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for every sequence of complex scalars (A, )ner. This provides an alternative proof for
Rosenthal’s ¢1-theorem and strengthens its quantitative version due to Behrends.
As a corollary we obtain that for any uniformly bounded sequence (f,,) of complex-
valued functions, continuous on the compact Hausdorff space K and satisfying
Hmsup,, o0l fn(t) — fm(t)| < ¢, for some € > 0 and all ¢t € K, there exists a
subsequence (fj, ) satisfying limsup,, ,,, s oo [5 (fi. = f4..)dp| < 2e, for every Radon
measure g on K.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction
One of the most important results in Banach space theory is Rosenthal’s ¢1-theorem [16]:

Theorem 1.1. Every bounded sequence in a (real or complex) Banach space admits a subsequence which is
either weak Cauchy, or equivalent to the usual £1-basis.
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Rosenthal proved his result for real Banach spaces and subsequently Dor [5] settled the complex case.
Most proofs of the £;-theorem (see [7,14,4,10]) rely on the infinite Ramsey theorem [6] which states that
every analytic subset of [N] is Ramsey (see also [8]). A proof of the £;-theorem that avoids the use of Ramsey
theory is given in [2]. We recall here that for an infinite subset L of N, [L] stands for the set of all of its
infinite subsets. [N] is endowed with the topology of pointwise convergence. A subset A of [N] is a Ramsey
set if for every N € [N] there exists M € [N] such that either [M] C A, or [M]N A = 0.

The purpose of this article is to provide a quantified version of the ¢;-theorem in the spirit of Behrends [4].
To explain our results, we first fix a compact Hausdorff space K and a bounded sequence (f,,) of complex-
valued functions, continuous on K. Given ¢ > 0, let us call (f,) e-weak Cauchy on K provided that for
every t € K there exists ng € N such that |f,(t) — fim ()| < € for all n > ng and m > ng. We note that the
concept of an e-weak Cauchy sequence is implicit in [4]. Behrends’ result may be restated as follows.

Theorem 1.2. Let (f,,) be a bounded sequence in a complex C(K) space and let € > 0. Then either (f,) admits
a subsequence which is e-weak Cauchy on K or, for every 6 > 0, there is a subsequence (fp, ) satisfying

| > (22 _y) )Y

for every finitely supported sequence of complex scalars (\y).

Our main result is as follows.

Theorem 1.3. Let (f,) be a bounded sequence in a complex C(K) space and let € > 0. Then either (f,)
admits a subsequence which is e-weak Cauchy on K or, for every § > 0, there is a subsequence (fp,,) with
the following property. If I is a finite subset of N and ¢: I — N\ I is any map then
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nel

for every sequence of complex scalars (Ap)ner-
Two obvious choices of the map ¢ yield the next corollary.

Corollary 1.4. Let (f,,) be a bounded sequence in a complex C(K) space and let € > 0. Assume that none of
the subsequences of (fn) is e-weak Cauchy on K. Then for every § > 0, there is a subsequence (fp,,) with
the following properties.

Z )‘n(fmn - fm1>
n=2

o0
€
> (= =0) > Il (1.1)
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for all finitely supported sequences of complex scalars (A,)22 .

‘ ‘ > (% —5) En: A (1.2)

for all finitely supported sequences of complex scalars (\,) and every infinite subset L = (I,,) of M = (my,).

- fl2n71)

It follows now that, under the assumptions of Corollary 1.4, the resulting subsequence (f,,) has the
property that (fm, — fm, )pes C-dominates the usual /;-basis, where C' = £ — ¢ for sufficiently small § > 0,
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and therefore (f,, — fm,)52, is an ¢1-sequence (i.e., equivalent to the usual ¢;-basis). It is not hard to see
that any translate of an £;-sequence admits a tail subsequence which is an £;-sequence too. We conclude
that if (f,) is a bounded sequence in C'(K) admitting no ¢1-subsequence, then every subsequence of (f,)
admits, for all € > 0, a subsequence which is e-weak Cauchy on K and thus, by an easy diagonalization
argument, a weak Cauchy subsequence. We have thus recaptured the ¢;-theorem.

Moreover, if (f,, ) satisfies the conclusion of Corollary 1.4 for a sufficiently small ¢ then it follows, by
a result of Knaust and Odell (Proposition 4.2 of [11] which holds for complex Banach spaces as well),
that there is some k > 2 so that (fy,, )52, C-dominates the usual /;-basis, where C' = £ — 6. We deduce
from this that if (f,,) lacks subsequences which are e-weak Cauchy on K for some fixed € > 0, then the
subsequence (fi,, ) resulting from Corollary 1.4 for a given ¢ > 0, admits a further subsequence satisfying
the conclusion of Theorem 1.2 with the constant /2/8 being replaced by 1/7. We have thus obtained a
modest strengthening of Behrends’ quantified version of the ¢;-theorem for complex Banach spaces.

We note here that in [4] it is shown that for real C'(K) spaces Theorem 1.2 holds with the constant v/2/8
being replaced by 1/2. Direct modifications of our arguments show that for real C'(K) spaces, the constant
1/m which appears in Theorem 1.3 may also be replaced by 1/2.

Our final result may be viewed as a Rainwater type of result [15] about e-weak Cauchy sequences. Let X
be a Banach space and endow Bx- with the w*-topology. We naturally identify X with a closed subspace
of C(Bx~). Call a bounded sequence (z,) in X e-weak Cauchy, for some fixed ¢ > 0, if (z,) is e-weak
Cauchy on Bx«. By combining results from the theory of Schreier families [1] and transfinite averages [3]
with Corollary 1.4, we obtain the following.

Corollary 1.5. Let X be a Banach space and K a w*-compact subset of Bx~ which norms X isometrically
(i.e., ||z|| = supy.cx |x*(x)| for all x € X ). Let (x,,) be a bounded sequence in X which is e-weak Cauchy

on K for some € > 0. Then (x,) admits, for all § > 0, a (2¢ + §)-weak Cauchy subsequence.

We use standard Banach space facts and terminology as may be found in [12]. If M € [N] then [M]<>
stands for the set of all finite subsets of M.

2. Proofs of the results

We fix a compact Hausdorff space K and a bounded sequence (f,,) in C(K).
Notation. Let E be a closed subset of C? and P € [N]. Define
DP,E)={Le[P],L=(,): 3te K, (fi,, , (), fi,,,(t)) € E, Vn € N}.
Notation. For € > 0 we set F. = {(21,22) € C%: |21 — 22| > €}.
Lemma 2.1. D(P, E) is pointwise closed in [N].

Proof. Let (L,,) be a sequence in D(P, E) converging pointwise to some L € [P], L = (I,). Fix n € N
and choose m,, € N such that {l; : k¥ < 2n} is an initial segment of L,, . Next choose t, € K so that
(fia;—1 (tn), f1o;(tn)) € E for all j < n. Let t € K be a cluster point of the sequence (t,). Since the f;’s
are continuous and E is closed, we obtain that (fi,,_, (¢), fi,,(t)) € E for all n € N and so L € D(P, E)
completing the proof of the lemma. O

Remark 1. Assume that D(P, F,) is a proper subset of [P] for all P € [N] and ¢ > 0. Since D(P, F,) is
Ramsey, an easy diagonalization argument shows that (f,) admits a weak Cauchy subsequence.
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Lemma 2.2. Assume that [N] = D(N, F,) for some € > 0. Let 61 > 0 and choose an integer multiple A of 61,
A > 61, so that || fn]| < A for alln € N. Then there exist M € [N] and two squares Ay and Ay contained in
[—A, A]? with sides parallel to the azes and equal to &, so that

(1) (A; x Ag)NF. #£0.
(2) For every choice Ju and Jy of pairwise disjoint subsets of M there exists t € K so that f,(t) € Ag for
allm € Js and s < 2.

Proof. Let II be a finite partition of [—A, A]? into pairwise non-overlapping squares having sides parallel to
the axes and equal to d;. Define

D= U(Al,AQ)GHZ D[N, (Al X Az) n FE}.

This is a pointwise closed subset of [N], thanks to Lemma 2.1, and therefore it is Ramsey. Let L € [N],
L = (l,). Since L € D(N, F,) there exist t € K, I € [N] and (Ay,Az) € TI? so that (fi,,_,(t), fi, () €
(A1 x Ag)NF, for all j € I. It follows that Ly € [L]ND, where Ly = Ujer{l2;j—1,l2;}. Hence, [L]ND # () for
all L € [N]. The infinite Ramsey theorem now yields N € [N] so that [N] C D. A second application of the
infinite Ramsey theorem provides us some P € [N] and (A1, Ay) € II? so that [P] C D[N, (A; x Ag) N F].
Finally, if P = (p,,), let M = {ps,_1 : n € N}. Clearly, M, A; and A, satisfy (1) and (2). O

Lemma 2.3. Let € > 0, 0 > 0 and 0 < 61 < §/4. Let Ay, Ay be subsets of C of diameter at most equal to §,
with 0 € Ay. Assume that the following conditions are fulfilled:

(1) (Al X Ag) NF, 75 0.
(2) For every choice J1 and Jo of pairwise disjoint subsets of N there exists t € K so that f,(t) € Ay for
allmn € Js and s < 2.

Then for every I € [N]<*°, every map ¢: I — N\ I and every sequence of complex scalars (Ap)ner the
following inequality holds.

S Ml = fa)[ 2 & =) .

nel nel

Proof. Since (A1 X Ag) N F, # () there exists 2o € Ay so that |22 > € — d;. Fix I € [N]<*° and a map
¢: I — N\ I. Let (A,)ner be a sequence of complex scalars. By applying Lemma 6.3 in [17] we may choose
Jo C I such that

1

nel

S

neJa

Let J; = (I'\ J2) U ¢(I). By our hypothesis, there is some ¢ € K such that f,(¢t) € Ay for all n € Jy, while
fn(t) € Ag for all n € Jy. Note that

DIRTET S E1D SPWACI B S MTACTED i WTARIC]

nel neJs nel\Jz nel
> Z Anfn(t)‘ _25lz|>‘n‘
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2 Z Anza| — Z [Anl|fn(t) — 22| — 2512“‘71‘
neJy neJa nel
> ) Aalflz2 = 300> Al
neJs nel
€— 01 €
S DI EET S WEYCE)) S WA
nel nel nel

Proof of Theorem 1.3. Suppose that (f,) has no subsequence which is e-weak Cauchy on K. It follows
that [P] N D(N, F,) = () for no P € [N]. Since D(N, F,) is pointwise closed, by Lemma 2.1, the infinite
Ramsey theorem implies that D(N, F.) = [N] for some N € [N]. Without loss of generality, by relabeling if
necessary, we may assume that N = N. Let 6 > 0 and choose 0 < §; < ﬁ. Applying Lemma 2.2, passing
to a subsequence and relabeling if necessary, we may also assume that there exist two squares A; and A,
with sides parallel to the axes and equal to §; so that

(1) (A1 x Ay) N F. #0.
(2) For every choice J; and Jo of pairwise disjoint subsets of N there exists ¢t € K so that f,(t) € Ay for
alln € J; and s < 2.

By replacing (f,) by (gn), where for all n € N g,, = f,, + z for a suitable choice of z € C, we may assume
that A; = [0,81]%. The assertion of the theorem now follows by applying Lemma 2.3. O

We remark here that in case A\, € R for all n € I then we may replace the constant 1/7 by 1/2 in the
conclusion of Theorem 1.3.

Proof of Corollary 1.5. Let (z,,) be e-weak Cauchy on K and let p > 0 be such that (z,) admits no p-weak
Cauchy subsequence. It will suffice showing that p < 2e. Let § > 0. By applying Corollary 1.4, passing to
an appropriate subsequence and relabeling, there is no loss of generality in assuming that

Z An(xZn - -TZn—l)

nel

R 21)

nel

for all I € [N]<* and every sequence of real scalars (A, )ner-
We next define

F ={F € [N]=*: Jz* € K with |z (22, — 2,-1)| > €, Vn € F}.

Clearly, F is a hereditary family of finite subsets of N (i.e., G € F whenever G C F and F € F). Endow
P(N) (i.e., the powerset of N) with the topology of pointwise convergence. By applying a compactness
argument similar to the one in the proof of Lemma 2.1, based on the fact that K is w*-compact and (z,,)
is e-weak Cauchy on K, we infer that F is pointwise closed in P(N).

It follows that F is a countable, compact metric space in the topology of pointwise convergence. A classical
result [13] now yields a countable ordinal £ such that F (©) = (). We next deduce from the dichotomy theorem
of [9] that there exists M € [N] so that FN[M]<> C S, the latter denoting the Schreier family of order & [1].
It is shown in [3] that there exist F' € [M]<> and positive scalars (A, )ner so that 37 A, = 1, while
Y mecAn <6 forall G C F with G € S;.

We apply (2.1) to obtain

Z /\n(x2n - x27l—1)
nekF
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Let z* € K and set G = {n € F : |z*(v2, —Tan—1)| > €}. Our preceding choices ensure that G € FN[M]<>
and so G € S¢. Hence,

Z /\nz*(xQn - z?n—l)

neG

< 26C, (2.3)

where C' = sup,, ||z,]|- It is also clear that

Z )\nx* (x2n - x2n71)

neF\G

<e. (2.4)

Since K isometrically norms X and z* € K is arbitrary, we deduce from (2.3) and (2.4) that

Z >\n($2n - C5271—1)

neFr

‘§e+%0. (2.5)

We finally conclude, by combining (2.2) with (2.5), that
L—d<etaC

for all 6 > 0. Therefore, p < 2¢. O
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