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Elliptic system ui,uz > 0in Q, u; = ug =0 on 99,

Multiple solutions

Positive ground state solution where © C RY is a bounded smooth domain, N > 5, 2 < p1,p2 < 2*, \; €

(=A1(9),0), pj > 0 for j = 1,2, and A;(Q) is the first eigenvalue of —A with the
Dirichlet boundary condition. We demonstrate the existence of a positive ground
state solution for problem (P) when the coupling parameter 8 > —,/pipz. Under
some other conditions, we show the nonexistence of positive solutions for (7) when
N > 3. We also construct multiple nontrivial solutions and sign-changing solutions
for the following system:

—Aui + Aur = puf + Budu, T € Q,
—Aus + Aous = poul + Bulus, T € Q,
u1 = uz = 0 on 01,

where ©Q C RV is a bounded smooth domain and N < 4.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

In recent years, there have been extensive mathematical investigations of the following coupled elliptic
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—Auy + Muy = pud + Budug, x € Q,
—Aug + Agus = poui + fuiug, x € Q, (1.1)
u1 = us = 0 on 012,

where @ C R¥ is a bounded smooth domain or @ = R¥. System (1.1) arises when we consider the
standing wave solutions to the following time-dependent Schrédinger system, which comprises two coupled
Gross—Pitaevskii equations:

—i 2B = ADy + 11 |1 [>®y + B|D2|?P1, z €Q, t >0,
=20y = Ay + o] D2|? Py + B|P1 2Pz, 2 €Q, ¢ >0,
;= d;(x,t) €C, j=1,2,

Di(z,t) =0, 2 €00 t>0, j=1,2,

(1.2)

which has many applications in physics and nonlinear optics (see [27]). Physically, the solution ®; denotes
the jth component of the beam in Kerr-like photorefractive media (see [1]), 11; represents self-focusing in the
jth component, and the coupling constant 3 is the interaction between the two components of the beam.
System (1.2) also arises in the Hartree-Fock theory for a double condensate, which is a binary mixture of
Bose—Einstein condensates in two different hyperfine states |1) and |2) (see [18] and the references therein).
In order to obtain solitary wave solutions of system (1.2), we set ®;(z,t) = e"*i'u;(z) for j = 1,2. Then,
it is reduced to system (1.1). The existence of least energy and other finite energy solutions were studied
by [2,6,7,13,15-17,20,25-27,30,31] and the references therein. The existence and multiplicity of positive and
sign-changing solutions were studied by [2,5-7,10,11,13,20-24,26,29] and the references therein.

However, we note that most of the studies mentioned above considered the subcritical case, i.e., N < 3.
When N = 4, which is the critical case (2* := 2 = 4), the authors of [12] demonstrated the existence of
a positive least energy solution for all negative (3, positive small 8, and positive large 5. Later, in [14], they
considered the following critical case for higher dimensional N > 5:

. 2% 1 2
—Aug + Mug = ulu% Ty Buy® Tuy’, x €9,

* 2T 27
—Auy + Aoty = pous '+ Buy uy? 1, x €, (1.3)

uy, ug > 0in Q, uy = us = 0 on .

In [19], the authors also considered system (1.3) and showed that when N > 3, it has a positive solution
for  — 0 or +00. When N = 4, system (1.3) returns to (1.1). Interestingly, the authors of [14] obtained
different results from the case when N = 4. Indeed, they showed that system (1.3) has a positive least energy
solution for any 8 # 0. When 8 = 0, system (1.3) is reduced to the following critical exponent equation,
which was first studied by Brezis and Nirenberg in [8]:

{ 7AUJ' + )\jUj = ,uju?*_l, x €8, (1 4)
u; >0in Q, u; =00n 0N, j=1,2. ’
In [8], they also included the following more general case:
{ —Aut Aju = vig;(w,u) + pu @ €Q, (1.5)
u>0in Q,u=0on 9N. '

By taking g;(z,u) = uPi~!, where 2 < p; < 2* for j = 1,2, N > 4, v;,i; > 0, \j € (—\1(Q2),0), problem
(1.5) has positive ground state solutions v1, vy € C?(Q) N C(Q) for j = 1,2 respectively, with the energy

1 1 ‘ 1 . 1 _n=2
0< Bj:= 5/(|ij|2+)\ju?)—p—/z/jv§’ —;/ujvf <y L (1.6)

Q Q Q

where S is the sharp embedding constant from DV2(RN) into L? (RY).
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It is natural to ask whether the more general system that corresponds to system (1.3) has a similar
result related to the existence of positive ground state solutions, in the same way as the results related to
Egs. (1.4) and (1.5). In particular, we consider the following more general critical elliptic system:

2* 2*
1 2% _q 2" 2F
—Auy + Muy = '+ ppuy T4 Bu u?, x € Q,

. 2t 22
—Aug + Aauz = voub? T + ol 4 Bug® uy Lreq, (1.7)
ui,uz > 01in Q, ug = us = 0 on IN.

We obtain the following results.

Theorem 1.1. If we assume that N > 5, 2 < p; < 2*, Xj € (= 1(9),0), v, p; > 0, for j = 1,2, then system
(1.7) has a positive ground state solution for any B > —./u1fiz.

We can then obtain the result related to the nonexistence of solutions to (1.7).

Theorem 1.2. If we assume that N > 3, 2 < p1,pa < 2%, then system (1.7) has no positive solutions if one
of the following conditions holds:

(1) A < =M(Q), vj,pu; >0 forj=1,2, and § > 0;
(2) pj,BeR, Xj >0, v; <0 for j=1,2, and Q is star-shaped.

Consider the case where A\ = Ay = A, p1 = ps = p. Let v be a positive solution of
Au+ = vuP ' +u? L e HY(Q),

where v > 0. By Lemma 2.1 in [14], the following system has a solution:
* 2" o 2%
mad 2+ Ba® Cay =1,
* 2* 2*
paa3 2+ Bay o =1, (18)
ai,as > 0.

Then we can construct solutions of (1.7) using v, as described in [12,14,27]. In particular, we have the
following result.

Theorem 1.3. Let (a1, as) be the solution of (1.8). Assume that N > 5, —A\1(Q) <A1 = X2 <0, p1, 2,6 >0
and vy = v/a? ™2, vy = v/ab 2. Then, (a1v,av) is a positive solution of system (1.7).

We recall that in [3,9], when N > 4, A < 0, the authors obtained a nontrivial solution for the following
equation:

{—Au+/\u:u|u|2*_2, x € (1.9)

u = 0 on 0f2.

Denote the nontrivial solution by w, then by a similar method to Theorem 1.3, we can also obtain the
following result for system (1.1).

Theorem 1.4. Assume that N =4, \; = Ao := X <0, and one of the following conditions holds:

(1) pa,p2 >0, B € (—y/mapz, min{pg, pa}) U (max{u, 2}, 00);
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(2) p1,p2 <0, B> \/pipz;
(3) pip2 < 0; B > max{ul,ug}.

Then, system (1.1) has four nontrivial solutions of the form (fajw, asw), where ay,as > 0 are defined by

2. _pe—p
ar = #1#22—ﬁ2’ (1 10)
a2 = =8 :
27 pipe—pB2

which are well defined by the assumption. Moreover, when A < —\1(Q2), then the four solutions obtained
above are sign-changing solutions, whereas they are signed solutions when —A1(Q) < A < 0.

For the subcritical case, we have the following stronger conclusion.
Theorem 1.5. When the dimension N < 3, under the same conditions based on i, psa, 5, as in Theorem 1.4,
then system (1.1) has infinitely many sign-changing solutions for any A1 = Ay = XA € R and four signed

solutions for A > —A1(£2).

Next, we give the proof of Theorem 1.1 for § < 0 and § > 0 in Sections 2 and 3, respectively. In Section 4,
we prove Theorem 1.2. We present Theorems 1.3-1.5 in Section 5.

2. Proof of Theorem 1.1 for — /102 < <0

In this section, we consider the case where —, /112 < 8 < 0. We assume that all the following integrations
are taken over ) unless specified otherwise. Let H := H{(Q2) x H}(Q2) be the product space and we write
u = (u1,uz). Since A1, Ao > —A1(Q2), we define the equivalent inner product in Hg () by

(u,v); = / (Vu, Vo) + Ajuw, j =1,2,

and the induced norm ||-||;. Then, the product space H is endowed with the inner product, as follows:

2
(u,v) = Z(Ujvvj)jv u = (u1,uz), v=(v1,v2),

=1

which gives rise to a norm on H denoted by |[-||. Thus, the energy functional of system (1.7) is

2 2
1 V; ) 1 « 2% 2%
1) = gl = [ 32 2 = oo [yl + 280l ol %),
j=1 47 j=1

We refer to a solution u of system (1.7) as a ground state solution if u is nontrivial and I(u) < I(U) for
any other nontrivial solution U of (1.7). Define the manifold

M= {(Ul,UQ) cH: U1, U 7_é O,II(UhUg)(UhO) = II(Ul,UQ)(O,'I.LQ) = 0} (21)
Then, any nontrivial solution of (1.7) must belong to M and the constraint in (2.1) means that
Jualf = [ alual + pafs P+ Bl el ),
sl = [ ahual? + pafun* -+ s ¥ fual ).
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By taking Uy, Us € C5°(Q2) with Uy, Us # 0 and supp Uy Nsupp Uz = ), it is easy to see that ¢1,t2 > 0 exist
such that (t1U7,t2Us) € M, i.e., M # (). Define

B := inf I(u).
uemM
It is known that the existence of nontrivial solutions for critical system (1.7) depends greatly on the existence
of ground state solutions of the limit problem, as follows:

—Auy = i fus ¥ "2uy + Blur | T Puglus| T,z € RY,
—Aug = /L2|U2|2*72U2 + ﬂ|u1|27|u2|27’2u2, xr € RN, (2'2)
uy,uy € DV2(RN),

Let D := DY2(RY) x DY2(RY) and the energy functional

1

1 * . 2* 2%
W= 5 [Vl + Fuaf?) = 5 [ Gl 2+ plual® + 28 ¥ ol ),

RN RN

~i

Similar to the manifold M, set
M = {(u1,uz) € D :uy,up # 0, I (ur, uz)(u,0) = I'(ur, uz)(0,uz) = 0}.

Then, M # () and we define

First, we have a lower bound estimate for B.
Lemma 2.1. If we assume that § € [—\/pipz,0), then I is coercive on M and B > 0.

Proof. We may assume that py > p; without any loss of generality. For u € M, we have

1

W) = I(w) = (7' (@)(01,0) + 7' (w)(0, )
— (5= oMl + == ) [ vl
+(pi121—*)/<§jjujuﬁ* + 28| % Jus| )
> (5~ ) lul’® (2.3)
Hence,
Rl < [ S 0stusl? + s + 18D 1usl2") < Callul? + Calul (24)
J

where C7,Cy > 0 are constants that are independent of u and p = p; or ps. It follows that a constant
Co > 0 exists such that |lu|| > Cy. Thus, B> 0. O

We also have an upper bound for B. This idea is similar to that in [14], but it is more complex and some
new tricks are used in the current study. We give the details of the proof.
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Lemma 2.2. For g < 0, we have
1 2— 1 N2—2 N =
B <min{B; + N,“Q S%. By + N S=2,B}.

N-—-2 _
Proof. First, we show that B < By + %M;TS%. Recall that v is a solution of (1.5) since v; € C(2) and
vy = 0 on 09, so B(xg,2r) :={z: |z — x| < 2r} C Q exists such that

S gy g g mpe [0
)7 ) g )T

Take a cutoff function ¢ € C(B(zg,2r)) with 0 < ¢ <1 and ¢(z) =1 for |x — x| < 7. Denote

0:= max v < min
B(zo,27) {(2|ﬂ|fl)%

[N(N —2)e?|(V=2)/4
[62 + |x _ x0|2](N—2)/2’

Ue,zo(2) = € RY.

8

Then (see [4,28]), Ue 4, is the solution of the equation
—Au = |u)? "2, ue DV2(RY).
Let u. := ¢U; 4,, then (see [32])

/\VUE\Q = 8% 4+ 0(eN2), /|u5|2* = 8% +0(eN), (2.5)

(N=2)p;

2)pj
[z 020, [z 0T 0

where C' > 0 is a constant and we also have

[l <c [ it = (2:6)

B(0,2r)

For any t,s > 0, by selecting ¢ and the Holder inequality, we have
* g 2* 2*
2|B|t27527/v12 U
25 2¢ 2* z
<7 2Bt TsT | vnue
2_ _
S K e T
Lo R / .
= + =s uz .
<3t /mvl 5 112

1, tPr — o
I(tvy, sue) = 5t v |13 il Bl Sl i L

/\

IN

Then, we have

2*
ey s o
2% 2%
t2s2 2% 2%
— o /267]12 u52

Please cite this article in press as: X. Yue, Positive ground state solutions and multiple nontrivial solutions for coupled critical
elliptic systems, J. Math. Anal. Appl. (2015), http://dx.doi.org/10.1016/j.jmaa.2015.01.073




Doctopic: Partial Differential Equations YJMAA:19200

X. Yue / J. Math. Anal. Appl. e e e (6 e e0e) o 0e—0ee 7

Lo o t9 ¥ -
< ot ||v1|\1fp—1/1/1vf1 R e

1 sP2 s? .
L e I L

= f1(t) + fae(s).
It is known (see [32]) that
max fa(s) < —(12)- 272 6§
5>0 ¢ N2

Take a sufficiently large tg > 0 such that for any ¢t > tg, it holds that

Then,

I = I .
10 (v, suc) 0<tZty 550 (v, suc)

Let

15 5  sP2 . 527 9
g2 (5) = 55 l|uellz — p—2 Valle™ — o HaUe

and thus it is easy to see that a unique maximum point 0 < § < +oo of go(s) exists such that ¢5.(3) = 0,
ie.,

|luc||2 = .§”2_2/V2u§2 + 52*_2//121@*
< (€4 Ce8” ) uc|P2 + C15 7 flue |, (2.7)
where £ > 0, C¢ > 0 is a constant that is only dependent on &. Therefore, (2.7) implies that

g2 -2 c
= luellPemE A flue |2

Thus, by (2.5), some 0 < sp < § exists, so we have

max I (tvy, suz) = max I(tvy, sug).
t,s>0 ( ’ E) 0<t<to, s>so ( ’ s)

For ¢t € (0,%0], s > so, by (2.6) and 1 < 2*/2 < 2, we have
* o 2r 2% 2* 2* * 2%
28|77 57 /vf u < 2|8t s ’2o% /ue2 < s?-0(e?).
Thus,

I(tvy, su.) <

A
|
~+
v
<

firy
—o
|

tP1 2 .
p 2
1 sP2 s .
gl o) = 2= [ = [ o

9
hi (t) + hog (8)
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It is easy to confirm that

1 —2
max by (t) = ha(1) = By, maxha.(s) < - (n2) 7S

vz

, e << 1.

Now, we only need to show that ¢, s1c > 0 exist such that (¢1.v1, s1cue) € M. For convenience, we denote

Ay Z/Vlvfl, A =/V2U§27
2* 2%
Dlz//ilvl , Dzz/uzug,

2% 2
D= /Bvlz uZ , E = |lu|3. (2.8)

Then, D < 0, ||v1]|2 = A1 + D;. By selecting o and the Holder inequality, we have
2" 2 * 28
(/ﬁvlz U2 )2 < 5292 —2(/01,“82 )2
82 . .
< (0" ) [ moi | poul
H1p2

ot [

i.e., D1Dy — D? > 0. Note that (tvy,su.) € M for some t,s > 0 is equivalent to
2(A; + Dy) =t A, + 2 Dy + 7 sT D; (2.9)
$2F = sP2 Ay + 2 Dy +t=sT D, t,5> 0. (2.10)

In this case, (2.9) implies that

o _PTEMAD) - E A - DL G TR GW)

D D - D

>0, (2.11)

i.e., G(t) < 0. Since G(1) = 0 and G'(t) < 0, we have t > 1. By combining (2.10) and (2.11), we simply
need to show that

G(t) 2217*2 1 2* G(t) 2*

F(t) = (=)= 45 E—( D) FE T Ay - ST Dy - D

has a solution ¢ > 1. Note that 2 — 27 <p1— 27 < 27 and % -1< 22”3 —1 < 1, and it is easy to confirm

that
Dy Dy — D2 B
tilinooF(t)— i) <0, F(1)=-D > 0.
N—-2
Thus, we confirmed it for this case. Similarly, we can show that B < B; + %MITS%. In [14], it was

N-—2

_ _N-2 _ _N-2
proved that for 5 < 0, B = %ul 8% 4 %Nz > §%. Since B; < %uj 2 5% for j=1,2, we find that
B<B. O
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Lemma 2.3. If we assume that 8 < 0, u = (u1,us) € M, I(u) is bounded, then the constants Cy,Cy > 0

exist such that
0<Ci< [l [luf <c.

Proof. By Lemma 2.1 and the Sobolev inequality, it is easy to show that Cy > 0 exists such that [ |u1|2*,
i |u2|2* < (5. In addition, because 8 < 0, we have

. 2 . * * Pj *
Cal [ 1) < sl < [l 4y [l < €l f1usBOF + [P,

where C3, Cy > 0 are constants that are independent of u;, for j = 1, 2. This implies that [ |u;|?",
C4 for some Cy > 0. O

We include the following lemma, which was proved in [14].

Lemma 2.4. (See [1/].) If we assume that (uin, uan) — (u1,u2) weakly in H as n — oo, then by passing to
a subsequence, it holds that

. 2% 2* 2% 2* 2* 2%
m [ (Juin] T Jugn] T — Jur] = Jua| ™ — |urn — ut| |uz, — us| ™) = 0.
n—oo

Lemma 2.5. If we assume that —\/pips < 8 <0 and (u1,uz) € M with I(u1,us) = B, then I'(uq,us) = 0.

Proof. Set
Ji(u,ug) i= I'(uy,u2)(u1,0), Jo(ur,uz) = I'(uy,u2)(0, uz).
Then, two Lagrange multipliers Ly, Lo € R exist such that
J(ur,ug) == I'(u1,u2) + L1 J{ (u1,u) + LaJg(ur, uz) = 0. (2.12)
Thus, (J(u1,uz), (u1,0)) =0 and (J(u1,uz), (0,u2)) =0, i.e.,
Ll =2) [ + @ =) [mfal +@2=2) [ 151)%)ll F)
= Lo [ 181l ¥ ual ¥ (2.13)
Lal(pa ~2) [ mlusl + (2" - 2)/#2|ﬂ2l2 @=5) [ 181l ¥ fual )
— Lo [ 1Bl ¥ el . (214)

Similar to (2.8), we denote

Ay :/V1|U1|p1, A2:/V2\U2|p2a
* * 2% 2%
Dlz/mulﬁ , D2=/u2\w\2, D:/|m|u1| AL

Therefore, they are all nonnegative. Note that (u1,us) C M and we have
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Hu1||% :Al —|—D1 —D7 ||’U,2H% :A2+D2—D. (215)

Consequently, by Lemma 2.1, we have Ay + Dy > D, As + Dy > D. Set

S1:=(p1 —2)(p2 — 2)A1 A2 + (p1 — 2)(2" —2)A1 Dy + (p1 — 2)(2 — %)AlD

*

+ (2 — 2)(2° — 2)As Dy + (ps — 2)(2 %)A2D,

* *

Sy = (2 —2)°D1 Dy + (2° — 2)(2 — %)DlD +(2F —-2)(2 - %)DQD —2(2* —2)D?.
Then, by (2.13) and (2.14), we have
0= L1Ls(Sy + Ss) := Ly LoS. (2.16)
Note that D < (D; + D), D? < D1D,, and we have
Sy > (2* —2)%(D1 Dy — D?) > 0.

Thus, S > 0. By (2.16), we have LiL, = 0. Without any loss of generality, we may assume that L; = 0,
and thus by (2.14) and Lemma 2.3, we have Ly = 0. Then, (2.12) implies that I'(uj,us) =0. O

Proof of Theorem 1.1 for the case where — /112 < 8 < 0. By Lemma 2.1 and the Ekeland variational
principle, a minimizing sequence {u, } = {(¢1p,u2n)} C M exists such that

1 = 1
I(u,) <min{B+ —, B}, I(u,) — —|lu, —u|| < I(u), YueM, (2.17)
n n

and {u,} is bounded in H. Therefore, an u exists such that u, — u weakly in H up to a subsequence.
Now, we show that {u,} is a (PS) sequence of I. Take (¢,%) € H with ||(¢,9)|| < 1. Define two functions
Pin, P2n : RB —R by

pinlt k1) = uan + 6+ kuan | — 11 / (s + £ + kun [P

— i [ T 19+ Kuan 2= 3 [ o + 00+ busal ¥l + 10+ g ¥
pan(t, K, 1) = |Jugy + o —l—luQnH% — 1y / |uan + t) + lug, P2

i [z 10+ L2 = B[ 16+ b | g+ 0+l %

Then, p1,(0,0,0) = p2,(0,0,0) = 0. We denote

Arp :/V1|U1n|p1’ Aap :/V2|U2n\an
* 2% 2%
Dy, = /M1|u1n|2 , Doy = /M2|U2n|2*7 D, :/‘ﬂ||uln| 2 |u2n| 2.

Thus, they are all nonnegative. By direct calculations, we obtain
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8p1n 2 2*
= 2l|uin||; — p1A1n —2*D1p + —D,,
210 (0,0,0) = 2usal — 1A~ 2" Di + 5
. 2"
Opan . 2%
g? (0,0,0) = (2 = p2) Az + (2= 2°) Do + (5 —2) D
apln aan 2"
= 0,0,0) = —D,.
ol (0,0,0) ok (0,0,0) 2"

Set

9p1in 9pin
i ::< 22(0,0,0) 221 (o,o,o))_

922n (0,0,0)  2222(0,0,0)

ok ol

Similar to the proof of Lemma 2.5, we have det(H,) > 0. Thus, by the implicit function theorem,
kn(t),1,(t) € C! are well defined on (—d,,d,) for some 6,, > 0 and

kn(0) =1,(0) =0,

Pt kn (), 10 (£)) = 0, pon(t, kn(t),1n(t) = 0, t € (=6, 5,). (2.18)
Then,

1 P2n Pin P2n Pin

k. (0) = Pon [in _ F2n Fin

20 = Gy Cor a1 ot ar ) 000
1 P2n Pln P2n Pin

! - - (rerr/n PR FoR

n(0) det(Hn)( ot ok ok ot 000

By Lemmas 2.1 and 2.3, a constant C' > 0 exists that is independent of n such that
|k (0)], |17,(0)] < C. (2.19)
Let
Gt = Uty + 1O+ kn(t)Urn, Vne := U2y + th + 1, (t)u2y.

Then, (¢nt, ¥nt) € M for t € (=9, 0,). Since (u1p, uz,) € M, by the Taylor expansion, we have

I(¢nt, wnt) - I(ulna u2n)
= I"(U1n, u2n) (td + kn(t)Uin, 10 + L, (t)uay) + r(n,t)
= tI"(u1n, u2n ) (P, ) 4+ o(|[td + kn (t)uin, th + Ly (E)uay||), ¢ — 0. (2.20)

By (2.18) and (2.19), it holds that

kn(t Lo (t
timsup g+ 22Dy g+ 20y <0 (2.21)
t—0 t t

for some C > 0 that is independent of n. Furthermore, (2.17) implies that

Thus, by combining (2.20), (2.21) and (2.22), and if we let t — 0, we have
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1" (uin, u2n ) (6, ¥)| <

31Q

for some C > 0 that is independent of n. Therefore, I’ (u1,,, us2,) — 0 as n — oo. It follows that I’ (uy, us) = 0.
Now, we show that ui,us #Z 0. Let wy, = w1, — w1, Way = Uz, — Uz, then by the Brezis—Lieb Lemma, we

have
JlusnP” = [+ [P+ on), 5 =12

By the fact that (u1n,u2,) € M, I'(u1,uz) = 0 and Lemma 2.4, we have

/ Vwi,|? = / (rwinl®” + Blwin| T Jwan| T) + o(1), (2.23)
/ [Vws,|? = / (H2lwon|®” + Blwin| T Jwan| T ) + o(1), (2.24)
I(uip, uzn) = I(ug,uz) + f(wlmwgn) +0(1), n — 0. (2.25)

We may assume that [ |Vw;,|? = b; as n — oo, via a subsequence if necessary. Then, by (2.23) and (2.24),

we have

1
I(wyp, wap) = N(bl +b2)+0(1), n— 0.
By combining this with (2.25), we obtain

1
B = lim I(Uln,’LLQn) = I(U17UQ) + N(bl + bQ) 2 I(ul, UQ) Z 0. (226)

n—oo

Case 1: Assume that uy,us = 0. Then, 0 < by, bs < 00, Wiy, wa, £ 0 for a sufficiently large n. Similar to
the proof of Lemma 2.2, it holds that t1,,, 2, > 0 exist such that (t1, w1, tapwa,) € M. We claim that

lim tln = m tzn =1 (227)

li
n——+oo n——+4oo

by a subsequence if necessary. We may assume that
Ey, = / |Vwin|? = by, Eop = / |Vwan|* — ba;
Dy, = /,U/1|w1n|2* —d1, Doy = /M2|w2n\2* — da,
D, = |5|/\w1n|%|w2n|% S d, n— +oo.

Then, di,ds,d < 400, and by (2.23) and (2.24), we have

di=b1+d>b; >0, do =by+d>by >0. (228)

Since (t1nWin, tanwayn) € M, we have
* 2* 2%
t2 Dy =13, By, +t 5 t,2 Dy > 13, By, (2.29)

* 2 2%
t5,Dan = 13, By + t% to2 Dy, > 15, Foy,. (2.30)
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Thus,
o9 Er by o Eop  bo
272> 0, 250, 272> - = >0. 2.31
"= Dy, T d T Dy, dy (231)

Assume that ¢1,, — 400 up to a subsequence, then by (2.29) and (2.30), we have tg,, — +00 and thus

d>= lim D?
n—-+oo
2% o_ 2% 2% o_ 2%
_ gy AnDin =ty * Ein to Don — tyy * Eon
= i . z
e ty, t,
= lim (Dy, — 1, E1n) (Do — 13,% Ern)
= didy > d?, (2.32)

which is a contradiction. Thus, t1,,t2, are uniformly bounded, and then by (2.31), we may assume that
tin = t1 >0, to, — ta2 > 0. Let n — +o0 in (2.29) and (2.30), we have

By = T by bt d, b dy = £ byt d. (2.33)
If d = 0, by combining with (2.28), it holds that ¢t; =t = 1. Now, we assume that d > 0. Let
h(t) ==t d — 2% by, t > 0.
Then, h(t) is increasing when ¢ > ty, where

oo o5 T b
24, dy

2%
By (2.31), t; > to. If t; < 1, then from (2.33), we have t.> d < h(1) = dy — by = d, i.e., t2 < 1. Then, by
(2.28) and (2.32), we have

d? = (dy — 272 b)) (dy — 2727 by) < &2,
which is a contradiction. Similarly, if ¢; > 1, we have t2 > 1 and thus
d? = (dy — 272 b)) (dy — 27 by) > 2,

which is also a contradiction. Thus, we prove the claim (2.27). Then, by (2.26) and the definition of B, we
have

o - 1

B < lim I(tinwin,tanwen) = lm  I(win, w2,) = (b1 +b2) < B,

n—-+oo n—-+oo N

which contradicts Lemma 2.2. Therefore, Case 1 is impossible.
Case 2: Assume that uy # 0, ug = 0 or u; = 0, ug Z 0. We may simply consider the former case, and
thus bs > 0. By the proof of Case 1, we may assume that b; = 0. By the Holder inequality and using

w 2%
the same denotations employed in Case 1, we have d = 0. Then, Es,, = D, + 0(1) < uQS’%EQfL. Thus,

_N-2
by >y 2 S 2. Since ug = 0, we find that u; is a nontrivial solution of
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—Au+ Mu = vy |uP72u A+ g |ul? 2.

Then, by (1.6) and (2.26), we have

N-—2 N
2

1 1 _
B=1 —by > B — 2 8
(u1,0) + sz > DBy + N2 ,

which also contradicts Lemma 2.2. Therefore, Case 2 is also impossible.

Thus, we have shown wuy,us Z 0 and then (uj,us) € M. By the definition of B and (2.26), we have
I(uy,ug) = B. Then, (|u1|, |uz|) € M and I(Ju1],|uz|) = B. By Lemma 2.5, we have I’(|uy|, |uz|) = 0. By
the maximum principle, we have |u1], Juz| > 0 in Q. Consequently, (|ui,|uz|) is a positive ground state
solution of system (1.7). Next, we complete the proof. O

Remark 2.1. The condition 8 > —,/u1p2 ensures that

. . E
Jtalur® + patual) + [ 250l ual ¥ >0,
which is very important in many estimations, such as the boundedness of the minimizing sequence. However,
it might not be the sharp interval of § for the existence of a positive ground state solution to system (1.7).
This remains an open problem, as mentioned in the introduction.
3. Proof of Theorem 1.1 for 8 > 0

In this section, we always assume that § > 0. Define the minimax value

= inf I(~v(t
¢:= Inf max (v(t)),

where
I':={y € C([0,1], H) : 7(0) = (0,0), I(y(1)) <0}
It is easy to confirm that T’ # (). For any given u = (u1,u2) € H\(0,0), we have
max I(tuy, tug) = I(tuur, tyus) (3.1)

for a unique ¢, > 0 that satisfies

Il = [ Sl 17 ST wlus o+ 2l el ). (32)

J J

Set

M’ = {(u1, uz) € H\{0,0} : I'(ug, up) (uy, uz) = 0}. (3-3)

The condition in (3.3) is
) * 2* 2*
K(u) = [[uf* - /Zvjlujlpf - /(Z pilu >+ 28Jur | Jus| ) = 0.
J J

Then, (3.2) implies that (tyu,tyus) € M'. It is well known that (see [32])
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c= inf max[I(tuy,tus) = inf I(u).
ueH\(0,0) >0 (bus, tus) ueM’ ()

By the Sobolev inequality and since M C M’, we find that
0<c<B. (3.4)

Similar to Lemma 2.2, we also have an upper bound for c. First, we need the conclusion proved in [14].
Define

* o

1 1 N N 2% 2%
Io(u) == 5||u||2 ~ 5 /(u1|u1|2 + paluz® + 2Buy” uy? ),

RN

and

:= inf
0, i PO

where
Lo := {7 € C([0,1], H) : 7(0) = (0,0), Lo (7(1)) < 0}
Lemma 3.1. If we assume that 3 > 0, then co < B.
Next, we have the following lemma.
Lemma 3.2. If we assume that 3 > 0, then
¢ < min{By, By, B}.

Proof. First, since for any u € H, it holds that I(u) < Iy(u), so we find that I’y C T'. Then, by Lemma 3.1,
we obtain

< inf Io(v(1)) < B.
¢ < inf max o(7(t) <co <

Now, we show that ¢ < B;. Recall that vy, v are defined in (1.6) and let v(I) := (v1,lv2), t(I) := tyq), as
defined in (3.2), i.e.,

/(Vlvfl +M1Uf*)+/(V2|l\pQU§2 + p2ll* 03)
- /(t(l)p‘_%l?}f1 (1) P lfPf?)

* gk

. . - +o2r 2
0 [ o+ ol o+ 280 % o o)),
Thus, ¢(0) = 1. By direct calculations, we obtain

2t 2+
im t'(1) __ Tﬂf”f vy’ — _9*Y
=0 1|7 —2 (p1—2) [vivf* + (27 = 2) [ paof”

Therefore,
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(1) = =2 V|| = ~21(1 + o(1)), 1 — 0,
and thus
t(l) =1—2V]I|Z (14 o(1)), I — 0.
Consequently, for j = 1,2,
t1)P =1 —2p, V]I (1+0(1)), t()> =1—2-2°V]I|F (1+o(1)), L = 0.
Therefore, a constant C' > 0 exists such that

¢ < I(t(Dvy,t(1)lvg)

1 1 1 1
= [1G = P + (5 = P altpof?]
1 1 * . N 2* 28 2t
(= 0 [t +pall? o+ 250 0 o)

11 11 . . )
<(5 _p_)/vwfl +(§ B 2_*)/%0% = Cl* +o(li*)

< By, for [ that is sufficiently small.
Similarly, we can check that ¢ < By. This completes the proof. O
We also need to consider the corresponding minimax value of the problem (2.2). Define

B’ := inf I(u),
ue M’

where

M= {(u1,uz) € H\(0,0) : I'(uy, uz)(u,uz) = 0}.
In [14], the authors proved the following conclusion.
Lemma 3.3. If we assume that 3 > 0, then B' = B.

Proof of Theorem 1.1 for 8 > 0. Since g > 0, it is easy to see that I satisfies the mountain pass geometry.
Thus, a sequence {u,} C H exists such that

I(un) — ¢, I/(un) — 0, as n — +oo.

Similar to the proof of (2.3), we can show that {u,} is bounded. We may assume that u,, = u weakly in
H for some u := (uj,us) € H and I’(u) = 0. Now, we show that uy,us # 0. We still employ the same
notations used in Section 2, i.e., let w1, = w1, — U1, Way = Uz, — ug. As in (2.26), we have

1
c= lim I(uln,u2n) = I(Ul,UQ) + N(bl + bg) Z I(ul,u2) >0 (35)

n—oo -

Case 1: Assume that uy,us = 0. Then, by (3.5), we have by 4+ by > 0 and thus (wi,,ws,) # (0,0) for
a sufficiently large n. Similar to (3.1), t,, > 0 exists such that (t,win, tawa,) € M’. Recall that wi,, way,
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satisfy (2.23) and (2.24), and thus we find that t,, — 1. Then, by (3.5), the definition of B’ and Lemma 3.3,
we obtain

1 o o .
€= N(bl + bQ) = ngg-loo I(wlnv wQTL) = lim I(tnwlnvtnu@n) > B = B,

n—-4oo

which is a contradiction with Lemma 3.2. Therefore, Case 1 is impossible.
Case 2: Assume that u; = 0, us Z 0 or uy £ 0, up = 0. We may simply consider the latter case. Then,
u1 is a nontrivial solution of the equation

—Au+ Mu = vy |[uP2ug + g fu)? "
By (1.6) and (3.5), we have
¢ > I(u1,0) > By,

which is also a contradiction of Lemma 3.2. Therefore, Case 2 is also impossible.

Thus, we have shown that uj, ug #Z 0 and thus (u1,u2) € M. By (3.4) and (3.5), we have B < I(uq,u2) <
¢ < B, ie., I(u1,us) = B = c¢. Then, (Jui], |ug|) € M C M’ and I(Ju1l,|uz|) = ¢. Similar to the proof of
Lemma 2.5, we have I’(|uz], |uz|) = 0. Indeed, we find that a Lagrange multiplier L € R exists such that

I'(Jual, Juz|) — LK (Jua ], Juzl) = 0.
Then,

0 = I'"(|u, [uz])(Jual, [us]) = LK (|ua], [uz])(Jul, [uz])
L . 2ot
= L[2[u]? - /ijl/j|uj|p] -2 /(Zujlqu + 2B u1| 2 Juz| 7))
i j

:L[/Z(Q_pj)l/j|“j|pj + (2_2*)/(Zﬂj|uj|2* + 28 ur | 7 Jus| ),

J

which implies that L = 0, and thus I’(Ju]) = 0. By the maximum principle, we have |u], |uz| > 0 in Q.
Consequently, (Juq],|usz|) is a positive ground state solution of system (1.7). This completes the proof. O

4. Proof of Theorem 1.2

Proof of Theorem 1.2. First, we present (1) in Theorem 1.2. By multiplying the equations in system (1.7)
with the first eigenfunction ¢; and integrating over 2, we obtain

(A(Q) + )\1)/U1¢1 = /(Vluzl)ﬁld)l + mu? g +5U1%Uf¢1)7

Q Q
(A (92) + >\2)/U2¢1 = /(V2U12)271¢1 + pou? "oy + 5“17117_4?71)-
) )

Then, it is easy to see that when \; < —A1(Q), v;,u;,8 > 0 for j = 1,2, system (1.7) does not have any
positive solutions.

If  is star-shaped with respect to some point yo € R and (uy,us) is a solution of (1.7), and then by
the Pohozaev Identity, we have
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1 ou ou
7 [t g [UGR 4G = ) s

V;
/Z ]|“J|p]+ Z“J|“J|Q + 28w | [uz| T __/Z/\ uj

Since (u1,usz) also satisfies

/Z\le“/ZwWﬂ“*/Zwum +28Jur |7 [ua 7)) /ZAJ u2,
J J

if A; > 0and v; <0 for j = 1,2, then we have

8’le1 8u2
0< o [P +152F) e~ o) - nds
o

1 1
~Gr ) [T+ [5G, gl <o
where n is the exterior unit normal. Therefore, (2) follows in Theorem 1.2. O

5. Proof of Theorems 1.3-1.5

Proof of Theorem 1.3. The proof depends on direct calculation. Since (a1, az) satisfies (1.8), for any ¢ €
C§°(92), then we have

— *_ 2* _ 2*
V1/|CL1’U|p 2a1v<p+u1/|alv|2 Qalvgp+ﬁ/|a1v| T 2a10|agv| T @
= al(”/|U|p_2w+/|v|2*_2w) = (a1v, o)1

Therefore, (a1v, agv) satisfies the first equation in system (1.7). Thus, Theorem 1.2 follows easily. O

Proof of Theorems 1.4 and 1.5. When —X;(£2) < A < 0, the solution w of (1.9) that we use is the positive
one obtained in [8], whereas when A < —\{(2), as shown in Theorem 1.2(1), any solution of system (1.1)
must be sign-changing, including w. Since a1, a9 in (1.10) satisfy

piaf + faj =1, pza3 + fai = 1.

Similarly, we can also construct solutions as (ajw, asw). We can verify that Theorem 1.4 holds.
For Theorem 1.5, we recall a result about the equation:

_ — B
{ Au + Au = wu”,in €, (5.1)

u = 0 on 012,

where Q@ C RY(N < 3). For any A € R, problem (5.1) has infinitely many nontrivial solutions (see [32,
Corollary 3.9]). When A > —A1(€), (5.1) has a positive solution (see [32, Theorem 1.19]) as well as infinitely
many sign-changing solutions (see [33, Theorem 5.7]). Therefore, for any A € R, (5.1) has infinitely many
sign-changing solutions, which can be used to construct solutions of system (1.1) when Ay = Aa = A. Then,
the last theorem follows, as shown in Theorem 1.4. 0O
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