 4 containing f and g can be estimated by elements of families
{ft} and {f{} defined by (5). Namely,

Theorem 6. If A is an Abelian semigroup containing f and g then for every h € A without fized point

ind h ind h
AN N
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Proof. We know that A C Realm(f,g). Let h € A and put ¢ := ind h. Then p(h(z)) = ¢(x) + ¢ and, by

Lemma 8, o(fL(z)) = p(z) +t, p(fL(z)) = p(z) +t. Thus p(h(z)) = ¢(fL () = ¢(fi(x)). Hence, by the
last statement in Proposition 6, either h(z) = fL(z) = fi(z) or h(z), fL(z), fL(z) € clI, for an @ € A and
clI, is a maximal interval of constancy of ¢. By Lemma 19 from [13] f* (x) and f () are the ends of I,,
so we get the inequality

fl(@) <h(e) < fi(z), zel. O

Now we prove some invariant properties of limit sets L}j‘g, L}i; and L;‘f;.

Lemma 9.
FILY ) =Ly flIl, g[Ly,) =Ly nlll,
FIL ) =Ly fln), glLy,] =Ly, nolll,
FILgRl =Lygnfln,  g[L3g) =Ly nalll.

Proof. Let f,g: I' — I’ be the functions defined in Proposition 6, where I = [0,b] C [0,'] = I’ for a b’ > b.

By Theorem 1 from [6] it is known that Ly ,\{b} = L7 ;N[0,b). Whence we infer that L3* \{b} = Ly.n [0,0)

and Ly \ {b} = L})_g N [0,0). Thus, by Corollary 2, f[L* \ {b}] = ﬂL’Jéj‘g N[0,b)] = f[L}Tg] N[0, f(b) =
L*J;’fg NflI) = L;Z?‘g NfHI.Ifbée L;’fg the assertion is obvious.

If b e Ly, then b € Ly, f() € f[L}’fg] = L}, and f(b) < b. Thus f(b) € L}",. Hence f[L}"] =
FILF A ULF0)} = Ly, 0 fUTULf(0)} = L3, 0 (0, f)] U {f(b)} = LT, N flI].

For a function g reasoning is the same. To prove the remaining thesis one can use a similar argumenta-
tion. O

Denote by C*(I,I) the subset of C(I,I) of all injections.

Lemma 10. If h € C*(I,1) and h commute with f and g, then h[L}" ] = Ly N h[I], h[L} ] = Ly N A[I],
h[L}:;] = L;ZJ; Nh[I] and for every interval I, o € A from the decomposition (13) there exists a € A such

that h[[a] =1IgN h[[]

Proof. We show that h is iteratively incommensurable with f or with g. Let ¢ be a continuous solution of
system (1). (i) If there exists zp € I and n,m > 0 such that f"(z¢) = h™(z0), then ¢(f"(x0)) = @(h™(x0)).
The left hand side of the last equality is equal to ¢(z)+n and the right hand side is equal to ¢(z)+m-ind h.
Hence ind b = [-. (ii) If there exists 29 € I and n,m > 0 such that ¢g"(zo) = h™(x¢), then, analogously, we
obtain that indh = 5.

This two cases cannot be satisfied simultaneously so either the pair (f,h) or the pair (g, h) satisfies the
assumption (H). Hence, by Lemma 9 applied for the pair (f,h) or the pair (g, h), we get our assertion.

By the proved part we get that for every a € A, h[lo] C h[I\ Lyg] = h[I]NUgec 4 Is- Since h[l,] is an
interval it should be equal to one of the intervals Ig NA[I]. O

Using the idea of the proof of Lemma 9, in a view of Proposition 6, we can justify
Lemma 11. If ¢ is a continuous solution of system (1), then Pl and |- are invertible.
, \9

Remark 7. If H C C*(I,I) is a disjoint semigroup in which all functions commute with f and g then
H C Realm(f, g) and H is Abelian.
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Proof. Let h € H and ¢ be a continuous solution of system (1). Then poho f=¢o foh=¢oh+1 and
pohog=pogoh=poh+s. By the uniqueness of continuous solution of system (1) p o h = ¢ + ¢ for a
¢ € R. Hence h € Realm(f, g) and consequently H C Realm(f, g).

Now let hy, he € H and ¢ be a continuous solution of system (1). Then ¢ o hy o hg = @ o hg +indhy =
@ +ind hy 4+ ind ho = ¢ o hy o hy. By the assumption hy o he and hg o hy commute with f and g. Hence,
by Lemma 10, these functions map the set L}", into itself. Let zo € L}*. Then hi(ha(z0)) € L}, and
ha(hi(z0)) € L3, Since p(h1(ha(20))) = ¢(h2(hi(20))), in a view of Lemma 11, hy(ha(z0)) = ha(h1(x0))-
Hence hy o ho = hy o hy since H is a disjoint semigroup. O

By Proposition 6 the continuous solution ¢ of the system (1) is constant on every interval cl I, from the
decomposition (13). Thus

O\ Lyl = | el L] = o[L},] = o[LE].

acA

The solution ¢ is determined uniquely up to an additive constant thus we may assume that ¢(b) = 0; in
the case of bijection ¢(0) = co. Put

Kpg =9I\ Ly = {¢lla]: o€ A}.
Thus the set Ky 4 is countable. Define
Sem(f,g):={t>0: Kpg+1t=KsgN[t,00)}. (14)
Note that set Sem(f, g) is uniquely determined by f and g.
Theorem 7. Sem(f, g) is an additive semigroup, countable and dense in RT.

Proof. Let K;,+t=Kp,NJt,00) and Kfq+s=KpgN[s,00). Then Ky4+t+s=KpgN[t,00)+s=
(Kfg+s)N[t+s,00) = KygN[s,00)N[t+s,00) = KsgN[t+s,00) which means that Sem(f,g) is an
additive semigroup. The set Sem(f, g) is countable because Ky 4 is countable.

Let us note that Ky 4 = ¢[L} _]. By Corollary 5 we have for (n,m) € Ny = Ny (b)

e(g™"(f"(@)) =n—sm+op(x), zel\{0},
s0, by Lemma 10,
e[Lyg) +n—sm =g o [P [L7]] = @[L, 0 (0,97 0 S (B)]
[L5, ] Nel(0,97™ 0 f1(1)]] = ¢[L},] N [n — sm, 00),

which gives that n — sm € Sem(f,g) for (n,m) € Ny (b). By Lemma 3, we get the density of Sem(f,g)
inRY. O

Theorem 8. For every Abelian semigroup A C C*(I,I) containing f and g, ind[A] C Sem(f, g).

Proof. Let h € A. Then h commutes with f and g. By Theorem 2 h € Realm(f,g), that is ¢(h(z)) =
¢(z) +indh for x € I. Hence, by Lemma 10, K¢ 4 N [indh,00) = ¢[L} ] N [indh,00) = ¢[L} N A[I]] =
@[h[L} ]l = [L} ] +ind R, since p[h[I]] = [ind h, 00). Thus ind h € Sem(f,g). O

Note that if u,v € C*(I,I) and u[I] C v[I] then v~ ou € C*(I,I). This simple property inspires the
following.
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Definition. An Abelian semigroup A C C*(I,I) is said to be saturated if v=! ou € A for every u,v € A
such that u[I] C v[I].

Each saturated semigroup can be extended to the local group of germs, that is, for every function v € A
its inverse u~! is defined on a neighborhood of zero.

Similarly an additive semigroup 7" C R is said to be saturated if t — s € T for every t,s € T such that
s < t.

Note that semigroup A = {t + id, t € T} defined in [0, 00) is saturated if and only if T is saturated
semigroup.

Theorem 9. Let T C R™ be a semigroup. If f and g are T-embeddable and Int Ly, = 0 then T # R* and if
additionally T is a saturated semigroup then T is dense and T C Sem(f, g). Moreover, ind f* =t fort € T.

Proof. Let {f': I — I, t € T} be a T-iteration semigroup such that f! = f and f = g for an s € T. Put
7(t) := ind ft. By Theorem 8 4[T] C Sem(f,g) C RT and, by Remark 3,

yu+v) =vyw)+y(v), wu,veT.

Suppose that T = R*. Then «(t) = ¢, since y(1) = 1 and the only additive function v : RT™ — R is a linear
function (see e.g. [1, p. 34]). In a consequence Sem(f,g) = Rt but this is a contradiction.
Further assume that T is saturated semigroup. Put

*7(71')7 ze-T
’)/0(33) = O7 =0
~y(x), zeT

Note that vy is additive and increasing since «y is nonnegative and its domain 7T is a saturated semigroup.
Note that u ¢ Q since f and g are iteratively incommensurable. Hence, in a view of Lemma 3, semigroup T
is dense in RT. Define the following functions 7,7y~ : R — R

V)= D (), 7 (@)= T o(t).
Obviously 4+ and v~ are additive and increasing, thus there exist ay and a_ such that v*(z) = ayx and
v (z) = a_z, for x € R (see e.g. [1, p. 34]). Since v~ (z) < yo(x) < yF(z) for z € —TU{0} UT we
have a_x < yo(z) < ayx for x € =T U {0} UT. Putting z = 1 and 2 = —1 we get a_ < 1 < ay and
—a-<-1< —a;.Hencea_ =ar =landy(z)=xforzeT. O

Conclusion. Theorems 9 and 8 explain the phenomenon that commuting functions f and g with Int Ly ;, = ()
cannot be embeddable in any iteration semigroup but only in T-iteration semigroups for which the sets of
iterative indices 7" are limited by the semigroup Sem(f, g).

In the rest of the note we shall show that there exist such the best T-iteration semigroups embedding f
and g for which T'= Sem(f, g).

Lemma 12. If A C C*(1,1) is an Abelian disjoint semigroup containing f and g then ind| 4 is a monomor-
phism.

Proof. We show that homomorphism ind| 4 is invertible. By Theorem 2 A C Realm(f,g). Let hy, ha € A.
If ind hy = ind ho then ¢(hi(z)) = p(ha(z)) for all z € I. Take an zo € L}"). By Lemma 10 hi(xo) € L},
and ho(xo) € L}, and, by Lemma 11, hi(zo) = ha(zo). Hence hy = hy since A is a disjoint semigroup. O
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Theorem 10. Every Abelian disjoint saturated semigroup A C C*(I,I) such that f,g € A with Int Ly, = ()
is isomorphic with a countable and dense subsemigroup of Sem(f,g).

Proof. Let us note that Gy, C A, since A is a saturated Abelian semigroup. Hence, by Theorem 1 and
Theorem 8,

(Z + sZ)NRY C ind[Gy,g] C ind[A] C Sem(f, g).
Thus, by Lemma 12, the semigroup A is isomorphic with the countable dense semigroup ind[A4]. O

Corollary 7. Every Abelian saturated disjoint semigroup A C C*(I,I) containing f and g withInt Ly , = ()
is a refinement iteration semigroup.

Proof. Define T := ind[A] and
fli=ind (), teT.

By Theorem 10 the family {f%: t € T} is a refinement iteration semigroup such that f! = f and f* = g,
where s = s(f,g). O

Let I,, a € A be the intervals defined by the decomposition (13) and {F* : I — cc[I], t > 0} be the
set-value iteration semigroup defined by (4). Now we prove a fundamental property of these semigroups,
namely that semigroup Sem(f, g) is the maximal support, where the set-valued functions F'* do not degen-
erate on the intervals I, a € A, and moreover, they are surjective on this family of intervals. This means
that {F': I — cc[I], t € Sem(f,g)} is the “best” set valued T-iteration semigroup.

Theorem 11. Sem(f, g) is the set of all t > 0 such that for every a € A, F'[1,] is a proper interval and for
every Ig C F'[I] there exists an I, such that clIg = F'[1,].

Proof. Put 7' := {t > 0: foreverya € A, IntF'[I,] # 0 and for every 3 € A such that Iy C
F'[I] there exists an a € A such that clIz = F*[I,]}.

Let t € T and y € Ky 4. Then there exists an o € A such that {y} = ¢[l,]. By (4), p[F'(z)] = p(z) + ¢
for € Int I, so for every a € A, p[F*[I,]] = ¢[I,] + t. Since Int F*[1,] # 0 it follows, by Theorem 5 and
Lemma 7, that there exists a 8 € A such that F'[I,] = clIg. Thus p[F'[I,]] = p[Ig] = {z} for a z € Ky,
and z = y + t. In a consequence, Ky, +t C Ky 4. Since Ky 4 C [0,00) we get

Kro+tC Krgni[t,00).

Note that for t > 0, p[F![I]] = [t,00). In fact, by (4), p[F[I]] = ple~[elI] + ] = ©[(0,b]] +t = [t, ),
since ¢(b) = 0.

Now, let z € K¢,y N [t,00). Then there exists a 8 € A such that {z} = ¢[Iz] and = € p[F*[I]]. Hence
©[Is] € p[F'[I]] and, consequently, Iz C F*[I], since ¢ is monotonic and constant only in the intervals cl 1,
w€ A. Sincet € T, clIg = F'[1,] for an a € A. Hence {a} = ¢[Ig] = p[F'[I,]] = ¢[l] +t € K¢ g+t s0

Kygnlt,o0) C Kyg+t.

Thus T C Sem(f, g).
Now, let t € Sem(f,¢) and fix an o € A. Then ¢[I,] +t = ¢[Ig] for a § € A. On the other hand
[F'1.]] = ¢lIa] +t = @[] = p[clIg]. In a view of Theorem 5 and Lemma 6 F*[I,] = [f (x0), f4(20)] for
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an g € I,. Suppose f(xo) = fi(wo) =: di. Then, by Lemma 7, d; € L}%. Obviously inf I =: ug € Ly,
and p(ug) = ¢(di). In a view of Corollary 1 ¢ restricted to the set L") U L* is invertible. Thus d; = uq
and, consequently, L3 N L} # () but this is a contradiction. Hence Ft [I,] is a proper interval.

Now, let Iz C Ft[I]. Then {zp} == plIg] € o|F'[I]] = [t,0), so zg € Kf 4N [t,00) = Kf 4+ t. Hence
there exists an o € A such that p[Ig] = {zg} = p[I.]+t = p[F'[I,]]. Since F*[I,] is a closed proper interval
and ¢ is monotonic and constant only in the intervals cl I, w € A we get the equality clIz = F*[I,] and
this means that ¢t € T, so Sem(f,g) CT. O

As a direct consequence of the above theorem and Lemmas 6 and 7 we get the following,.
Corollary 8. For every x € L}, and t € Sem(f, g) the set F*(x) is a singleton i.e. f'(x) = fi(z).
As an application of Theorem 11 we get also the following.

Lemma 13. Let b € Ly ,. Then there exists a unique piecewise linear T-iteration semigroup {p': t €
Sem(f,g)} on I for which pfcl 1, for a € A are the linear increasing functions such that p'[cl 1] = F*[clI,].
Moreover, pt € Realm(f,g) and indpt =t for t € Sem(f,g).

Proof. For every t € Sem(f,g) and a € A denote by p!, the linear increasing bijection mapping cl I, onto
the interval F[cl I,]. All such the mappings are unique. Define

pt: U cl, — U F'lel I,]

acA a€cA

such that ﬁltcl 1. = P4 The functions p* are strictly increasing and have a unique continuous extension p*
on I. In fact, the set |J,c 4 Io is dense in I and, by Theorem 11, J,c 4 F'
and, in a consequence, lim, ,,— p*(u) = limy .4 p'(u) =: p'(z) for x € L3 = I\ U,cq lo- For every

t[I,] is dense in the interval F*[I]
t,s € Sem(f,g) and o € A the functions p’ o p* and p*** are linear in cl I, and

p'op’lell,] = p'[Fo[clL,]] = F'[F*[cl1,]] = F'°[cl 1] = p'**[cl 1]
Hence p' o p® = p'** on cl 1, for ,s € Sem(f,g) and a € A and, in a consequence, by the continuity of pt,
{p": t € Sem(f,g)} is a T-iteration semigroup. The uniqueness is obvious.

Since p'[cl ] = F'[clI,], by Theorem 5 and Corollary 8, we get

fL(z) <p'(z) < fi(z), te€Sem(f,g), =€l

Let ¢ be a continuous solution of (1). Since ¢ is decreasing, by Lemma 8, p(z) +t = ¢(fL(z)) < p(p'(z)) <
p(fL(x)) = p(z) +1, s0

o(P'(z)) =p(z)+t, teSem(f,g), z€l. (15)
Thus p' € Realm(f, g) and indp? =t for t € Sem(f,g). O
Remind that G = {h’: t € V*}, where V¥ = {n —sm > 0: n,m € N} } and
ht =g ™o f" fort=n—sm, (16)

is a semigroup in which every element commutes with f and g.
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Lemma 14. If b € Ly, and t € VT then for every a € A, h[cll,] = clIg for a B € A and for every
I C h'[I] there exists an o € A such that cl1g = ht[clI,].

Proof. Let ¢t € V'. In a view of Theorem 1 h* commutes with f and g thus, by Lemma 10, h*[Ls ] =
Ly NRUI), so hHI\ Ly g = h*[I]\ Lyg = (0,h*(b)] \ Lsy and h'(b) € Ly,. Hence we get the equality
Uaea P'Ia] = Upear Lo, where A” = {a: I, C (0,h* (b))}, which gives our assertion since h' are continuous
injections. 0O

Lemma 15. If b € Ly, then for every t € VT and o € A, h'[cl1,] = Ft[cl1,] and VT C Sem(f,g).

Proof. Let t € V. Then k' € Gy 4 and, by Theorem 6, f© < h' < f!, what together with Theorem 5 and
Lemma 6 implies that hf[cll,] C F*[cl1,]. We know by Lemma 14 that h'[clI,] = clIg for a § € A. On
the other hand, by Lemmas 7 and 6, we see that F*[cl],] is either one of intervals I, or a singleton. Hence
ht[clI,] = F*[clI,]. This relation together with Theorem 11 and Lemma 14 implies that ¢ € Sem(f,g). O

The above properties let us to prove the main result of the paper: Sem(f,g) is the maximal support
of refinement iteration semigroups as well as the maximal semigroup of indices of Abelian semigroups
A C C*(I,I) containing f and g.

Theorem 12. There exist the disjoint refinement iteration semigroups {f*: t € T} such that f' = f,
fs(fvg) = g and T == Sem(f’g)'

Proof. In a view of Proposition 6 we may restrict our considerations to the case where b € Ly ;. Firstly we
shall show that there exists a homeomorphic solution 7 of the system of equations

, x€l, (17)

where p!, p* are determine in Lemma 13. In the decomposition (13) we can assume that I, < I, g if and only
if a < B.

Define on the set of indices A the following equivalence relation o ~ 3 if and only if there exist u,v € VT
such that F“[I,] = F"[Ig].

Note that if @ ~ 8 then there exists a ¢t € VT such that either F*[clI,] = clIg or F'[clIg] = cll,.
Denote by S a selector of the relation ~ and define @ := [@] NS, where [a] is the equivalent class of a. Now
we can define the mapping A > o — t, € VT by the following way.

(i) If a < @ then there exists a unique ¢, € V* such that

Ftelcl ] = cl 1,
and (ii) if @ > @ there exists a unique ¢, € VT such that
FtelclI,] = cl I4.
For every a € A define o/ and o by
F'cl,])=clly and F®[cll,] =clly.

Note that o/ < a and o’ < a. They have also the following properties:
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o =ty +1for a <a,
o =tq—1for > @ and o > @,

)t

)t

)t o« =1fora>aandd <a,
P4) au—t +sfora<a,

) tor =to — s for a > @ and o' > @,

) tar +to = s for a>a and o’ < a.

In fact, note that o’ = o/ = @ and o < a, o' < «.
Suppose a < @, then o < @, o/’ < @ and by (i)

FletlclIy) = FletclIs] = F'[F'[clI5]] = F'[cl 1] = cl Iy = F''[cl I ).
Hence ¢, + 1 = t,/, i.e. (P1) holds. Similarly
Fretlcl I ] = Fleto[cl I;]) = F*[F'e[clI5]] = F®[cl1,] = cl Iy = F'" [l I 7).
Thus to + § = tyr, i.e. (P4) holds. Suppose @ < o. Then a > o and
Fletcll,] = F'e [F'[cl 1,]] = F'' [l Io] = cl I = cl Iz = F'*[cl 1],

80 tos + 1 =tq, i.e. (P2) holds.
Now, let o/ < & < a. Then by (ii) and (i)

Flettarel [] = F'e’ [Ft“ [cl Ia]] = F'e'[cl 5] = F''[clI] = cl 1, = F'lcl1,],

80 tq + tor = 1 and (P3) is proved. The proof for the cases (P5) and (P6) is the same as for (P2)
and (P3).

Now we deal with the functions h! given by (16) and p' defined in Lemma 13. By Lemma 15 they are
defined simultaneously for ¢t € V. Put A=t := (h!)~! and p~! := (p?)~! for t € V. It is easy to verify that
the relations

hl ° ht—l — ht, p—t Opl _ p—t+l hl o h—(t—‘,—l) — h—t7 te V+ (18)
and
he o ht—s _ ht7 p—t Ops _ p—t-‘rs’ he o h—(t+s) — h_t, te V+ (19)

hold in this intervals I,,, where both sides of the equalities are correctly defined.
Let wy : cll, — cll, for a € S be an increasing bijection. Define the homeomorphisms v, : ¢l I, — cl I,
by the following way

t ta

“owgop v, ifa<ga (20)

Yo =h
and

Yo = h7t owg ople, if a > a. (21)
Note that for a < @, p~'e is defined on clI,, because cll, = F'o[cll5] C F'[I] = p'[I]. Moreover,

talclI,] = clIz and hie[clIz] = F'o[clI;] = cll;,, hence 7, is an increasing bijection. Similarly is for
a > a, since hl«[clI,] = F'«[clI,] = cl Iz and h™'» maps cl I onto clI,.
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Hence we get that the mapping

Yo(z) m€cll,

v(x) == .
x x € thq

is a homeomorphism. We show that 7 satisfies system (17).
Let o € cl1,. Then p*(z) € clI,. If a < &, then o/ < & and by (P1), (18), (20)

yop'(z) = Yo 0 pl(x) = Ao’ o wg o pte’ o pl(x) = hl o At ™Y 6wy o pUTter) (1)
= hl o ple owg Op_ta () = foralx),

since h' = f. Let now o > @ and o’ > @. Then by (21), (P2) and (18) we have

’

70 P! (@) = Yar 0P (&) = K7 0 0 p'’ 0p!(x)
= Wt o ™0t 0 g 0 pH) (@) = T o M 0wy 0t (x) = f 0 a(x).

Finally assume a > @ and o/ < @. Then by (20), (P3), (18) and (21)

’

yop'(z) =qa op'(z) =" owg op~' op' ()
=hto bt N o wg o ptte) (z) = bt o h™t o wg o pta(z) = f o ya(x).

Similarly, using (19), we verify that v o p*(z) = g o y(z) for z € cll,. Since p'(z) = f(z) € Ly, and
p*(z) = g(z) € L}, for z € L") we infer that v satisfies system (17). Let us note that the homeomorphic
solution of (17) depends on an arbitrary function.

Now we can define our T-iteration semigroup. Put

ffe=nyop'oy™!, teSem(fg).

It is easy to see that {f’: t € Sem(f,g)} is a T-iteration semigroup such that f! = f and f* = g.

Let ¢ be a continuous solution of (1) and put 1 := @ o~y~!. Since {p’: t € Sem(f, g)} satisfies (15) we
have o ff = (poy o (yoptoy ™) =poploy ™t =gpoy 4t =1+t for t € Sem(f,g). Putting t =1
and t = s(f, g) we see that ¢ is a continuous solution of (1). Hence, by the uniqueness, we get ¥ = ¢ + ¢
for a c € R, so p(v~'(2)) = ¢(x) + c. Since v~ (z) = x for x € L}, we get ¢ = 0. Thus ¢ = ¢ which gives
that po ft = ¢ +t. Hence ind f* =t and T = Sem(f,g). O
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