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defocusing power nonlinearity \u|% u, where n denotes the space dimension. For
n = 1,2, 3, global in time existence of small solutions was shown in [4]. In this paper,
we generalize the results to any spatial dimension via the method of decomposition
of the equation into the high and low frequency components under the assumption
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Higher space dimension

1. Introduction

We study the large time asymptotics of solutions to the Cauchy problem for the nonlinear damped wave

equation

8t2u+20tquu+|u|%u:O,xER",t>O (1.1)
u(0,z) =ug (z), Ou(0,2) =u; (z), z € R",
in higher space dimensions n > 4.

The power of the nonlinearity pp = 14 2 is well-known Fujita critical exponent (see [1]). In the subcritical
case p < pr the solution may blow up in a finite time even for small initial data (see [7,13,16,22-24]). In the
supercritical case p > pr there exists global solution, which asymptotically behaves as a heat kernel (see
[2,5,6,8-12,15,17-21]).
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In [4] or the book [5], the Cauchy problem (1.1) was considered in the case of n = 1,2,3. We obtained
the following result. If the initial data ug € H**NH% u; € H-L0NH~M with § > 5 are small and such
that

92/2u0(a:)+u1(x)dac>0,/u0(x)dx>0,

R" R

then the Cauchy problem (1.1) has a unique global solution u € C ([0, 00); H*?) satisfying the following
asymptotic property

n
2

lu ()~ 0G (1) g~ ), <Co 5 @) @ M) logg ()

for all t > 0, where 1 < p < o0, g(t) =1+ slog(t), » = % (#_2) ° G(t,z) = (me)*% e’% is the heat
kernel. Note that the nonlinearity |u|% u in the Cauchy problem (1.1) has not sufficient regularity, so we
can not apply the methods of [4] or [5] to the higher space dimensions n > 4. In the present paper we apply
a different approach based on the direct decomposition of equation (1.1) into the high and low frequency
parts. It is known from the previous works, that in the high frequency part the solution has an exponential
time decay, so that the solution is a remainder in this part. In the low frequency part we decompose the
nonlinear damped wave equation into a system of two equations with the first order time derivative. One
of these equations has exponential time decay. Another one is responsible for the large time asymptotics of
solutions which is similar to that of the nonlinear heat equation. Our method in this paper works well for
any dimension and it makes a proof much simpler than the previous one.

To state our result precisely we introduce some notations. The usual Lebesgue space is denoted by L7,
1 < p < 00. Define by

Hl,m _ {¢ c L2;

@)™ (V) 6 ()]

< oo}
L2

the weighted Sobolev space, where (z) = 1/1+ |z|*, (iV) = VI — A. We also use the notation H' = H"0,
We denote by F the Fourier transformation

(&)= Fu=(2r)" 2 /eiig'zu (x)dx
R’VL

and F~! is the inverse Fourier transformation

Flu= (2%)_% /eié‘xu (&) d¢.

R”

By C(I;B) we denote the space of continuous functions from a time interval I to the Banach space B. In
what follows we denote by C' different positive constants.
Our main result is the following.

Theorem 1.1. Let the initial data ug € H2 NHY, u; € H' NHY with § > 5, n >4 and

9:/2u0(x)+u1(x)dx>0.

R"L
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Then there exists a positive € depending on
€0 = [[uollg> + luollgrs + luallgs + lluallgo.s

and 6 > 0 such that the Cauchy problem (1.1) has a unique global solution u € C ([0,00); H> N H"?) for
any data satisfying gltae < 0 < g9 <e. Moreover the following asymptotic property

ut) — 66 (1) g% ()], < Co~ % (&) )2 (%) 1og g (1

holds for allt > 0, where 2 <p < oo forn=4 and2 <p < % form >5, and g (t), G (t) are the same as
defined above.

Remark 1.1. We can also replace the nonlinear term |u\% u by |u|1+%. The restriction on p such that
2<p<oxforn=4and2<p< % for n > 5 comes from the H? — regularity of solutions since by the
Sobolev embedding theorem H? C LP. It seems that higher regularity for solutions can not be obtained due
to the lack of regularity of the nonlinearity.

The rest of the paper is organized as follows. Section 2 is devoted to the proof of Theorem 1.1. In Section 3
we show some estimates of the Green operator solving the linearized Cauchy problem corresponding to (1.1).

2. Proof of Theorem 1.1

The local existence of solutions for the Cauchy problem (1.1) can be obtained by standard methods (see,
e.g. [14]).

Theorem 2.1. Let the initial data ug, ui be such that vy € H> N HYY, v, € H' N HY, where § > 55
n > 4. Then there exists a unique solution u € C ([O,T] ‘H2N Hl"s) of the Cauchy problem (1.1), where

_z2
T=0 g ) Moreover if eg < € and € is small, then there exists a time T > 1 such that the solution u of
the Cauchy problem (1.1) satisfy the estimates ||ulg2 + |ullg1,s + el g + |wellgos < Ce for allt € [0,T7.

We define the projectors on the high and low frequency parts
Pr=F " (1-x(&)F
and
Pi=F 'x(§F

respectively, where x € C§° (R™) is such that x (£) = 1 for |¢| < & and x (§) = 0 for [¢ > 2. We have
u = Pju + Ppu, and by equation (1.1) we find

(92 +20, — &) Pru+ Py (Jul* u) =0, 2 € R", ¢ >0 1)
P (0,z) = Pug (z), 0P (0,2) =P (z), x € R™ .
and
(82—}-28,5—A)77hu+73h(|u|%u)=O, reR™ t>0 (2.2)
Pru(0,2) = Prug (x), 0¢Pru(0,z) = Pruy (z), © € R™. .

Please cite this article in press as: N. Hayashi, P.I. Naumkin, Damped wave equation with a critical nonlinearity in higher space
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In the low frequency part we apply the following factorization
8152 +20; — A =L1Ly = LoL,

where the operators £; = 0; +1 —V1+ A, and L, = 3; + 1+ V1 + A. Then we change the dependent
variables

LyPru = vy, L1Pu = v,

and applying equation (&t2 +20; — A) P = L1LPiu = LoL1Piu=—P; (|u|% u), we get

Livy = =P, (|u\% u)

and

Lovs = —P, (|u

u).
Also by equations LoPju = vy and L1Pju = va, we get 2v/1 + APju = vy — vy. Hence
Pru=Q(v1 —v2),
where Q = % (1+ A)fé is defined well in the low frequency part. Thus we get a system of equations
Livy = —P; (\u 0 u) , Lovg = =P (|u

Fa),
(07 +20, — A) vs = Py (Jul* u), (2.3)

v1 (0) = v10, v2 (0) = v20,
v3 (0) = v30, Opv3(0) = w31,

with u = Q (v — va) + v3, v3 = Pru, where

V10 = (1 +v1+ A) Prug + Pruq,
Voo = (1 —V1+ A) Prug + Pruq,

v30 = Pruo, v31 = Prui.

Next we follow the method of paper [3] and make a change of the dependent variable vy (t,z) =
e~ ¥Ww, (t,2) to get for the new unknown function w;

_2 2
Liwg = —e 7% P, (|e“’u n eﬂt) + ¢ w;.

We now choose the auxiliary function ¢ (t) by the following condition
/ <*€7%L’0’Pl (|e‘pu|% e‘Pu) + <p/w1> dx = 0.
Rn

Thus from the first equation of system (2.3) we obtain a conservation law

d
7 /w1 (t,z)dz = 0.

Rn

Please cite this article in press as: N. Hayashi, P.I. Naumkin, Damped wave equation with a critical nonlinearity in higher space
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Hence

/w1 (t,x)dx = /w1 (0,z) dx

R” R”

for all t > 0. Also we choose ¢ (0) = 0 so that

/w1 (t,z)da = /Ul (0,2) dz = /vw (z) dz

R" R" R"
= / ((1 +V1+ A) Prug +771U1> dx
Rn
_ /(Quo(x)—i—ul (@))dz =0 >0
R’ﬂ.

since [, Prfde = P.f (0) = f(0) = Jgn fdx and

1 2 1
o' = 56_%“’ / P (|e*’u 0 e“’u) dx = 56_%‘/’ / le?u
R" R"

2
n efudzr,

where e¥u = Quw; — e? Qua + ePv3. We denote h (1) = e%“’, then we get

2
B (t) = on / |e“’u\% e?udz, h(0) = 1.
n

R”

Integration with respect to time yields

vo=1+2 [ e

0 R"™

2
n ePudxdr.

Define the Green operator
Gu (1) = F 'Ly (16) F,
where
Ly (€)= VIR (g

and x1 € C§° (R™) is such that x1 (§) =1 for [£] < 2 and x1 (§) = 0 for |¢| > 2. Thus the operator Gy (t)
is defined for the low frequency part. Also the Green operator

_ _ 2
G (1) = Fre (HVIF) (o F
is defined for the functions in the low frequency part. Finally the Green operator

Gs(t)=F 'Ly (t,&) x2 (§) F

is defined for the functions in the high frequency part, where

Please cite this article in press as: N. Hayashi, P.I. Naumkin, Damped wave equation with a critical nonlinearity in higher space
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sin (t ]2 — 1)
L3 (t7§) = e_t y
2
€7 =1

and x2 € C> (R") is such that x2 (§) =1 for [{] > 1 and x2 (£) = 0 for [¢| < £. Also denote
2 1 2
M (u,h) =P, (\e“’u|” e“"u) — W / lePu|™ ePudz,
No () =Pi (lul™ w) , N (w) = Py (Jul* u)

Ny (u,h) = % / le¥u

R'n.

2
n ePudz.

Now the integral equations associated with system (2.3) can be written as

wi (1) = Gy () vio — o Gu (£ = 7) Ny (u,h) 55,
V2 (t) = g2 (t)’UQO — fotgg (t - T)NQ (u) dT,
vs () = (9, + 1) G (t) va0 + G () var — [ Ga (t — 7) N (u) dr,

3
h(t) =1+ [y Ni(u,h)dr,

where e?u = Qw; — h% Qus + hZ vs.

Let us prove the following estimates

1 1
e, + 104, [0, <0
T

Xr

2 a1
lg (wi = Gr () vro)llx,, < Ce™ 2, 2g(t) <h(t) < 39(1)
for all ¢t € [0,T], where we define the norms

(Fiv) ()

+ sup ()7
L2 t€[0,T]

[6llx, = sup (t)*
t€[0,T)

and

w3

n_s
+ sup (&)'tiTe
L?  ¢elo,1]

(02 v)o)

)6 (1)

I6]ly, = sup (t)'"
te(0,T)

here § > 5. We argue by the contradiction. Since for T'= 0 the estimates are true

1 1
[willx, + H@)z U2H + H(ﬂ"‘ 1}3‘
Xo

Xo

< lviollgz + llviollgs + llvaollge + lv20llgg1.s + [[v3ollge + lvsollgrs < Ce,

in view of the continuity of the norm X with respect to time T, we can find the first time T} € [0, T such
that

o+t + oo, <
g wr — 61 () vao)lxy, < 4720, 29 (1) < (1) < Co 1)

for all ¢ € [0,T1]. Below we write T' = T3 for simplicity.

Please cite this article in press as: N. Hayashi, P.I. Naumkin, Damped wave equation with a critical nonlinearity in higher space
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By Lemma 3.5 we get

2
n efudr

2 1
[N (s D)[ly, = || P (|e‘pu|” e‘pu) — g / lePu
Rn

Yr

2 1 2
<C HPl (|e“’u|f1 e“”u) HY + EC willx,. [(t) / |e“9u|5 efudx
T
RTL

1+2  C 1+2
< Cllefullx,” + 5 llwillx, le?ullx,”

2 _ 2 2 _ 1
< Celtn 4+ 0071 tn < Celttnaz,

N2 (Dl + N5 (D, = [P (ful )

o e (1 )]

Yr
2
< [l o, <Cluls < et
Yr
and
2 2 2 2
INg (u, h)| = on / |e“0u|72l efudx| < on H\e”’uﬁ e‘Pu‘ o
R’IL
<CON BT eulx < COTH ()T TR <Oty en e,
since

lefullx, < l1Quillx, + [|h? Qua|lx, + [[PEus|x, < Ce.

Next by Lemma 3.1 and Lemma 3.3 we find

lg (w1 = G1 (t) vio)llx, = ||9 (t)/g1 (t—7) N1 (u,h) %

0 X7
g o o1tz 1 242
<c|lgmm|, < Cletuld + 50 el
h Yo T 0 T

2_ 1
< Celtnaz,

By the definition of the kernel Gy (t,z) = F~! (e—%(tHé\Q) =(2r )" * e 2717 we find

1010 (0) Gr (D)llx,, < C [[oa0]l 0.5

—n 1 |z2
Fe | < Closligos
T

Then by Lemma 3.3

il
2

161 (1) viollx, < (8% [()F (G (8) w10 — 730 (0) G (1)

+ 11910 (0) G1 (V) [l xx, < C llviollggo.s -

Xt

Please cite this article in press as: N. Hayashi, P.I. Naumkin, Damped wave equation with a critical nonlinearity in higher space
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Hence

[willx, <191 @) viollx, + [lg (w1 —G1 (t)vio)lx,

< C'Jvio]lggo.s + Celti—ar < Ce.

Next by Lemma 3.2 and Lemma 3.4 we obtain

H<t>% val| . < H<t>% G2 (1) vonxT + H@é (v2 — G2 (1) Uzo)”

HXT T

t
< C Jomllggs + C l[ozolgpos + || / G (t — ) N (u) dr
0 Xr
< Cllvzollgn + C llvzollgros + C N2 (w)lly,.

< Ce+ Ce'th < Ce.

In the same manner

1

H<t>§UBHXTg”<t>%(at+1)g3 (t)vgouxT+H<t>%g3(t)v31HX n <t>%/g3(t—r)/v3(u)d7
0

T
Xr

< Cllvzollgz + C llvsollgs + C llvsillgn + Cllvaillggos + C N3 () |y,

< Ce+4 Celta < Ce.
We now consider the estimate for h. We substitute e?u = Quy — h% Quy + hZ v3 into

¢
2 2

h=1 +/— / |e“0u\72l efudxdr.
on

0 Rn

By Lemma 3.3 we have

wy = Gy (t) vig +r1 = 010 (0) Gy (t) + 12 + 71,

where
larilie, < G5 [0F o< Clloollesos
Also
H<t>%v2H +H<t>%’l}3‘ < Ce.
X1 Tl
Hence

e?u = Quy — h2Quy+ hZ vy
=010 (0)Gy (t) + Qra + Qry — h2 Quy + hZuy
=W ()G (1) + R,

Please cite this article in press as: N. Hayashi, P.I. Naumkin, Damped wave equation with a critical nonlinearity in higher space
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where
loRlIx, < Cetrne.
Then we get
/ leu|™ ePude = 91+ / (G1 ()7 dw + Ry,
R” R"
where

1Bl = /'ewu‘%ewu‘ix—(% (0)>1+%/<G1 ()7 da

Rn

< [ (lesul? +1% 0) 61 (O1F) IR .

R’n,

In the same way as in the proof of Lemma 3.4 we obtain the estimate

2 _ 2
el ]|, < @7 Il 19l
Hence
2 o~ 2
IRy| < / (leul? + I3 (0) €1 (0] ) || da
Rn
-1 -1 I ~ 2
e g7 (lefullk, + 155 (0) Gil%, ) lgBlix,
<ot (gL
Therefore

/ le¥u
Rﬂ.

with 6 = 775 (0). By the definition of G (t,z) = (27 ()2 e~ 7717 we find

R'n.

/ (G (1) dz = (27) ! (1 + 2) @

n
RTI,
Hence

n
2

2 _ 2\
/ |e“’u\i ePuds = 0% (27) 7" <1 + E)
R"'L

Then

¢
2 2
h:1+/—/|e¢u|ﬁe‘ﬁudxdr
on
0

R»

" ePudy = 01 / (G1 (1) " dz+0 (5“’%_?12 )" g_l)

07 0 (S ).

YJMAA:20710

dimensions, J. Math. Anal. Appl. (2016), http://dx.doi.org/10.1016/j.jmaa.2016.09.005
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2 _n 1 t
On 2\ 2 —1 1 1441 -1 1
=14+— (14— (M 7dr+0 [0 e ™™"nz [ (1) g~ (r)dr
™ n
0 0
0% Bk
=1+ (1+—) log (t) + O (eHF*FfG n logg(t))
T

=g(H)+0 (eﬁ(liﬁ) log g (t)>

n

5 n
on n_)* Thus estimates are true for T = T7. We obtained a contradiction,

where g (t) = 1+sclog (t), »» = 2= (

nw \ n+2
hence the estimates are true until the existence time T. By a standard continuation argument we find

existence of a global solution u € C ([0, o0);H?2 N H075) which satisfies the estimates

< Ck,

1 1

o+ [0+
2_ 1

lg (w1 = G1 () vro)llx,, < Ce'Tnw2,
1 4
—g(t) <h(t)<-g(t).
390 <h) < 39()
We now consider the asymptotics of the solution. We have

u=e %0G; (t) + e ¥R,

where [[gR[|x_ < Ce'tn 32 Since

then
Ju—g73 (£)0G (¢)

By the Sobolev embedding theorem

1—2a

[6llts < CUIVI® @l < ClidllL* 1Al
witha:%—%,2§p<ooforn:4and2§p§ % for n > 5. Therefore we get

n

=66, (107 )y, < € F0H) 02 ) =51 () 1og g ).
Theorem 1.1 is proved.

3. Lemmas

Consider the Green operator

Gi(t) = F 'Ly (t,€) F,

Please cite this article in press as: N. Hayashi, P.I. Naumkin, Damped wave equation with a critical nonlinearity in higher space
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where L4 (t7£) = eit<17 1-lel )Xl (f) and X1 € CSO (Rn) is such that X1 (f) =1 for ‘§| < % and X1 (5) =
for [¢] > 2. Thus the operator Gy (t) is defined for the low frequency part. Define a kernel Gy (t,z) =
-1 (e—%ml&l?) — 2n (1)) % el

We first prove some preliminary estimates for the Green operator Gy (t).

Lemma 3.1. The inequalities

11 V961 (6) 6l . < C () [1@lle + C8) 3 11 Sllpe s

t+i_n

[V (gewo-s@cim)| , <cw 10 ol

and

ji_n J

<OWTETE () gl + OB

(R CACTEAOINC)]

L2

are true for all t > 0, where w,§ >0, v € [0,1], j =0,1,2.
Proof. Note that there exists a smooth and rapidly decaying kernel
K (t,z) = F ¢ Ly (t,€) .

So that by the Young inequality we have

119761 ©) 8]l = [[1¥ F e La ) b9,

lz[* | Kj(t,x—y)o(y)dy
/

L2

<c /<|x—y| K (62— )] + |5 (2 — )| [y1°) |6 ()] dy

n

L2

< CIIHP K5 @l 19llLe + CIE; Ol 1117 @l -

By the estimate
() (€11 (1.))] < O (0)* Jef? emCuer

for all ¢ >0, |¢] < 2, k > 0, we have

17 £ )

< CH By (1, g))’

L2

_ 2
<O Hw o

L2(lg<g)
Hence taking 2k > w > 0 by the Holder inequality we find

177 Qi w—j_n
I K5 @) lle < 1 @l |17 5 0|7 < o™=

Please cite this article in press as: N. Hayashi, P.I. Naumkin, Damped wave equation with a critical nonlinearity in higher space
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Then choosing a = H| “T K K;(t ) UL “K; (¢ )||Lz and 6 > § by the Cauchy-Schwarz inequality we obtain

I & M—/WM tmm+/M|w“mamm

|z|<a |z|>a
w n_ w4+
B (1) + Cad 0 L R )
ws 28 w=J
<O K, (1)l K@), <C)®

Therefore the first estimate of the lemma follows. To prove the second estimate we write

[V (10— )|, <c & (L. —e30) G
+C |ge e’ (5(9) - 6(0))

L2

L2
We have

1—n_3J

ng (Ll(t,f)—e’%“)'f‘rz) <Co@)yaTe

< eet

L2
since e¥ = 1 4+ ze*® and so

t|€1?

_ 67 14,/1—€|2 X1 (5) _ e*%<t>|§‘2

‘L1 (t, &) — e 3

1

— —2——1)t¢)?
2
<e 3t e (1”1_‘5‘2 > — 1 () +e @

<Clleltle)’e (V ‘5‘2>m Ix1 ()] + e ¢

Hence we find for the first summand

~

ng (L1 (t,g),e—%wsﬁ)g ‘ ¢

Hgg( (t,€) — e 2<t>|5|2)‘

L2 HL°C>

The second term is estimated as follows

1

e

gt (59 -0)] , <

7 (6@ -2)]| .

L2

<l et

/<zﬁ Il (7€ — 1) du

Leoe

_ati_n
<C{) T T bl

if v € [0,1] since [e7™¢ — 1| < C'|x|"|¢|”. Thus the second estimate of the lemma is true. We prove the
third estimate of the lemma
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HHavj (61 00-00)G1 (1)) = c|[-a)e (L1 (1,€) — =3O 5 ‘
+C||-aytge i (56 - 50)]

We define
K (t2) = F7 (& (Li (1.6) - e B0IEF) ),

then by the Young inequality we have

()7 (L1 (&) — e 30 ) Gg)|

= [P Fe (L — e B g

= ||lz]’ | K (t,z—y) o (y)dy
/

L2

2

<c [u—yﬁ(mt,x—y)}|¢><y>|dy e []f?<t7m—y>1|y|5¢<y>|dy L

<c|lrFR @], 1ol + | o),

By the estimate

)

forallt >0,j=0,1,2, £k > 0, we have

[P & @), < cf|-a) (& (1o —e20e))|| |
<t |igl e it
Hence
[P E @], <cmizit
and
|Rw||  <cws
Therefore

J

<o TR gL+ O TR

o~ ‘

|(—a)F e (Lt — e 200F) 3g)

L2
We define Gpeqt (1) = Fle=30IE° F and consider the second summand

(~8)F e (56 = 30) | =12 ¥ (Ghew (0 — G2 () 30)) |-
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By explicit computation we have

|5L'|(S Vj (gheat (t) (,25 - Gl (t, 5’7) (;(0)>

= Cr () [l (— (F5) s (%)>> 6 () dy
= (2n(t)"? / + /

YISV lyl>V/(E)
P g i
ot () () oo

In the case of |y| > /(t) we estimate

<%>> ) <x<;>y>j e~

_ .7 7(z7'y)2 J 7&
SC(\x—y|5+\y|é> (_|x<t>y> e” 2z 4+ C ) <m> e~ 3®

) J
<oM'T (e CEVI0T 4 et Loy <|$ - i‘/|) -t

j|”

and for all |y| < /() we find

( z )J’ a2 (x —y>j Gy
- e 2@ — [ —Z e 2(t)
{t) {t)

0
]

Hence we get

2l v (g (0661 (ta) [o(0) dy)

L2

S—j_1_mn CO(a—)2 ()L —Cx2(t) !
el / e~Cla—n)* 07 =207 |1 (0 dy
ly|<+/(t) L2

vomTE| [ (e 0T oe et 0T b () dy
M) i

nf3
s,

o | ey

\ylzm L2

SOOI Ol (e ym) OO T 19y (015 )
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_n_J _sz<t>71 .5
+OW7E e e
S—y—=j_n _ 4 F)
oW TR gl + o0 |19,

forallt > 0and 0 <y < 1. Lemma 3.1 is proved. O

Next we consider the linear Cauchy problem

Lov = f(t,z), x € R", t >0,
’U(va) = o (x)v T e Rn7
where Lo = 0; + 1+ v/1 + A. The solution can be written by the Duhamel formula

t

v(t) =Gs (t) v + /gz (t —71) f(r)dr,

0

where the Green operator Gs (t) = F 1Ly (¢,&) x1 (§) F with Lo (t,€) = eit(lh 1=kl ) is defined for the
functions in the low frequency part.
We see that the linear operator L, satisfies the dissipation condition which in terms of the symbol

1+ /1 — |¢|* has the form
L1l 2

for all |¢] < 2, also the symbol Ly (t,§) satisfies

W] Ut

Ly (t,€)] < C(g) " e8!

and obeys the estimate
L _5
0L (€ Lo (1,6)| < Oy e

for all |¢] < %, 1=0,1,....N,5 =1,2,....n. Also we consider the linear Cauchy problem

(8t2—&-2(‘3t—A)v:f(t,ac)7 xeR" t>0,
0(0,2) = v (x), v (0,2) = vy (z), = € R™.

The solution can be written by the Duhamel formula

t

v (t) = (1+8) G (£) vo + Ga (£) vs + / Gs (t — 7) f(r)dr,

0

where the Green operator G3 (t) = F1L3 (t,£) x2 (§) F is defined for the functions in the high frequency

sin(t/]€]7-1) .
part [£] > 3, Ls (t,€) = e_t%, ie. x2 (&) =1for [¢] > 1 and x2 (£) = 0 for || < ¢. The symbol

L3 (t, ) satisfies estimates

|Ls (£,€)] < (&) e 15
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for all |¢] > %. Also the symbol Ls (t,€) is smooth and obeys the estimate

O, ((6) Ls (,9))| < C )t et

forallt>0, ¢ >3%,1=0,1,..,N,j=1,2,...,n
In the next lemma we estimate the Green operator

G(t)y=F 'L(t¢&F.
Lemma 3.2. Suppose that the estimate
=) (1gF ©' 7 L) | < e
is valid for t > 0, k > 0, where 8 >0, j > 0. Then the inequality

e essel,, < conmr o,

is true for all t > 0, where k > § > 0.

Proof. Using the estimate for the commutator

2, ] ol < [ (s -0 (&) o (&) nean
0 L2
< CEV) Pl 19lle2 5
where &, = (€1, ., Em + 1, -, &), if @ € (0,1). Then by the Leibnitz rule, taking o = § — [6] and k = [§] +
we get
[ o33 o (08 0 L) (0 @ 5))]
m=11=0
coyy |68 e @ L o) (a2, e 6 0)|
m=11=0
n  [d]
+o 33 [ (e @' Lwo)] (@ )]
m=11=0
o3 Spe @], ool
n_ [9]
o3 S fiwe ol . o tal,
< 0|V’ () o (5)\ L S Ce | oy

Lemma 3.2 is proved. O

L,

dimensions, J. Math. Anal. Appl. (2016), http://dx.doi.org/10.1016/j.jmaa.2016.09.005
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We define the norms

and

where § > 3.

Lemma 3.3. Suppose that the inequalities

and

|17V (gwe-d0acm)|

kv’ 5411000 (pyd i
o, = sup @ (0207) 0]+ s @07 (@0 v)o ..
1+2 L. 4325 ||/ \6
6y, = zup @™ (@ V)o@, + su (0 o,
142996 (1) 6l < CO)F Nl +C (6 N1 e

+

|V (¢we-s0c <>)\ <O Bl

L2

<o T ) @il + C ()

L2

are true for all t € [0,T], where w,0 >0, v € [0,1], j =0,1,2. Then the estimate is true

|0 (gwe-s@am)|,  <Cllms

with 0 < v < min (1,6 — %). Moreover let the function f(t,z) have a zero mean value f (t,0) = 0.
the following inequality

t

g(t)/g(th)f(T)dT <Cloflly,

0 X

is valid, where C' does not depend on T > 0.

Proof. By condition (3.2) with j = 0,2 we get

v (gme-s0cm)

y+J

<o ETE Y gl <o@TE

L2

L2

Next we apply condition (3.3) with j = 0,1

[ (g<t>¢—¢?<o>c<t>)\

S=v—j
<C) * -

L2

) @llps + O ()2

(Y ¢

<o Fd

L2

YJMAA:20710

17

Then
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By the Cauchy—Schwarz inequality we find

[0l = [ @@l [ @@ @)l ds

lz]<(7)

[

|z|>(r) %

n

< CITE g + C(MITTT H“”’\

< 31
Lo SO Iglly,

with 0 < v < min (1,5 — %) Then applying condition (3.2) with j = 0 in the domain 0 < 7 < % and

2
condition (3.1) with w =0, 7 = 0 in the domain % <7 <t, we get

L2

/g(t—r)f(r)dT
0

2

<C [ FOlldr+C [ 1F (e dr

0

< Cllgflly, / (t— 1) F (3 () dr + Cllgfly, / () g (1) dr
0

t
2

x
2

% t
<O oSl [ @ @007 Ollofly, [ ar
0 %

<CW) T g M) llaflly, -

Next we use condition (3.2) with j = 2 in the domain 0 < 7 < § and condition (3.1) with w =0, j =1 in
the domain % <7<t

A/Q(t—T)f(T)dT

L2

< [18G (=) Dledr+ [IVG (¢~ 1)V (Dlge dr
0 1

2

t

t
2
t

<Clofly, [ t-n 35 I g @+ Claflly, [0 g
0

e

SC<t>‘%‘%‘1HngYT/<T>%‘1g*1(T)dT+c<t>—%—%g*1 (*) ||gf||YT/<t—T>—%dT
0 t

<o T g () lgflly, -
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Finally we apply condition (3.3) with j = 0,1 in the domain 0 < 7 < § and condition (3.1) with w = 0
7 =0,1 in the domain % <7<t

V9 [ G(t—7)f(r)dr
/

L2

SC/Q(@—TYWZII<'>”f(T)L1+<t—T> 3 L )’ ) -
0

+C/ (<t_7>% 1f (Pl + (E—7) 2

1
2

),

) dr

scngf||YT/2(<t—r>%‘% +it-n)EH )T ) ()
0

+C||9f||YT/(<t—7->% <T>_%_1+<T>%_%

(MR

S=y=j_n — —
<o) gfly, [ ) ar
0

s _
2

n
4

+ C (1) e

o ) 19fly, / -7 tdr<C® T g @) llgflly, -

t
2

This completes the proof of the lemma. O

Lemma 3.4. Suppose that the inequality

[P vig @, < ce

Gt I

is true for all t > 0, where j >0, § > 0, B > 0. Then the following inequalities

(3.4)

18)G (1) dllx, < Cllolm + Cllollgo.s

and

t

/gaw)fmdf <Clflly.

0

=

{t)

XT
are valid, where C does not depend on T > 0.

Proof. We have by (3.4) with j =0,2,0 =0

ijg QSHLQ < Ce™ o ||¢||H1 ’
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and by (3.4) with j =0,1,0 >0
|7 %9G @) 9]| , < e I9llsons -

Thus the first estimate of the lemma is true. We have by (3.4) with j =0,0 =0

/g(t—T)f(T)dT s/ng(t—ﬂfmnpdv
0 L2 0

<c / B £ (1) a dr

0
t
<Clflly, [ 7 <007 Il
0

and by (3.4) with j=1,0=0

t

A/Q(t—f)f(f)df < [ING (t = 1) VF (7)ps dr
0 L2 0

t t
3

- O/efﬂ(tf'r) IVF (D)llgs dr < Cliflly, /efmm) (4% ar
0 0

<O |flly, .

since

for b > 0. Also we get by (3.4) with j =0,1, > &
i t
v [a-nmar| < [|iaw-nvire)] o
0 L2 0

o—B(t=T)

IN

C

(V) V)| ar

o—B(t=7)

IA
Q

o, O~

dr
L2

1 £ ()

t
_ _r _1_n_43 _1_Jj_ny3$
<Clily, [0 (7" ar <o
0

This completes the proof of the lemma. 0O
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Next we estimate the nonlinear terms.
Lemma 3.5. The estimate

1017 o], + sup &) [Rl7 o], < Cllels
v v sup H v UH < v "
Yr  tefo,71) L! Xr

s true.

-5

Proof. By the Sobolev embedding theorem ||¢[|;, < C[|[V|*¢|lp2 < C||d]yz ||A¢>||§2, a=75-22<

p < 00, we have

142

3+2 3 -2-1 142
o = ol o 7e < Cllolige ™ 1Avige < () llollx,

i

n—2

In the same manner by the Holder inequality and the Sobolev embedding theorem HVQZ/)”LA < C||Ad||Le

n—2

2 2 2
[V ()|, < |l ve|_, <l 19, e
2 _n_3 1+2
< Clollg: 1Avlly < G072 flvlix,” -

By the Holder inequality

¢ 1o

o <l
L2

2 <.>5v’

2
- SC Il

)
|| an,

L

2
< Clvllge

5 —1-n43 1+2
VO | < omTTEE ol

The second estimate follows by the Cauchy—Schwarz inequality

16l = / |6 (z)] dz + / (@)™ (@)" |6 ()| da

|z|<(t) 2 |2|> () 2
n n_3 _
SCH)* [|pll. +C ()2 <->‘5¢(t)(L2§C<t> Holly, -
Hence
ol <cw [t o, < i
[t o], <c@ ool <o® i

Lemma 3.5 is proved. O
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