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1. Introduction

We consider the following variational problem. Let 2 C R™ be a bounded domain and let

J |Aul? dz

Ru, Q) = & ———
(u, ) J IVu|? dx
Q

for u € HZ?(2). We set R(u,Q) = oo if the denominator vanishes. We define
A(Q) = inf{R(u,Q) Lue Hg’z(Q)}. (1.1)
The infimum is attained by the first eigenfunction u, which solves the Euler Lagrange equation

A?u+A(Q)Au=0 inQ (1.2)
u=0,u=0 1in L. (1.3)

If we normalize u by || Vul|2(q) = 1, the first eigenfunction is uniquely determined. Otherwise any multiple
of u is an eigenfunction as well. The sign of the first eigenfunction may change depending on ).
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The quantity A(2) is called the buckling eigenvalue of Q. It is well known that there is a discrete spectrum
of positive eigenvalues of finite multiplicity and their only accumulation point is co. The corresponding
cigenfunctions form an orthonormal basis of Hg*(5).

In the sequel, we will assume that u is normalized. If we multiply (1.2) with z - Vu and integrate by
parts, we obtain

AQ) :%/\Au\%-yds (1.4)
o

In 1951, G. Polya and G. Szegé formulated the following conjecture (see [8]).
Among all domains Q of given volume, the ball minimizes A(Q).

This conjecture is still open. However, partial results are known. In [9] Szegd proved the conjecture for
all smooth plane domains under the additional assumption that u > 0 in Q. M.S. Ashbaugh and D. Bucur
proved that among simply connected plane domains of prescribed volume there exists an optimal domain [1].
In [10] H. Weinberger and B. Willms proved the following uniqueness result for n = 2. If an optimal simply
connected bounded plane domain (2 exists and if 9 is smooth (at least C*?), then Q is a disc.

There also exist bounds for A(2). We mention only Payne’s inequality (see [7]), which states that

A(Q) = A2(9), (1.5)

where Ay denotes the second Dirichlet eigenvalue for the Laplacian. Equality holds if and only if €2 is a ball.
This result holds for any dimension.

In this paper, we assume that there exists an optimal domain 2 C R"™, which is smooth and such that
the boundary 0f2 is connected. For planar domains this is the assumption of simply connectedness of 2. We
then prove that € must be a ball. Thus we generalize the result of H. Weinberger and B. Willms in [10] to
higher dimensions.

Considering the second domain variation for A(f2) is motivated by the work of E. Mohr in [6]. He was
interested in the clamped plate eigenvalue, where

[ |Aul? dx
R(u,Q) = Q—f =
Q

and Q is a smoothly bounded domain in R2. For the corresponding eigenvalue he computed the second
domain variation. The explicit computation of the kernel of the second domain variation then implies that
the disc is a unique minimizer among smooth domains of equal volume.

Our strategy will be as follows. In Section 2 we introduce a smooth family (£2;); of perturbations of
Q of equal volume. We denote by A(t) := A(Q;) the corresponding first buckling eigenvalue of €;. As
a consequence of the optimality of ), the eigenfunction u satisfies the overdetermined boundary value
problem

A?u+ A(Q)Au=0in Q (1.6)
u=0dyu=0in 0 (1.7)

2A(Q)

“or v (1) (1.8)

Au = ¢y in 0f2, where ¢y =



256 K. Stollenwerk, A. Wagner / J. Math. Anal. Appl. 432 (2015) 254-273

This follows from the fact that the first domain variation of A(§2) — computed in Section 3 — for an optimal
domain necessarily vanishes. The equations (1.6)—(1.8) are the starting point for the proof of Weinberger
and Willms. In a first step they substitute v(z,y) = Au(z,y) and w(z,y) = xdyv — yOv (for n = 2). For
w they derive the equation

Aw+AQQw =0 1inQ w=0 1in 0Q.

This implies that A(Q) is equal to an eigenvalue A;(€2) of the Dirichlet Laplace operator for some &k € N.
Clearly w = 0 implies radial symmetry of u and the conjecture is proved. To exclude w # 0 they apply
more involved arguments. In particular the authors show that in the case w # 0 the ball of equal volume
as {2 has a strictly smaller first buckling eigenvalue. This contradicts the assumed minimality of 2. A good
reference is Chapter 11.3.4 in [3].

It is not immediate how to deduce A(2) = Ax(92) in higher dimensions. Even if one could show this, the
discussion of the case w # 0 would need completely new ideas.

This is why we use (1.6)-(1.8) to get more information about the nonnegative second domain variation
of A(€2). The main result of this paper is the derivation of the inequality A(Q) < \3(£2). Payne’s inequality
(1.5) gives us the reverse inequality. Thus we are in the case of equality in (1.5). This implies  is a
ball.

We now describe how we get the inequality A(2) < A3(2). In Section 4 we compute the second domain
variation of A(€). It turns out that

A0 = SA0

_ 2/|Au’\2 —2A(Q)/\Vu’|2dac, (1.9)
t=0
Q Q

where v’ is the so-called shape derivative of u. It solves

A + A(Q)Au' =0 in Q (1.10)
v =0 in 90 (1.11)
dyu' = —cov.v in 0N (1.12)
and
/Vu.Vu' dz = 0. (1.13)
)

The vector field v is the first order approximation of {); in the sense that for y € €2; there exists an x € )
such that

y =+ tv(z) + o(t).

Thus, A(0) is equal to a quadratic functional in the shape derivative u’ which we denote by £(u') and & (u’)
is given by the right hand side of (1.9). Since we assumed the optimality of 2, we have £(u’) > 0. It turns
out that the kernel of £(u') contains the directional derivatives O, . .., d,u of u. Each directional derivative
is a shape derivative, which corresponds to a domain perturbation given by translations.

The key idea is to enlarge the class of shape derivatives on which £ is defined. This new class will be
denoted by Z and contains the shape derivatives as a true subset. Nevertheless we can show that £ is still
bounded from below and even nonnegative on Z. Moreover minz & = 0 since the directional derivatives of
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u are in Z. This is done in Section 5. In Section 6 we construct a function ¥ € Z for which we will show
0 < &(1) < (A2(2) — A(Q)) A2(2).

This implies A(2) < A2(Q).
Some of these results were obtained in the Diploma thesis of the first author [5].

2. Domain variations

Let Q be a bounded smooth (at least C%%) domain in R™ for which 9 is connected. We denote by v
the unit normal vector field on 9. Let ¢ be the distance function to the boundary, i.e. for 2 € Q we have

d(z) :=1inf{|x — 2| : z € 00Q}.

Then, for smooth 02, v := V4 defines a smooth extension of v into a sufficiently small tubular neighborhood
of 9€). With this the following identities hold.

v-v=1, v-Dv=0 and Dv-v=0 (2.1)

on 9f. See e.g. Proposition 5.4.14 in [4] for a proof.
Moreover, the mean curvature of 02 is bounded since €2 is smooth, i.e. for each x € 9 there holds

|Hoq(z)] < I%%X |Hpq| < oo. (2.2)

We will frequently use integration by parts on 9€2. Let f € C1(9Q) and v € C%1(9£2, R™). The next formula
is often called the Gauss theorem on surfaces.

?{fdivc'ggvds = — %U -V fdS + (n - 1)j{f(v . V) Hypq dS, (23)
o N o
where
Vf=Vf—(Vf- v (2.4)

denotes the tangential gradient of f.
In this section, we describe the class of admissible variations for the domain functional A(Q2). For given
to > 0 and t € (—to,to) let (24); be a family of perturbations of the domain € C R™ of the form

Q= 04(Q)
where
(I)t : Q — Rn

is a diffeomorphism which is smooth in ¢ and z. Thus we may write

t2
Q= {y =z +tv(z) + 5w(x) +o(t?) 1 x € Q, t small},

where
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v=(v1(x),v2(x),...,05(x)) = 0pPs(x)|t=0
and

w = (wl(:L'),’LUQ(l'), ) wn(x)) = atz(I)t(x)h:O

are smooth vector fields and where o(t?) collects terms such that %22) — 0 as t — 0. For small ¢y the sets

Q; and Q are diffeomorphic. We will frequently use the notation y := ®;(x). Consider the functional
A(S) = inf {R(u, Q) + we B ()},

which only depends on €. Let u(t,y) € Hg’Q(Qt) be the minimizer. For short we will write

a(t) == u(t,y). (2.5)

Then @(t) solves
A2a(t) + A(Q)AG(t) =0 in Q (2.6)
a(t) = |Va(t)] =0 in 0Q, (2.7)

for each ¢ € (—tg, tp). With this notation we define
A(t) == R(a(t), Q).

Since we assume smoothness of 2 and ®;, the eigenfunction @ is also smooth in ¢ and z. This has several
consequences, which we list as remarks.

Remark 1. Since 0€); is smooth and since @(t) = 0 on 9, then necessarily
At = 0%+ (n —1)0,0 Hpq, in S, (2.8)
where Hpq, denotes the mean curvature of 9. Clearly, if @ = |Va| = 0 on 99, then necessarily
Al = 9% in O%. (2.9)
Remark 2. Since (2.7) holds for all ¢ € (—tg, %), we also have
a(t) = |Vi(t)| =0 in 0Q (2.10)
for all t € (—to,to).

Remark 3. Straightforward computations yield

(1) = St y) = Ou(t, B(@; () + @B (0) - Vult )

for all t € (—to,t0). Let y € 9. Then (2.10) and (2.7) imply
0 = u(t) = Oyu(t,y) for y in O (2.11)

for all t € (—to,to).
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In particular for t = 0 we compute @(0) = u(x) and

w(0) = 0yu(0,2) + v(x) - Du(0, )
@(0) = 82u(0,z) + 2v(z) - DO (0, ) + w(x) - Du(0,2) + v(x) - D (v(zx) - Du(0,)).

We will use the notation
u'(x) := Ou(0,x)  and  u”(x):= 0u(0,x).
Hence,

(0) = v/ (2) +v(z) - Du(x)
(0) = u"(z) + 2v(z) - Du/(z) + w(z) - Du(z) + v(z) - D (v(z) - Du(z)).

S

Note that all these quantities are defined for z € Q. For = € 9Q we thus get

0 =u(0) = u'(x) and 0= Va(0) = Vi'(z) +v(z) - D*u(z),

259

where (v(z)-D?u(z)); = Y1, vi(2)9;0;u(z) for j = 1,...,n. Thus, we get the following boundary conditions

for u'.
u'(r)=0 and 9/ () = —v(x)- D*u(x)-v(z) for x € IN.

n

Here we used the notation v(z) - D?u(z) - v(z) = > i =1 Vi(2) 0 0ju(z)v;().
Let v4(y) be the unit normal vector in y € 0€;. We also write this as

vi(y) = v(t, D¢(x)) YVt e (—to,to) x € 0N
Then we have
Vi =-V"(v-v), v =0.

This follows from direct calculations (see e.g. (5.64) in [4]).
Lemma 1. With the notation from above the following equality holds.

ve - V(Owu(t,y)) = —Au(t,y) v - 0,0(P7 (y))  fory in O
for all t € (—to, to). Alternatively, we write this for all t € (—to,to) and x € IQ as

v(t, ®i(x)) - V{Ou(t, @¢(x))} = —Ault, ®:(z)) v(t, Pi(x)) - 01D ().

Proof. Since Vu(t, ®4(x)) = 0 for all [¢| < ¢y and all x € IQ, we have

0= % Vu(t,®¢(z)) = Voru(t, ®:(x)) + D*u(t, @4(z)) - 0;P¢(z).

This implies

0= v, - V(Qeult,y)) + vi - D2ult,y) - 0:®,(®;  (y)) for y in IQ

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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for all t € (—tg,to). Here we used the notation

ve - D2u(t,y) - 0:®¢(®; (y)) = Z v - 0;05u(t,y) - 8, (®; (1)),

ij=1
Since Vi(t) = 0 in 9, we get
v - D2u(t,y) - 0@ (B (y)) = ve - D2ult,y) - v vy - 0;0(; ().
Thus,
v - V(0wu(t,y)) = —vg - D?u(t,y) - vy vy - 0,84(®; 1 (y))  for y in 0Q.
Formula (2.9) simplifies to
ve - V(0uu(t,y)) = —Ault,y) vy - ;0 (D, *(y)) for y in 9.

This proves the lemma. 0O

The first derivative of A(t) with respect to the parameter t is called the first domain variation and the
second derivative is called the second domain variation.

Our domain variations will be chosen within the class of volume preserving perturbations up to order 2.
Hence, they are chosen such that

L") = L™(Q) + o(t?) (2.19)

holds. This puts constraints on the vector fields v and w. They were discussed e.g. in [2], formula (2.13) and
Lemma 1.

Lemma 2. Let v,w € C%1(Q,R"™) be such that (2.19) holds. Then

/divv dr =0 (2.20)
Q

and

/ ((divv)® — Dv : Dv +divw) dz =0,
Q

where Dv : Dv = Z?jzl 0;vj 0jv;. The second equality is equivalent to

/(U~u)divvdS—/v~Dv-de—|—/(w-1/)dS:O. (2.21)
o0 o0 o0

Note that rotations do not satisfy these conditions (see e.g. Remark 1 in [2]).
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3. The first domain variation

We will use the following formula for the computations of the first domain variation of A. It is well known
as Reynold’s transport theorem and is analyzed in detail in Chapter 5.2.3 in [4].

Theorem 1. Let t € (—tg,tg) for some ty > 0. Let ®; € CO%Y(R™) be differentiable in t and let t — f(t) €
LY(R™) be a function which is differentiable in t. Moreover, let f(t) € WY (R™). Thent — I(t) := [ f(t)dy
Qy

is differentiable in t and we have the formula
)= [ (0 + div () (8 (1) dy,
Qq
If 09 is sufficiently smooth (at least Lipschitz continuous), this is equivalent to

i) = [auf®dy+ [ 700227 W) v(w) dSw).
Q¢ o
In particular, for t =0 we get
H0) = [ 0@+ v (10) o)
Q

Again, if O is sufficiently smooth, this is equivalent to
10) = [ 2 @lnde + [ 0)o(a) - vla) dS(o)
Q o0

We apply this formula to A(t) = % where

D) ::/|Aa(t)|2dy and  N(t) ::/|V71(t)|2dy

Qy Q¢

and we assume the normalization

N(t) =/|Vﬂ(t)|2dy: 1 Vte (—to,to)- (3.1)
Qy
We then obtain
At) = Z/Aa(t) Adyu(t) dy — 2 A(¥) /Vﬂ(t) -Vopu(t) dy (3.2)

Q

o
+ / D) 0,8(B; (4) - v4(y) dS (),
o0

where v4(y) denotes the unit normal vector in y € 9€;. We integrate by parts and use (2.10). Then
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= 24 u tU u v, OtU
At 2/{A 1)+ A(t) Ad(t)} oy dy+2m/A()8t8()dS()

2 / By, AN(1)0,i(t) dS(y / |Ad()? 08B (4)) - v4(y) dS (1),

o o

The first integral vanishes since (t) solves (2.6). The third integral vanishes since (2.11) holds. Finally we
use (2.17). This proves the following lemma.

Lemma 3. Let 4(t) be an eigenfunction (i.e. a solution of (2.6)-(2.7)) and assume (3.1) holds. Let

= / |Aa(t)]? dy.
Q

Then

== [ 80P o2 ) () dS(). 33)

o

Remark 4. Note that if 9;®;(®;(y)) - v(y) > 0, this implies £7(Q;) > £"(Q2) for small . Thus, A(t) is
negative in this case. We conclude, that the first buckling eigenvalue is decreasing under set inclusion.

From Lemma 3 we get in particular
—/|Au|2v(x) u(z)dS(@).
Q

From Lemma 2 and (2.20) we deduce |Au| = const. if  is a critical point of A(t). Due to formula (1.4),
this constant is equal to

24(0)

T (3.4)

Co ‘=

We summarize this result as a theorem.

Theorem 2. Let ; be a family of volume preserving perturbations of Q as described in Section 2. Then )
is a critical point of the energy A(t), i.e. A(0) =0, if and only if

Au = ¢y on 0. (3.5)

In particular, u is a solution of the overdetermined boundary value problem

A?u+AQ)Au=0 inQ (3.6)
u=0,Vu=0 1in 99 (3.7)
Au=1c¢y >0 in 0. (3.8)

Note that if we set U := Au+ A(Q)u (3.6)—(3.8) imply

AU =01in Q and U = ¢ in 092.
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Hence,
U=Au+AQ)u=cy in Q. (3.9)
From [10] we know that for n = 2 this implies that 2 is a ball. In particular,
O, Au=0 in 09Q2. (3.10)
These considerations are only valid if we assume that 0§ consists of one connected component only.

4. The second domain variation

Throughout this section we assume that € is an optimal domain, i.e. A(0) = 0 and A(0) > 0. This implies
that u solves (3.6)—(3.8) and (3.9). As a consequence (2.14) reads as

W(r)=0 and 9 (z) = —cov(z) v(z) for =€ IN. (4.1)

Note that if we differentiate (2.6) (2.7) in ¢ = 0 and use the fact that A(0) = 0, we obtain an equation
for w':

A% () + A(Q)AY () =0 in Q. (4.2)

The boundary conditions for u’ are given by (4.1). Furthermore, the normalization (3.1) implies

/Vu V' dz = 0. (4.3)
Q

We recall formula (3.3). Before we differentiate with respect to ¢ again we state the following consequence
of Reynold’s theorem (see e.g. Chapter 5.4.2 in [4]).

Theorem 3. Let Q) be a bounded smooth domain of class C3. Let t € (—to,to) and let ®; € COL(R™)

be differentiable in t. Let t — g(t) € LY(R™) be a function which is differentiable in t. Moreover, let

g(t) € WHYR™). Thent — J(t) := [ g(t)dS(y) is differentiable in t. For t =0 we have the formula
o,

J(0) = /3t9(0) + (v(@) - v(2)) {9,9(0) + (n = 1)g(0) Hoa(z)} dS(),
o2

where Hyq denotes the mean curvature of 0S) in x.

We apply this theorem to (3.3). It is convenient to apply (2.17) and to rewrite (3.3) as

At) = / Ad(t) vy - V(@ult,y)) dS(y).

o,

Let

g(t) := Aa(t) v - V(deult, y)).
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An application of Theorem 3 yields

A0) = / A/ d,u’ dS + / Auv' - V' dS + / Au d,u" dS
o

a0 a0
+ /(v V) Oy (Au dyu')dS + (n — 1) /(v V) Aud,u’ Hoq dS. (4.4)
a0 a0
Note that
vy, =11in 0y = v-v =0 in 99,
where

V'(z) = 0w(t, ®1(z))|t=0 for =z € IN.
Since (4.1) implies Vo' = d,u’ v, this implies
/Auu' -Vu'dS = 0.
[2]9]
For the fourth integral we apply (3.5) and (3.10).

/(v V) 0y (Audyu')dS = /(v V) Oy, Au dyu’ dS + /(v V) Au 02 dS
80 89 89

=0+c¢o /(v ) 0%’ dS.
o0

With the help of (4.1) and (2.8) we write
63 "= Au’ — (TL — 1)8,,’1/ H@Q.

Hence,

/(v V) 0, (Au d,u’) dS = g /(v V) Au' dS — co(n — 1) /(v V) Oyu’ Haq dS.
oQ Q oQ
Our computations yield a first simplification of (4.4):
A0) = /Au' dyu' dS + / Au dyu" dS + ¢ /(v -v) A’ dS.
o0 o0 0

In the first integral on the right hand side we use (4.1) again. Thus, we get
£(0) = o / o dS (4.5)
GIe)

In order to find a lower bound for A(0), we analyze the integral in (4.5). Recall (2.18). We differentiate this
equation with respect to ¢ in ¢ = 0. Then (3.10) and (3.5) yield
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vV Vi +v-Dv-Vu' + 00" +v-D* v
=—-Au (v-v)—co(v-V)—cov-Dv-v—co(w-v).
As before, v/ - Vu' = 0 on 09Q2. Moreover, by (4.1)
v-Dv-Vu' =—cov-Dv-v(v-v)=0,

where the last equality follows from (2.1). Thus,

A0) = —co /(U~V)Au’dS—c0/V~D2u’~vdS

o0 a0
—Cg/(U~V’)d$—c§/v-Dy-vdS—c§/(w-l/)dS.
o) o0 o0

265

(4.6)

For the first integral we use (4.1) and we observe that Gaufl theorem, partial integration and equation (4.2)

for u’ give

o0

—co /(v-u) Au'dS:/Au’ 8,,u’dS:/|Au'|2 dw—A(Q)/\Vu’Fdw.
89 ) Q

(4.7)

The second integral is slightly more involved. We set v™ = v — (v - v)v. Since V' = (9,u’)v and since (2.8)

can be applied to u’, we get

—co /v -D*u' -vdS = —¢p /UT -D* -vdS — ¢ /(v V) (Au' — (n —1)9,u’ Hpq) dS

o0 o0 o0
= —co /’UT'D(ayu/l/)'VdS—Co /(v-u) Au'dS
89 89
—c2(n—1) /(v -v)?2 Hpq dS.
89

For the last equality we also used
vT-Drv-v=2v"-Dv-v=0 in JQ.

Next we note that with (4.1) we have

—CQ/UT'D(ayu/l/)'VdSZ—Co/UT'DT(ayu/V)'VdSZC(QJ/UT'DT((U'V)I/)'I/dS

o0 o0 o0

=c2 /’UT -V (v-v)dS,
o0

where the last equality uses (2.1).
For the third integral in (4.6) we apply formula (2.16):

—c? /(v~u')dS:cg/voVT(vw/)dS:cg/vToVT(vq/)dS.

o0 o0 o0
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These computations simplify (4.6) and we obtain

A(0) =2 /Bl,u’ Au' dS + 2¢2 /vT V7 (v-v)dS —ci(n—1) /(v -v)? Hpq dS
89 99 89

—cg/v~Dl/~vdS—c§/(w-V)dS’. (4.8)

o0 o0
Next we use the volume constraint (2.21).

—c? /(w-y)dS:cg /(’U'V)diV’UdS—C%/’U.D'U.I/dS
o2 o0 50

= /(U'V)diVaQUdS—cg/UT~DTv-udS.
o0 o0

We integrate by parts in the first integral (see formula (2.3) and (2.4)).

—c5 /(w~v)d5=—c%/vT-DT(v~u)ds+c§(n_1> /(v~u)2HanS
o o0 o0

—c? /vT~DTfU~1/dS.
o

Thus, (4.8) becomes

A(O)z?/&,u’Au’dS—i—c% /UT~VT(U-V)dS—cg /UT~DTU-1/dS
o9 99 89

fcg/"lewvdS.
o

An application of (2.1) and (2.16) yields

vV (v-v)—v"-Dv-v—v-Dv-v=v"-D'v-v—v-Dv-v

=—(w-v)v-Dv-v=0.
Thus, with (4.8) we proved the following lemma.

Lemma 4. Let v’ be the shape derivative of u resulting from a volume preserving perturbation of ). Then
there holds

where

EM) :/|Au’\2da:—A(Q)/|Vu’|2dx.
Q Q
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5. Minimization of the second domain variation

In this section we consider the quadratic functional

£(o) = [ 1apP do - A@) [ V6P da (5.1)
Q

Q

for ¢ € Hy® N H?>2(Q). Tt will be convenient to work with an alternative representation of £. For ¢ €
Hy® N H?2(Q) there holds

/ D2 — A(Q)|Vigl? da + / Agdyp — ¢ D vdS.

We apply (2.8) and (2.1).

Apd,p — - D*p-v =020 0,0+ (n—1)(0,¢)* Hog — ¢ - D*p - v
=v-D?0-v(v-Vo)+ (n—1)(0vp)* Hoo — ¢ - D*¢-v
= (n—1)(d,%)? Hoq.

Consequently, we get

o) = [ 1D do— M) [ 1V da+ (n-1) [0 Hon ds. 5:2)
Q Q

o

Remark 5. The functional £ is lower semicontinuous with respect to weak convergence in H& 2NH 22().
Since € is optimal, we know from Lemma 4 that
E(p) 20
for all ¢ which are shape derivatives of u. Recall that ¢ is a shape derivative, if it solves (1.10)—(1.13) for
some vector field v in the class described in Section 2 (Lemma 2).
The following remark shows a property of shape derivatives we have not yet mentioned.
Remark 6. Let ¢ be a shape derivative and assume that 0, = 0 in 0. Then ¢ € Hg 2(Q) and, since ¢

satisfies equation (4.2), ¢ is a buckling eigenfunction in 2. Thus by uniqueness of u we get ¢ = au for any
a € R. Then formula (1.4) yields

/\A<p|2x vdS = a*c? /x-udS:a2/|Au|2x~VdS:a2A(Q).
a0

Thus, o = 1 and there holds

/Vu.Vgpdx =1.

This is contradictory to (4.3) and thus d,¢ cannot vanish identically on 5.
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This motivates the following definition.

Z .= @EH&’QQHQ’Q(Q):/GVLpdS:Q /(3,@)2d5>0, /Vu~V<pdx:O
o0 o0 Q

Note that Z contains elements which are not shape derivatives. Nevertheless we will show that
gl >0

The next lemma ensures that Z is not empty and that at least for a specific shape derivative £ is equal to
Zero.

Lemma 5. For each 1 < k < n the directional derivative Opu satisfies Opu € Z. Furthermore, £(Oxu) = 0.
Proof. Let 1 < k < n. Due to (1.2) and (1.3) dxu satisfies

A?0pu+ A(Q)Adu =0 in Q
Opu=0 in O (5.3)

According to (2.9) there holds 9, 0xu = covg on 02. Hence,

/auﬁkudS = co/yk dS = 0.
o0

o0

In addition, we find that

1
/Vu -Vopu de = 5 / |Vu|?vy, dS = 0.
Q o0

Following the idea of Remark 6, we obtain that 0,0ru does not vanish identically on 9S2. Thus, Jru € Z.
Moreover, (3.10) and (5.3) imply

£(Opu) = / (A20pu + A(Q) Adpu)dpu da + / O Au 9, du dS = 0.
Q o

This proves the lemma. O

Note that each directional derivative of u is a shape derivative resulting from translations of 2.
We consider the functional

Sy )
T T
oQ

(5.4)

where ¢ € Z and we set £ = 0o if [ (9,¢)?dS = 0. By scaling we may assume
89

J@pras =1

o0

With this normalization we prove the following statement.
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Theorem 4. The infimum of the functional € in Z is finite.

Proof. We argue by contradiction. Let us assume that infz & = —oco and consider a sequence (W), C Z
such that

/(aywmds =1
oN

and

lim g(ﬁ)k) = —0OQ.
k—o0

Assumption (2.2) gives

/HaQ <8V1f)k)2 ds| < I%%X |H3Q| < 0.
o0

We use (5.2) and obtain

(i) = ~A(0) [ V| do — (0~ 1) e | Honl. (5.5)
Q
The assumption limg_, o, £(Wy) = —oo implies
/|w;k|2 dz "2 oo
Q
We define
Wy, = L
5 ViRl o
Then there holds
IVwrlzz =1 and / (Owp)2dS =3 0. (5.6)
aQ
Moreover, for each k € N estimate (5.5) implies
E(wy) > —A(0) - C
and the infimum of £ in M := {wy, : k € N} is finite. Therefore, we can choose a subsequence of (wy,)g,

denote by (wg )i as well, such that

lim €(wy) = inf &.
k—o0 M
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Now Poincaré’s inequality and the previous estimates imply
funleaey = [ 107 + [V + w? do

SE(wk)+C/\Vwk|2dx+(n— 1)/|H39|(8,,wk)2d5
Q o0
<C.

Thus, the sequence (wy) is uniformly bounded in H?2(Q) and there exists a w € H*%(Q) such that (wg)
weakly converges to w. In view of (5.6), the limit function w satisfies ||Vwl|z2(q) = 1 and d,w = 0 on 0.
Since wy, = 0 in 912 for each k € N, we conclude that w € Hg’Q(Q).

Now let us recall that £(uy) converges to —oo. Thus there exists a ko € N such that

1 .
S(wk) —vak”L2 E(wk) <0

for all k > k. Since the functional € is lower semicontinuous with respect to weak convergence in H??2 (),
we find that £(w) < 0. According to the definition of £ in (5.1), this immediately leads to

f|Aw\2da:

f |Vw|? dx <A@).

Q

Since w € Hy?(Q) this is contradictory to the minimum property of A(Q). 0

We now consider a minimizing sequence (¢ )r C Z which satisfies
/(5V90k)2 ds =1 (5.7)
o0
for all &k € N. As before we obtain the inequality
el < E) +C [ 9o do.
Q

Thus, (px)x is uniformly bounded in H%*2(2) and ¢ converges weakly to a ©* € H?2(Q). We find that
¢* € Z and £(¢*) = infz £. In addition, there holds

/(8,,@*)2 ds =1.

o0
Hence, ¢* minimizes € in Z. Suppose 6 € Z, then the minimality of ¢* implies
S(ga* +10)

t [ (D,(p* +16))2dS) |,
o0

—O

d
dt

and we obtain

/[Azgo* +A(Q)Ap]0dx — /[Agp* +p0,9*]0,0dS = 0.
Q o0
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Since # € Z was chosen arbitrary, ¢* satisfies the Euler-Lagrange equalities

A2p* + A(Q)Ap* =0 in Q
Ap* + pd,p* = const. in 09,

where p := minz E. The following theorem collects the previous results.

Theorem 5. There exists a function ¢* € Z such that é(gp*) = minz &. Furthermore, any minimizer ¢* € Z
satisfies

A% + A(QAP* =0 in Q (5.8)
Ap* + pd,* = const. in 0N (5.9)
e =0 in 09,

where p := minz &.
The next theorem shows that in fact p = 0.
Theorem 6. Suppose ©* € Z is a minimizer of E. Then there holds g((p*) = 0. In particular, € >0 in Z.

Proof. Let ¢* € Z be a minimizer of £. Since ¢* satisfies equation (5.8) and 9 is smooth, ¢* is a smooth
function on €. Hence, we may define a volume preserving perturbation ®; of Q such that

O (z) = 0,0 (x) for x € ON.

Note that this can be achieved by setting v = ¢; I¥e* in 0. In this way, each minimizer ¢* implies the
existence of vector fields v and w in the sense of Section 2. We define v := u’ — ¢*, then 1) € HOQ’Q(Q) and

A%+ AQ)AY =0 in Q.

The uniqueness of u implies ¥ = au for an a € R. Since p* € Z, equation (4.3) yields

0:/Vu~Vu’dx—/Vu~V<p*dxz/Vu-Vz/de:a.
Q Q Q
Consequently, v’ = ¢*. Thus ¢* is a shape derivative. Since ) is optimal g(go*) > 0. Finally we apply
Lemma 5. This gives
Ogé(w*):mzinfgg(@ku):O. 0
6. The optimal domain is a ball

We will use an inequality due to L.E. Payne to show that the optimal domain € is a ball. Payne’s
inequality (see [7]) states that for each domain G there holds

A2 (G) < A(G)

and equality holds if and only if G is a ball. Thereby Ao denotes the second Dirichlet eigenfunction of the
Laplacian. In the sequel, we construct a suitable function ¢ € Z such that the condition £(¢) > 0 (due to
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Theorem 6) will imply that the optimal domain Q is a ball. For this purpose, we denote by u; and us the
first and the second Dirichlet eigenfunction for the Laplacian in 2. Thus, for k£ = 1,2 there holds

Aug + A (Qug =0 in Q
ur =0 in 09,

where A\ (£2) is the k-th Dirichlet eigenvalue for the Laplacian in . Note that 0 < A1(2) < A2(€2). For
the sake of brevity, we will write A, instead of A(2) and A instead of A(£2). In addition, we assume

/ulug dx = 0.

Q

||7.Lk-||L2(Q) =1 and

Without loss of generality, we may assume that

/uldx>0 and /ugdxgo.
Q Q

Consequently, there exists a ¢t € (0, 1] such that

/(1—t> A1 up +t Ay usdr = 0. (61)
Q

This fixes t. Next we define
P(x) = (1 —t) ur(z) + tuz(x) + culx) for x € Q,
where u is the first buckling eigenfunction in (2. The constant c is given by
1

ci= X /(1 — )M Vu.Vuy + tAVu.Vug de.
Q

In a first step we show that ¢ € Z. Note that ¢ € Hy> N H>2(Q). Moreover the definition of v, the fact
that d,u = 0 on 012, the equations for u; and us, and (6.1) imply

/8ywds = /(1 —t) Aug +t Aug dz = —/(1 —t)/\1u1 + tAous dx = 0.
o0 Q Q

By the unique continuation principle 0,1 does not vanish identically in 0€2. Thus, to show that ¢ € Z it
remains to prove that

/Vu.V¢ dz = 0. (6.2)

Q

We recall that Au = ¢ in 0€2. Hence

0= /(A2u+AAu)z/) dr = /Aqu dr — A/Vu.Vz/J dz
Q Q Q

= —/[(1—t))\1u1—|—t/\2uQ]Audx—|—c/|Au|2dm—A/Vu.vwda:.
Q

Q Q
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Since || Vul|z2(q) = 1, the second integral is equal to A. Thus, the definition of ¢ implies (6.2). Note that v
is not a shape derivative since it fails to satisfy (4.2) — unless ¢ = 1 and Q) equals a ball. However, ¢ € Z
and, according to Theorem 6, there holds £(¢)) > 0. Consequently, &(z)) > 0. Thus

(%) / AY[? — AV da

Q

(1 — t)2>\1()\1 - A) + t2/\2()\2 - A) +2ccq /(1 — t))\lul + tAous dx
Q

2000 = A) + 2Xa(Ae — A) > 0.

Since A7 — A < 0 and Ay — A < 0, both summands in £(¢)) have to vanish. Consequently ¢ = 1 and
A2(Q) = A(Q). Payne’s inequality implies that € is a ball. This proves the main theorem of the paper.

Theorem 7. Let Q be within the class of bounded, smooth domains in R™ for which the boundary O0S) is
connected. Assume € minimizes the first buckling eigenvalue among all domains in R™ in this class with
given measure. Then Q is a ball.
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