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1. Introduction and notation

The main purpose of this paper is to prove the result stated in the abstract, the paper being a natural
continuation of the paper [9]. The famous Mertens’s theorem, sometimes called Mertens’s second Theorem,

asserts that there exists a constant B, called the Mertens constant, such that > 1—1) =In(lnz)+B+0 (lnlx ),
p<z

see [1,3,4,11] and the more recent [6]. In his book, G. Tenenbaum, see [11, Problem 12, page 22], states the

problem of evaluating the sum 3} é, where p and ¢ denote primes and generalizing the result. In [9,10],
pq<z
an answer to the first part of Tenenbaum’s problem, namely the following double Mertens type evaluation

was provided

1 2 In (1
Z — =(In(lnz) + B)® — 7T——i—O<M> .
oty 6 Inz

To get the above double Mertens evaluation from that proved in [9] we use the following well-known

1
equality —In?2 + 2f02+0 de = —%2, see [5, page 5, (1.11)]. Less precise formulas known in the lit-
erature are: Y. ﬁ = (loglog x)2 + 2Bloglogz + O (1), see [8, page 23; solution on pages 60-62] and
pqsz
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> p—lq « (loglog x)2, see [7, page 315]. Our paper provides a first step toward answering the second part
pq<zw

of Tenenbaum’s problem. Let us fix some notations and notions. By e we denote the Euler number and
Inz =log,x, x > 0. Let a € RU{—00}, g: (a,00) = [0,00) be fixed. If f: (a,00) — R is a function, we
write f (z) = O (g (z)) if and only if there exists M > 0, b > a such that |f (z)] < Mg (x) for all x > b. We

need also the Riemann zeta function ¢ : (1,00) — (0,00), ¢ (s) = >_ ni and recall that ¢ (2) = %2_
n=1

Throughout this paper, we use the notation Y  to mean > | the notation )  to mean >
i<z i<z; 1€N p<lz p<z; p prime
and the notation Y. to mean > , etc. All notation and notion used and not defined in this
pgsz pg<w; p, q prime
paper are standard (see [1,3,4,11]).

2. The dilogarithm and trilogarithm functions

In our proofs for the Mertens triple evaluation the dilogarithm and trilogarithm functions appear in a
natural way. Recall, see [5], that the dilogarithm Lis : [0,1] — R is defined by

Lz@(z):—/ln(lf_t) t:ZZ—Z

0 n=1
and the trilogarithm Lis : [0,1] — R is defined by

T
n

Lis (x):/”i(t)dtzz%.

0 n=1

We need the following well-known results, see [5, page 5, (1.11) and page 155, (6.12)].

Proposition 1. (i) For allx € (0,1) the following relation holds Lis (x)+Lis (1 —2z) = —Inz-In (1 — 2)+ 7%—2,

.o . 71_2 n
(ii) Liz (§) = 5 — 232, 3
(iii) Liz (1) = 738 _ (n2)@) | 22

We will need to make use of the following integral later.

1 2
Proposition 2. [ de = @ — 1“; 2,

Proof. Integrating by parts and then making an obvious change of variables, we have

Nl

1

In? (1 — 1 I In(1—
/711 L) - ? (1 - a) |5+0+2/—(”) nll=o)

x 11—z
040 040
o mnma
t —t
:_1n32+2/(n>r;#dt.
3
Also
170(1 )1 (1 ) 50 1 1-0
nt)ln(l—1¢
/ - dt:_zﬁ " (Int)d
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1
t"Int 1
:—E = 1——/t”’1dt
2 n

1
2

=1 =1 1

= — (In2) Li, (;) +C(3) — Lis (;) .

Replacing the values of Lisy (%) and Lig (%) we get the statement of the proposition. O
3. The hyperbola method of Dirichlet for a triple sum

Proposition 3. (i) Let 1 : N> — R be an arbitrary function. For each 0 <y < x the following equality holds

STwlig k) =YY w@ak)+ Y, > vk

ijk<z k<yij<Z ij<E y<k<E

(it) Let f,g,h : N = R be arbitrary functions and define Sy 4 : (0,00) = R, S, : (0,00) = R, Sy q(2) =
> f@)g(j) and Sy (x) = > h(3). For each 0 < y < x the following equality holds

i<z i<z

= omin =S )+ 5 10305 (2) 505 2)

ijk<x k<y z]<1
Proof. (i) Let us note the following equality
{G,5,k) e N* | ijk <z} = {(i,5,k) e N® | ijk <z, k <y} U{(i,j,k) €N | ijk <, y <k}

and that the sets from the right member are disjoint. Then

dowligk) = Y @ik + D (k)

ijk<z ijk<z, k<y ijk<z, y<k

and, from the obvious equality o4 k)= > Z ¥ (1,7, k) we get

ijk<z, k<y k<yij<f

Sovak) =YY gk + >, ¢5k). (1)
ijk<z k<yij<Z ijk<z, y<k
‘We show that
{(i,4,k) € N* | ijk <z, y<k}—{(z‘,j,k)eN3z’j§§, y<k§§j}.

Indeed, let (4,4,k) € N® be such that ijk < 2,y < k. Then y < k < Z i ijy < ijk and since 15k < z it
follows that ijy < z i.e. ij < £ v The reverse inclusions is obvious. From this equality we deduce

o wGak = Y, h(igk). (2)

ijk<wz, y<k i<, y<k<E
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From (1) and (2) we obtain the equality from the statement.
(ii) By (i) we have

Do FDgh k) =3 > F@aGhE+ D Y f@g@G) (k)

ijk<z k<yij<% 1y<Ty<k<
= hk) Y F@el)+ Y Fia() h(k)Zh(k))
K<y <% i<z K<E K<y
=355 () +i§;f(i)g(j) (50(2) - 0)
];Jh Sf_fl( ) l;f (j)sh(y)sfyg(ayc)- U

Corollary 4. (i) Let f : N — R be an arbitrary function and define S1, S2 : (0,00) = R by Sy () = > f(9)
i<z
and Sy (z) = > f (i) f(j). For each x > 1 the following equality holds

ij<z
S 0= 05 (5)+ X 10505 (L) -5 D5 (o).
ijk<x i<z ij<y/T J
(i) Let PP be the set of the all prime numbers, u : P — R be an arbitrary function and define Vy, Vo :

(0,00) >R by Vi (z) = > u(p), Va(z) = > u(p)u(q). For each x > 1 the following equality holds

p;xu(mu(@u(r) = pSZﬁU(P) Vs <p> +pq£z\/5u(P)U(q) Vi (pq> Vi (VZ) Va (V7).
Proof. (i) Take in Proposition 3 (ii) y = /.

(i) Take in (i) f = uxp, that is f (n) = {u(n) forneP

Oforn¢P
4. The basic result

In the rest of the paper we consider the polynomials Py (y) = y+ B, P (y) = (y + B)* — % (y + B)*—
¢ (2), where B is the Mertens constant.

Proposition 5. The following evaluation holds

par<z P p<Vz LUASVES

— Py (In (Inv)) P, (In (Inv/x)) + O <1n21§1712x)>

I (105) IS ()

Proof. Let us define V4, Vo : (0,00) = R by Vi () = > %, Vo(z)= 3, é. By Corollary 4 for all > 1
p<z, Pz,
the following equality holds
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() - (o).

468
1 1 1
S o= () X m
pqrgipq pgﬁp p pqgﬁpq pq
From the Mertens and double Mertens evaluations we have
1
V1 (.13) = P1 (ln (lna:)) +R1 (.I) ,R1 ( ) =0 (m> 5
In (Inx)
Va(z) = Py(In(lnx)) + R (z), Rz (z) = o .
We deduce
1
L > ip, <ln (m )> + ) =P (m (lnx>> — Vi (V) Vo (V) + R3 (2)
a2, P p ot Pq
where
1 1
Rg (ZE) = —R2 (-) + Z —R (i)
pﬁﬁp pqﬁﬁpq P
]l) hll% < > % : lnl‘% =0 (W) (by Mertens’s theorem), we deduce
p<VT
In? (In x))

1 1
. )_O( Inz

In lnm>
1 1
£ an(3)- £ o (M0 ) <o nd) £ 1,
péﬁp P péﬁp péﬁp p
Also
1 1 1 1 1
Z_R1(£>: _017”):0 2wz |70 2 em
n— . —_
pqgﬂpq pa pqSﬁpq Pq pqﬁﬁpq pq pqﬁﬁpq Ve
oLy i) o (M)
nx n
pqéﬁpq
ln(lnx))

N——

We have
Vi (V@) Va (V) = P (In (Inv2)) P> (In (Inv/z)) + P; (In (In
In (In )
2(In z)

In(In )

L p (1n(1n\/5))0<ﬁ)+0< 0
) P (i) O (i) = 0 (™3

In(In z) _ In?(In z)
Inz ) =0 ( Inz

and since P (In (In \/E))O(

O (11’12151;1’;%)) we deduce
Vi (V&) Va (V2) = Pt (In (In &) P (In (In y/&)) + O ( 1
O

From all these evaluations we get the statement of the proposition.

)

In?
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5. The evaluation of the sum M
p<Vz

Proposition 6. The following evaluations hold:
9 Tyl (-ig)] = =2 o @)
p<Vx

2
) % 3 [n(1-m2)] = ke M0 = 69— 2 40 (L), wherea =In2.
p<Vz

Proof. (i) It follows from [9, Corollary 1] and foao @dm =—Liy (1) = % - ’17—;
(ii) We have [In (1 — z)]> = 3 apa® for 0 < z < 1, where a; = 0, apy1 = %H (I+3+-+1),n>1

k=1
Then

e (-m) S i)

SE

By Proposition 1 in [9]

1 /Inp\” 1 1 1
2 5(@) —k.zﬁ—zmo(m)
-

Jo (i)

and then

1 Inp 2 = ag > ag
> (- m)] - (T
k=1 k=1
> Q. 1
>0 ().

00 2 00 1
i i ar_ j (n(1=z)]" _ k—1 1 5 k=1, —
since the series kzl sekr is convergent. From ——=- = k21 apz®t for 0 <z < 5 and [P 2" dx =

ok

& i —2))? .-
we deduce ) ;%r = f02+0 de. The evaluation from the statement follows from Proposition 2. O
k=1

Proposition 7. The following evaluation holds

) M = Uy (In (In2)) + O (M) 7

p<Vz P Iz
where

) _apy)+ P - L

Uz (y) = Pa(y) P1(y) — C(2) P1(y) + 3

and a = 1n 2.

Proof. We have
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Now from the equalities

SH N I )

pﬁﬁp pﬁﬁp

=[In(lnz)* > L 2 () > %m (1—511—5) + 2 Hm (1 irrllz)r

pSﬁp p<VzT p<VzT

the Mertens evaluation > % =P (In(In /7)) + O (=), Proposition 6 and the evaluation
p<Vz

> % [m (m;)] = [In(In2)] P, (In (Inv/z)) — Lis (;) Lo (mlir;x))

p<Vz

Py(In(In £
(see the proof of Theorem 1 in [9, page 1163]), we get ;\[ M =U;(In(Inx))+0 (1112151;1;35)>7 where
PSVT

Us (y) = P» (y) Py (y — In2) — 2P, (y LZQ<)+/ID1_5” dz.

0

Using the values of Lis (3) and IS 3 de (Proposition 2) by simple calculation we get the state-
ment. O

6. Evaluation of the sum > w
Pa<z

Proposition 8. For all natural numbers k the following evaluation holds

[In (pq)] _ 2 In(lnz) 2(kB-1) In? (In )
z)* Z k + k2 +0 Inz

(In pa<z

where the constant which appear in the symbol O does not depend on k.

Proof. For k£ =1 it follows from the double Mertens evaluation

Z ln]()ZQ) =f(z)+A(z); f(z)=2[In(nz)] (Inz) +2(B - 1)z, A(z) =0 (In*(Inz)),

pq<z

see [2, Theorem 2|. Let k > 2. For = > 2, by the double Abel summation formula, see [2, Corollary 1], we
have

3 [In (pg))* _ 3 In (pq) (1#12) _2/ 3 In (pg) (lnk71t>ldt

pq<z Pq pq<zw Pq pq<t pq

that is, integrating by parts,



D. Popa / J. Math. Anal. Appl. 444 (2016) 464—474

x

5 IO g eyt [+ aa) (o) ae
pq<z pa 2

x

:/f’ () In* T tdt + £ (2) In* 24+ R (z),
2

where R(z) = A(z)In* 'z — (k—1) [ A(t) - lnkt_Q Ldt. Now

x

|A<x>|1n’f—1x+<k—1>/|A<t>\-

2

_ :lnk—l x] 0 (1n2 (Inz)) + 0 ((k B 1)/30 [lnkJ t} In® (In t) dt)

In*=2¢

|R ()] dt

IN

t

t
2

= [m*-? JJ} 0 (ln2 (Inz));

we have used that

7 k-2 t} In? (Int) e
(k:—l)/ - dt:(k—l)/vk_anzvdv
2

t

In 2

Inz
201 1nw 2uk—1

_|_
k-1 (k—1)

= [Ukl In?v —

In 2

= [lnki1 x} 0 (ln2 (Inz)),

where the constant which appear in the symbol O does not depend on k. We have

k(B+1 1 k1 LB — 1) ok
/”kal(B{»]nv)dU:wii/vk—ldvzU nv+( )v

471

k k k k2
and thus
T Inz b b
B+In(Int) (111,@71 t) dt= [ "1 (B + o) do = (Inz)” [In (Inx)] . (kB—-1)(Inz) LA,
t k k2
2 In2
where A, = (chfi)Q(ln 2% (in2) [’in(ln 2] Then
/f' (£) InF =1 tat — 2/ B+In(Int) (lnk_l t) g — 2(Inz)” [In (Inx)] n 2(kB—1)(Inx) AL
t k k2
2 2
which gives us
n(p)* [
Z o (pa)]” = /f’ (t)In* "1 tdt + f(2)In" 12+ 0 (ln2 (Inz) [lnk_1 CC])
—~ g
pgsz 2
2 (Inz)" [In (1 2 (kB —1) (Inz)"
= (In z) ]Ln( no) + (k k;2) (In2) + A+ f(2)W* 240 (ln2 (Inx) {lnk_1 xD
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that is,

k—1 2
. Z [In (pq)] _ 2In (Inz) n 2(kB-1) +Ak—|—f(2)ln 2 +O<ln (lnx))

(lnx pa<u k k2 (Inz)* Inz

_2In(Inz) 2(kB-1) In? (In z)
B k * k2 o Inz '

Proposition 9. The following evaluations hold:

(i) pgﬁpiqln ( hir(ﬁ?)) V(n(lnz)) +0 (hliﬁ_lgm)) ,
where V (y) = —P; (y) ¢ (2) + a* Py (y)(— 2%3)

ii In (In 2 B In? (In z)

(i) pquﬁpq—U(ln(lnx))+O<lnx>,

where U (y) = yPs (y — a) — Py (y) ¢ (2) + a®Py (y) — 2% a=1In2.

Proof. (i) For all natural numbers k by Proposition 8 we deduce

Z [In (pq)] _2In (Inyz) 2(kB-1) 1 0 <1n2 (lnx)> .

k k k2 ok
(ln ) e 25k 28k 2 Inz
Since In (1 —u) = —kzl %, —1 <u <1, we have
) iln<1_ln(pQ)>__Z Z (In (pg))”
pq Inz k(Inz)*
pg<Vz k=1 pa<\/T
_ _i (21n(in2\/i) N 2(k531)> L0 (1112 (lnx))
P 2Fk 27k Inzx

o0

1 = 2(kB—1) In? (In z)
=2 (V) D o D g +O( Ina
k=1 k=1

= —2([In (Invz)] + B) Lis <2) +2Li3 (;) +0 (M) :

Inx

Thus
V(y) = —2P; (y — In2) Liy (%) + 2Lis (%)
—(P1(y) —a) (¢(2) —a®) + *®

=—Pi(y)((2)+a’Py (y) — —-.

(ii) From the double Mertens evaluation in [9, Theorem 1], > i =P (In(lnz))+0 ( lnwz)) and (i) we

have
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> piqln(lnpiq):[ln(mx) 3 _+ Z p_ql ( hir(ff))

pg<Vz pq<f

= [In(Inz)] P (In(lnz) — 1n2) + V (In(Inz)) + O (lnlgzx)) .

Thus U(y):sz(y—a)—Pl(y)C(Q)—i—aQPl(y)—%~ O

Proposition 10. The following evaluation holds

> M =U1(n(nz)) +0 (M) |

Inx
pg</T ba

3

where Uy (y) = PP (y) — 2¢ (2) Py (y) + "2 — 2aP? (y) + 2a2P1 (y) — 2.

Proof. From the double Mertens evaluation and Proposition 9 we have

P, (1n (mﬁ)) B In (m—)
pa<x pa - pqézf pa qu<zf

—U(In(lnz)) + 0O (%) + BPy (In(Inz) —In2) 4+ O <1n (ln:c)>

Inx

= Uy (In(Inz)) + O (M) :

Inx
where
Ui (y) =U(y)+ BP:(y—a) = Pi(y) P2 (y — a) = P (y) C(2) + a*P1 () — 2%3

= P} (y) — 2aP{ (y) + a®P1 (y) = ¢ (2) P1 (y)

= PR - X @ P )+ D 20} () + 207 )~ o
we have used that P (y) = P? (y) — ¢ (2) and

Py(y—a)=(Pi(y) —a)’ = ((2) = P} (y) —2aPi (y) +a* = ((2). O
7. A triple Mertens evaluation

The next result is a triple Mertens evaluation.
Theorem 11. The following evaluation holds
Z — =(In(Inz) + B)* - g(ln(lnx)—i—B)—&-ZC(?))—kO (hql(lih;x)) .

pqr<x

473
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Proof. By Proposition 5 we have

> (In (In £ In £
3 i: v ( ]E ) s M—a (In (In vZ)) P» (In (In v2))
pgrx p<Vw pa<Vzx

ro (M),

Then, by Propositions 7 and 10 we deduce

2
3 L e +0 (M>
e pqr Inx

where P3(y) = Uz (y) + U1 (y) — Po(y—a) P2 (y —a) and a = In2. Let us calculate the value of the
polynomial P;. We have

_ _ B _ 2p ()~ &
U2(y) =P (y) PL(y) = C2) P (y) + >~ —al (y) +a P (y) —
U )= B )~ 2 @) P ) + ) 20P (g) + 202y (9) -

Also

Pi(y—a) Py (y—a) = (Py(y) —a) (P (y) — 2aPy (y) + 0> = (2))
=P} (y) —C2)Pi(y) —a (3P (y) — ¢ (2)) + 3a°Py (y) — a®

We deduce that

Py (y) = Pa(y) Pr(y) —2C(2) P1(y) +2C(3) = P1(y) (P2 (y) —2¢(2)) +2C(3)
= P} (y) =3¢ (2) P1 (y) +2¢ (3)

the coefficient of a is 0 since P (y) = PZ (y) — ¢ (2). O
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